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Spectral functions from LQCD?
6 52. Plots of Cross Sections and Related Quantities
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Figure 52.3: R in the light-flavor, charm, and beauty threshold regions. Data errors are total
below 2 GeV and statistical above 2 GeV. The curves are the same as in Fig. 52.2. Note: CLEO data
above Ã (4S) were not fully corrected for radiative e�ects, and we retain them on the plot only for
illustrative purposes with a normalization factor of 0.8. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [100]. The computer-readable
data are available at http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and
HEPDATA (Durham) Groups, August 2019.)
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Opportunities: possible applications 
Challenges: available methods, 

limitations

Reconstructing the R-ratio from lattice 
correlators = an ill-posed problem

This talk:

But, not about finite T apps, sorry!

6 52. Plots of Cross Sections and Related Quantities

R in Light-Flavor, Charm, and Beauty Threshold Regions

10
-1

1

10

10 2

0.5 1 1.5 2 2.5 3

Sum of exclusive
measurements

3 loop pQCD

Naive quark model

u, d, s

ρ

ω
φ

ρ′

Inclusive:

KEDR

BES

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark-I

Mark-I + LGW

Mark-II

PLUTO

Crystal Ball

BES

KEDR

J/ψ ψ(2S)

ψ3770

ψ4040

ψ4160

ψ4415

c

2

3

4

5

6

7

8

9.5 10 10.5 11

MD-1
ARGUS CLEO CUSB DHHM

Crystal Ball CLEO II DASP LENA

Υ(1S)
Υ(2S)

Υ(3S)

Υ(4S)

b

√

s [GeV]

R

Figure 52.3: R in the light-flavor, charm, and beauty threshold regions. Data errors are total
below 2 GeV and statistical above 2 GeV. The curves are the same as in Fig. 52.2. Note: CLEO data
above Ã (4S) were not fully corrected for radiative e�ects, and we retain them on the plot only for
illustrative purposes with a normalization factor of 0.8. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [100]. The computer-readable
data are available at http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and
HEPDATA (Durham) Groups, August 2019.)

21st May, 2020 7:49pm

Smearing may be a compromise, or a 
built-in feature

(see, Bala at Lattice 2025)



(smeared) spectral density

E

ρ(E)

Lattice correlatorSmeared spectrum

with a chosen “kernel” K(E)

= linear reconstruction problem



Related talks at this conference

the relevant spectral function from Euclidean topological charge density correlators using the Hansen–Lupo–Tantalo

284. Light and strange quark masses in  QCD with Wilson-type fermions.
 Fernando Pérez Panadero (IFT-UAM/CSIC)

 2026/07/27 14:40

Standard-Model parame… Contributed talk …

Nf = 2 + 1

We report on the status of an ongoing determination of the light and strange quark masses in QCD with 
dynamical flavours. Using CLS gauge ensembles, we employ a combination of a unitary non-perturbatively -
improved Wilson setup and a mixed-action approach with Wilson twisted-mass quarks at maximal twist in the valence.

Nf = 2 + 1
O(a)

119. Machine-Learning-Accelerated Multigrid Setup for Lattice QCD Dirac Solves
 Simon Pfahler (University of Regensburg)

 2026/07/27 14:40

Algorithms and artificial … Contributed talk …

Gauge-field generation in lattice QCD is dominated by repeated solves of the Dirac equation. While multigrid
preconditioners reduce solve costs significantly, their expensive setup phase limits overall efficiency. We introduce a
gauge-equivariant neural network that accelerates this setup by using approximate low modes from previous

58. Mellin moments of proton unpolarized GPDs at nonzero skewness from lattice QCD with neural
networks
Manuel Colaço (Adam Mickiewicz University)

 2026/07/27 14:40

Structure of hadrons an… Contributed talk …

This talk presents an extraction of Mellin moments of the proton unpolarized generalized parton distributions (GPDs) at
nonzero skewness from lattice QCD. The analysis builds on the recent studies of GPDs at nonzero skewness, which,
together with the polynomiality relations and short-distance factorization matching, connect the moments to generalized

250. Nevanlinna-Pick interpolation from uncertain Euclidean correlation functions
 Sarah Fields (Columbia University)

 2026/07/27 14:40

Quark and lepton flavor … Contributed talk …

The calculation of inclusive observables remains a significant challenge for lattice QCD, where the inverse problem of
relating Euclidean-space data to real-time, multi-particle processes is inherently ill-posed. This work further develops a
potential first-principles solution to this inverse problem which uses Nevanlinna-Pick interpolation to determine inclusive

