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Review on Lüscher’s and N/D quantization conditions


Parameterizations on K-matrix and N/D formula


Finite-volume analysis of H-dibaryon including left-hand cut

↑



Introduction

3

✦ Most hadronic states are associated with two-hadron thresholds 

 molecular candidates mediated by  

✦ Hard scale  

  

↪ π, K, η, ρ, ω, ϕ

Λ ∼ Λχ ≈ Mρ,ω,ϕ

TL =
1

ρ(s)cot δ(s) − iρ(s)
=

s
2

[
1
a

+
r
2

p2 + vp4 + ⋯ − ip]−1

K−1(p) = p cot δ

And N/D representation!

✦ Soft scale   new singularities in   

s-channel three-body cut, left-hand cut from t/u-channel exchange 

 constrain convergence radius of ERE & Lüscher 

 relevant to LQCD study like , NN, H-dibaryon… 

✦ Methods to accommodate left-hand cut 

• PT+LSE+plane wave basis 

• Modified ERE, Lüscher QCs 

• Three-body QCs    

𝒬 ∼ mπ → p cot δ

↪

↪ DD∗

χ L. Meng et al., JHEP10(2021)051, PRD.109.L071506

A.Baião Raposo et al., JHEP08(2024)075; JHEP 06 (2025) 186
R.Bubna et al., JHEP05(2024)168; JHEP10(2025)197

M.T.Hansen et al., JHEP06(2024)051; JHEP01(2025)060

M.-L. Du et al., PRL 131 (2023) 131903 Green et al., PRL127.242003

• Finite volume:  
S.M.Dawid, PLB.2025.139442 

• Infinite volume:  
M.L.Du et al., PRL135 (2025) 1, 011903 
W.J.Wang et al., arXiv:2601.04989

    ERE, Lüscher QC→
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Recap Lüscher quantization condition

4

CL(P ) = A A†L + A V A†L L + A V V A†L L L + · · ·

= C→(P ) + A A†
F

+ A K A†
F F

+ A K K A†
F F F

+ · · ·

= C→(P ) + A(P )i[F (E,P, L)↑1 +K(E)]↑1A†(P ) det
l,m

[F(E, P, L) + K−1(E)] = 0

Lüscher, NPB354(1991) 
C.h.Kim et al., NPB727(2005) 
R.A.Briceno et al., RevModPhys.90.025001



Recap Lüscher quantization condition

4

L R
†L = L R

†→ + Lon R
†
on

F

+ O(e→mωL)Valid only when: 
•  Above lhc, on-shell factorization works 

 K-matrix, integral  sum 
• Below lhc, integrand is still singular

↪ ↔

CL(P ) = A A†L + A V A†L L + A V V A†L L L + · · ·

= C→(P ) + A A†
F

+ A K A†
F F

+ A K K A†
F F F

+ · · ·

= C→(P ) + A(P )i[F (E,P, L)↑1 +K(E)]↑1A†(P ) det
l,m

[F(E, P, L) + K−1(E)] = 0

ℒ(P − k, k)ℛ†(P − k, k) − ℒ(P, p∗)ℛ†(P, p∗)
E − ωk − ωPk + iϵ

Lüscher, NPB354(1991) 
C.h.Kim et al., NPB727(2005) 
R.A.Briceno et al., RevModPhys.90.025001

+ π ∝ log(
(k − k′￼)2 + m2

π

(k + k′￼)2 + m2
π

)
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What is the correct factorization?

