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interpolating operator 
dependence
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• Baryon interactions are key to many  
physical processes and the origin of nuclei


• Many unanswered questions in nuclear physics


• Hyperon-nucleon interactions important in neutron star interiors but 
hard to probe experimentally


• Nuclear interactions with (B)SM currents needed for DUNE,  
searches, dark matter searches, …


• Natural to try to determine from the underlying Standard Model


➡ Accessing NN scattering from first principles LQCD is a key goal 


• A benchmark for LQCD


• A finely-tuned challenge

0νββ

The nuclear frontier
Lattice QCD for baryon interactions
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• Very high statistics calculation on one 
ensemble at coarser lattice spacing 
 
 
 
 
 
 


• Symmetric correlator matrix from large set of 
operators in rest frame


• Both bound and unbound consistent with data


• Scattering lengths are unnatural  
                     

so NN systems are fine tuned at heavy masses

|a1S0
| , |a3S1

| ≥ 10m−1
π

2601.22272/3 - NPLQCD
High statistics calculations
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FIG. 22. Block-Lanczos results for I = 1 (left) and I = 0 (right) NN ground-state energy shifts !E
(m)
0 are compared to

GEVP-optimized e”ective-mass di”erences involving correlator matrices with the same maximum t. In each case, the largest
interpolating operator set is used: 7D + H for I = 1 and 20D + H for I = 0. The dashed purple line indicates the threshold
between a bound and unbound state at leading order in a large-volume expansion of Lüscher’s quantization condition as
discussed in Sec. 2.6 of Ref. [126].

FIG. 23. Block-Lanczos results for I = 1 (left) and I = 0 (right) NN ground-state energy shifts !E0 from the median of
iterations m → {8, 9, 10} are compared to GEVP fit results obtained as detailed in Refs. [14, 25, 28] using BMA weights [109]
with flat priors. Haas-Nakatsukasa gap bounds, Eq. (35), are also shown. The dashed purple line shows the k cot ω = 0 threshold
as in Fig. 22.

magnitude more precise than the corresponding residual
bounds, although they are still a factor of 3–5 less pre-
cise than the corresponding statistical uncertainties on

!E
(m)
0 . Results for the lowest gap bound in each NN

channel are reported in Tab. II. This hierarchy appears
to be fairly generic across low-energy levels in the NN
system, and reflects the relative strength of the assump-
tions (or lack thereof) built into residual bounds, gap
bounds, and energy estimators. Further results for en-

50x stats
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estimate of bound  

state threshold



• Asymmetric correlators can in principle couple to a 
ground state missed by diagonal correlators


• Requires particular arrangement of small overlaps  
(  model)


• Coupled fits to diagonal and off-diagonal hexaquark/
dibaryon ops


1. Unconstrained fit


2. Constrained fit with  overlap


• Statistically indistinguishable quality of fit and AIC


• Bayesian and frequentist hypothesis test do not 
reliably prefer either model


• Data alone do not answer bound vs unbound

ε

ε

Symmetric vs asymmetric 
High statistics calculations
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A. The ω → ! model

The ω model was contrived in Ref. [25] as an adversar-
ial scenario whose existence demonstrates that assump-
tions about the spectrum are required to exclude the ex-
istence of states with lower energies than those obtained
in GEVP analyses. The key mechanism appearing in
this scenario is (approximate) orthogonality between the
excited states that overlap with the two di!erent inter-
polating operators. In the original version, this orthogo-
nality was taken to be exact for simplicity. A generalized
parameterization of the ω model where this orthogonal-
ity is only approximate is given by a three-state model
where two operators, labeled H and D, have overlaps of
the form

ZD = (ω,
√

1 → ω2 → ”2, ”),

ZH = (ω, ”,
√

1 → ω2 → ”2),
(73)

where it is essential that ” ↑ ω2 < 1.36 In this
model, asymmetric DH correlators can have almost per-
fect ground-state overlap with excited-state e!ects sup-
pressed by O(”/ω2). Within the same model, both diago-
nal correlators overlap predominantly with excited states
rather the ground state until t ↭ ln(ω2/(1 → ω2))/(E1 →

E0). The approximate orthogonality of excited states
associated with the two operators, encoded by the small-
ness of ”/ω2, leads to the possibility that asymmetric
correlators can asymptote to the ground state faster than
either of the corresponding diagonal correlators, as illus-
trated in the constrained fits to the data below.

