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https://inspirehep.net/literature/2957682

Phase diagram in T-x plane

3 color QCD MaSS spectrum |
expected phase diagram in low-T and high-density

Fukushima-Hatsuda (2010) .
- |n the superfluid (color-super-

conductor) phase, the chiral
condensate decreases.

Some hadron masses should
change. Brown-Rho (1991)
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At u # 0, what is happened? (3color QCD)

. Atu=0

(1) ys-hermiticity: ysDys = D"

(2) No disconnected diagram

From the QC

>

i # 0: y--hermiticity is broken : ysD(u)ys = D"(—p) # D7 ()

In dense-QCD, neither positivity nor inequality holds
(cf:in high-density, color-flavor-locking phase, m, > m,?) Son-Stepanov (1999)

According to QCD sum rules,
vector mesons become lighter?

Hatsuda and Lee, PRC 46(92)R34, PRC 52(95)3364 .|
arXiv:nucl-th/9608037

However, subsequent studies suggest
p and o masses do not necessarily become lighter.

(¢ can be said to do so).

E16 experiment at J-PARC

S. Zschocke, O.P. Pavilenko,

Eur. Phys. J. A 15 (2002) 529-534

D inequality for ' mesons (gI'g),

PS meson (pion, I' = y.) is the lightest!
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2color QCD



Phase diagram in T-x plane

Temperature 7

3 color QCD
expected phase diagram

Fukushima-Hatsuda (2010)
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numerically emerging phase diagram




Our model: 2color 2flavor dense-QCD

2color QCD Phase diagram . In Superfluid phase, diquark cond.(gg) # 0
(color-singlet in 2color QCD)

- Bose-Einstein-Condensate (BEC)
strong coupling regime
Well explained by ChPT

(qq) « (u — pu )2, EOS Kogut et al., NPB 582 (2000) 477

Son and Stephanov (2001)

- BCS phase
weak coupling regime

(qq) « u* : weak coupling analysis
T. Schaefer, NPB 575 (2000) 269

ree
q

(n,) = n

/m : :
HI1Tps confinement remains

0.5
A40MeV (32* lattices) nontrivial instanton contributions
K.lida, El, T.-G. Lee: JHEP2001(2020)181 Quarkyonic-matter (free-quark matter with confining gluons)

K.lida, El, K.Murakami, D.Suenage, JHEP 10 (2024) 022 Sound velocity exceeds the conformal bound
Recent Review (Phase diagram and EoS): (21 > 1/3)
El “Lattice results for the equation of state in dense i

QCD-like theories” arXiv: 2508.03090 6
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Chiral symmetry and hadron spectra

» |n the superfluid phase,
the chiral condensate decreases.

K.lida et al., JHEP 10 (2024) 022

Hadronic BECE
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BCS

Muroya et al. Phys.Lett. B551 (2003) 305
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Special properties in 2color QCD

u # 0: ys-hermiticity is broken : ysD(u)ys = D'(—p) # D" ()

In dense 2color QCD, quarks take a pseudo-real reps.y;Ct,D(u)ysCz, = D*(1), here C is

charge conjugation
From the QCD inequality, the iso-singlet scalar diquark (baryon) M, = ' Czysyr must be the

lightest hadron

In hadronic phase, violation of time-reversal symmetry (r & (V. — 7)) of C(tau)

E(p,u) = \/1‘52 +m* — un,, it can be regarded as a mass shift: m(u) = m(u = 0) — nyp
4 )

|0) : vacuum state at =0 (N]0) = 0)

In the SuperFluid (SF) phase, meson-baryon mixing (This is valid only for Hadronic phase)

On lattice, (Q;|N|Q.) = 0 for each conf. in u < m_/2

U(1), Is broken, no difference between mesons and baryons K Nagata, PPNP(2022), AAlexandru ot o, JHEP(2016)

