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3 Lattice field theory: two approaches

Lagrangian formulation
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Classical Monte Carlo

(0)

Static property of

- ground state
- one-particle state
- Gibbs state

Low-energy scattering
(Luscher formalism)

Hamiltonian formulation
—iHt
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Quantum simulation

Real-time dynamics

- wave-packet scattering
- string-breaking

Finite-density physics 1
Heavy nuclei 0302050200022



Uncertainties in quantum simulation

Physical systematic uncertainties

/ Discretization \ / Finite volume \ / Boson truncatioh

effects effects |A)

\ V2N 2N

Obtaining physical results requires taking the limits:

1)
10)

Lattice spacing Box size Truncation cutoff
a— 0 L — oo A — o0

At finite values, we need to understand the approximation errors.
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5 Boson truncation

Scalar field theory

(@5, 75) = 063

1= 23 (3007 + (V800 + b + J1600*)

........

+00 — +Pmax
truncate/digitize

o=

L
&

O

We need to choose @max and ¢
appropriately.

Or, equivalently ¢max and TTmax

Jordan, Lee, and Preskill arxiv:1111.3633
proposed an energy-based truncation error
bound.



https://arxiv.org/abs/1111.3633

6 Truncation error

Define truncation projector

Pmax
P¢max=/_¢ Ay -y b1, sdv) (D1, s v

Given state |1), one can obtain a truncated state P,___|v).

) ~ Py 1)

One can quantify the truncation error by

e =1— (Y|P |V)

|:> e =Pr [max |¢z‘ > ¢max} € S?




7 JLP energy-based bound

Recall € = Pr [max |bi| > quax}

For single site X;, by Chebyshev inequality

Prila] > d] < — L W) - (W]6%(0x) [9)

(fmax—v/@IF 019 ) (Gmax)”

Denote the total number of sites by )/. By union bound, we have

< VP )
N (quaX)z ’

provided that we can bound (1| $2(x) [t} uniformly.
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8 JLP energy-based bound

Assuming (¢| H [¢) < E, we have
E 2 (y| H |¢)
1

— (ol 3 (57007 + (V8200 + gmida? + 360 ) v

>~ (1|5 mad(x)? [,

Hence, (1| $2(x) [)) can be upper-bounded.

To conclude, € S —22%— . Or, given error budget €, we can choose @ ax as

V2aFE
¢max ~ 2

m0€




9 Volume scaling of JLP bound

One obtains the required truncation cutoff Typical scenario in scattering

¢ ~ V2aE
max mge AE

Here, /) contributes to an explicit factor of /).

Meanwhile, v/ also implicitly contributes. Eo
FE=Fy+ AFE
L
ground-state energy physical energy We have Fy oc V

a.k.a. vacuum energy

Hence, we have quax X V here. Can we do better?




Conservative energy bound

Many terms are thrown away in the energy-based bound.
E > ([ H [¢)
1

=l 3 (G007 + 5(TEP )+ ymide? + 2360 ) v

1 1 5
>~ (¢ 5mod(xi)” [¢¥) (W] im3o(x)? [¥)

Q=

This results in a conservative bound.

infact, = (Y] §mie(x:)? ) < E
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Monte Carlo trick

Original approach uses F in By contrast, we use Lo+ AE — Ej ;.
the bound. which is much smaller.
Note, g o< V Here, Ey and Ej ,,) can be

evaluated classically.
(] gamd(x:)? [$) < E = Eo + AE
(W] mmB(xi)? [¥) < Eo+ AE = B} )

B

6--G--e- T -o--o--6- 0 0 0 M0 o o

Original approach Improved approach




p-norm trick

Original approach Improved approach
. . 1/p
. %
[ Bound error contribution at J Define ¢P) = (Zizl |¢(Xz')|p>
cach site <?’b| qb(X) |¢> Directly bound tptal error of all
@ sites ~ (3] (6®))2 [)
Bound total error of all sites Here, a good choice is p — O,
~V <¢‘ ¢(X)2 |?7D> For context, ¢(OO) = max |¢Z|
(
<b(OO)
G P2 D3 Q1 D5 B O P2 D3 Qs Ps g

o uU U U U U OO0 0000




13 Improved boson truncation bound

To estimate the truncation cutoff qﬁmax, we set P = OO and combine both Monte
Carlo trick and p-norm trick.

e < U2 )
~ (¢max)

We have

(] ()2 [1h) < {Qyeer | (6°)2 [ Qoo ) + —27aAE
nmg

_— |

To be evaluated in a path integral Physical energy of
[ D¢ (qﬁ(oo)) =5 (00) 1#] particles, e.g. 5 GeV

[¢]

f D¢ e S¢(O°) .