Following the suggestion in Ref. [29] to include three in-
terpolating operators and more than three energy levels,
one can generalize the model in Eq. (73) to one involving
d + h + 1 states with overlaps

ZH = (ωH , ”, . . . , ”︸ ︷︷ ︸
d

, Z(1)
H

, . . . , Z(h)
H

),

ZD1 = (ωD1 , Z
(1)
D1

, . . . , Z(d)
D1

, ”, . . . , ”︸ ︷︷ ︸
h

),

ZD2 = (ωD2 , Z
(1)
D2

, . . . , Z(d)
D2

, Z(d+1)
D2

, . . . , Z(d+h)
D2

) .

(74)

In the regime ” ↑ ωaωb < Z(n)
a Z(n)

b
↓ a, b ↔ {H, D1, D2},

this generalized ω model shares the same qualitative fea-
tures as Eq. (73). In particular, each diagonal correlator
overlaps predominantly with an excited state rather than

the ground state until t ↭ mina,n ln(ω2
a
/[Z(n)

a ]2)/(En →

36 Ref. [29] noted that this model behaves di!erently at the ” = 0
point and in the regime ω < ” < 1. This work explores the
neighborhood of small ” → ω

2 where the model behaves similarly
to the ” = 0 point.

Note also that the original ω-overlap model in Ref. [25] con-
sidered ω → 1 and ” = 0. The condition ω → 1 is not satisfied
in the numerical fits to LQCD data below, which prefer ω ↑ 0.6,
motivating the more general model considered here.
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FIG. 36. E”ective masses of the D0D0 and D0H correlators
and results from fits to the 3↑3 correlation matrix built from
interpolating operators corresponding to the hexaquark and
D0 and D1 dibaryon interpolating operators for the deuteron.
The fit in the upper panel is unconstrained and finds no bound
state; the fit in the lower panel is a constrained fit to the model
in Eq. (74) and has a bound state.

E0). Meanwhile, the asymmetric correlator constructed
from H and D1 has large ground-state overlap, with

excited-state e!ects suppressed by O(”Z(n)
D1

/ωHωD1).
Constrained fits can be used to inquire how well the

3↗3 matrix of I = 0 NN correlators with the 2D+H in-
terpolating operator set can be described by this model
for some choice of energies E0, E1, . . . , Ed+h and over-

laps {εa, Z(n)
a }. For concreteness, fits are performed to

Eq. (74) with ” = 0 and all other parameters left un-
constrained. This constrained fit is then compared to a
N -state fit with all overlap factors, and the value of N ,
unconstrained. The best fits of the 2D+H correlator ma-
trix data to each scenario, as measured by the AIC [106],
are

• Unconstrained fit: an unconstrained 4-state fit

E0 = 2.4016(23)

E0 = 2.3884(7)

Symmetric

Asymmetric

Symmetric

Asymmetric
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The “NN controversy” after 20 years

🤷 
No definitive evidence  

for bound states but they  
are definitely not ruled out



• The problem does not end there: phase shifts are rather 
discrepant

Phase shifts
The “NN controversy”
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• Computationally challenging systems to study [  harder than proton] 


• Statistically challenging systems to study [Exponentially harder than proton]


• Systematically challenging systems to study


• Excited-state contamination in spectrum [Existentially! worse than 
proton]


• Small volumes make -channel cut relevant as quark masses approach 
physical mass


• Discretisation, isospin-breaking, QED effects likely also important


• And really it is the interplay between all of the above

𝒪(10V )

t

Challenging calculations even at the exascale
How did we get here?
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• Numerical LQCD calculations are necessarily  
performed at finite UV and IR cutoffs


• Continuum limit arises as fixed point of RG flow and  
perturbative QCD determines the asymptotic scaling towards the fixed 
point


• For QCD, confinement and SB guarantee the infinite volume limit exists 
and PT controls the scaling towards this limit in many cases


• Under mild assumptions, LQCD data at a set of lattice spacings and 
volumes allows for extrapolation to the infinite volume, continuum limit