331. Portability without Code Changes: Scaling QDP-JIT/Chroma via LLVM across NVIDIA, AMD, and
Intel GPUs
 Frank Winter (Jefferson Lab)

 2026/07/27 14:40

Standard-Model parame

Algorithms and artificial 

Structure of hadrons an

Quark and lepton flavor 
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190. Renormalization and Improvement Conditions from Flowed Fermion Fields
 Lukas Holan (Humboldt University of Berlin)

 2026/07/27 14:20

Standard-Model parame… Contributed talk …

Non-perturbative determinations of renormalization and improvement coefficients are an integral part of the continuum
limit of lattice calculations. We explore an alternative strategy that uses composite operators at positive flow time as
probes together with finite axial Ward identities to resolve the mixing due to the breaking of chiral symmetry generated by

328. Toward Compute-Bound Lattice-QCD Software
 Anthony Grebe (University of Maryland, College Park)

 2026/07/27 14:20

Software development a… Contributed talk …

Historically, the cost of lattice-QCD calculations was dominated by applications of the Dslash matrix on a single right-
hand side, which is constrained by memory-bandwidth limits to run at a small fraction (10-20%) of the available
processing power.  The advent of multigrid methods and multi-right-hand-side solvers mean that these limits are no

136. Towards the smeared R-ratio with Nf=2+1+1 highly improved staggered quarks
Matteo Saccardi (Colorado State University)

 2026/07/27 14:20

Quark and lepton flavor … Contributed talk …

In this talk we present the ongoing effort of the Fermilab Lattice and MILC Collaboration to compute the smeared -ratio
using  HISQ gauge-field ensembles. We discuss closure tests for mock data which incorporate taste-
breaking and finite-volume effects to mimic real light-quark connected vector isovector correlation functions. This

R
Nf = 2 + 1 + 1

291. A framework for the automated evaluation of two- and three-point correlation functions using
distillation
 John Bulava
 2026/07/27 14:40

Hadronic and nuclear sp… Contributed talk …

We present a suite of software for every part of the workflow for evaluating correlation functions on an ensemble of
gauge configurations: the construction of irreducible hadron operators, the enumeration of Wick contractions, and the
resultant tensor contractions. The workflow is illustrated for correlators between one-, two- and three-hadron operators

155. Lattice determination of the topological rate at finite momentum in SU(3) Yang-Mills
 Roberto Dionisio (University of Pisa, INFN sez. di Pisa)

 2026/07/27 14:40

Theoretical developmen… Contributed talk …

We present a first lattice study of the momentum-dependent real-time topological transition rate in quenched QCD. In full
QCD, this quantity plays an important role in determining the hot axion abundance. The rate is obtained by reconstructing

Standard-Model parame

Software development a
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Software development a… Contributed talk …

Maintaining software portability across diverse accelerated hardware architectures remains a critical challenge for the
lattice QCD community. The QDP-JIT library addresses this by providing a transparent, drop-in replacement for QDP++,
enabling Chroma applications to run with high efficiency on modern GPUs without requiring any modifications to high-

12. Simulating lattice gauge theories on hybrid qubit-qumode quantum platforms
 Tommaso Rainaldi (Stony Brook University)

 2026/07/27 14:40

Quantum computing an… Contributed talk …

We present a versatile quantum computing framework designed to simulate real-time dynamics on emerging hybrid
hardware platforms that provide simultaneous access to both discrete (qubits) and continuous (qumodes) quantum
resources. This framework leverages continuous-variable bosonic modes to represent the infinite-dimensional Hilbert

320. Bootstrapping spectral functions
 Ryan Abbott (Columbia University)

 2026/07/27 15:00

Quark and lepton flavor … Contributed talk …

The problem of reconstructing spectral densities from noisy Euclidean-time Monte-Carlo data provides a valuable test-
bed for investigating real-time and inclusive observables, and sign problems more broadly. In this talk, I will discuss the
causal bootstrap, a new method for spectral reconstructions that unifies several approaches, including analyticity-based

197. Lattice calculation of Generalized Parton Distribution with large-logarithm resummation at non-
zero skewness
 Jack Holligan
 2026/07/27 15:00