Technically, consider all possible contractions of g-¢g and g¢-g4. 3



Flavor symmetry and its breaking in Nc=Nf=2

: ' 4
SUA) atm=u=0 ~ Extended multiplet: ¥ = (Kl/_/T)

m > 0 Lagrangian is invariant under U € SU(4);
Sp(4) ~ SO(5) ¥ - U¥
5 pseudo-Goldstone bosons . .
37,44, G . pion P%x) and |=0 S diquark gg(x)
0<pu<up oP%(x) = ie| X, P%(x)] = iec“(qq)
' for broken generator X* € SU(4)/Sp(4),
meson-baryon sym. a=1,---5 => 5-dim. multiplet {P%(x), gq(x), gg(x)}
diquark u<p
condensation ) . Rho Vf(x) and I=1 AV diquark D%/ (x)

Sp(1)y ~ SU(2)v same multiplet (3dim.) of unbroken Sp(4)
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2pt tn. formula using quark propagators

Mesons: yTy Diquarks: y, KT'y, , K = Cysz,

- Iso-single (I=0) or iso-triplet (I=1) - iso-single (I=0) or iso-triplet (I=1)

-T = {1y vLiry"}={S, P, V, AV} -T = {15,y ir’5y11={S, P, V, AV)

(M°(z)M°T(0))r = —2tr(t,%;c, BISNTIE, T, B) - t1(0, 0; ¢, B|SnT0,0; c, B) (D°(@)DM(0))r = —2tr(t,Z;c, BISATK]t, & c, B) - t1(0,0; ¢, B|S4KT|0,0; ¢, )
+r(t, 7 0, pISNT0,0, ¢; B) ((t, 7 a, pIT' S0, 0 c,5>)* +x(t, 7 a, plSNTK 0,0, ¢; B) ((t,;a, pITTK S} [0, . 8)
+tr(t, &; a, p|SaTT|0,0, c; B) ((t,a‘:’; a,p|I‘TS’L|O, 0; c, ﬁ))* +tr(t, 75 a, p| SWKTT|0,0; ¢, B) ( (¢, 7; a,p|f‘*K5’L|O,6; C, 5))*

(M @M O)r = te{t, B a,pSNT10,0,¢:8) ({1, B0, pTTSH0,Goe, 8)) (D' @DMO)r = —tr(t, 0, p|SVTKIO, 0, 8) ({8, 0, pITTK S0, G, 8))
—tr(t, T; a, p|SaT'" 0,0, c; B) ((t, %, a, p|T15410,0; c, B))* +tr(t, T a, p| Sy KTT|0, 0; ¢, B ((t, Z,a, p|TTK S} 10, 0; c, B))*

Jpdated points from Hands et al. (PLB 2007) and Murakami et al. (2023, Proceeding of Lattice 2023)
Disconnected contribution iIs Included

Tr)’i,color,spinor[()(T’ X ‘ 7, )_i)] o < Z Tr)‘i,color,spin()ro(f’ i)/ NT> and its at (T — O’)_C) — 6)

Mesons has 1pt fn. of Tr[SyI'], which are relatively large.

Diquark has the one of Tr[S,I'], which are proportional to J*> < 1 and it is negrigible
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All hadrons and its qualities of signals

Note that to satisfy Fermi statistics, diquarks satisfy v (CysD)(z9/2)y, = — s (CysD)(x%/2)y;.
I=1 channel, spin structure Cy.I" should be symmetric => AV is allowed

|I=0 channel, spin structure should be anti-symmetric => S, P, V are allowed
In the words In meson sector, a,, 6,7, ® mMesons have a baryon-mixing in the SF phase.

o disentangle the mixing, we have to solve a generalized eigenvalue problem (GEVP))

M SF D k(SF _

- (Hadronic) (Hadronic) (Hadronic) eson(SF) iquark(SF) (SF) Disconn
=0, O+
(sigma)

I=1, O+ (a0)

Noisy

OK
(massless?)

