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Introduction

A dream:

first-principle computation of QCD in Hamiltonian formalism!

- Different & fresh viewpoint from path-integral formalism
« No sign problem observed in Monte Carlo is expected

- Stimulated by the recent innovations of quantum technology

Many issues to be clarified for implementation on (quantum) computer.
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Truncation of Hilbert space

- From theoretical side: how to regularize the Hilbert space of gauge field?

- Hilbert space of gauge field (:boson) is infinite dimensional, and
naive truncation spoils the symmetry. (c.f., angular momentum and rotation)

- How should the cutoff be removed (i.e., continuum limit)?

ThiS talk . q defO rmation c.f. Klco’s talk in Wilson Award Session

Roughly, ~
aid SU(N) > SU(N)k < cutoff (integer)
#column < oo
—> —> <k
A | — 4 A |
11— 1, 1 'C
ﬂd —_ ﬂ =
v L vl
#row < N <N
: Young diagram (irreps.) k+N—1
Py = {ﬂ« | k2A 222 Z/IN—IZ/lN=O}9 | Pl =
A= (A =2 > >4y =4y =0) N-1

c.f. RCFT such as Wess-Zumino-Novikov-Witten model
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g-deformed Yang-Mills theory
iIn 2+1 dimensions



g-deformed gauge theory

 Wilson line

A =4/d,U, d, : quantum dimension
. . y v
- Fusion rule of irreps. : m = {1,""1\%}
AXp = ZN/Z!U " H
v A g-deformed: v, <k
Ex) SU(3)case: 8®8=108080100 10027 NL=NO=N0 = N2 =1, N&=2

- 2+1d theory on the square lattice

6
= 1129 1b ) 1m;)
) j=1

= ;
2D
,u(l)
quantum states as a network of Wilson lines state around a plaquette
. Lattice Kogut-Susskind Hamiltonian (K = 1/g4) [Kogut, Susskind, *75, Robson, Webber, *82]

1 K /e
Hyg = — Z EZ(e) - — Z (tr Ufund(f) + tr Um(f)) &’ set of black edges
2 ec&’ 2 feF F . set of honeycomb faces
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Mean-field analysis

[Zache, Gonzalez-Cuadra, Zoller, ’23; Hayata, Hidaka, ’23; ’23]

|Q) : confining vacuum (strong coupling limit)

- Variational ansatz:
I‘P>=|| Z,w(ﬂf)trUzlm | ,
o f [Dusuel, Vidal, ’15; Zache, Gonzalez-Cuadra, Zoller, ’23]
f

« VEV of Hamiltonian density: (under V - « w/ open b.c. w/ assuming translational invariance)

d, K
H=Y CON —[yW P 1w = = 2y D (N, + Vi, ) we)
iy d,d, 2 ™

. For SU@3), YM, the ground state was evaluated by imag.-time evol. of y(1), [Hayata, Hidaka, *23]

1.01 S L T YOOV OUU r100
2 U dv 2 2
(E%) = 3, GON,— ly@) Pl ()|
....... . ‘A daaaaaaaan Ay Y
3 D e, -~
= (trUao) 1/g°=40/3  * N - 1 .
& (ttUg) 1/g° =80/3 _* <3 (tr Upypa) = ZNfund LW (D (p)
S 1,0 .
B0 e, 40 Aop
(E?) 1/g>=8/3
021 : g; 1§92=40§3 20 Change of behavior at some & for fixed 1/g>
s (EY) 1/g°=80/3
ol et %% 0ccccc00000000000000000000000000000000000s R — Phase trans'tlon OCCUI’S!
0 10 20 30 40 50
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Phase diagram of SU(3),

Strong coupling limit

Wo(d) = 5ﬂ,trivial

301

— 40

301

20

101

Confined

k=A(1/g2=1/g2)"

Weak coupling limit

d
Wo(d) = 2

5 10 15

Topological
20 25 30 35 40
1/¢°

from [Hayata, Hidaka, ’23]

\ 2.4

c.f. string-net condensed state
[Levin, Wen *05]

Taking k - o and weak-coupling limit (1/¢> - «) in order corresponds to continuum limit.
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Q., Possibility of non-trivial continuum limit for a more generic case?