• Corrections are suppressed by small parameters , , … 


• Systematically improvable 🙂

χ
χ

aΛQCD e−mπL

Limits and extrapolations
QCD from lattice QCD
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• Hilbert space of LQCD is infinite dimensional: extraction of  
physics from correlation functions also requires extrapolation


• Simple two-point function 

 

which is an infinite sum over states 


• Initially an ill-posed inverse problem as  is discrete and 
finite


• However for 

C(t) = ⟨Ω |χ(t)χ†(0) |Ω⟩ = ∑
𝒩

Z𝒩 exp(−E𝒩t) = Z0e−E0t 1 + ∑
𝒩≠0

Z̃𝒩e−ΔE𝒩t

t ∈ {0,1,…, Nt}

t ≫ ΔE−1
𝒩 log(Z0/Z𝒩), ∀𝒩

Limits and extrapolations
QCD from lattice QCD
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log (C(t)/C(t + 1)) → E0

ΔE𝒩 = E𝒩 − E0



• Unfortunately this limit does not exist for many practical situations


• QCD + QED; calculations near the chiral limit; two-hadron systems in the large-
volume limit 


• No small expansion parameter for extrapolation 

• Even worse,  depends on knowledge of 
 for every state


• Must assume this  set of constraints from entirely user-chosen operators is 
satisfied!


• Is LQCD even systematically improvable? 😱 

• Recent developments show rigorous statements about spectroscopy can be made 
even when  without reference to operator-state overlaps

t ≫ ΔE−1
𝒩 log(Z0/Z𝒩), ∀𝒩

Z𝒩 = ⟨Ω | χ(0) |𝒩⟩

∞

t ≫/ ΔE−1
𝒩

Limits and extrapolations
QCD from lattice QCD
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• Different sets of plane-wave projected 
dibaryon operators and hexaquark 
operators 
 
 
 
 
 

• Spectrum from GEVP of symmetric 
correlation matrix with very careful fitting 
systematics included


• At  these must agree on lowest 
states


• Choice of operator set dramatically alters 
spectrum


• As with asymmetric correlators, symmetric 
correlators also have false plateaus

t → ∞

nn example
Operator dependence
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FIG. 12. FV energy shifts obtained using GEVP correlation functions with interpolating-operator

set S(2,1,A
+
1 )

0
(left column in each panel and corresponding to Fig. 7) are compared to results obtained

using the interpolating-operator sets defined in Eq. (64) with ground-state energy shifts featured in
Fig. 11 (left), as well as the eight other interpolating-operator sets defined in Eq. (65) (right). The

color coding for S(2,1,A
+
1 )

0
energies follows that in Fig. 7, and the dashed lines show non-interacting

two-nucleon energies as in Fig. 9.

alongside D
(2,1,A+

1 )
01g operators in place of D

(2,1,A+
1 )

11g operators; this significantly decreases the
precision of the ground-state FV energy shift and leads to some distortions of the higher-
energy spectrum but leads to consistent results for the ground-state energy. Replacing

D
(2,1,A+

1 )
s1g operators with larger s with Q

(2,1,A+
1 )

qg operators leads to even less precise results,

suggesting that the Q
(2,1,A+

1 )
qg operators dominantly overlap with the same ground and first

excited states identified by GEVP calculations using S(2,1,A+
1 )

0
. This is consistent with a

scenario in which there are 16 LQCD energy eigenstates that have significant overlap with

the 22 operators of the forms D
(2,1,A+

1 )
skg , H

(2,1,A+
1 )

g , and Q
(2,1,A+

1 )
qg used here.

In general, operator sets with fewer than 16 operators do not give results that are quali-

tatively or quantitatively consistent with results obtained using S(2,1,A+
1 )

0
. Results for sets of

Missing states!

2108.10835



• I=1 : HadSpec 2013; : Lang & Verduci  
2013 (1212.5055)


• 0+ operators in Sp(4) gauge theory with 
NF=2, NAS=3 fermions [Britto Tues 2pm]


• Charmonium and global states [Urrea-Niño 
Mon 2pm]


• Results only valid when interpreted as 
variational upper bounds


• A posteriori: large systematic operators we 
leave out. What about operators we have 
not put in?


