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General Outline

e Overlap formulation of SQCD
© Computational Setup

© Perturbative Calculations and Results for field and mass
renormalization factors

@ Summary — Conclusion

For a more detailed description, see:
@ M. Costa, E. loannou and H. Panagopoulos, “N=1 supersymmetric QCD

on the lattice using overlap fermions,” Phys. Rev. D 112 (2025) no.9,
094506 doi:10.1103/k5q5-2f57 [arXiv:2507.16651 [hep-lat]].
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Overlap formulation of SQCD

Action of SQCD in the continuum

The continuum action for massive SQCD in the WZ gauge is given by:
1 fe1 e ] Ja [e7 .
Ssqcp = /d4x{ - Zu;wu/.w + é/\ VDA™ + ipy*Dyp
(DAL (DAL + (DAY (DA
Vg (AL‘\Q TPuh — PPN T Ay + AN TOP_op — GPA" TaAi)

Yukawa interactions

,%g2 (ALT“AJrfA,TaAJL)Q —my  —m’ (A1A++A*Ai) }

. . . quark mass term
quartic squark interactions squark mass terms

Here, m is the common quark—squark mass required by supersymmetry. The
gauge field strength and covariant derivatives are:
Uy = Opty — Oty + igluu, u], Dud = O + igluu, Al
Dy = Oup+igu, T, DuAL =0,Ar +igu, T*Ax+.

Main challenge: How can we formulate this continuum theory on the

lattice while preserving chiral symmetry? )
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Overlap formulation of SQCD

Overlap Quark Action (well-established in LQCD)

The construction of the quark action is straightforward, including the
extension to nonzero quark masses:

/ dx ¥ (x) (Y Dy + m) p(x) — agzzp(x {( 7) Dov(x,y) +m = xy]?,!)(y)

Do) = & [ S+ (xox 7).

P Sy *
X=— 2 4 15 [u(Vuly) + Vil y)) —arta* S, Vi(x, 2)Va(z,y)]
Vulx,y) = é (UM(X) %4 Oxtap,y _]1%4 5><»y) )

v;(xv)’) = % (]1‘%4 Oy — U;(X — afi) ‘%4 5><—a/17y) .
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Overlap formulation of SQCD

Overlap Gluino Action

By analogy with the quark case, the gluino overlap action is:
/ dx Tr[A(x) 7 DuA(x - -a Z Tr[ (x)C D (x, y))\(y)]

» Gluino is a Majorana massless fermion.

» |t belongs to the adjoint representation.

Dzsj(x,y):zi[54 (X9 catxea)1/2) ]
a a X,y )

adj A Sx adj *a *a al
X(x,y) = =25 4 1S [ (Vi) + Vi29(x,y) — arat 5, Vit (x, 2)Vid(z. )]
Vi, y) = 2 (UR(x) & Guvapy —1L 0uy)
Vi, y) = 1 (0 Gy — Up T (x — a2) & 6y

[U29(x)] " = 2T (T Un(x) T2 Uj(x)) -
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Overlap formulation of SQCD

Remaining pieces of the SQCD Action on the lattice

@ Gauge sector: Wilson plaquette action,

1 (e}
2 — Upy, Uy, — s Z (1 - Tr UW(X)>

X, sV
@ Squark kinetic terms: Nearest-neighbor covariant derivatives,
1 N
DuA(x) = 3 [Un(x) A (x + aft) — As(x)],

1 R
DuA-(x) = 3 [A,(x +api) U (x) — A,(x)]

© Squark mass and quartic scalar interactions: Standard discretizations

(ultra-local),
[dxay

© Yukawa interaction: Requirement of careful construction on the lattice.