Structure of hadrons an… Contributed talk …

Large-momentum effective theory (LaMET) allows for a direct calculation of -dependent generalized parton
distributions (GPDs) with skewness value  on the Euclidean lattice. Large logarithms become present in the lightcone
matching process as the momentum fraction of the studied parton approaches 1. We demonstrate a method of

x
ξ

68. Measurement-based simulation of lattice gauge theory dynamics with adaptive quantum circuits
on a trapped-ion processor
 Takuya Okuda (University of Tokyo)

 2026/07/27 15:00

Quantum computing an… Contributed talk …

Real time dynamics of lattice gauge theories are difficult to access with Euclidean Monte Carlo methods and challenging
to implement on quantum devices, where noise can drive states out of the gauge invariant sector. I will present an
experimental realization of measurement based quantum simulation (MBQS) for a  dimensional  lattice gauge(2 + 1) Z2

Software development a

Quantum computing an
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217. Noise reduction for disconnected diagrams
 Luchang Jin (Univeristy of Connecticut)

 2026/07/27 15:00

 1 Hadronic and nuclear sp… Contributed talk …

We present a noise reduction technique for disconnected diagrams in lattice QCD correlation functions, using the 
meson as an illustrative example. The method constructs a noise-reduced interpolating operator by subtracting a
truncated-gauge-configuration estimate of the disconnected contribution. The truncated configuration restricts the gauge

η

129. PerfAdvisor: An LLM-based Agent for Diagnosing Bottlenecks from GPU Systems Profiles
 Leon Hostetler (Indiana University)

 2026/07/27 15:00

Software development a… Contributed talk …

We introduce PerfAdvisor, a lightweight Python package that uses an LLM-driven agent loop to diagnose GPU
performance bottlenecks from supercomputer profiles. Modern HPC profiles contain millions of events across kernels,
MPI calls, memory transfers, and idle gaps, making manual diagnosis slow and expert-intensive. PerfAdvisor automates

172. Spectral reconstruction of the inclusive tau decay-rate with  boundary conditions
 Erik Bäske (Humboldt-Universität zu Berlin)

 2026/07/27 15:00

Standard-Model parame… Contributed talk …

C ∗

Current discrepancies between inclusive and exclusive determinations of the CKM matrix-element  necessitate the
inclusion of isospin-breaking effects to reach sub-percent precision. Here we present some results of an exploratory
study of the determination of the inclusive hadronic decay-rate of the tau lepton without neglecting isospin-breaking

Vus

335. The Renormalization-Group Preconditioned Conjugate Gradient for Domain Wall Fermions
Mr Jonah Eick (Columbia University)

 2026/07/27 15:00

Algorithms and artificial … Contributed talk …

We report on the current status of the renormalization-group preconditioned conjugate gradient (RGPCG) for domain wall
fermions (DWF), an algorithm that leverages the correspondence between low modes of the Dirac operator on ensembles
related by RG-blocking to produce a preconditioner with small setup overhead. We have studied this approach for Möbius

33. Topological susceptibility in the 2d  nonlinear sigma model using the tree-level improved
gradient flow
Mika Lauk (HU-Berlin)

 2026/07/27 15:00

 1 Theoretical developmen… Contributed talk …

O(3)

The two-dimensional  nonlinear sigma model is a well known toy model for studying non-perturbative phenomena inO(3)

Hadronic and nuclear sp

Software development a

Standard-Model parame
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quantum field theory and QCD. With the latter it shares the fact that there is a non-trivial topological structure and the

46. SB for lattice QED in a strong external magnetic field --  dependence of the chiral condensate
 Donald Sinclair (Argonne National Laboratory)

 2026/07/27 15:20

Theoretical developmen… Contributed talk …

χ eB

We use RHMC simulations to study chiral symmetry breaking for massless lattice QED in a strong external magnetic
field. Our earlier simulations had shown that chiral symmetry is broken by a strong external magnetic field  with

 at bare coupling  and predicted the condensate in the massless limit. We
B

eB = 2π × 100/362 = 0.4848. . . α = 1/5

188. First experiences operating and using ILDG 2.0
 Gunnar Bali (Universität Regensburg), Giovanni Pederiva (FZ Jülich)

 2026/07/27 15:20

 1 Software development a… Contributed talk …

The International Lattice Data Grid (ILDG) is a global infrastructure for data sharing. It currently mainly aims for sharing
ensembles of gauge field configurations. We present the status of the redesigned version of this infrastructure (ILDG 2.0),
together with first user-experiences. A short live demonstration of basic functionalities will be carried out.