• Cautionary note: choice of operators to use 
is obvious until it is not (QCD is devious and 
NN is fine-tuned)

ππ Nπ

Many other examples
Operator dependence
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• Spectroscopy  determination the eigenvalues  of the transfer matrix , an 
-dimensional operator that generates discrete imaginary time evolution: 


• Matrices of correlation functions probe finite-dimensional projections  of 


• Classic linear algebra problem: given spectrum  of  what is ?


• Residual bounds (Wagman 2024, see also Weinstein criterion [1934]):  

            with  for 


• Gap bounds: Davis-Kahan [1970] and recent developments by Haas-Nakatsukasa [2025] 

           with   

where  is the energy below which one assumes no states are missed by computed 
correlation functions

⟹ {λk} ̂T ∞
̂T ⟶
a→0

exp(−aĤ)

̂T(m) ̂T

{λ(m)
k } ̂T(m) {λk}

min
λ∈{λn}

λ(m)
k − λ ≤ B(m)

k B(m)
k ≡ [ ̂T − ̂T (m)] y⟩

2

|y⟩ = χ† |Ω⟩

min
λ∈{λn}

λ(m)
k − λ ≤

B(m)
k

G(m)
k

[1 + O (B)] Ĝ(m)
k ≡ e− ̂Emiss − λ(m)

k

̂Emiss

Matrix approximation theorems [2601.22272]
Spectral bounds
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• Bound windows: one or more true eigenstates of  is within the given 
window but say nothing about other regions


• Bound windows are computable from correlation functions and do not rely on 
 limit


• Residual bounds only rely on Hermiticity


• Gap bounds require a no-missing-states assumption: the set of operators 
used couples to all states below some energy threshold 


• Purely spectral (no constraint on sizes of overlaps) 


• Can be priored with experimental input at physical quark masses


• Bound windows provide well-calibrated uncertainties in solvable models


• Bound windows resolve spectral discrepancies between operator choices

̂T

t → ∞

Eigenvalue bound windows [2601.22272]
Spectral bounds

15



N-state saturation

There exists a region of Euclidean 
time in which the correlator (matrix) 
is accurately described by a truncated 
spectral decomposition with M ≥N 
states, where N states approximate 
genuine energy eigenstates up to 
statistical noise (e.g., the N lowest-
energy states). 

Symmetric/asymmetric


Assumptions on Z’s & E’s


BMA fits/Lanczos are 
energy extractions 

Known to fail!

2601.22272/3
Assumptions in spectroscopy

16

No-missing-states


There are exactly N states with 
energy less than a specified threshold 

 that make non-zero 
contributions to a correlator 
(matrix), neglecting thermal effects. 

Symmetric


Assumptions on E’s


Two-sided gap bounds 
contain true 
eigenvalues 

Often well-calibrated

Emiss

Hermiticity


The correlator (matrix) is Hermitian 
positive definite on ensemble average. 

Symmetric/asymmetric


No assumptions on Z’s & 
E’s


Two-sided residual 
bounds contain true 
eigenvalues 

Often very conservative

Symmetric correlators: variational upper bounds on energies



• Bound windows are practical in LQCD calculations 
 
 
 

• NN scattering phase shifts from gap bounds 
 
 

In practice [2601.22272]
Spectral bounds
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-

36
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;



• Bound windows are practical in LQCD calculations 
 
 
 

• NN scattering phase shifts from gap bounds 
 
 

In practice [2601.22272]
Spectral bounds

17

36

FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2
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in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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• Bound windows are practical in LQCD calculations 
 
 
 

• NN scattering phase shifts from gap bounds 
 
 

In practice [2601.22272]
Spectral bounds
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36

FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.
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FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-

36

■ ■

■

■

■

■

■

■

■

■

■ ■

■

■

■

■

■

■

■

■

■ ■

■

■

■

■

■

■

■

■

2.40

2.45

2.50

2.55

2.60

FIG. 24. Block-Lanczos energy estimators (points with error bars) and residual-bound windows (triangle-bounded intervals)
for the interpolating operator sets indicated in both NN channels. Results for each operator set are grouped by color. Dashed
gray and dotted red lines correspond to non-interacting NN and N! levels, respectively. The dashed purple line shows the
k cot ω = 0 threshold as in Fig. 22.