Lüscher, NPB354(1991) 
C.h.Kim et al., NPB727(2005) 
R.A.Briceno et al., RevModPhys.90.025001
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N/D method to left-hand cut problem

5

TL(s) =
N(s)
D(s)

left-hand cut

right-hand cut; pole of  is zero of TL(s) D(s)

Input:  
ImTL(s) = ImV(s)

M.L.Du et al., PRL135 (2025) 1, 011903 
W.J.Wang et al., arXiv:2601.04989 
A. Baião Raposo and M. T. Hansen, 2303.18793
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−iρ(s) → −
s − sthr

π ∫
∞

sthr
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(s′￼− sthr)(s′￼− s)

•  for virtual-, shallow bound states (small )[0,1] g
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•Capture amplitude-zero in N(s)

 singularity in ↪ p cot δ =
ReD
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Input:  
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N/D quantization condition
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𝒟L(p∗, P) = 0det
l, m

S.M.Dawid, PLB.2025.139442

CL(P ) = A A†L + A V A†L L + A V V A†L L L + · · ·

=
(
A1 · · · AN

)



L1 · · · 0
...

. . .
...

0 · · · LN








A†

1
...

A†
N



+
(
A1 · · · AN

)



L1 · · · 0
...

. . .
...

0 · · · LN








V11 · · · V1N
...

. . .
...

VN1 · · · VNN








L1 · · · 0
...

. . .
...

0 · · · LN








A†

1
...

A†
N



+ · · ·

= AT (1→ GLVL)→1GLA†

= ATAdj(1→GLVL)GLA†

|1→GLVL|
↭ ML(pω,P ) = NL(pω,P )DL(pω,P )→1

in complete momentum set



N/D quantization condition

6

𝒟L(p∗, P) = 0det
l, m

☞ S wave: DFV(s, P) = 1 + pn(s) −
16π
L3 ∑

k

2E(k)
2ω1(k)2ω2(P − k)

s
E∗(k)2

N(k∗, P)
E∗(k)2 − s

•Cut in             a series of poles in  

•On the right-hand cut,  

•CDD poles in        Zeros in 

DIFV → DFV

𝒩 = 𝒩L + 𝒪(e−ΔL)

DFV ↔ N

S.M.Dawid, PLB.2025.139442
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Comparison between QCs

7

The two quantization conditions are equivalent above lhc.
N(s)
D(s)

↭
1

K−1(s) − iρ(s)

2.2 2.4 2.6 2.8 3.0 3.2p
s (GeV)

°2

°1

0

1

2

Q
C

Lüscher

DFV

Threshold

N(s) = 1
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↭
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2.2 2.4 2.6 2.8 3.0 3.2p
s (GeV)

°2

°1

0

1

2

Q
C

Lüscher

DFV

Threshold

N(s) = 1

N(s) = 1 −
(0.3GeV)2

s − sthr
log

s − sthr + m2
π

m2
π



LQCD study on H-dibaryon
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H-dibaryon, a hypothetical six-quark ( ) bound state: 

• , flavor-singlet  

• Inconclusive in experiments  deeply bound, weakly bound, virtual state/resonance 
•Weakly  dependence    ☞    contrast to deuteron    ideal to study left-hand-cut effect ( ) at heavier  

•No agreement on binding energy                                             discretization errors / spacing dependence

uuddss

JP = 0+, I = 0, S = − 2 −
1
8

|ΛΛ⟩ +
3
8

|ΣΣ⟩ +
4
8

|NΞ⟩

→
mπ & K, η mπ

←

Jaffe 1977, PRL 38,195

BaSc, arXiv: 2603.00698

Green et al., PRL 127.242003

More works/talks are available! 



H-dibaryon at -symmetric pointSU(3)F
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Green et al., PRL 127.242003

• -improved Wilson fermions  6  
•  
• 8 ensembles ( ) + 5 frames 

𝒪(a) → a
mπ = mK = mη ≈ 420MeV

L, a

p cot δ(p) =
N−1

∑
i=0

cip2i, ci = ci0 + ci1a2

• Near-threshold fitting ( ):   

 ☞  

|p2 | ≤
m2

π

4
N = 2 (×2)

BSU(3)f
H = 4.56 ± 1.13 ± 0.63MeV

From J.R.Green’s talk

Levels below t-cut not covered
• Full-range fitting ( ):  p2 ≥ −

m2
π

4
N = 3 (×2)



Fitting schemes including left-hand cut
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‣Fitting range: lowest energy level   threshold (covering lhc)→ NΞπ