238. Hadronic running of the electromagnetic coupling: comparisons of perturbative and lattice
results above 1GeV
 David Mason (JSC)

 2026/07/27 15:20

 1 Standard-Model parame… Contributed talk …

The electromagnetic coupling at the  pole, , is a key input for electroweak precision tests and searches for
physics beyond the Standard Model. Fully exploiting the potential of future collider experiments will require a significant
reduction of the theoretical uncertainties on this quantity. The dominant source of uncertainty stems from the hadronic

Z αem(M 2
Z)

267. Kernel transformations for smeared spectral functions
William Jay (Colorado State University)

 2026/07/27 15:20

Quark and lepton flavor … Contributed talk …

Smeared spectral functions play a central role in the extraction of many inclusive hadronic observables. This talk will
discuss recent work on kernel transformations, a framework for transforming between smeared spectral functions
computed using different smearing kernels. Analytic and regulated solutions will be presented, with an emphasis on

140. Real Time GEVP on Quantum Hardware
 Valery Simonyan (University of Maryland)

 2026/07/27 15:20

Quantum computing an… Contributed talk …

Theoretical developmen

Software development a

Standard-Model parame
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Wayne Morris (National Yang Ming Chiao Tung University)

 2026/07/28 14:00
Structure of hadrons an… …

The Collins-Soper kernel is a key, universal quantity that relates transverse momentum dependent distributions (TMDs) at
different rapidity scales through an evolution equation. The CS kernel may be obtained through the TMD soft function by
formulating the Wilson line in terms of 1-dimensional auxiliary fermion fields on the lattice. The complex auxiliary field

22. Lattice Field theories with Tensor Networks
 Adwait Naravane (Ghent university)

 2026/07/28 14:00

Quantum computing an… Contributed talk …

Tensor networks offer a sign-problem-free framework for studying lattice field theories, provide direct access to partition
functions, free energies, and correlation functions through controlled, deterministic approximations. This introductory talk
aims to bridge the gap for the lattice community by presenting the essential concepts and computational tools of the

59. Progress on scalar singlets and glueballs in lattice gauge theories coupled to matter fields in
multiple representations
 Nuno Brito (University of Plymouth)

 2026/07/28 14:00

Theoretical developmen… Contributed talk …

We investigate the low-lying flavour-singlet spectrum of an  lattice gauge theory with fermions in both the
fundamental and two-index antisymmetric representations, using the Wilson gauge action and Wilson fermions. Our
analysis employs a generalized eigenvalue problem on a basis of smeared interpolating operators comprising glueball

Sp(4)

138. Reconstructing spectral densities from integral transforms I
Matteo Saccardi (Colorado State University)

 2026/07/28 14:00

Hadronic and nuclear sp… Contributed talk …

Spectral densities encode key QCD observables, including hadronic decay rates, cross sections, and transport properties
of the quark-gluon plasma. Their Laplace transform corresponds to Euclidean correlation functions, which can be
accessed non-perturbatively from first-principles lattice QCD. In this talk, we present analytic formulae to carry out the

322. First constraints on the nonperturbative gluon Collins-Soper kernel
 Artur Avkhadiev
 2026/07/28 14:20

Structure of hadrons an… Contributed talk …

This talk will present the first nonperturbative constraints on the gluon (CS) Collins-Soper kernel — a universal anomalous
dimension of transverse-momentum-dependent gluon distributions — in the range of transverse momentum scales

. The constraints are obtained with lattice QCD at a close-to-physical pion massqT ∈ [300 MeV, 1.3 GeV]
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48. Gauge-invariant PEPS for pure Z_2 gauge theory and its entanglement
 Etsuko Itou
 2026/07/28 14:20

Quantum computing an… Contributed talk …

We investigate the entanglement structure of the 2+1-dimensional Z_2 lattice gauge theory using tensor-network
methods. We construct gauge-invariant ground state based on the gauged Gaussian PEPS (GGPEPS) ansatz proposed by
Zohar et al., which automatically satisfies Gauss’ law. This ansatz enables us to study the theory over a wide range of

108. Kaon semileptonic form factor using  PACS10  configurations
 Takeshi Yamazaki (University of Tsukuba)

 2026/07/28 14:20

Quark and lepton flavor … Contributed talk …

Nf = 2 + 1 + 1 c

We present a calculation of the form factors for the kaon semileptonic decay process using the 
PACS10  configurations. These configurations are generated with the Iwasaki gauge action and the 
stout-smeared nonperturbatively  improved Wilson quark action at the three lattice spacings, 0.08, 0.06, and 0.04