FIG. 25. Block Lanczos energy-di”erence estimators (points with error bars) and combined variational–Haas-Nakatsukasa
gap-bound windows (chevron-bounded intervals) for the interpolating operator sets indicated in both NN channels. Results for
each operator set are grouped by color. Dashed horizontal lines correspond to non-interacting NN levels. The dashed purple
line shows the k cot ω = 0 threshold as in Fig. 22.

ergy estimators and bounds are tabulated in Tabs. III
and IV.

Critically, unlike statistical uncertainties on Lanczos
estimators or BMA fits to GEVP-optimized correlators,
gap bounds are conservative enough such that 1D and
larger interpolating operator sets are consistent at 1ω in
both channels. This consistency between all interpola-
tor sets is found both for gap bounds on energies and
also for combined variational and gap bounds on corre-
lated energy di!erences. In particular, consistency of gap
bounds obtained from all interpolator sets holds despite
the fact that NN interactions shift LQCD energy lev-
els slightly below their non-interacting counterparts and

therefore cause Ĝ(m)
0 to slightly underestimate the true

gap parameter G(m)
0 .

Analyses of interpolating operator sets that include
hexaquark operators but not all of the available dibaryon

operators provide even more striking examples in which
N -state-saturation assumptions are violated but gap
bounds lead to valid constraints. Figure 26 compares
Lanczos energy estimator and gap bound results for in-
terpolating operator sets with a hexaquark operator and
various combinations of dibaryon operators, which lead
to significant inconsistencies if N -state saturation is as-
sumed in all cases. For example, the set 1D +H leads to
an energy estimator E1 that disagrees with all 7D + H
energy estimators by at minimum a 6ω correlated di!er-
ence of 0.026(4). The gap bounds associated with these
discrepant energy levels, which predominantly overlap
with the hexaquark operator, are significantly larger than
those associated with other energy levels and are consis-
tent within 1ω with energy estimators from larger inter-
polating operator sets. For all operator sets in Fig. 26,
the 1ω two-sided windows provided by combined varia-
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FIG. 27. The I = 1 (left) and I = 0 (right) s-wave phase shifts, with orange bands representing the statistical uncertainties,
and chevron-bounded blue bands represent the uncertainties from the gap bounds. The black lines are the Lüscher zeta
functions, and the dashed vertical line shows the position of the right-hand t-channel cut (k2

/m
2
ω = 1/4).

in these systems. The oblique Lanczos algorithm can also
be applied directly to asymmetric correlators, rather than
to the matrices containing them. Consequently, it can
be used to test the previous results in a context where
rigorous bounds are available. As will be discussed in
Sec. X A, this requires modifications to Lanczos analysis
at both infinite and finite statistics.

A. Oblique Lanczos methods

Lanczos analysis of asymmetric correlators requires
some modifications relative to the symmetric case be-
cause L and R quantities are distinct, even at infi-
nite statistics. The required formalism is introduced

below, with CLL(t) =
〈
OL(t)O†

L
(0)

〉
and CRR(t) =

〈
OR(t)O†

R
(0)

〉
denoting the symmetric correlators con-

structed from the same interpolating operators ap-
pearing in a generic asymmetric correlator CLR(t) =〈
OL(t)O†

R
(0)

〉
. Notably, calculation of residual bounds

for Ritz values obtained from analysis of CLR(t) requires
calculation of either or both of CLL(t) and CRR(t). Gap
bounds do not apply to asymmetric correlator Ritz val-
ues, as already noted in Sec. IV C and discussed further
below.

In an asymmetric correlator analysis, the residual-

norm-squares BR(m)
k

and BL(m)
k

, as defined in Eq. (25),
are distinct quantities whose values may di!er signifi-

cantly. Computing BR(m)
k

(BL(m)
k

) requires data from the
corresponding symmetric correlator CRR (CLL(t)); see

Eq. (26) and Ref. [35]. A unique value for B(m)
k

can be

obtained by setting it to whichever of BR(m)
k

and BL(m)
k

has the smaller absolute value.
Hermitian-subspace and ZCW filtering were designed

for the symmetric correlator (matrix) case and require
some modification and reinterpretation in the asymmet-

ric case. For real-valued correlators, some subset of

Ritz values ω(m)
k

and amplitudes ZR(m)→
k

ZL(m)
k

will be
real (but not necessarily positive) to working precision.
Since T has real eigenvalues, it is reasonable to filter
to this subset of real Ritz values. However, because

|yR(m)
k

→ ↑= |yL(m)
k

→ in general, asymmetric correlators do
not admit an exact Hermitian subspace.

