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Introduction

4 Most hadronic states are associated with two-hadron thresholds

< molecular candidates mediated by 7z, K, 1, p, w, ¢

+ Hard scale A ~ A){ ~ Mp,a),¢ —> ERE, Lischer QC

vvvvvvvvvvvv

0.20}

0.15}

TL — : —
p(s)coto(s) — ip(s)

= | 2p2 +vp*+ - —ip]™!

0.10F

1 \/E[l r
2 a

K '(p)=pcots
4 Soft scale @ ~ m_— new singularities in p cot o

s-channel three-body cut, left-hand cut from t/u-channel exchange
< constrain convergence radius of ERE & Liischer

< relevant to LQCD study like DD™, NN, H-dibaryon...

4 Methods to accommodate left-hand cut * Finite volume:

Green et al., PRLL127.242003
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Liischer, NPB354(1991)

Reca LUscher quantization conaition g meens
Cu(P) = + @u ) - (O - u@

F F

= Ox(P) + A(P)[F(E,P, L)'+ K(E) "A(P)




Liischer, NPB354(1991)

Reca Luscher quantization condition  cismea ey
0‘0 @@ - (i u u@ .

10 000

= Ox(P) + A(P)[F(E,P, L)'+ K(E) "A(P)

F
Valid only when: - + + Ok

- Above lhc, on-shell factorization works ZL(P -k, )R'(P — k. k) — Z(P,p")R"(P,p*)
E— w, — wp, + 1€

< K-matrix, integral <> sum
. o ! (k — k) + mg
*Below lhc, integrand is still singular T o log( k+ k)2 + m%)

D G
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What is the correct factorization?
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N/D method to left-hand cut problem e cawss

T ( ) N (S ) left-hand cut InpU't:
§) =
L D(S) right-hand cut; pole of 7;(s) 1s zero of D(s) ImTL(S ) — ImV(S )
) . . subthreshold regime elastic regime
Left-hand cut Right-hand cut ——— ——— _?_
ImN(s) = D(s) InTy(s), mD(s)=0 | | mD(s)=—p(s) N(s), ImN(s)=0 j o - ; .
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N/D method to left-hand cut problem

N(s)

left-hand cut

=56

right-hand cut; pole of 7;(s) 1s zero of D(s)

-

&

Left-hand cut

N

/

Right-hand cut

Im N(s) = D(s) ImTy(s), ImD(s)=0 I Im D(s) = —p(s) N(s), ImN(s)=0
A AAAAANANIIAGIAP I O A A AT RE S
* One-pion exchange
VOPEG) o« L(s) = log — Sthf;r T
S — Sthr mz

Input:
ImT7;(s) = ImV(s)

subthreshold regime
e —'.‘— ——
' ' .‘ :
t=(2M;)* t=M;

M.L.Du et al., PRL135 (2025) 1, 011903
W.J.Wang et al., arXiv:2601.04989
A. Baiao Raposo and M. T. Hansen, 2303.18793

elastic regime
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T ( ) N (S ) left-hand cut Input:
§) =
L D(S) right-hand cut; pole of 7;(s) 1s zero of D(s) ImTL(S ) — ImV(S )
) L . subthreshold regime elastic regime
Left-hand cut Right-hand cut ——— ——— _?_
ImN(s) = D(s) InTy(s), mmD(s)=0 || ImD(s) = —p(s) N(s), TmN(s)=0 ) o -
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* One-pion exchange

1
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S — Sthr m

*Expand N then D: [m, n] series
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« When g, = 0, [0,n] reduces to ERE-CM type

: S — Sthr > p p(S ,)
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V() o« L(s) = log > 7 J o (8= Ssp)(sT—5)
S — Sthr m

* One-pion exchange

«|0,1] for virtual-, shallow bound states (small g)

*Expand N then D: [m, n] series
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« When g, = 0, [0,n] reduces to ERE-CM type
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OPE 1 S — Sthr T m,% —ip(s) = — - [ ds'— ,
V() o« L(s) = log > 7 J o (8= Ssp)(sT—5)
S — Sthr m

* One-pion exchange

«|0,1] for virtual-, shallow bound states (small g)

 Expand N then D: [m, n] series |
« For bound states with large g: g5 — g5+ g5 + -

N(s) = nytn;s + - + n,s"+grL(s)

o0 ,N /
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N/D method to left-hand cut problem e cawss

T ( ) N (S ) left-hand cut Input:
§) =

L D(S) right-hand cut; pole of 7;(s) 1s zero of D(s) ImTL(S ) — ImV(S )