We investigated SU(V), theories for N < 10 and discussed the fate at large N.
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Phase structure
at large N



Stability of mean-field analysis

[Hayata, Hidaka, HW, *26]

Strategy: stability analysis of mean field in the topological phase

- Mean-field Hamiltonian density: W) = Wop(A) + S (2)

Ely, y*] := (¥ Hys [¥) = E| * 1+ oF Swy + | _0E Sy Sy +
v,y = Vv = LlWiops Yiop 5 Ya 2 0,0v; YA0Yp
Y =Wiop Y="%op

. Second-order perturbation: for complex sy, by using v(A)" = sy (1), Sy*(1))

Hy,oyi By Oy10ys,

E(z) — Z V(A)Tﬂﬂﬂv(ﬂ)’ '%l,u — (

Hy iy By g . OE
’ iy
Al

Y="%op

g, (. ddd, K
Hyoi = 2 ), Cov oo \ Vo™ | = Herowrwr By = By =5 (Mlﬂ - 2dfund%) = Hy- Gy
1%

< Gy(A), d), Nj,, as input data (D? = 2, dz, M,, = Nﬁundﬂ +Nﬁmﬂ)

Phase boundary in (1/g%, k)-plane is where the negative eigenvalue of M ,, (dis)appears.
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Algebraic data for stability analysis

. We used quadratic Casimir of SUWV) (k — o0)

1 _ I’l2 _ N—1
CO=|nN+C-— | G =Y A4E=2+1D,  n= D7 #box
j=1 j
 Fusion coefficients are computed through Verlinde formula: [Verlinde, "88]
-1 iZN(N—1)/4 |
NY — Z S/laS,uaSya S/l,u — c (_1)z,”(w)e—N2fk(,u+p,w(ﬂ+p))
M St VNN + N-1 =

‘modular S-matrix [Kac, Peterson, '84]

+ many techniques to reduce computational cost
Code available on GitHub (https://github.com/Hiromasa-Watanabe/fusioncoeff_gdefSUN)

k+N-—1

— In this work, we numerically compute N} of various N,k for the region |P;| = < ) < 3000.

- guantum dimension of irreps.

S (A — 4+ k—]] 2 X2 _ g2
d; =2 = H ] k—j1 qzeXp<k-|7—Z;\7>’ [x]:ql/z_q-uzk > x
@O 1<j<k<N J g 4

c.f. [Gross, Taylor, ’93; Naculich, Schnitzer, '07]
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Phase diagram of SUV),

ol e N=2 | 1.5 Lo x
DR Confined ’
10 o N— 4 onrtine e X N=2
—~—N=5 oa” 8 %— i
I s+~ N=6 =
8 o N—7 21'0_ #o ¢ X VN:5
e 6l —— N=28 = . A N=6
= N =90 o O N=7
— N=10 ¢ , Q N=38
47 . 05 e= x TJopological |¥% N=9
Topological R . 4 N=10
21 - . o ® & 4 ) . ) )
0 ' ' ' ' ' 0.0 ' ' ' ' '
0 2 4 6 8 10 0.3 0.4 0.5 0.6 0.7 0.8
1/92 1/)‘tH
Ay = g°N : 't Hooft coupling
. [Left] Boundaries for N > 4 exhibit more nontrivial behavior than N = 3.
— The confined phase is broaden in the region k/N < 0.5.
— necessity of a delicate treatment for continuum limit
. [Right] Critical 1,4’s align with a specific band region, particularly for k/N > 0.5.
- Not the case for N=2; = “N =2 is not large” for the present case.
Let’s see one by one.
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Phase structure of SUWV),_,