The same numerical algorithm for the ZCW test can
be applied as in the symmetric case, i.e., removing states
with small overlap products:

∣∣∣∣∣
ZR(m)→

k
ZL(m)

k

CLR(2m0)

∣∣∣∣∣ =

∣∣∣∣∣
↓εL

|yR(m)
k

→ ↓yL(m)
k

|εR
→

↓εL|εR→

∣∣∣∣∣ ↔ ϑZCW .

(64)

With |yR(m)
k

→ ↑= |yL(m)
k

→, this condition cannot be inter-
preted as a constraint on Hilbert-space states in the same
way as the symmetric case. In particular, the constraints
that the L and R Ritz vectors are individually non-
spurious would involve constraints on |ZL

k
|
2 and |ZR

k
|
2.

However, since Eq. (64) involves the product of overlaps
[ZR

k
]→ZL

k
that explicitly enters the Prony-Ritz decompo-

sition for an asymmetric correlator, Eq. (14), the same
logic underlying the ZCW test applies in the asymmetric
case. These contributions to the Prony-Ritz decomposi-
tion smaller than a threshold set by statistical precision
are more likely to be noise artifacts than genuine signals
of states making very small correlator contributions.

The SLRVL scheme introduced above would also re-
quire generalization to treat the asymmetric case. For
simplicity, filter-and-sort state identification is used in
the analyses of this section as the focus is on ground
state extractions for scalar correlators, for which filter-
and-sort is reliable.

Further di!erences between vectors obtained from
symmetric and asymmetric correlator analyses can be
studied by computing the angles between L and R Krylov
and Ritz vectors. For asymmetric correlators, right and
left Krylov vectors are distinct even at infinite statistics;
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• Gap bound phase shift is constraining for high stats data


• NB: gap is priored on there NOT being a bound state in this case

Practical!
Gap bound phase shift
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• NN systems in LQCD remain a confused story


• Even after 20 years we are still not done!


• Challenge: Calculations with required control of statistical and systematic 
effects are becoming feasible 


• Without multiple volumes, lattice spacings, and more rigorous correlator 
analysis, confusion and discrepancies will remain


• Opportunity: bound windows provide new approach for operator construction


• Can sets of operators be chosen to systematically reduce spectral bound 
windows?


• Are there entirely new analysis techniques based on these tools?

Towards precision NN calculations
What is the road forward?

19



Thanks!
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• Calibrate on simple solvable model: complex harmonic oscillator (0+1d 
QFT) 

• Compute two-point correlator:  with 


• Exhibits excited state contamination, exponentially bad signal-to-noise:

C(t) = ⟨𝒪(t)𝒪†(0)⟩ 𝒪(t) = eφ(t) − 1

Harmonic oscillator
Calibrating bounds

21

Model averaged fits 

and Lanczos analysis 
wrong at many sigma

Residual and gap 

bounds encompass 


true energy



• Asymmetric ( ) and symmetric ( ) 
correlators 


• Extracted energies are very very 
statistically discrepant


• Residual bounds on both types  
of correlators are consistent with  and 

 Lanczos errors


• Variational bounds and gap bounds 
require symmetric correlators


• Gap bounds are consistent with  
energy unless gap assumption explicitly 
precludes it 


• Variational bounds can NEVER rule out 
lower energy 

DoH D0D0

DoH
D0D0

DoH

Statistical errors vs spectral bounds
Symmetric vs asymmetric correlators
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FIG. 31. Convergence of Lanczos ground-state residual-norm-square estimators from D0H correlator results, constructed from
a median of iterations m → {8, 9, 10}, as a function of Ncfgs.