Main nontrivial issue

The Yukawa terms are not invariant under the lattice chiral transformations.
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Overlap formulation of SQCD

Chiral Lattice Transformations

Yukawa terms: AL AP, ¢p — 9P_AA, + A_XP_1p — PP, AAT

The chiral transformations for quark and gluino fields are defined
as:

60 =7 (1= 200 ) ¥, 0= (1-2D0) s,

a ; - - a .
o =15 (1- EDi‘ViJ) Ao aA=X(1- 57)331) .
Dy, and Dg;ii are the overlap Dirac operators in the fundamental and
adjoint representations, respectively. Further, the transformation depends

on the parameter (6), with the quark and gluino fields transforming with
opposite signs, and:

{P)/Sa Dov} =a Dov Vs Dovv {757 D?)f,ij =a Dgsj Vs D§3j~
5(ALAP.Y) = AL(=oX)Pyy + ALPL (1)
a

2AU (D2P, — P, D) %+ O(a%).
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Overlap formulation of SQCD

Chirally Invariant Yukawa Term: Fermionic Auxiliary Fields

Introduce two non-dynamical fermionic auxiliary fields:

@ M. Luscher, “Exact chiral symmetry on the lattice and the
Ginsparg-Wilson relation,” Phys. Lett. B 428 (1998), 342-345,
doi:10.1016,/S0370-2693(98)00423-7 [arXiv:hep-lat/9802011].

» xy: Dirac auxiliary quark field in the fundamental representation.

> Xx5: Majorana auxiliary gluino field in the adjoint representation.

2p W
Saux = 342 |:_ XXX — 7X1PX¢
Svac=a'y iﬁg[Ai(Xa FR) TP + xw) — (B + %o )P (A" + X3 T A
A-(X + T TP (6 +x) = (B + Xu) P (A" +x3) TAL|.
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Overlap formulation of SQCD

Modification of Chiral Transformations

For v (quarks) and xy:

BDOV aDov
5¢—75(1— > )w+vsxw, Xy =5 > ¥,

=0+ xy) = (¥ + xu)-
For A (gluinos) and xa:

Dadj Dadj
IA=1s (1 ;V >>\+’YSX>\7 IXx =5 ;V A,

=0(A+x2) = 1A+ xn0)-

Chiral Invariance of the Modified Action

The combinations ¥ + x and A + x transform as ordinary continuum
chiral fields, ensuring that both the modified Yukawa terms and the
complete lattice action remain chirally invariant.
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Overlap formulation of SQCD

Integrating out the Auxiliary Fields

» The auxiliary fields appear quadratically and linearly.

They can be functionally integrated out exactly, their integration
produces effective interactions involving quarks, gluinos and squarks.

> Integration over X, gives an effective gluino-squark interaction.

> Integration over x» gives a squark-field-dependent Pfaffian and an
additional effective action.

As a result, the final lattice SQCD action contains three new
contributions:

S36ED = S§acep + Sa + Spr + Sww.

Important point

The new terms are higher order in the coupling constant, ultra-local,

non-polynomial in the squark fields, and vanish in the continuum limit.
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Computational Setup

Three New Effective Contributions - Computational Setup

S = X [(ALT, TAHALPL + (A (T, TAHALP-| M.

Already in a form suitable for perturbation theory.

Grs—T, (Tr log(a = (x)) + Tr Iog(aE_(x))>

a’g® (N?—1
s =30 55 (M) At + (aal]

X

a4g4
L Ty

7 ’ 4 ! Nc2 2
(A Ayl Ay + (Al a0 (M2

’ ’ 7 ’ N2 — 4
+ ((AYAY )AL AT + (Af_Ai)(Af_Ai)) ( - ) +0(g%).
c
s==z P, +z_p_, =B _ o (5“5 - f;i o“‘*) cQ@f =l TPyaT ypy (a7, TPyaL )P
a p
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Computational Setup

Three New Effective Contributions -Computational Setup

Sew = 1a* Y0 (W — (WT)eC)[(€T2) ] (BT)P + CwP)

To obtain its perturbative form (up to terms of O(g®)), it suffices to
insert =71 = (Z,)7'P. + (=_)"'P_ into Syy and expand to first
subleading order:

(E07) =~ 27— 25 AT, TPhAL 4 0(g"),

P 2(p*)?
= \—1\aB a af a3g2 e B 4
((:—) ) - _pT(S - 2([))‘)2 AT, T }’:-F +0(g"),
Ve = iV2g(ALP, + A_P_)T% + %Qaﬁxﬂ,
e : T T T agZ Y8 NBa
Ve = —iV2gyT (A+P-+ALP) +=2-XQ

A 2
QP = Al (r™, 7PyaT )Py (A {7, TPyapP_, ===,p 4=_p_, =P - _ (5”‘* _re o‘m) .
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Computational Setup

Perturbative Setup - Calculations

Computational Setup

’ Perturbative expansion ‘ = ’ Interaction vertices\

Wick contractions
==

Feynman diagrams‘ = \Green's functions‘

See the poster by Constantinos Costa, "A Software Package for Multiloop Feynman Diagram Calculations on the Lattice.”

Goal

Use this perturbative framework to compute the critical masses and the
renormalization factors for all fields, masses, and (gauge, Yukawa,
quartic) couplings.

Results obtained so far

We have computed the self-energies of all fields, namely gluons, gluinos,
, , and ghosts, including nonzero quark and squark masses,
my, and ma, respectively.
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Perturbative Calculations and Results for field and mass renormalization factors

One-Loop Gluon Propagator

The gluon inverse propagator is obtained at one-loop order by summing
the diagrams contributing to the 2-pt Green's function (u, u,).

P o R

oL Oy

Figure 1: One-loop diagrams for the gluon two-point Green's function. A wavy
line denotes gluons, a dashed line denotes gluinos, a dotted line denotes
squarks, a solid line denotes quarks, a double dotted line denotes the ghost
field. The square vertex denotes contributions from the integration measure.
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Perturbative Calculations and Results for field and mass renormalization factors

Lattice One-Loop Result

For r* = r¥ =1, the gluon inverse propagator takes the form:

~o ~B ¢ IN\LR __ 4 ’ 6aﬁ 1 2 latt
(@) (@), = @m)'o(a+a) 5 | =auaw + (0 — auan) (1 - T (@ mamy) |,

inv 2
where the gluon lattice self-energy is:
q

\/4m3 + g

8
+ 303 4mi} + q? (2mi - qz)arctanh
q

2
g 4 3
Zlfm(q, ma, my) = T |:Nf (Cl"\/f _ 3773(4,”3‘ + ¢%)2 arctanh

9
[am2 2
4mw+q
16 5 2 2 > 2 4 > 2

+ qu(mA —my) — 3 Iog<a mA) -3 Iog(a mlp)

39.4784
N¢

1
+ N <C[’1VC + 1.7726cc — Eaz +(3B—-a) Iog(a2q2>> ] .

cN (cNe) depends on the parameters p¥ (p). We have obtained results

for parameter values ranging from 0.1 to 1.9, in steps of 0.1.
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Perturbative Calculations and Results for field and mass renormalization factors

Gluon Field Renormalization

The gluon field renormalization factor is determine by:
— — -1
(85(a) B(q Wi = [ZERNE] (a2 (q) a(a AR

For r¥ = p¥ = r* = p» =1, at one loop:

2

ZRNS =1 — 85 | N, (43.7766 — 2.77260 — (3 — a) log (a%7?))
+39':I784 ~ Ny (4.7247 + 210g(221%)) .
c
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Perturbative Calculations and Results for field and mass renormalization factors

One-Loop Gluino Propagator

The gluino inverse propagator is obtained at one-loop order by summing
the diagrams contributing to the 2-pt Green's function (A\).