{
N(s) = n0+g02Lt(s)

DFV(s, P) = 1+d0s+d1s2 − 16π
L3 ∑k L(k, P) s

E⋆(k)2

N(k⋆, P)
E⋆(k)2 − s

{
w/o spacing dependence : ξi

w/ spacing dependence : ξi = ξi0 + ξiaa2

‣Data covariance (61 points) 

χ2 = ∑
i,j

(p2
i − p2

FV,i)Σ
−1
ij (p2

j − p2
FV,j)

‣Spacing effect

•N/D QC

•Lüscher QC

{
Σstat,ij : from 103 boostrapping samples

Σsyst,ij = (δp2)i(δp2)j

× 5

ERE :

ERE CM :

t(s) = [
2

s
(

1
c0

+c1p(s)2+c2p(s)4) − iρ(s)]−1

t(s) = [
2

s
(

1
c0

+c1p(s)2+c2p(s)4) + I(s)]−1

g0 = 0



Predicted spectrum w/o a-dependence
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2.0 2.5 3.0

L (fm)

°0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

p2
(G

eV
2 )

[000]

2.0 2.5 3.0

[001]

2.0 2.5 3.0

[011]

2.0 2.5 3.0

[111]

2.0 2.5 3.0

[002]

Orange dashed: ERE 

Green dotted: ERE CM 

Red solid: N/D 

#(c0, c1, c2)

•Better  in N/D 

☞only differ in the lowest levels 

☞Mild left-hand-cut effect 

•Significant  dependence 

•Deeply bound    spacing effect

χ2/Ndof

L

←

#(n0, g0, d0, d1)

1.62 < 1.65



Predicted spectrum w/ a-dependence
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2.0 2.5 3.0

L (fm)

°0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

p2
(G

eV
2 )
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2.0 2.5 3.0

[111]
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•Slightly better  in N/D 

•Spectrum in the continuum ( ) ☞ 

•Comparable parameters at  

‣ Comparable observables 

‣ Shallow bound state

χ2/Ndof

a = 0

𝒪(a0)

#(n00, n0a, g00, g0a, d00, d0a, d10, d1a)

0.7615 < 0.7622

Orange dashed: ERE 

Green dotted: ERE CM 

Red solid: N/D 

N/D model is rather stable in extrapolation 

E(L, a) a→0⟶ E(L) QC⟶ δ(p2) or t(p2)

Special thanks to Robert J.Perry!



N function and absence of CDD poles 
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2.2 2.4 2.6 2.8 3.0p
s (GeV)

°0.1

0.0

0.1

0.2

0.3

R
eN

(s
)

2.2 2.4 2.6 2.8 3.0p
s (GeV)

0.00

0.05

0.10

0.15

0.20

Im
N

(s
)

a=0.0992 fm

a=0.0865 fm

a=0.0762 fm

a=0.0642 fm

a=0.0498 fm

a=0.0392 fm

a=0

Threshold

• Manifests around left-hand cut 

• Polynomial above threshold  

☞  slight change in ERE 

t(s) =
N(s)
D(s)

=
Ñ(s)

1
s − sz

+ ⋯



Infinite-volume amplitudes
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2.20 2.22 2.24 2.26 2.28 2.30 2.32 2.34p
s (GeV)

0

50

100

150

200

t 0
(s

)

ERE

ERE CM

N/D real

N/D imag

2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0p
s (GeV)

0

50

100

150

± 0
(s

)(
± )

ERE

ERE CM

N/D

Results in the continuum ( ) from a-dependent fittinga = 0

: 

•Overlapping energy levels ☞ phase shifts 

•Drastic drop near threshold ☞ pole below

s > sthr

: 