■■

■■ ■■ ■■

■■

■■ ■■

■■

■■ ■■■■ ■■ ■■ ■■ ■■ ■■■■ ■■ ■■ ■■ ■■ ■■

2.36

2.38

2.40

2.42

2.44

FIG. 32. Lanczos I = 1 (left) and I = 0 (right) ground-state energy estimates and corresponding two-sided bounds on
true energies. In each panel, the green region indicates bounds on the asymmetric Ritz value ↑y

L

0 |T |y
R

0 ↓ derived from D0H

asymmetric correlators. The purple region indicates bounds on the LL symmetric Rayleigh quotient ↑yL0 |T |y
L

0 ↓ / ↑y
L

0 |y
L

0 ↓ derived
using D0H and the D0D0 symmetric correlator. The blue and red regions indicate results from symmetric analyses (scalar and
block, respectively). Solid lines with inwards-facing arrows indicate residual bounds, while lines with inwards-facing chevrons
indicate gap bounds for two scenarios—Haas-Nakatsukasa gap bounds computed as in Sec. VII (left-most gap-bound in each
set) and Davis-Kahan gap bounds computed assuming the central value of the D0H Ritz value has converged to a genuine
energy level (right-most gap-bound in each set). Dashed lines with arrows extending to the bottom of the plot range indicate
a variational bound extending to ↔↗; dashed lines extending over the entire plot range indicate that asymmetric Ritz values
are not bounds. The pale horizontal line indicates the combined variational and gap bound on the non-interacting threshold
2MN .

E
(m)
0 , E

R(m)
0 , and E

L(m)
0 should not be surprising given

the behavior of cos ωy(m)
LR

in Fig. 34 above: |yR(m)
0 → and

|yL(m)
0 → are distinct states which have not separately con-

verged to a common ground state estimate. The SRQs
do, however, provide additional information about the
separate identities of the R and L states: the left Ritz

vector |yL(m)
k

→ is approximately the same state as yielded
by a symmetric analysis of the D0D0 correlator, and sim-

ilar for |yR(m)
k

→ and the HH correlator. In a vector-space

interpretation of asymmetric correlator data, the asym-
metric Ritz values are again seen to correspond to tran-
sition matrix elements.

Qualitatively similar results are obtained when an-
alyzing D1H correlators: the asymmetric Ritz-value-

based estimator E
(m)
0 is significantly below the D1D1

energy estimator (which is consistent with E
(m)
1 from

2D block Lanczos), while E
L(m)
0 is consistent with the

D1D1 ground-state energy estimator. Asymmetric cor-
relators constructed from di!erent dibaryon operators

Lanczos errors Residual bounds

Gap bounds
Variational


Bounds



• The Rayleigh-Ritz variational method (for any ) 
                
 
or for transfer matrix  
              

• For a correlator matrix: Cauchy Interlacing Theorem guarantees 
estimated (finite matrix) and true eigenvalues interleave

|Ψ⟩

Rigorous upper bounds
Variational method
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E0 ≤
⟨Ψ | Ĥ |Ψ⟩

⟨Ψ |Ψ⟩

E0 ≤ − ln
⟨Ψ | ̂T |Ψ⟩

⟨Ψ |Ψ⟩
= − ln

C(t + 1)
C(t)



• Based on spectrum extracted in high precision 
calculations in 2601.022272


• Fake data based on this “truth”


• Either single lowest state


• Split state into 2 states based on asymmetric 
result (roughly divide overlaps)


• Analyse either 8x8 matrix correlator using Lanczos 
or analyst asymmetric hexaquark—dibaryon 
correlator


• Answer wrong in all cases and biased by analysis 
approach


• Erroneous conclusions avoided with spectral bound 
approaches

Closely spaced levels
Failure modes of spectroscopy

24



• Based on spectrum extracted in high precision 
calculations in 2601.022272


• Fake data based on this “truth”


• Either single lowest state


• Split state into 2 states based on asymmetric 
result (roughly divide overlaps)


• Analyse either 8x8 matrix correlator using Lanczos 
or analyst asymmetric hexaquark—dibaryon 
correlator


• Answer wrong in all cases and biased by analysis 
approach


• Erroneous conclusions avoided with spectral bound 
approaches

Closely spaced levels
Failure modes of spectroscopy

24



• Based on spectrum extracted in high precision 
calculations in 2601.022272


• Fake data based on this “truth”


• Either single lowest state


• Split state into 2 states based on asymmetric 
result (roughly divide overlaps)


• Analyse either 8x8 matrix correlator using Lanczos 
or analyst asymmetric hexaquark—dibaryon 
correlator


• Answer wrong in all cases and biased by analysis 
approach


• Erroneous conclusions avoided with spectral bound 
approaches

Closely spaced levels
Failure modes of spectroscopy

24