127 e N =2 . Effective structure of 7z, gauge theory
—— N =3
10 | — N=14 :
e N_—F§ The irreps. of SUW),_, are
8 t 2~ N=0
AN r —14 .
e I —o— N— 8 n
6 —N=s 30 B -
Al DR LE < N-15 d=1
Topological a
2+ . _|v J
O0 ) s 6 8 10 fusion:
1/g? /171 X /1m = }“n+m, mod N
10” [ ) . .
v @ 9%, | — abelian topological order
—¢(1 — cos(2w/N)), c=2/3
- Remarkable agreement w/ lattice simulation
1071 F of Z, gauge theory [Bhanot, Creutz, '80]
A naive large-N limit leads to U(1) gauge theory,
_2 which admits only a confining vacuum in 2+1d.
10 71 [Polyakov, *75; *77)
— expanded confined phases for k=1
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Phase structure of SUWV), (k < 3)

127 —N=2 « Unexpectedly, confined phase extends
—— N =3
10 | o~ N=14 for k > 1.
—~—N=5
87 ’ %i? . k = 1: only abelian anyons (d, = 1)
= 6t _:_%fg . k > 1: nonabelian anyons (d, > 1) enters
Al +— N =10
%ﬁs 5 \:\@ Topological . For N > 3, nontrivial multiplicity (N;ﬂ > 2)
2 L
starts to appear at k = 3.
%0 10
1/g? — Abelian nature will not persist for k > 1.
100+ - Electric-field contribution must be taken
into account, which breaks topological order.
— may work nontrivially for the realization of
phase structure.
10
< Fit w/ ansatz
' ' ' ' 2 k) A72 k) ardy—1
5 10 15 20 geN) |, = (c{PN? + cON%)
N
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In 't Hooft large-N limit

. 1/gZ(N)| . =min [1/gZ(N, k)| grows linearly w/ N.
k

= (Ag) |, .. = 1/(gZN)| .. is independent of N.

o kooN) =k (1/g2(N) | also grows w/ N.

min )

TABLE 1. List of koxt for each N.

N 2 3 4 5 6 7 8 9 10
Kext 1 1 2 2 3 4 4 5 5
kext/N| 0.5 [0.33]| 0.5 | 0.4 | 0.5 |0.57| 0.5 [0.56 | 0.5

/)
3.5 y
30 B //"/
/.//
52.5 —
~ o e’
D 7
— 207 /),/
1.5} e
1.0 o //, — — Linear fit
2 4 6 8 10
N
o
v
1.5r A O X
Confined . "« Y N2
OAV ° 0 N: 3
O N=14
1.0Fr mo o X v N-—5
E & /A N=6
&2 QO N=7
vl . QO N=38
0.5r = x Topological |¥% N=9
R 3 4$ N=10
o
o % % X
o ® N .
0.0 ' ' ' ' '
0.3 0.4 0.5 0.6 0.7 0.8
1/ A

— Point (1/44,k/N) = (0.39, 0.5) as a reference

when taking the continuum limit.

. In the region k/N > 0.5, fitting w/

B
11 ko
Al ———) +
ZA TR N

(essentially same ansatz w/ [Hayata, Hidaka, 23] )

kgD
- =

+ C

shows agreement for A, B,1/4,.
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Summary & Discussion

2+1d SUWV) g-deformed YM based on variational mean-field approach

- Variational mean-field ansatz + stability analysis
< algebraic data (C,(1) and N}, of SU(N), irreps.) as input.

- Continuum limit for generic N is more intricate than naively expected!