Nf = 2 + 1 + 1
c Nf = 2 + 1 + 1

O(a)

62. Progress on the Sp(4) lattice gauge theory at finite temperature in the presence of fermions
 Alexis Harilaos Verney-Provatas (Swansea University/The University of Edinburgh)

 2026/07/28 14:20

Theoretical developmen… Contributed talk …

We investigate, for the first time, the Sp(4) lattice gauge theory in the presence of fermions at finite temperature,
examining the theory with two dynamical Wilson fermions in the fundamental representation. The continuum theory is of
interest as it provides a realisation of composite dark matter and may generate an observable stochastic gravitational

149. Reconstructing spectral densities from integral transforms II
 Diego Toniolo (University of Milan-Bicocca)

 2026/07/28 14:20

Hadronic and nuclear sp… Contributed talk …

Spectral densities encode key QCD observables, including hadronic decay rates, cross sections, and transport properties
of the quark-gluon plasma. Their Laplace transform corresponds to Euclidean correlation functions, which can be
accessed non-perturbatively from first-principles lattice QCD. Building on our formalism describing how spectral

317. Renormalized quark masses from gradient flow using HISQ ensembles
Mingwei Dai (University of Illinois Urbana-Champaign)

 2026/07/28 14:20

Standard-Model parame… Contributed talk …

Renormalized quark masses are fundamental parameters of the Standard Model, serving as critical inputs for theoretical
predictions across a wide range of physics processes. In this work, we study Highly Improved Staggered Quark (HISQ)

Quantum computing an

Quark and lepton flavor 
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Twisted-Clover simulations at the physical point carried out by ETM collaboration.

The  form factors, which have been recently submitted to arXiv:2605.22742, are extrapolated to the continuum limitK
288. Spectral reconstruction for reduced excited-state contamination in Euclidean correlators
 Davide Laudicina (Ruhr Universität Bochum)

 2026/07/28 14:40

 1 Hadronic and nuclear sp… Contributed talk …

We present a strategy, based on spectral reconstruction techniques, to extract ground-state energies of Euclidean
correlators from smeared observables. The reconstruction acts as a filter on the higher-lying spectrum, suppressing
excited-state contamination with respect to the original correlator. The residual contamination is controlled by the

308. Wavelet Matrix Product States for Quantum Fields
Molly Kaplan (Inria/Mines Paris - PSL)

 2026/07/28 14:40

Quantum computing an… Contributed talk …

In this talk, I introduce a variational method to solve continuum quantum models with discrete tensor network
techniques. The method leverages wavelet matrix product states (wMPS): matrix product states built on top of
sufficiently regular ( ) Daubechies scaling functions. These states live in the continuum field theory Fock space,N ≥ 6

76. Worldvolume Hybrid Monte Carlo method for lattice gauge theories
Masafumi Fukuma (Kyoto University)

 2026/07/28 14:40

Algorithms and artificial … Contributed talk …

The Worldvolume Hybrid Monte Carlo (WV-HMC) method is designed to address the numerical sign problem while
avoiding the ergodicity issues inherent in the Lefschetz thimble method. Using a general prescription for applying WV-
HMC to group manifolds, I demonstrate its successful application to lattice gauge theories with complex actions.

248. Analyzing the entanglement property of Clifford-circuits augmented MPS
 Akira Matsumoto (Graduate School of Science, Osaka Metropolitan University)

 2026/07/28 15:00

Quantum computing an… Contributed talk …

Clifford circuit is a special type of quantum circuit that can generate entanglement states while remaining easily
simulable on classical computers. Recently, Clifford-circuits augmented MPS (CAMPS) has been proposed, which
consists of the Clifford circuit and matrix product state (MPS). The CAMPS can describe strongly entangled states with

342. Crafting the change of variables for HMC
 Xiao-Yong Jin
 2026/07/28 15:00

Algorithms and artificial … Contributed talk …
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We explore how a change of variables impacts HMC sampling in lattice gauge theories. Using a 2D U(1) pure gauge
system as a testbed, we introduce a local change of variables while keeping the computational cost of the Jacobian low.
We analyze how different formulations affect the effective action and the effective force, comparing them to existing field

