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Introduction

Hybrid Monte Carlo (HMC) is the dominant evolution algorithm, but there
IS need for faster de-correlation of lattices and improved topological
sampling.

Many efforts to adjust which d.o.f. receive the most computer effort to
improve the sampling of phase space: Riemannian Manifold Hybrid

Monte Carlo (RMHMCQC), Field Transformation HMC, flows ...

In this talk, we present ongoing work that investigates the utility of
conjugate momenta that are composed of spatial and color coherent
modes.



Lattice Subvolumes

QCD vacuum should only support
coherence over ~1/2 fermi, so will
Investigate coherent conjugate momenta in
subvolumes.

Gauge invariance of HMC requires a fixed
gauge Iin the sub volumes for coherence.

Maximal tree gauges can be readily
evolved by the HMC by keeping conjugate
momenta zero on gauge fixed links

Choose random locations for subvolumes
and can also vary features of the maximal
tree gauge.



Lattice Evolution to Produce Topology

e Starting from a lactic with all MD evolution for a 16* lattice
links unity,choose conjugate 0.0- 100
momenta to create an ’
approximate classical instanton 0.
after some number of MD steps.
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Standard Leap-Frog Molecular Dynamics in HMC

UM =1, U, withH; , Z AV Ny, . @re the conjugate momenta for each site, link and
color
. lI‘I] y = ﬁ U. V. with V: the sum of staples and TA = traceless and antihermitian
’ 3 I J-H ],,l/t_ TA J-H

Draw h]/w from J[d J/w] exXp | — Z . at beginning of a trajectory

Joa
. 3
H, (t+ At/2) — H, (t — At/2) = H, () - At + O(AF)

U, (t+ A1) = exp[iH(t + At/2) - Ar] - U, (1) + O(Ar)



Plaguette Autocorrelation Function

 As a code check and to establish baseline auto correlations, started with SU(3) pure gauge evolution,
on 24* lattice, with Wilson action and 8 = 6.0, 1/a ~ 2 GeV

* Long exponential tail clearly visible.
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 Same system, but 1 MD time unit trajectories.
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Comparing 1/2 and 1 MD autocorrelations

* Autocorrelation function for 1/2 MD trajectory length falls faster initially.
» Fits are uncorrelated, but done under a jackknife blocking: a X exp(—bx)

Log of Autocorrelation Function (in MD units) Single exponential fit to tail of Autocorrelation Function

10° - —— 1/2 MD traj ® 1/2 MD traj
] 1 MD traj | 1 MD traj

1/2 MD: 0.0136(28)

10—2t

WW“’\V“ \

1 MD: 0.023(14)

(I) 2|5 5|O 7|5 l(I)O 155 1éO 1%5 2(I)O 2I0 4I0 6I0 8I0 1(I)O 1éO
MD time units MD time units



Comparing 1/2 and 1 MD IAC and errors

* The error on the plagquette is the same within its errors for ~110k MD time units, whether that
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comes in 1/2 or 1 MD time unit trajectories.
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Comparing 1/2 and 1 MD errors

e 216k, 1/2 MD trajectories blocked in groups of 2000
e plaguette = 0.5936859(25)
* 109k, 1 MD trajectories blocked in groups of 1000

. plaguette = 0.5936850(26)

» Fitting exponential tail to a X exp(—bx) gives (in MD time units)

« 1/2 MD traj: a =0.051(0.06), b = 0.0136(28)

« 1 MD traj: a=0.044(31), b = 0.023(14)



Autocorrelation Functions for QtOp and Qt%p

* Using Grid and Force Gradient integrator, have 159k trajectories of
length 1/2 MD time unit (Rajiv).

* Acceptance = 84% very close to 81% acceptance with leap-frog.

- Have autocorrelation functions for ¢, and Qt%p at Wilson flow time.
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“Effective Mass” for Autocorrelation Functions for QtOp and Qt%p

Effective mass for Autocorrelation Function (5 * 1/2 MD traj) Effective mass for Autocorrelation Function (5 * 1/2 MD traj)
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Fits toAutocorrelation Functions for Qtop and Qt%p

eSingle exponential fits from 25 to 125 MD time units: a X exp(—bx)

e Decay rate in tail of plaquette AC function same, within errors as for Qt%p
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Variable Width Conjugate Momenta

« Modify distribution of conjugate momenta to have different widths, w
site, link and/or color

Wi a which may depend on lattice

Drawh]ﬂafrom J[d]”a] eXp 22 Wi a ],ua

Jopsa
e Wi, o = /2 is normal HMC
- Keep I, w; = (1/2)32]\74 for N* lattice by choosing weights from w = 1/2 + Ocm © 1 Where 1 is

uniformly distributed and r € [0,1) and then choosing another weight, randomly, equal to 1/w

 \What effect does variable width have on HMGC?