=0, O-
(eta)

I=1, O- (pion)

=0, 1-
(omega)
=1, 1-
(rho)
=0, 1+
(f1)
=1, 1+
(al)
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Results

K. lida, El, K. Murakami, D. Suenaga, arXiv2606.13974



Correlation fn.: pion and rho meson

K. Murakami et al., PoS LATTICE2022 (2023) 154

Hadronic phase (low-density) Superfluid phase (high-density)

u/m? = 0.32 (Hadronic phase) u/m? = 0.81 (Superfluid phase)

10° -%9 S §g
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= 3 S5 O B = 10-4 D__ i B @
S w1 & S Y0 BpEp® | PV
107 =0 o % T 15
1 5|
O Pion D5 100 5 pion I A |
107™F f Rho meson T [ Rho meson
1 1 10—6 i i ; OXRO;
0 5 10 15 20 25 30 0 5 10 15 20 25 30

t/a

Ci(7) > Cp(7) <=>m, <m, C, (1) < C(v) <=>m, > m,

Furthermore, pion may decay to something?
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u-deps of mass: pion and rho meson

» |n hadronic phase,
the pion is lighter than the rho
ChPT - - - - (as usual)

off. model ---- | . . . .
el e ] In SF phase, that is opposite.
P :

Hadronic i BEC + BCS |

+ ChPT prediction for pion
my ™ () = m(u = 0) + 2(u — p )0 — )

Kogut et al., NPB(2000)

Effective model prediction for rho
Suenaga et al., PRD (2024)

» |In SF phase, both signals are noisy.
It indicates an existence of further
lighter hadron?




Mass spectra: Higgs and NG mode of U(1), breaking

- |n hadronic phase, both modes are

degenerated.
They follow the prediction of mass

shift
m(p) = m(u =0) —2u

/A)
»

tadonic | - In SF phase, NG mode is almost

.
S«

e ;\A‘A‘é“ """""" B o massless.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

A - As for the Higgs mode, the signal
becomes very noisy, so that we
cannot calculate its mass.
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Mass spectra: 1=0 scalar diguark and meson

» |n hadronic phase, the prediction of mass
shift
m(u) = m(u = 0) — nop
IS reproduced.
m(p) = m(u = 0) — 2u diquark
m(u) = m(u = 0) + 2u . anti-diquark

m(u) = m(u = 0) : sSigma meson

» |n SF phase, all three modes are
degenerated.
To resolve the meson-baryon mixing, we will
need the variational method (generalized
eigenvalue problem (GEVP) method).




Summary of mass spectra

Mesons Diguarks

sigma
eta —X-—
pion —A—
omega O
rho
aq —O—

|=0, Scalar —@—

|I=0, Pseudo-Scalar —x-
=0, Vector —0O—

=1, Axial-Vector —O—

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

In Hadronic phase, m, S m, < m,(noisy) < m, ~ m, < m, In both phases, my; S mp_gg < m_1 gy < my_gps S Mgy

(same with 3color QCD vacua) (In our notation(y! KTy, , K = Cyst,), at =0

In SF phase, m_(noisy) < m, <m_ A < m_~ m (noisy) < m_(noisy) .
? o r v 7« D p < D 4y are same multiplets)
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Chiral symmetry and 2pt fn.



2pt fn. of rho and al mesons

We take u =1 for vV and A; current op. to extract J=1 component.

Hadronic phase (low-density) Superfluid phase (high-density)

At high density, two 2pt-fns. appear to degenerate.

19



2pt fn. of pion and sigma meson

Hadronic phase (low-density) Supertluid phase (high-density)

T

At high density, two Z2pt-fns. appear to degenerate.
(but noisy:--)

20



Ratio of 2pt fn. bw chiral partners

Rho and al Pion and sigma
10°
=0.00 —0—
amu= OO amuzggg?rar}ggg}g |—§—|
102 oamu=0'30 amu=0.70, 8/=0.010 0
amu=0.50 T

amu=0.70

101

Here, the ratio 1s normalized to 1 with 7 = 1.

A region close to 1 extends in higher density.
It suggests the recovery of chiral symmetry.
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Summary



Summary and future direction

In two-color QCD, the mass spectra even in the superfluid phase can be calculated using first-principles calculations

Meson channels may be similar to 3-color QCD.
In particular, mesons without diguark-mixing, as aO(noisy), pion, rho, f1(noisy)

The 2pt fn. of diquark/anti-diquark has time-reversal asymmetry in the hadronic phase.

NG mode for U(1), breaking becomes massless in the SF phase.

It is a special property for 2color QCD.