1 2
B s S Y e e ———— > -
3

e > -

Figure 2: One-loop diagrams for the gluino two-point Green's function.
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Perturbative Calculations and Results for field and mass renormalization factors

Lattice One-Loop Result

The one-loop inverse gluino propagator takes the form:

. 508
(3(@N(@)) = 27)*3(q — ¢) 'sé — [1=Z%(q, ma, my)] .

where:
& 3 2 2 1
(qymA,mw) on2 {Nf( +|og( ) — q— (mAfmw)

1 (( 2 202 502 2)| m \ 7
+ ———— ((m3 — m’ +2m o} — 1o
2(¢2)2 A P Ad g me g Ay
may —my +q
A _TH T \/(mi - mfp)2 +o(md + mfp)qz +(g2)2 x

| mﬁ+mi+q2+\/(mi—mi) +2(m2 +mw)q + (q2)2 )
og
+q —\/(m%—mi +2(mA+mw)q + (q2)2

latt
=X

4 Ne <cx Iog<a2q2) + cgc

- 4.79201 ) ]
c;\\lf and c;\\’“ are numerical coefficients that depend on the parameters (r¥, p¥)

PO .
and (r*, p*), respectively. e



Perturbative Calculations and Results for field and mass renormalization factors

Gluino Field Renormalization

The gluino field renormalization factor is determined from the following
condition:

B @V (@) = [275] 7 (@R @)

At one loop, for r¥ = p¥ = r* = p* = 1.

MS g2N —
ZALR'MS =1- 167T2C [0‘ ('Og(a2l‘2) - 3'79201) - 32'8386}

g2 N

T [—0.07534 + log (a®/i°)] .
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Perturbative Calculations and Results for field and mass renormalization factors

One-Loop Quark Propagator

The quark inverse propagator is obtained at one-loop order by summing
the diagrams contributing to the 2-pt Green's function (11)).

1 2
® @ — - —— ———
3 4
soralfre, _
—)—‘.- e —‘—b— L g

Figure 3: One-loop diagrams for the quark two-point Green's function.
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Perturbative Calculations and Results for field and mass renormalization factors

Lattice One-Loop Result

The inverse quark propagator takes the form:

({D(@)d(d))ir = @2n)*3(q — ¢) [(id — my) — T2 (q, ma, my)]

where:

latt

q o™
(@ ma, my) = L [id(cw +4.7920 o + q—;‘ ok

mi‘ NN 14 ) !
- + og — | tlog| ——F—F5
22 m3 2(m2 + q%)
t, 2
+alog ot iog| 14 )
%+ 2(m?, + q?) (4?) m2,
" 57920 + (3 + a)l !
—m, c . «@ « ) lo —
v\ 20

2 2
—(3+a)m—wlog 1+q— .
? 2,

Cr = (N? —1)/(2 N.) is the quadratic Casimir operator in the fundamental

representation. The finite lattice coefficients (ci c;n"”) depend on the overlap
parameters.
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Perturbative Calculations and Results for field and mass renormalization factors

Quark Field and Mass Renormalization

The quark field renormalization factor is determined by:
~ ~ MS ]!, ~ ~ LR
(D@ )y = [ZFS] (D))
From the above equation it follows that:
—=1—-1
LR,MS : la B _
[Zw } ig — (Z" - x7) L( q =
ZLR,m -1 ZLRMS 1R ylatt _ 5B _ R
v my mj + (25" — 1)) = my.

o< My,

For r¥ = p¥ = r* = p* =1, at one loop:
2

— 2c ) -
ZLRMS _ g _ & =F 135 9140 + 3.7920 a — (1 + ) log (a22%)] ,

0 1672
2
o C (.2
Zny 0 =1 if [~32.4440 — log (a”72°) ] -
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Perturbative Calculations and Results for field and mass renormalization factors

One-Loop Squark Propagator

The components are arranged into a doublet:

The diagonal part of the 2-pt Green's function <A(q) AT(q’)X‘n’i is given
by the sum of diagrams in Fig. 4, while the nondiagonal part is given by
the diagrams in Fig. 5.