. Confined phase expands at small k, partly due to 7z, structure at k =1

— offering benchmark of (large-N) gauge theory quantum simulator.
c.f.) A simulation on a trapped-ion quantum computer  [Hayata, Hidaka, Kikuchi, *26]

Future prospects

- Analysis beyond mean-field treatment, determination of order of transition

. Adding matter fields, alternative truncation scheme (e.g., choice of C,(1)), -*-

- Refinement from path-integral viewpoint  cf. [Gross, Witten, *80; Wadia, *80; Douglas, Kazakov, *93]
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Backup



Topological phase

Ground state in the topological phase

d
@) = — d,=d, D*:=) d Y lwp@]* =1
trU,= a @
dd, = Z N.d., Z N’ d d = D%,
C a,c da _ O

VEV of Wilson loop operator can be represented as quantum dimension:

(trU,) = Z Nfic wr(Dw(c) =d, — vyielding a vanishing string tension
b,c

|dentical to the string-net condensed state in Levin-Wen model [Levin, Wen *05; Zache, Gonzalez-Cuadra, Zoller, 23]

1
[ Waring-net) = [ [ 55 UeD10), Uneel) = X d,UF)

feF
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Stability of mean-field analysis

[Hayata, Hidaka, HW, *26]

Strategy: stability analysis of mean field in the topological phase

- Mean-field Hamiltonian density: w(d) = Yop(d) + Sy ()
o (\Y[Hgs|Y)
Ely,y"] := ” o My = Npa, + Vi
2 Cz(v)N" |wu>| e Z WMy, (), =Y v =1
AU A

. Second-order perturbation: for complex sy, by using v(A)" = (s (A), Sy*(1))

Hy,oyg  Hywew Oy 0y,

E® =Y v My yw). My, = (

By Hyamao g - OE
’ 7
A

Y=Wop

g, (. ddd, K
Hypn = 2 ), Cow e\ Mo ™ | T Herawrwr Bt = By =% <M/1u - 2dfund%) = Hy
1%

< Cy(A), d;, Ny, D* = Y, d; as inputs

Phase bdry. in (1/g2 k)-plane is where the negative eigenvalue of M ,, (dis)appears.
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Computing algebraic data (l)

 Modular S-matrix c.f. [Kac, Peterson, '84]

p = o : Weyl vector
iZN(N—1)/4 2 y

c 2ri acEA"
4 — A
Sy = — Z (= 1) We=wir(utpw(dtp) N [ N
\/N(N+k) wew (u,v)zZujvj—N Zuj Zvj
j=1 j=1 j=1
W: Weyl group is now S, permutation group — ~ O(N!) computational cost:-
2xi _< +N—j— L3V ¢ +N—')> - : Al
. |ntroducing q = €F+N, X; =q H; J7N 2= W D) — q_(ﬂj+N—J), ij =1
j=1
S, o det (sz*N—i) = det (x]%ﬁN—") = 5,(X) - AKX)
1<i,j<N 1<i,j<N

s,(X): Schur polynomial, A(X) : Vandermonde determinant — ~ O(N?) cost

- Using formulas of symmetric polynomials,

5(X) = det (hﬂi_iﬂ-(X)), (X)) = ) POl (XD, puX)
m=1

N
N ijm’ hy=1, h.=0
1<i,j<EQ) P

— ~ 0(£(A)) cost w/ £(1) < N—1, & {h(X)} for given u is reusable to compute s5,(X).
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Computing algebraic data (ll)

 Fusion coefficients by Verlinde formula  [Verlinde, '88]

S,.S, .S
k+N-1
Ny =) Po={a [ k2 a2 0220 22y =0} |Pk|=( )
S N-1
cEeP, Do
— <k
4 o
* Properties —.| Y
ENEE
- Unitarity: s's =1, ST=5"! H
v
— Crossing symmetry: S, = Sy, <N
_ Charge conjugation matrix C = §%, C;, = 6;;
PR 3 _ AL A+2 k dim SU(N
- Modular relation: (ST)’ = C, T, = exp |2xi hﬂ—i | h/1=< p>, . _ kdim (N)
24 2(k+ N) k+ N

- Cost reduction strategies:
- Using N-ality, |A|+ |u|l—|v]| =0 mod N
- Using symmetry of fusion coefficients, such as N} =N},
- N;, € Z,,is reusable for irreps. the cut-off dependence is negligible, i.e. 4, + y; < k.
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