•Pole pushed upwards in N/D 

•Larger uncertainty in N/D 

•Nonzero imaginary part in N/D below lhc

s < sthr



Observables w/o a-dependence
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°2.200

°2.175

°2.150

°2.125

°2.100

a 0
(f

m
)

0.86

0.88

0.90

0.92

r 0
(f

m
)

ERE ERE CM N/D

12.5

13.0

13.5

14.0

¢
E

(M
eV

)

ERE ERE CM N/D

10.8

11.0

11.2

11.4

|g
|(

G
eV

)

Near threshold: 

t0(s) =
s

2
[

1
a0

+
r0

2
p2 − ip]−1

Near pole: 

t0(s) ≈ −
1

16π
|g | 2

s−sp

Smaller  and     ☞    more bound|a0 | r0



Observables w/ a-dependence
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°4.5

°4.0

°3.5

°3.0

a 0
(f

m
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0.925
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0.975

1.000

r 0
(f

m
)

ERE ERE CM N/D Green et al.

2

4

6
¢

E
(M
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)

ERE ERE CM N/D Green et al.

6

7

8

|g
|(

G
eV

)

Near threshold: 

t0(s) =
s

2
[

1
a0

+
r0

2
p2 − ip]−1

Near pole: 

t0(s) ≈ −
1

16π
|g | 2

s−sp

In the continuum, N/D gives 
 

 
                                                            

a0 = (−3.737 ± 0.787 ± 0.001)fm, r0 = (0.969 ± 0.041 ± 0.001)fm
ΔE = (3.26 ± 1.60 ± 0.04)MeV, |g | = (6.44 ± 1.05 ± 0.04)GeV

X̄A = 0.8115 ± 0.0243 ± 0.0001
 for ERE0.78

Systematic uncertainty: 1σ mB

Compositeness: 

X̄A = 1 − Z̄A =
1

1 + |2r0/a0 |

 for deuteron0.778
BSU(3)f

H = (4.56 ± 1.13 ± 0.63)MeV
Green et al., PRL 127.242003

Inka Matuschek et al., EPJA57 (2021) 3, 101



Summary and outlook
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✦ We implemented the first application of N/D representation to 
• finite-volume analysis of H-dibaryon at -symmetric point 
• incorporate left-hand-cut effect by one-pion exchange & compare with Lüscher’s 
• obtain reliable results in the continuum 

☞  shallow bound state, dominant molecular component 
✦ We may extend to coupled-channel N/D case in the future 
☞  

SU(3)F

ΛΛ − ΣΣ − NΞ, NN, DD∗⋯

Thank you!
 Juan’s talk next↪



Backup
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N/D from LSE: bound deuteron
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Solve the Lippman-Schwinger equation by matrix inversion in proper momentum set to avoid singularities, 

T(p′￼, p; E) = V(p′￼, p; E) + ∫
d3l

(2π)3

V(p′￼, l; E)T(l, p; E)
E − m1 − m2 − l2/(2μ)We have  

T(kon, kon; E) = ⟨kon | (1 − VG)−1V |kon⟩ =
N

|1 − VG |
=

N
D



Inverse of K matrix in the continuum
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Above lhc, 

 K−1
N/D(s) =

Re D(s)
N(s)



Results in two extrapolations
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From J.R.Green’s talk

Blue path:

Red path:



Demo of ERE with lhc: virtual state
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Glimpse of fitted parameters
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ERE w/ a-dependence

ERE w/o a-dependence

N/D w/ a-dependence

N/D w/o a-dependence



Amplitude zeros and CDD poles
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A. Rodas, L. Qiu and JPAC members, arXiv:2605.22957



Hadronic states…
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X̄A = 1 − Z̄A =
1

1 + |2r0/a0 |

F.K.Guo et al., RevModPhys.90.015004 
Inka Matuschek et al., EPJA57 (2021) 3, 101 
P.Y.Niu et al., Phys.Rev.D 110 (2024) 9, 094020