14 Improved boson truncation bound

To estimate the truncation cutoff gbmax, we set P = OO and combine both Monte
Carlo trick and p-norm trick.

Original JLP bound Our improved bound
b = (V2 +1) WU E@N) | e (L +1) /@] (62 )
’ 2(00)\2 [ Do (6))" e S 9
W62 ) < Zak+ Zadp  VOTTST L ESE
| + iaAE




1+1D ¢* theory € = 0.01

800 ~
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=
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Original bound vs improved bound

aAFE = 1.0
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Original bound vs improved bound

Bound for conjugate momentum field 7T

Original JLP bound Our improved bound

max ~u € ﬂ-m ax ~u €
- Original JLP method * 801

400| +- This work

o ] . Saving factor: /)

& 401

3004

Trma.x
ma.

200 A

100 201




17 Extension to other theories

We also demonstrate the improved bound on 2+1D non-compact U(1) gauge
theory in the dual formalism:

~ 1 g? . . 11 A\ 2
Hy) = Y Z Ry My qRq + 52_92 Z (Bp)
Psq p

- QOriginal JLP hod i - QOriginal JLP hod * . .
r S w00l e ek Variable | Saving factor
20001 . 1 1500 . 1 4 ¢ Neaﬂy X V
ettt _|_1D ¢
‘ m x V'V
N oL | A% 1000 .
1000 o0 | B Neal‘ly X V
241D U(1)
' - , R x VYV



https://arxiv.org/abs/2008.01349
https://arxiv.org/abs/2008.01349

18 Conclusion

JLP energy bound can be used to bound boson truncation error.

By combining Monte Carlo trick and p-norm trick, we tighten the bound.

[arxiv:2604.24896] PRD

By reducing truncation cutoffs, we achieve

' fewer qubits
n smaller Hilbert space —
{ } { g ™ 10g(¢max7"max) }
Truncation \L
cutoff
\ smaller Hamiltonian lower simulation
—) cost bounds

norm/commutators
cost ~ poly (¢ma><7 7TmaX)
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Thanks for listening!

Comments and suggestions appreciated.




Backup slides




Different approaches

e Numerical tests and extrapolation

o Using Classical Monte Carlo

m  e.g.arxivi1811.03629, arxiv:1906.11213, arxiv:2212.08546
o Others

m  e.g.arxivi2312.12506, arxiv:2507.22984

Energy based bound ( arxiv:1111.3633 )
Quantum speed limit ( arxiv:2110.06942 )
Hilbert space fragmentation ( arxiv:2508.00061 )

Nyquist-Shannon sampling theorem (arxiv:1802.07347)



https://arxiv.org/abs/1811.03629
https://arxiv.org/abs/1906.11213
https://arxiv.org/abs/2212.08546
https://arxiv.org/abs/2312.12506
https://arxiv.org/abs/2507.22984
https://arxiv.org/abs/1111.3633
https://arxiv.org/abs/2110.06942
https://arxiv.org/abs/2508.00061
https://arxiv.org/abs/1802.07347

Works using JLP energy-based bound

e On Quantum Simulation Of Cosmic Inflation [arxiv:2009.10921]

e Quantum simulation of gauge theory via orbifold lattice [arxiv:2011.06576]

e Quantum Algorithms for Simulating Nuclear Effective Field Theories
[arxiv:2312.05344]

e Quantum Simulation of QED in Coulomb Gauge [arxiv:2507.01089]



https://arxiv.org/abs/2009.10921
https://arxiv.org/abs/2011.06576
https://arxiv.org/abs/2312.05344
https://arxiv.org/abs/2312.05344
https://arxiv.org/abs/2507.01089

Truncation of Kogut-Susskind Hamiltonian

For U(1) gauge theory, we have

v:U(1) - C
(e.g. group element basis) S
O O O+—0 O O
We need to digitize U(1) into g
discrete points. uQ) digitize N




Truncation of Kogut-Susskind Hamiltonian

In electric basis, we similarly $:U(1) = C
require a truncation O O O O O O
— A
B) 2 —— ' B

1
EcZ — o => o EcZ,—-A<E<A

— 1 — 1

_9 truncation — 2

" A




Why it's not a problem for traditional Lattice

In Euclidean path integral, the numbers are represented by float64 or float32,
which provides great precision and range.

