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𝜌𝑃 𝑐 = න𝒟𝜙 𝑒−𝑆𝑟 𝜙 𝑒−
𝑃
2
𝑐−𝑆𝑖(𝜙)

2−log 𝒩

= 𝒟𝜙׬ 𝑒−𝑆𝑐,𝑃 𝜙

= 𝒟𝜙׬ 𝑞𝑃 𝜙|𝑐
𝑒−𝑆𝑐,𝑃 𝜙

𝑞𝑃 𝜙|𝑐

= 𝑒−𝑆𝑐,𝑃 𝜙 −𝑙𝑜𝑔 𝑞𝑃 𝜙|𝑐 )
𝜙~𝑞𝑃 𝜙|𝑐

Original ML-DoS; Application to 2D φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]
Application to U(1) 2D: [S. Singh, L. Funcke (PoS Lattice 2026)]
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𝜙~𝑝0

Prior

𝑐 ∈ [0, 𝑐𝑚𝑎𝑥]

Original ML-DoS; Application to 2D two-component φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]
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Prior Neural Network

Input Output

Original ML-DoS; Application to 2D two-component φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]
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Prior Neural Network

𝑐

OutputInput

Original ML-DoS; Application to 2D two-component φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]
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+𝑐

+𝑐

Neural Network

𝑐

ShiftOutputInput

Original ML-DoS; Application to 2D two-component φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]
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Prior

+𝑐

+𝑐

Neural Network Learned distribution

𝑐 𝜙 ≈ 𝑐

OutputInput Shift

Original ML-DoS; Application to 2D two-component φ⁴: [J. M. Pawlowski, J. M. Urban (2023)]

𝜙~𝑝0
𝑐 ∈ [0, 𝑐𝑚𝑎𝑥]
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LLR Hubbard: [M. Körner, K. Langfeld, D. Smith, L. v. Smekal, PRD (2020)]
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ESS plot

DoS results from flow
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What we keep fixed:
• 𝑁𝑥 = 2 → proof-of-principle

demonstration
• 𝑈 = 1
• 𝑃 = 1000
• Use diagonal disc. for training
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𝛽 = 1,𝑁𝑡 = 1
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𝛽 = 1,𝑁𝑡 = 1

𝜌𝑃,𝑓𝑙𝑜𝑤 𝑐 = 𝑒−𝑆𝑐,𝑃−𝑙𝑜𝑔 𝑞𝑃
𝜙~𝑞𝑃

𝜌𝑃,𝑒𝑥𝑎𝑐𝑡 𝑐 = න𝒟𝜙 𝑒−𝑆𝑐,𝑃 𝜙
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𝛽 = 1,𝑁𝑡 = 1
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𝛾
2
𝑐2)

𝑍𝑃 = 𝑒
𝜔2

2𝛾 න𝑑𝑐 𝜌𝑃(𝑐)𝑒
−𝑖𝜔𝑐−

𝛾
2
𝑐2

𝛾 =
𝑉

෩𝑈
and 𝜔 = 𝛾𝛿𝜇
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𝜌𝑃 𝑐 =෍
𝑘=0

𝑁𝑥
𝑎𝑘 cos(𝑘𝑁𝑡𝑐)

Semi-anlytic approach for DoS: [K. Langfeld (2016)]
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𝑍𝑡𝑟𝑢𝑒 =
2𝜋

𝛾
෍

𝑘=0

𝑁𝑥
𝑎𝑘𝑒

−𝑘2𝑁𝑡
2

2𝛼𝛾 cosh(𝜇𝛽𝑘)

𝑇 = 2𝜋
𝑁𝑡

𝜌𝑃 𝑐 =෍
𝑘=0

𝑁𝑥
𝑎𝑘 cos(𝑘𝑁𝑡𝑐)
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𝛽 = 1,𝑁𝑡 = 1

𝑍𝑒𝑥𝑎𝑐𝑡 = න𝒟𝜙 𝑒−𝑆 𝜙
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1

𝛽

𝑑

𝑑𝜇
ln 𝑍



Charge density

28.07.26 Felicitas Freche 10

learn 𝜌𝑃 𝑐
once get 𝑎𝑘

get 𝑄 for all 𝜇!

𝑄 =
1

𝛽

𝑑

𝑑𝜇
ln 𝑍



Charge density

28.07.26 Felicitas Freche 10

𝛿 = 𝛽
𝑁𝑡
= 0.25

learn 𝜌𝑃 𝑐
once get 𝑎𝑘

get 𝑄 for all 𝜇!