% N [ : : — :F— — ;
Left-hand cut Right-hand cut 0.20‘_ : 1,
Im N(s) = D(s) ImT;(s), ImD(s) =0 Im D(s) = —p(s) N(s), ImN(s)=0 ' ;
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* One-pion exchange < 0.05p
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N O < singularity in p cotd = v



N/D quantization condition S M Dawid, PLB.2025. 130442
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N/D quantization condition S M Dawid, PLB.2025. 130442
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= Swave: Dy(s,P)=1+p,(s)

167 y DE(k) s NE&*P)

L3 4 2a,(k)2w,(P — k) E*(k)? E*(k)? — s

Cutin Dy —  aseries of poles in Dygy
*On the right-hand cut, /' = ./, + O(e~Ah)

*CDD poles in Dy, < Zerosin N
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Comparison between QCs NG |

The two quantization conditions are equivalent above lhc. D(s) K-1(s) — ip(s)

o UL




Comparison between QCs

The two quantization conditions are equivalent above lhc.

N(s)

D(s)

N(s) = 1

\&
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L QCD study on H-dibaryon

H-dibaryon, a hypothetical six-quark (uuddss) bound state: Jatfe 1977, PRL 38,195

. 1 3 4
JP=0,1=0, S = -2, flavor-singlet —\/%\AA) + \/% |22 + \/% INE)

* [nconclusive 1n experiments — deeply bound, weakly bound, virtual state/resonance

« Weakly m_dependence = contrast to deuteron & 1deal to study left-hand-cut effect (K, 5) at heavier m

* No agreement on binding energy «— discretization errors / spacing dependence
. *g e HALQCD Green et al., PRL 127.242003
| O ®  NPLQCD - ,.
60- EE A Mainz 40 + L Z 2.4 fm |
= | _a0d t Lz246mp2 Smd/4
= w0l } o L~2.1fm ,
= ; + ; 20 - |
201 | 3 i
i § o R 0 - !
N S — -
E O | | | | I |
L e T e we—— 0.000 0.002 0.004 0.006 0.008 0.010
mx[MeV] a’ (fm?)

BaSc, arXiv: 2603.00698 .
More works/talks are available!
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H-dibaryon at SU(3),.-symmetric point Green etal, PRI 127242007
\l |

NER
0.5 - - O(a)-improved Wilson fermions — 6 a
(0,1,1) (1,1,1) (0,0,2)

0.4 - My, = Mg = M, R 420MeV
N - 8 ensembles (L, a) + 5 frames
?«02 N-1
= 21 2

. pcoto(p) = Z c;p, c;=cpy+c;a

. 1=0

| From J.R.Green’s talk
~0.1 lattice

2f0 2?5 3?0 2?0 2?5 3f0 2?0 2?5 3?0 2:0 2?5 3?0 2?0 2?5 3TO quantizati()n?
L (fm) L (fm) L (fm) L (fm) L (fm) E(L,a) —————» 5(p%,a)
2
m
. Near-threshold fitting (| p?| < —): N = 2 (x2)
SU) 4 a— 0 a— 0
& B, T=456%1.13 £0.63MeV
2
m
: o T
_ > - N =

. Full-range fitting (p~ > 1 )N =3 (x2) E(L) > 5(p?)

[ evels below t-cut not covered continuum

quantization
9



Fitting schemes including left-hand cut

»Fitting range: lowest energy level — NZx threshold (covering lhc) . \L
2 1 |
ERE : 5) = [—=(—+c,p(s)™+c,p(s)") = ip()]™
[ lischer QC { Vs 002 , 04-
ERE CM : 1(s) = [—=(—+¢;p(s)*+¢,p(s)") + I(5)]™" 03
g =0 s €0 %
N(s) = ny+gp2L,(s) 202-
*N/D QC i s NK*.P) =
DFV(S’ P) — 1+dOS+d1S2 153 Zk L(k, P) Ex(? EX(k) — s 0.1 -
et w/o spacing dependence : £, o
rSpacing eftect w/ spacing dependence : & = &+ & a’ —0.19 , ,
20 25 30

. . L (fm)
» Data covariance (61 points)

_ Y. . from 10° boostrapping samples
=) (0} - i )E; (07 = piy ) aul o
i,j Zsyst,ij = (op~){(op )j
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Predicted spectrum w/o a-dependence

[oo1] _ 011] 111] 002)

1.62 < 1.65 N \
« Better y*/Ny ¢ in N/D
@ only differ in the lowest levels
is~Mild left-hand-cut effect C%\
S _'
» Significant L dependence =
* Deeply bound <« spacing effect _
0.0 =mmmmmmmmmmm e 1a ° o R
0 1 ©° @) é
_ 5 Q
_0'1__/§
z()(fm> 2.5 3.0 2.0 2.5 3.0 2.0 2.5 3.0 2.0 2.5 3.0 2.0 2.5 3.0
: ERE
Cp, C1, C
Green dotted: ERE CM (. €1, ¢2)
Red solid: N/D (Mg, 80> d> dy)
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000] 001]