Double Precision Floating-point The situation does not carry
directly to quantum simulation,
Sign Exponent Fraction / Mantissa as the Cost/error bounds Of
1bit 1 bits 52 bits
A/ LT many quantum algorithms
|]II|||||||||II||I||I|||II|||I|I||||||||||I||||||I|I||||||I|I|l|||||| depend polynomially on the
64 63 53 52

truncation cutoffs.

credit: Brown



https://www.lorric.com/en/Articles/flowmeter-technology/flowmeter-technology/floating-point

26 Truncation bound and trotterization

For trotterization (Childs et al.), the trotter error depends on the commutators.

For scalar field theory, if we write the Hamiltonian as
H=Hg+ H,
then the trotter error at first-order trotterization can be expressed as:

~ 2
< C‘5commt
€sim > N
steps
with

Geomm = O(|[Hy, Hal ) = O (V[172,6"]]|) = OO inax )

and Ngeps being the number of trotter steps.



https://arxiv.org/abs/1912.08854

Truncation bound and quantum signal processing

Quantum signal processing:
R H ---
Embedding Hamiltonian H into a larger unitary matrix U = ( . )

To do this, we need to rescale it by 5 with the condition:

m/p| <1

Gate cost of this approach: Ny = O (ﬁt + log ( 1 ))

€sim

In our case, we have 3 — () (V [7Tr2nax + ¢4 ])

max




JLP energy-based bound

For a given state |¢), we can expand it as

oo

) = /_ dé.. / Ay W(rsrrs ) [G1, oo )

— OO

After truncation, we get a truncated state

Pmax ®max
9 ¢ ma) =/ d¢1~-/ Ay p(d1, s 9v) |01, .0, V)

_d)max _¢max




JLP energy-based bound

Recall €=1—|(¢|vYg,..)] |¥) =/_ dqbl.../_oo Ay (D1, ooy V) | D1, +vey DY)

We then have

Drmax Pmax
6:1_/ d¢1.../ dipy [(61, .., )

_¢max _¢max

Thus, € is the probability that at least one of |¢1], |@2], ..., [Py | exceeds Omax




30 JLP energy-based bound

Let’s consider distribution for single site field value ¢(X) we have

o = (61 $(0) 1) < /(8] §2(x) [)
Tot = (0120 [9) — (0] d(x) [1)° < /(W] 2(x) [0)

By Chebyshev inequality, the probability for \¢(X)| to exceed
Pmax = |M¢(x)| T COg(x) is upper bounded by 1/62, thus

o) o (B2 019
Cbmax_':uqb(x)o o (¢max_\/<¢|qg2(x)|¢>)

Pout S (

Tightening energy-based boson truncation bound in quantum simulation



31 JLP energy-based bound

Recall for a single site

(WP
bumax—V (162 (x)|9) )

Pout S (

There are V sites in total, by Union bound (Pr(AU B) < Pr(A) + Pr(B) ), we
have

e < V(1| 9> (x)|9) L V@IF )W)

(bma—/BIRG0)) (G’




Improved bound for conjugate field

For the conjugate field 7T, it's not straightforward to combine both Monte-Carlo
trick and p-norm trick.

We can use either, but not both.

For p-norm trick, we use p = 2

Notice,

< (@) |y me [¥) <

Thus,

oy ~ \/<¢|<fr<:>>2|w> < \/2aE




Derivation of p-norm trick

Error probability
e =Pr [mzax ‘szl > ¢max]

We have |¢;| < ¢®) forall g,

Thus,
e = Pr [max|6i] > fmax| < Pr [0 > fa]

By Chebyshev inequality,

e <Pr 30 > fma] < WL ) Wl (6P)? )

(dmax—V/@IG@)2 ) ) (max)?




Bounding inf-norm expectation value

Let H denote the original Hamiltonian and A = H —ntimd(¢(>))? denote

a modified Hamiltonian.

¢<oo)

Denote their ground state energies as Fy and E] s » TESPECtively.
Suppose (y| H |¢) < E = Ey + AE, then
(W] () [0) =~ (a (0] B [0) — a (0] By, 1)

nmg

2
<=2 a(E,—E .. AE),
nm%a( 0,60+

Having chosen AE, one can bound (1| ((°))2 |¢)) by evaluating Eg and £j 4 ,
through path-integral Monte Carlo simulation.




Bounding inf-norm expectation value (cont.)

