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why low mode averaging?

in modern lattice QCD we need very precise correlators at large Euclidean distances!

v hadronic matrix elements

v hadron vacuum polarisation

v spectral densities reconstruction

to improve lattice correlators at long distances, deflation techniques played a central role!
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the journey

v general feature of LMA

v results for mesonic and baryonic correlators

v a multigrid approach to LMA



improving the infrared part of correlators via propagator splitting

S ≡ D−1 = S IR + SUV

1. stochastic approach

Sη ≡ SHη = S IR
η + SUV

η

2. low mode averaging approach

SLMA
η ≡ S IR + SUV

η = Sη + (S IR − S IR
η )

mixed terms appear in n-propagator correlation functions

CLMA
η ≡ C

[
SLMA
η , . . .
n times

]
= C

[
S IR , . . .

n times

]

C IR

+ C

[
SUV
η , . . .
n times

]

CUV
η

+ C

 (
SUV
η , S IR

)
2n−2 combinations


C IR,UV
η,ex

Cη = C IR
η + CUV

η + C IR,UV
η,η ←→ CLMA

η = C IR + CUV
η + C IR,UV

η,ex
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only the infrared part is improved

CLMA
η (t) = Cη(t) + C IR(t)− C IR

η (t)

for example for time-spin diluted or point spin-color diluted sources

1. C IR can be exactly known on a given gauge configuration

2. Cη and C IR
η to be computed on the same source Hη

they share exactly the same fluctuations
C res
η ≡ Cη − C IR

η precisely up to very large t

3. C IR
/

C res
η crossover depend on the number of modes

computational convenience:

v contractions C number reduced −→ 2n to 3 for any correlator

v separate runs for full and IR correlators −→ efficient scaling with the number of nodes

not possible in the standard approach where simultaneaus UV and IR projections are needed

v if sources of Cη are reproducible −→ improvement a posteriori is possible

if the relation does not hold exactly, it can still be used with some care
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improved mesonic correlators
1. how many eigenvectors do we need? 2. does N IR

ev depends on the Dirac structures considered?

continuum limit

consistent gain 
between various ensembles

interpolate a single-pion
more and more towards the continuum
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improved baryonic correlators

v 2 + 6 mix. contractions −→ 3 contractions
using spin-colour diluted point sources

v larger number of eigenvectors compared to mesons
unclear saturation on the gain with N IR

ev

v contractions in C IR scale ∝
(
N IR

ev
)3

∼ 100 eigenvectors take more than a day
∼ 1000 eigenvectors take more than a 3 years!!

C IR(t) −→ C IR
impr. =

1

N IR
xs

NIR
xs∑

xs

C IR
xs (t)

high-statistic realisation for two- and three-point functions
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improved three-point functions

v Dirac structure dependence of the computational gain
(

gΓ ←−−−−−−
a�tins�ts

C3pt
N (tins,ts ;Γ)

CN(ts)

)

v maximisation of the computational gain GC

(
Nxs ,N

IR
xs

)
= G2

E

(
Nxs ,N

IR
xs

)
· RC

(
Nxs ,N

IR
xs

)

RC =

1 + C IR
xs

Cxs
·

N IR
xs

Nxs


−1

implementation dependent

G2
E(t) '

1− Var[C IR
xs (t)]

Var[Cxs(t)]
·

N IR
xs − Nxs

N IR
xs


−1

observable dependent

Var[C IR
xs (ts)]

Var[Cxs (ts)]
gu−d

A gu+d
A gu−d

S gu+d
S gu−d

T gu+d
T

ts/a = 16 50.7% 42.3% 78.5% 82.7% 32.6% 23.4%

ts/a = 24 87.6% 99.2% 99.0% 99.8% 55.5% 71.5%
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a multigrid approach to LMA

v MG as a preconditioner −→ dynamical adaptivity
K-cycle, lose precision, presence of a smoother

v MG for low mode averainging −→ static coarse operator
V-cycle, no-smoother (not tested)

high-precision (particularly difficult for TM-fermions)

S = PMGS + (1−PMG)S

PMG ≡ PD−1
c RD

SMG = PMGS = PD−1
c R

for TM-fermions computing exactly SMG is unfeasible

SMG −→ SMG,IR = PS IR
c P†

breaking of exact realisation of IR substitution

CLMA,MG
η (t) ≡ Cη(t) + α(t)

(
CMG

impr.(t)− CMG
η (t)

)
α(t) =

Cov[Cη(t),CMG
η (t)]

Var[CMG
η (t)]
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(t
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〉
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〉
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why a multigrid approach is favourable on large volumes?

to keep the same performance level N IR
ev grows like V

the costs grows like V 2y
on a L ' 7.5 fm ensemble ∼ 4 times more eigenvectors compared to L ' 5.5 fm

a factor 16 in costsy
in our experience exact LMA would require 950 GPUs (256 nodes on Leonardo)ww�
via our multigrid approach, we have been able to reduce it to 54 nodes
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our multigrid approach
v a high-statistic realisation requires less implementation effort and maintains generality