\
\

\)

\
\

0.6

Predicted spectrum w/ a-dependence
011] | 1 11] - [002]\

0.7615 < 0.7622

0.5

« Slightly better y*/N, ¢ in N/D

_\\\
0.4
\
1 \

* Spectrum 1n the continuum (a = () &

» Comparable parameters at O(a")

» Comparable observables

» Shallow bound state

Sjaecia[ thanks to Robert J.Perry! . ERE
N/D model is rather stable in extrapolation #(C00» C0a» €10 €10 €200 €2a)
Green dotted: ERE CM
a—( QE o 2 2
E(L,a) — E(L) — o(p~) or (p~) Red solid: N/D #(fggs g 800 80w Fo0» Goas d10> A1)
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N function and absence of CDD poles

N(s) N(s)
D(S) - : + ...

s—,

1(s) =

i 090 i —— a=0.0992 fm
03_- | ] | — a=0.0865 fm
] | 1 i —— a=0.0762 fm
- Manifests around left-hand cut - \ ﬁ 015- 5 o
0.2 | | ‘ | a=0.0392 fm
. =y ] | i o i a=0
- Polynomial above threshold = X = : == Threshold
% O.l_ [ ZEOJO— l
= slight change in ERE 0 | /
] 0.05
0.1 | |
0.00
92 924 26 28 30 92 924 26 28 30
Vs (GeV) Vs (GeV)
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Infinite-volume amplitudes

Results 1n the continuum (a = 0) from a-dependent fitting

S > Sy

*Overlapping energy levels & phase shifts

* Drastic drop near threshold & pole below

200 -

ERE S < Sipr
JIREEEE ERE CM
1507 —— N/D real
. ]I N/Dimas *Pole pushed upwards in N/D
= 100-

e Larger uncertainty in N/D

*Nonzero 1maginary part in N/D below lhc

14



Observables w/o a-dependence

Near threshold: ool | " 0.92-
\/‘ §—2.150— | | ! Eogo—
\) 1 r() S o - .
_ 2 . 1—1 —2.175- _
Io(s) = |— +—p~ —1p] 0887 | !
) a ) —2.200 | | 1 | |
' 0.86 1
1] [ T 11.44 |
Near pole: e
= o 11.2+
o 13.51 = O o
2 S [ [ Tl Sa10-
| g | = 13.0- =
tO(S) ~ T 1084
167 S—5, 12,54 1 -- __
ERE ERE CM N/D ERE ERE CM

Smaller |a,| and r, = more bound
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Observables w/ a-dependence

In the continuum, N/D gives Systematic uncertainty: 1o my
a, = (—3.737 £0.787 £ 0.001)fm, r, = (0.969 = 0.041 = 0.001)fm
Near threshold: AE = (3.26£1.60 £0.04)MeV, |g|=(6.44x1.05=x0.04)GeV
s 1 7 Green et al., PRL 127.242003 X, =0.8115+0.0243 + 0.0001
— D p2 _ip1! SU@3) 0.78 for ERE
Ins) = l —
o(8) == [ao el B, = (4.56 £ 1.13 + 0.63)MeV JIS I ERE
Near pole: ok ! " [ | vo0o-
) £ —35- || Eo09r51] | 7
‘ g ‘ 6@ — I f Q O
I(s) X —4.0 0.950 -
167 5—35,
—4.5- | | . | 0.925 .
Inka Matuschek et al., EPJAS7 (2021) 3, 101
Compositeness: 6 % % __ 1 i
g ® 57
X — 1 — Z — 1 24— Q N = Q
AT AV 1+ 1 2r/ap . 6-
ERE  ERECM  N/D  Green et al ERE  ERECM  N/D  Green et al
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Summary and outlook

+ We implemented the first application of N/D representation to
- finite-volume analysis of H-dibaryon at SU(3)p-symmetric point
-mncorporate left-hand-cut effect by one-pion exchange & compare with Luscher’s
- obtain reliable results 1n the continuum

15~ shallow bound state, dominant molecular component

+ We may extend to coupled-channel N/D case 1n the future
& AN — 22 — NE, NN, DD*---

< Juan’s talk next
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We have

I(p,p;E) =V(p,p;E) + I

T(kon, kon;E) — <k0n | (1 . VG)—1V| kon>

1000

500 |

—500

—1000

-

—Re T(k k) |]
I - __m721' r_m721' /4
L |

| | |
—0.06 —-0.03 0.00 0.03 0.06

k*[m2]