Alternative, denote the ground state of I:I;(oo)m as |Qy) ). Notice,

Ey :rfli)n (a| H o)
< ( Qo0 | H Q00 )
A 1 ~
= (1 | By 1 [ Q0 )+ (Lo | = 5md(:)? [ 200 )

1n A
=Ej), + (Qgoo) | agmg(ﬁb(oo))z [ Q1,9

220 (Bo = B}y ,) < (oo ] (602 [0 1)

Thus,

(] (SN2 ) < Qoo | (B2 [Qyioer ) + 27 aAE
nmg




36

1+1D ¢* theory

Energy scales

—- EO ®
- 3,¢<w>,n ° i5
=0 EO - Eé,(b(oo)m ” ) [ ]
Ciad =
~ 0 >
i = 1.0
By 2 *
4+~
%D 0.2 E
Q
S 101 : + + + ) }
H R ; =
0.1 oA
[} ° m 05 1 2 ,
0.0 "‘nmz“(EO Eo 54)
[ ] & T T
10 20 30 -~
01 o o e e e = { Qg ()| Qo)
T T T 0-0 T T T
10 20 30 10 20 30
Ny Ny
(a) (b)
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37 Energy scales

2+1D non-compact U(1) theory in dual formalism

]
10 +
2 ¢ t +
150 4 o ¢ °
1 ¢ [ ] 3
= * P
> 0 T T T > * *
100 4 8 | 12 g t
> [ ] =
et =
= = 5 °
) = !
= 5
= [ ] = E() o,
"
204 = Eé B n = [ 1
° 1) ’ ° 9 ;
- F,— E(I),B<w>,n +529 a( By — EO,B(”),W)
. ~
2
0 8 ] L] L] ° L] ° = <QB(°°),17| (B(Oo)) |QB(°°),77>
T ] T T ] 3 T T 0 T T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14
Ny N
(a) (b)
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38 Energy scales

2+1D non-compact U(1) theory in dual formalism

[ ]
0.8 12 1
~n 2 Za(Eo - Eo,Rp,n)
0.344 gy . ,
1501 02 { o | (Qnl(R)12,)
? = 0.6
S 0.1+ =
~ | >
‘_‘ 0.0 T T T q
\; 100 a 4 8 12 + ‘9
&0 B 0.4-
[ + [ )
= g it .
m ° == EO % ¢
50+ E’
° - 0,8y i = 0.2
ey — Eo,R n
[ ]
0 H . ° . @ ° L]
T T T T T T T 0.0 T | T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14
Ng Ny
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Hamiltonian-limit extrapolation

continuous time extrapolation

1.125 1

1.120

~

Estimated ((¢°)?)

1.115 1

—_
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1.105 - - ¢
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Derivation of path-integral

One can write the identity operator as

I = [Dol|o) (9],
where |@) = |p(x1)) ® |p(x2)) ® ... ® |p(xy))

Hence, one can write

Tr|e 7] =Ty [( / D | ) (] H)N]

:/D¢1D¢2---D¢N (D] e~ flao |dn_1) (Dn_1] e~ flao | Do) - (o] e~ Hao 1) (1] e~ Hao |Dn)




Derivation of path-integral (cont.)

After some derivation, one can show that
Tr[e—ﬁT] ~ N / Dy ¢~ S5 30 (tHe00—9(tx))*+2 (F (Vo) (1) + Fmie(t)+ 3 (%))

and
Tr {OA[QE]B—FIT} %N/Dqﬁ Olo(to)]e” Zt,x[ao 5 (d(t+ao,x)—(t,x))*+ %2 (F(V¢)* (t,x)+1m3o(t,x)*+ ¢(t,x)4)]

Thus, one can interpret this as a path integral and define the corresponding action as

2 a 4!

S[¢] = Z [ﬁ (¢(t + a9, x) — B(t, x))* n %%(Vgﬁ)Q( x) + @m()(ﬁ( x) n @&Qb(tyxf




Derivation of path-integral (cont.)

Notice,
(11| 7 xi)2e 1% | )
z/Dﬂ' (p;]m) (1r|ﬁ(xk)ze_ﬁk‘“aoe_ﬁpdao ®,_1)

%
_ / D (QL) () 2= 2 T 37004 S (008541065 (0) o~ 5 o (V6,2 G+ A 00+ 3 65 (0*)
T

v 2

_ a a _a 2\ = 3, (0410 = (x))2 =L T (L(Ve,)2(x)+ Emies ()2 + 3% 65 (%))

- = S (G () — (k) ) €7 Bx B9 G B s 0T 860",
27ra0> (ag az "’ 7

Thus, to evaluate ﬁ(xk)2 in a path-integral, one can evaluate

& (Bt + ao, xk) — Bt X))’




Derivation of path-integral (cont.)

To evaluate ground-state energy, one can evaluate the following expression in
path integral

15 (3 (2 = 260+ 00,20 — 0(6,3))2) + 3 (V)2(t.) + Imdo(t, x)? + Ro(t. x)?)