A tendency towards the restoration of chiral symmetry is observed from the degeneracy of the 2-pt fn. of chiral
partners

Technically, more detailed analysis to solve the meson-baryon mixing in superfluid phase by a generalized eigenvalue
problem (GEVP) is important future work.

Future directions:

Extend the HAL QCD method to the SF phasel
In finite-T and finite-w, a talk will be given by K. Tohme (3:20pm, 31st, Fri)
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Hadron potential by HAL QCD method

» |n hadronic phase, pion and diquark potential are equivalent because
of extended flavor symmetry.

+ Pion potential for 2color and 3color QCD are qualitatively same

Diguark-diguark potential
in hadronic phase of 2color QCD

=2 zz potential of 3color QCD

3000 | Ry —e—i
10.0 | 10 | 22 S e, -
L - BN Fit Results | ;
' Raw Data |
5.0
_2000F
> 2.5 .
= 3
— 1500F 0.0 =,
= =
S —2.5 &
> 1000
25 1 7. 3 1 .
500
0 ——————3 3§
0

0 1 2 3 4 0 'o|.5' I1 '1I.5' |2 '2|.5' |3'3.5
r [fm] r [fm]

K.Murakami, K.lida, El, JHEP 11 (2023) 231 T.Kurth et al.(HAL QCD coll.), JHEP12(2013)015
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Chiral symmetry and hadron spectra

K.lida et al., JHEP 10 (2024) 022 . .
0.912 [ * In the superfluid phase, the chiral
Hadronic‘g BEC BCS
ol IR - condensate decreases.
N\ _ i | _
50908 N Some hadron masses should change.
70.906 N - Brown-Rho (1991)
0.904 - The NN potential may also be modified
0.902 =525~ (/)17m£s75 T 25 at finite density if meson masses
A — I . Change.
E anf i« At u =0, the method for calculating
° “P e e w1 mass spectra and the NN potential is
well established.
(left) Examples of phenomenological nuclear potential, (right) The lattice QCD result of nuclear
potential

Aoki, Ishii, Hatsuda
HAL QCD coll.(2007 -) 26



Degeneracy of 2pt fn. bw chiral partners

Theoretically, the degeneracy of 2pt fn. bw chiral partner directly relate
with the chiral restoration.

Iso-triplet S and PS (a0 and pion) ((S“x)S(y) — P4“xX)P“(y))y # 0 — Q]0) # 0
Iso-triplet V and AV (rho and al) (V“x)V4(y) — AY“X)A%y))o #0 = 0¢10) #0

1 : : :
Here, Q%(1) = [E(Qyoysfzq)(t, x)d x: iso-triplet axial-vector current
Is the generator of chiral transformation.

It the chiral sym. is restored, then difference bw them must be zero at
each point!
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2color QCD phase diagram

(1) K.lida, El, K.Murakami, D.Suenage arXiv: 2405.20566 [hep-lat]
(2) K.lida, K.Ishiguro , El, arXiv: 2111.13067

(3) K.lida, El, T.-G. Lee: PTEP2021(2021) 1, 013BO

(4) K.lida, El, T.-G. Lee: JHEP2001 (2020)181

(5) T.Furusawa, Y.Tanizaki, El: PRResearch 2(2020)033253
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Our 2color QCD projects

K.lida, El, T.-G. Lee: JHEP2001(2020)181

Phase diagram by Lattice simulation (T=80MeV)
T.Furusawa, Y.Tanizaki, El: PRResearch 2(2020)033253

Phase diagram by 't Hooft anomaly matching
K.lida, El, T.-G. Lee: PTEP2021(2021) 1, 013B0
Scale setting of Lattice simulation
K.Ishiguro, K.lida, El, PoS, Lattice 2021
Flux tube and guark confinement by Lattice simulation
K.lida, El, PTEP 2022 (2022) 11, 111BO1
Velocity of sound by Lattice simulation (T=80MeV, 16* lattices)
D). Suenaga, K.Murakami, El, K.lida, PRD 107, 0540C U anc
Mass spectrum using effective model
K.Murakami, D.Suenaga, K.lida, El, PoS, Lattice 2022
Mass spectrum by Lattice simulation