Distributions of conjugate momenta

ocm = 1

244 CM distribution with 6cy =1

Tio

No large effect on HMC from variable width conjugate momenta
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Spatially non-local conjugate momentum modes

1. Consider an orthogonal transformation from position space to another basis:

d=J

2. Draw h from J[diti] eXp (— Z 2w, ]2,2)

l

3. Then in original basis have [[dhi] exp | — Z h; K; h where K = Z JT 2w, J
)]
4. |Index can label lattice site and/or link and/or color

5.H—— ) h, o H = S

xyaxua X' u'a
xxyuaa

6. Calculation of K is an O(N>) calculation



Changes to HMC

')

1. Initial conjugate momenta chosen as h; = 2 (J_l)i’j where r is a

. .
random variable chosen from e’

2. Conjugate momentum update for a particular d.o.f. includes non-local
terms from forces for other d.o.f: h = (K_l)

3. Need to do this in a region of lattice that is in a fixed gauge.



Axial Gauge Evolution

* All d.o.f In a subvolume that are not gauge fixed are put into a
lexicographic ordering and a 1-d Fourier transform is done over that
ordering to create a non-local basis.

* The ordering has not been chosen with any particular insight
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Last 2 rows use Fourier Transform to make spatial CM correlated.



Gauge Fixed Subvolumes

The calculation of the kernel, K Z JT 2w m ks needs to be done at the start

of every trajectory. Thisis an M 3 Calculatlon, where M is the number of active modes
in the sub volume, including color d.o.f

* Using Apple’s MLX routines, these dense matrix multiplies can be done on an M4
chip, for example, at more than 10 TFflops. CPU using Eigen sustains ~50 Gflops

* MLX has convenient, easy to use C++ syntax to load and return Eigen C++ matrices.

N4 IS the sub volume size N 3 4 5 6 7 8

M is the number of non-

gauge fixed d.o.f M 1088 4104 | 11008 24200 @ 46656 | 81928



Choosing Coherent Conjugate Momentum Modes

* Have code which allows multiple, gauge fixed subvolumes to be defined and
evolved.

* Within the subvolume, an orthonormal basis can be chosen with the goal of
promoting better sampling of phase space

* Jopology change is an obvious goal
* Al/ML opportunity to help with this

e Starting initial idea, use coherent conjugate momenta that favor topology
change in a unit link background gauge field

* Gauge fixing and small subvolumes help keep links close the the identity.
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Truncated Instantons and Axial Gauge

* From a lattice instanton of size p and a second instanton of size p — €, can get

initial conjugate momenta that will shrink the instanton through MD evolution.

* When gauge action is its smallest, set all links to identity and flip sign of

conjugate momenta.

Singular gauge

MD evolution
Lattice: 164, p = 4.00, rmax = 6.00, CMscale = 3.00
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because different gauge
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gauge.

Axial gauge

MD evolution
Lattice: 124, p = 2.00,rmax = 3.00, CMscale = 3.00
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Truncated Instantons and Internal Gauge

* Axial gauge has gauge fixing
matrices far from the identity on the
boundaries of the subvolume for
the truncated instanton

* Define an internal maximal tree
gauge which does not have gauge | ‘ ‘
fixing matrices far from the identity
on the boundary




Truncated Instanton Evolution in Internal Gauge

MD evolution
Lattice: 124, p =2.00, rmax = 3.00, CMscale = 3.00

« Now, in a 7% subvolume, can start

with a truncated instanton and 0.0- — 0 |
choose Iinitial conjugate momenta to — Egouge
make it shrink o
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e Evolving with MD, one gets a
configuration with ¢, = 0 and 03-

almost no action in the gauge fields.
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* Reversing the conjugate momenta -
. . - 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
produces a configuration with about MD time

2/3 of the initial value of O,



Conclusions

e Accurate autocorrelation times are difficult to measure and can impact
error on something as simple and local as the plaquette.

« HMC evolutions with coherent conjugate momenta in gauge fixed
subvolumes give correct results and more running is needed to see if there
IS any impact on autocorrelation times.

* Ready to try particular non-local conjugate momentum modes, including
ones that drive topology change for lattices with links equal to unity

* There are other ways to imagine choosing coherent conjugate momenta,
including having Al train on the many small subvolumes of a large lattice.