𝑄 =
1

𝛽

𝑑

𝑑𝜇
ln 𝑍



𝑁 = 𝑇
𝑑

𝑑𝜇
ln𝑍 =

1

𝛽

1

𝑍

𝑑

𝑑𝜇
𝑍

=
σ
k=1
𝑁𝑥 ak𝑒

−𝑘2𝑁𝑡
2

2𝛼𝛾 𝑘 sinh(𝜇𝛽𝑘)

σ
k=0
𝑁𝑥 ak𝑒

−𝑘2𝑁𝑡
2

2𝛼𝛾 cosh(𝜇𝛽𝑘)
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𝛽 = 5,𝑁𝑡 = 20 𝛿 = 𝛽
𝑁𝑡
= 0.25



𝑁 = 𝑇
𝑑

𝑑𝜇
ln𝑍 =

1

𝛽

1

𝑍

𝑑

𝑑𝜇
𝑍

=
σ
k=1
𝑁𝑥 ak𝑒

−𝑘2𝑁𝑡
2

2𝛼𝛾 𝑘 sinh(𝜇𝛽𝑘)

σ
k=0
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−𝑘2𝑁𝑡
2
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𝛽 = 6,𝑁𝑡 = 24𝛽 = 5,𝑁𝑡 = 20
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𝛿 = 𝛽
𝑁𝑡
= 0.25

get 𝑎𝑘 from noisy 𝜌𝑃 𝑐
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𝛿 = 𝛽
𝑁𝑡
= 0.25

Extrapolation of the 𝑎𝑘
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𝛽 = 6,𝑁𝑡 = 24 𝛽 = 10,𝑁𝑡 = 40
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Numerical results
• Applied the generalised DoS

method to the Hubbard model
• Got the DoS from a conditional

normalizing flow
• Use of semi-analytic approach

Summary
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Match ED until
𝛽 = 10,𝑁𝑡 = 40

Match ED until
𝛽 = 5,𝑁𝑡 = 20

New theoretical insights

• Introduction of the correction
factor 𝛼

• Analytical prediction for
behaviour of 𝑎𝑘 at large 𝛽

• Improve results by
extraprolating 𝑎𝑘
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𝛽 = 1,𝑁𝑡 = 1
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𝛽 = 1,𝑁𝑡 = 1Diagonal discretisation Exponential discretisation
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𝛽 = 1,𝑁𝑡 = 1, 𝑐 = 𝜋

The distribution
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𝛽 = 1,𝑁𝑡 = 1



Results for higher 𝛽,𝑁𝑡
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𝛽 = 5,𝑁𝑡 = 20
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𝑄 =
1

𝛽

𝑑

𝑑𝜇
ln 𝑍

=
σ
k=1
𝑁𝑥 ak𝑒

−𝑘2𝑁𝑡
2

2𝛼𝛾 𝑘 sinh(𝜇𝛽𝑘)

σ
k=0
𝑁𝑥 ak𝑒

−𝑘2𝑁𝑡
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• Grandcanonical partition function: 𝑍 = σ𝑛=−𝑁𝑥

𝑁𝑥 𝑒𝜇𝛽𝑛𝑔𝑛 with

𝑔𝑛 = σ𝑗 𝑒
−𝛽𝐸𝑗

(𝑛)

= 𝑑0
(𝑛)
𝑒−𝛽𝐸0

(𝑛)

+ 𝑑1
(𝑛)
𝑒−𝛽𝐸1

(𝑛)

+⋯

For 𝛽 → ∞

• ln(𝑎𝑘) = −𝛽𝐸0
𝑘
+

𝑘2𝑈𝛽

2𝑁𝑥
+ ln 𝑑0

𝑘
+ ln 2 −

𝑘2𝑁𝑡
2

2𝑃
= 𝑚𝛽 + 𝑛

Charge density



28.07.26 Felicitas Freche 20

The fitting range
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𝑁𝑡-dependence
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ESS
𝛽 = 5,𝑁𝑡 = 20𝛽 = 1,𝑁𝑡 = 1



𝐾 = 2

Smekal et al. : # 𝑜𝑓 𝐹𝑜𝑢𝑟𝑖𝑒𝑟𝑚𝑜𝑑𝑒𝑠 = 𝑁𝑥 + 1 𝐾 = 𝑁𝑥
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How to choose K
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