K.Murakami, K.lida, El, JHEP 02 (2024) 152

O O] DOLElid]l W lnite y e simulatior

K.lida, El, K.Murakami, D. Suenaga, JHEP 10 (2024) 022
Phase diagram and EoS by Lattice simulation (T=40MeV, 32* lattices)




Current status on 2color QCD phase diagram

At least 4 1ndependent groups are studylng the phase dlagram

T | (1) S. Hands group : Wilson-Plaquette gauge + Wilson fermion
t (2) Russian group : tree level improved Symanzik gauge + rooted staggered fermion
}(3) Our group : Iwasaki gauge + Wilson fermion, Tc=200 MeV to fix the scale ;_
QGP { (4) von Smekal group: Wilson/Improved gauge + rooted staggered fermion :

200Me T=158 MeV (deconfined, hadron -> QGP phase transition occurs)
{ T=130 MeV (deconfined? QGP phase? ,2019)

T=140 MeV (deconfined in high mu, <qg> is not zero, 2017, 2018, 2020)
TR / { T=93 MeV (deconfined in high mu ?, also <qg> 1s not zero?, 2017)
S

100Me

’(\\)\ (deconf

T=87 MeV (confined in 2019)
T=79 MeV (confined even in high mu.2019)
- T=55 MeV (confined in high mu, 2016)
(confined) T=47 MeV (deconfined coarse lattice in 2012, but confined in 2019)
pulmpg T=45 MeV (confined in 2019)
T=40 MeV (confined, 2024)

. BEven T~ 100MeV and u/mp, = 0.5, superfluid phase emerges

. T, (confine/deconfine)< Ty, (superfluid/QGP) : constraint from 't Hooft anomaly matching
T.Furusawa, Y.Tanizaki, El: PRResearch 2(2020)033253
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Three phases In low temperature regions

- We mainly investigated T=40MeV

+ Hadronic / Superfluidity phase transition
around u ~ mp/2

Tc

200MeV + BEC/BCS crossover in SF phase
BEC phase BCS phase
strong coupled * weakly coupled

(well-described by ChPT

)
| ,M/mPS @ @ & @
K.lida, El, T.-G. Lee: JHEP2001 (2020)181 @

K.lida, El, K.Murakami, D.Suenage, JHEP 10 (2024) 022

40MeV

Distance between quarks s A-! Distance between quarks <« A~!
>

Quarks behave free particles

. - (4)a  agapenergy | density




“definition” of BEC/BCS crossover

S. Hands, S. Kim and J.-l. Skullerud(2006)

. It (n,) = n;, then the region is identified as BCS phase

(n,) denotes a net quark number density

0.1 : 1.2 .
Hadronic i B Hadronic B
0.08 = o 1 :
-
CO‘ -
V 0.04 X 0.6
Q)
o004
© 502 c
V 02

0 F+—++—+—+++

0 D20 U5 U110 1 129
pimpgs
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Evidensce of Superfluidity : (gq) and (n,)

Diquark condensate (net) quark number density
& : 0.1 :
Hadronic { BEC ! BCS e ' H
; | 0.08 i
(gq) = 0| ! A 0.06
l O
| -
: VvV 0.04
QP
©

. 028 g pas - 1o § z?mlg? 1 e

33



Order parameter of Superfluidity : {gq)

0.03

Hadronic BEC

Diquark condensate

0.02

=
-
-
-
-
=3
-
-
=

0.06 , , f = e,
: ! I : N V-
Hadronic E i V 0501 : L ¢ ChPT: (qq) « (1 — )
: : T . = (good analysis for y~pu,) :
0 04 : i F l / i = Kogut et al., NPB 582 (2000) 477 *
' ! : e e e s EEEpEEEEEEEsEEEEEEEEEEE -
: : : 0
/C\T | i | 0.2 0.5 e 1
& i . 0.06 ,
g 0.05 ; vy
= 0.04 K +/
0 S .
i -0.03 1 S
: : : + Weak coupling analysis =
Vv | : el pling y :
g N0 a8 R g e e ) o ;
i + - .
IJ / m PS podrE : T.Schaefer, NPB 575 (2000) 269 -
o L | "
0.5 0.75 1 1.25

. p/mps



Equation of state



Square of sound velocity (c2/¢? = Ap/Ae )

+ T-dependence of the sound velocity is

conformal bounc negligible!
ChPT g g

T=80MeV —O—
T=40MeV —A—

Hadronic

In BEC phase, result is consistent with
ChPT

Chiral Perturbation Theory (ChPT)
L —p!lu
1 + 3u/u*

c?/c” = : no free parameter!