SMG,IR =⇒ CMG
impr.(t) =

1

NMG
η

NMG
η∑
η

CMG
η (t),

CLMA,MG
η (t) ≡ C res,MG

η (t) + CMG(t)

C res,MG
η (t) ≡ Cη(t)− α(t)CMG,IR

η (t)

CMG(t) ≡ α(t)CMG,IR
impr. (t)

v stochastic error of CMG can be sent to 0
implementation of CMG,IR

all−to−all

v balance of errors is crucial for the costs
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conclusions & outlooks

CLMA
η (t) ≡ Cη(t) + α(t)

(
C IR

impr.(t)− C IR
η (t)

)
α(t) =

Cov[Cη(t),C IR
η (t)]

Var[C IR
η (t)]

for particular choices of sources α = 1 is possible

v LMA improve only the IR part of correlators

v N IR
ev needed to describe nucleons is higher than

that for mesons

v at fixed target gain N IR
ev ∝ µV

v our implementation of mgLMA is quite effective
on large volumes and can be improved
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v our implementation of mgLMA is quite effective
on large volumes and can be improved

Thank you for the attention!

THALIA 2021-2027
EXCELLENCE/0524/0459, EXCELLENCE/0524/0017
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Backup



D(µ) = DW + iγ5 µ ←→ Q(µ) ≡ D(µ)γ5 = QW + iµ

since QW is hermitian his spectrum is realy
the spectrum and eigenvectors are µ independent

iμ λ

for large enough volumes the IR region is dense

1. physical space-time volume V scaling

2. density is constant in a fixed δΛ interval
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fW ≡
1

V δΛ

∫ Λ+δΛ

Λ

ρW(Λ̃;V )dΛ̃ = ρ̄W + dfW

true for massless Wilson fermions



D(µ) = DW + iγ5 µ ←→ Q(µ) ≡ D(µ)γ5 = QW + iµ

since QW is hermitian his spectrum is realy
the spectrum and eigenvectors are µ independent

iμ λ

for large enough volumes the IR region is dense

1. physical space-time volume V scaling

2. density is constant in a fixed δΛ interval

NW
ev(Λ;V ) ≡

∫ Λ

0

ρW(Λ̃;V )dΛ̃ ' ρ̄W ΛV

ρ̄W related to the chiral condensate



Λ ≤ µ −→ µ ≤
(
|λ(µ)| =

√
Λ2 + µ2

)
≤
√
2µ

compression of eigenvalues

NTM
ev (
√
2µ;V ) ≡

∫ √
2µ

µ

ρTM(|λ|;V , µ) d|λ|

=

∫ µ

0

ρW(Λ;V ) dΛ ≡ NW
ev(µ;V )

NTM
ev (
√
2µ) ρ̄W µV

B48 13 14
B64 44 45
B96

VB48×16
232 229

v LMA production scale as ∝ µV · V
a4

v at fixed N IR
ev LMA deteriorate with increasing µ

v in mixed correlators, the higher mass dominates the
improvement
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3
√

Σ [MeV]

@ mπ ' 140MeVThis work
NLO χpt correctedNf = 2 + 1 + 1

ETMC21
Nf = 2 + 1 + 1

FLAG21
Nf = 2 + 1 + 1

FLAG21
Nf = 2 + 1

Bonanno et al.
Nf = 2 + 1

FLAG21
Nf = 2

the Bank-Casher relation

ΣR = −1

2
lim
µ→0

〈(
ūu + d̄d

)
R

〉
(µ) =

π

2
ZP ρ̄ 0

W with ρ̄ 0
W = lim

µ→0
ρ̄W

ZP ρ̄W(ξπ) =
2ΣR

π

(
1 + ξπ(4h̄1 − l̄3) +O(ξ2π)

)
with ξπ =

m2
π

16π2f 2
π



exLMA gain
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mgLMA gain



nucleon meff
factor 3 in volume
B48 vs B64 B64 saturation expected between 1000-1500



gS cost gain



gA and gT cost gain



the multigrid approach
1. constructing a coarse operator through prolongation and restriction operators

Dc ≡ RDP

v preserve the identity 1c ≡ R1P

v Dc retains a nearest-neighbour structure

v preserve γ5−hermiticity −→ R = P†

v for TM-fermios γ5−compatibility

2. construct a projector acting on the fine space PMG ≡ PD−1
c RD

S = PMGS + (1−PMG)S =⇒ SMG = PMGS = PD−1
c R

3. direct connection to exact deflation if P and R are constructed from eigenvectors of the Dirac operator

P=V IR =⇒ Dc =
(
V IR)† DV IR = ΛIR =⇒ SMG = S IR