Figure 5: One-loop Feynman diagrams
Figure 4: One-loop Feynman diagrams contributing to the two-point Green's
contributing to the two-point Green's functions (AT,AL) and (AL A_).
functions (A, AL) and (AT A_).
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Perturbative Calculations and Results for field and mass renormalization factors

Lattice One-Loop Result

The inverse squark propagator takes the form:
A At LR 4 / 2 2 latt 10
(A(@AY(d);, = (27)*0(q = ') [ (6" + ma) = 3" (g ma,mu) | (g 1)

where:

2
1 g Cr
T (g, ma, my) = TR |:c,2 +co1amy + m?, ani

+am (1.7920 —3.7920 a) + 3% (¢ — 3.7920 a)

—a ((1 —a)ymi+(3— a)qz) log (a®m3) + a° (4mi + 2q2) Iog(azmi)
4 2 omt 2
20n ma 2 q 2 b 2 2 q
+a°(3 oz)(—q2 q)log<1+—mi>+a(7q2 +4mw+2q)log<l+—mi>:|

The coefficients c_», c_1, Cmfp' and Cq2 depend on the overlap
parameters.
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Perturbative Calculations and Results for field and mass renormalization factors

Critical Mass — Squark Field and Mass Renormalization

There are terms proportional to inverse powers of the lattice spacing give
rise to a critical mass for the squark fields (for
r¢:p¢:rA:pA:1)

2 squark gﬁ CF 1 0 Q E i
mg. = 162 <O 1 30.8596 aln_ 77'2913a3

The squark field renormalization factor is determined by:

(Aa) A1) = 28] () A1)

and the corresponding mass renormalization factor is defined by:
ZIRMS m2 = (mf)?. The renormalization factors of the squark field and

mass in the MS scheme for r¥ = p¥ = r* = p* =1 are:

ZLRMS 11 10? {( 16,5576 + 3.79201 o + (1 — ) log (a7 ) ) (é [1)) \ %(f é)}
o 2t o o
257 <1 5 (e 2w () (5 9) 45 (3 5))-
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Perturbative Calculations and Results for field and mass renormalization factors

One-Loop Ghost Propagator

The ghost inverse propagator is obtained at one-loop order by summing
the diagrams contributing to the 2-pt Green's function (c¢)

A

Figure 6: One-loop diagrams for the ghost two-point Green's function.
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Perturbative Calculations and Results for field and mass renormalization factors

Lattice One-Loop Result — Ghost Field Renormalization

The inverse ghost propagator takes the form:

(c(q) ()it = (27)*6(q — ¢') 6°° [¢* — £2(q)] ,

where:

st () = ENe oo 120290 — 2(3— a) log (?
£(q) = £ q* | 4.6086 — 1.2029 2 — 5 (3~ a) log (a”¢?)

The ghost field renormalization factor is determined from:
N -1

\MS LR,MS _\LR

<Cc>inv - |:ZC ] <Cc>inv’

which yields the following expression for ZCLR’W:

_ 2\, 1
ZLRNS _ 1 _ 51767# [3.6086 — 1.2029.0 - 43— a)log (272 |.
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Summary — Conclusion

Summary — Conclusion

In our ongoing work, we will compute the renormalization factors and
counterterms associated with the gauge, Yukawa, and

couplings.

We will also investigate whether can

eliminate the critical squark mass.

Furthermore, we study perturbatively the mixing of the supercurrent
operator upon renormalization using improved lattice discretizations in

N - 1 SYM . See the poster by Marios Costa, "Perturbative Renormalization of Noether Currents in SYM with Improved

Discretizations”

Advantages of the Overlap Formulation

» Lattice-modified chiral symmetry at finite lattice spacing.

» Absence of fermion doublers while maintaining locality.

> Reduced set of lattice counterterms (no additive quark and gluino
mass) compared with Wilson fermions.

» Framework for nonperturbative simulations.
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Summary — Conclusion
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