Son and Stephanov (2001) : 3color QCD with isospin u
Hands, Kim, Skullerud (2006) : 2color QCD with real u

. c?/c* exceeds the conformal bound
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Meson-baryon mixing in SF phase

In SF phase, U(1), is broken, no difference bw mesons and baryons.

2pt fn. Cu; 1) = Z (0] O(0) | n) |> e~ Errno)r

here |n)¢: «x ¢ | meson-like state (gI'g)) + ¢, | baryon-like state(¢'T'g))

Thus, consider all possible contractions of g-¢g and ¢-q.

Normal quark propagator (g-g): Sy = O~ () AT ()
Anomalous quark propagator (g-¢):S, = JO~{(uW)K

O(u) = AT(w)A(u) + J? (this is DD in standard QCD vacua)
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1->0 extrapolation of NG boson mass
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Correlation fn.: |=0 scalar diquark and meson

Diguark/Anti-diguark Meson (sigma meson)

amu=0.00 o—i

amu=0.20 ¥—xX—

amu=0.30 aj=0.010 F—a—
amu=0.50 aj=0.010 —0O— A
amu=0.70 aj=0.010 A [
AAUAA;A‘

A
o AAAAAAAAAAAAAAAAAAAAA o

O

=f=1= P

'm0
o
X

_o° Anti-diquark

amu=0.00 +—Oo—

amu=0.20 +—XxX—i
amu=0.30 aj=0.010 +—a
amu=0.50 aj=0.010 +—0O—
amu=0.70 aj=0.010

i..
¢

0 ) 10 15 20 25 30 0 < 10 15 20 25 30
T T
At u # 0 In hadronic phase (green), Meson channel has a large
time-reversal sym. of C(tau) is broken. contribution from disconnected terms.

In SF phase, C(tau) takes larger values. Noisy in the both phases
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Quark mass dependence of correlation fns.

heavy quark mass

. Top panel: m,/m, ~ 0.8 (heavy quark mass)

o PS (B=0.80,k=0.1590)

5V (B=0.80.x=0.1590) | ° Bottom panel: m, /m, ~ 0.2 (light quark mass)

(physical point)
By changing lattice bare mass (x),
this ratio is a result of.

0 S 10 15 20 25 30

. T/a
light quark mass . In lighter quark mass, p can decay to 2 pion.

0.0001

1x107°

p cannot propagator long time.

1x10°° |

1x1077

The signal of the correlation fn. becomes
noisy in long = regime.

Hard to obtain precise data for heavier
hadron mass

1x108
1x107°
1x10710
1x1071

1x10712

1x10°13
0 5 10 1520 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95

T/a 40



Calculate mass from the long-time range of correlations

0.000

" i \\ 1. Fit the data in the appropriate ¢
region with f(r) = ¢y + cje™"

the best-fit value of ¢, = m

05 10152025303540_4{_5/55556065707580859095 2. CaIC. eﬁeCtive maSS
0.06 oaal def . | meff(T) — — lOg[C(T + 1)/C(T)]
) : In long 7, it should converge with
%"’ ﬂ{ the lowest state mass
}}#%MH%{{% . Find a plateau of m,

0.058

5 10 15 20 25 30 35 40

T/a +



Heavy (unstable) meson case

0.0001
1x107°
1x107°6
1x1077
1x10°8
1x107°

1x10710

1x1071
1x10712

1x10°13

0O 5 10 1520 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95

0.5

0.45

0.4

- 0.35

0.3

0.25

0.2

0.15

0.1

15

T/a

pion
rho

¢

25

30

» Calc. effective mass

In long 7, It should converge with

the lowest state mass
Find a plateau of m,

- |t Is difficult to find a plateau for
heavy (unstable) case
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