200

100

—100

—200

r—— -

| |
—0.06 -0.03 0.00 0.03 0.06
2
ko mz |

N/D from LSE: bound deuteron

Solve the Lippman-Schwinger equation by matrix inversion in proper momentum set to avoid singularities,

&l V(p,LE)T(, p;E)
(271')3 E — ml — m2 — 12/(2//{)
N N
1-VG| D
-25 : E ‘/I —ImN=T"1 - VG| |”
| | i
-30 | 4
I 3k
~35 | 5 L
I |
| —Re N=T"1 — VG| 1
—40 K L | I I ] O b 1 1 1 1
—0.02 0.00 0.02 0.04 0.06 —0.02 0.00 0.02 0.04 0.06
k' m2 ] km2 ]
' - - 0.0 fFF=—====== -
0-3 1 | —Re |1-VG||] 1
| —0.1 F \\ —-Im |1-VG|
02 — | = . /,Lk
| -0.2 \\ oY
0.1 [ I _
I —-0.3 \\
I
0.0 | 1 _oa4 b \
I .
| | I | | | | | | | N
—0.06 —0.03 0.00 0.03 0.06 —0.06 —0.03 0.00 0.03 0.06
k7 m2] kY [m2]
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Inverse of K matrix in the continuum

Above lhc,

1\_1/11)(5 ) =

Re D(s)

N(s)

ERE

20




Results In two extrapolations

Blue path:
‘" % % - } } From J.R.Green’s talk
S __ T S ) lattice
= 7 O 7- quantization?
> | 1 = 6 E(L,a) ————» §(p% a)
6_
2- | |
ERE ERE CM N/D Ref ERE ERE CM N/D
a— 0 a— 0
Red path:
4.5 2
. E(L) —— §(p?)
—4.0- . = continuum
= T S| I quantization
€3 Q EG'B_ Q
T304 1
| | -|- 0.0 - | | -|-
ERE ERE CM N/D ERE ERE CM N/D
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Demo of ERE with |hc: virtual state

——1/f(K%) + ik
drl——1/a+1/2rk’

O —l | | | | | ]
—0.005 0.000 0.005 0.010 0.015 0.020
k2
| | | | /I
4 L|—-Re (—4n/m)/T+ ik al
. Re 1/f[071] + ik
- 3 F Il
/
g /
2y / -
%
/
1 /’/ T
///
/
0 0~ I I I I 1
0.0 0.3 0.6 0.9 1.2
2
k"[m7 |

——1/f(K) + ik
— —1/a+ 1/2rk2 + ok

o, | | |
—0.005 0.000 0.005 0.010
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Glimpse of fitted parameters
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Amplitude zeros and CDD poles

A. Rodas, L. Qiu and JPAC members, arX1v:2605.22957

As explained in the main text, one crucial point of the discussion about the N/D method is the presence or lack of Castillejo-
Dalitz-Dyson (CDD) poles [67], i.e., poles of the denominator D(s), which are not explicitly included in our parameterization.
However, they can still be identified by zeros of the numerator above threshold. Without loss of generality, we suppose that there
is only one simple root s, above threshold found in the numerator after fitting, i.e., N(s;) = 0. As the amplitude does not change if
one divides both N(s) and D(s) by a common factor, we can redefine the numerator and denominator as

N(s) = , (S1)
s— 5,

~_ D(s) _ d "Z‘l i s ,p(sIN(s")

D(s)_s—sz_s—sz+ djsj+7r(s—sz),£ ds s’'(s—s)"° (52)

where d ; are polynomials in s, and the expansion coefficients d; of D(s), and N(s) is now free of zeros. Using the relation,

N ’ N 4 N 4 _ - ’r -
(S ) — (S ) (S )(S S) — N(s/) + A SN(S,), (83)
s—S§, § -5, (s — 5,)(s — 5;) 5 — 5,
we have
D(s) = d-i +dy + Z dis! + = f a's’p(s ING) s f ds'p(s INGs ), (S4)
5— S, = T J sy S'(s—58") 7(s—s;) Jg,, s’
where the second integral is convergent and can be absorbed into the first two terms. Finally, we obtain
. d, . 9. i S p(s")N(s")
D(s)= ——+dy+ ) djs’ + - f ds’ (S5)
s — 5, — 7r St s'(s—s)"’

J

where we can further normalize D(s) by dividing both the new numerator and denominator by d’, and thus we conclude that the
need for additional CDD poles can be accommodated by the zeros of the numerator.
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