263. Finite-volume corrections to smeared spectral densities
 Francesca Argia Bresciani (University of Milano-Bicocca)

 2026/07/28 15:00

Hadronic and nuclear sp… Contributed talk …

We present a general framework for quantifying finite-volume effects on smeared spectral densities and apply the result
both formally and numerically to the vector-vector channel. Using two independent approaches — finite-volume
corrections to Euclidean two-point functions and the Lellouch-Lüscher-Meyer formalism — we show that the leading

314. Four flavors of MDWF
 Andre Walker-Loud (Lawrence Berkeley National Laboratory)

 2026/07/28 15:00

Quark and lepton flavor … Contributed talk …

I will describe our new lattice action using Möbius Domain Wall Fermions (MDWFs). The gauge action is tree-level
Symanzik-improved with a rectangle coefficient of  and bare coupling . The four flavors of MDWF utilize a
Dirac operator with 8 iterations of Stout link smearing with , which is comparable to gradient-flow smearing

c1 = −1/12 β
ρ = 1/8

32. Proton TMDPDFs from Lattice QCD Using Domain-Wall Fermions
 Jinchen He (University of Maryland)

 2026/07/28 15:00

Structure of hadrons an… Contributed talk …

We present the first lattice-QCD determination of isovector proton transverse-momentum-dependent parton distribution
functions (TMDPDFs) simultaneously in the unpolarized, helicity, and transversity channels. The calculation is performed
within large-momentum effective theory using Coulomb-gauge-fixed quasi-TMD correlators on a -flavor domain-2 + 1

315. Update on hadronic  decays at the SU(3) flavour symmetric point
Max Hansen
 2026/07/28 15:00

 1 Standard-Model parame… Contributed talk …

D

We report on recent progress in extracting multi-hadron  decay amplitudes in a pilot study using three ensembles of
stabilised Wilson fermions at the SU(3) flavour-symmetric point. Our focus is on the analogue of , where the
final state is in the flavour 27-plet. The calculation involves two key steps: determining the finite-volume spectrum for five

D
D → Kπ

133. Zeros of the partition function for 12 flavor QCD and the spectral gap
 Yannick Meurice (University of Iowa)

 2026/07/28 15:00
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We explore how a change of variables impacts HMC sampling in lattice gauge theories. Using a 2D U(1) pure gauge
system as a testbed, we introduce a local change of variables while keeping the computational cost of the Jacobian low.
We analyze how different formulations affect the effective action and the effective force, comparing them to existing field

263. Finite-volume corrections to smeared spectral densities
 Francesca Argia Bresciani (University of Milano-Bicocca)

 2026/07/28 15:00

Hadronic and nuclear sp… Contributed talk …

We present a general framework for quantifying finite-volume effects on smeared spectral densities and apply the result
both formally and numerically to the vector-vector channel. Using two independent approaches — finite-volume
corrections to Euclidean two-point functions and the Lellouch-Lüscher-Meyer formalism — we show that the leading

314. Four flavors of MDWF
 Andre Walker-Loud (Lawrence Berkeley National Laboratory)

 2026/07/28 15:00

Quark and lepton flavor … Contributed talk …

I will describe our new lattice action using Möbius Domain Wall Fermions (MDWFs). The gauge action is tree-level
Symanzik-improved with a rectangle coefficient of  and bare coupling . The four flavors of MDWF utilize a
Dirac operator with 8 iterations of Stout link smearing with , which is comparable to gradient-flow smearing

c1 = −1/12 β
ρ = 1/8

32. Proton TMDPDFs from Lattice QCD Using Domain-Wall Fermions
 Jinchen He (University of Maryland)

 2026/07/28 15:00

Structure of hadrons an… Contributed talk …

We present the first lattice-QCD determination of isovector proton transverse-momentum-dependent parton distribution
functions (TMDPDFs) simultaneously in the unpolarized, helicity, and transversity channels. The calculation is performed
within large-momentum effective theory using Coulomb-gauge-fixed quasi-TMD correlators on a -flavor domain-2 + 1

315. Update on hadronic  decays at the SU(3) flavour symmetric point
Max Hansen
 2026/07/28 15:00

 1 Standard-Model parame… Contributed talk …

D

We report on recent progress in extracting multi-hadron  decay amplitudes in a pilot study using three ensembles of
stabilised Wilson fermions at the SU(3) flavour-symmetric point. Our focus is on the analogue of , where the
final state is in the flavour 27-plet. The calculation involves two key steps: determining the finite-volume spectrum for five

D
D → Kπ

133. Zeros of the partition function for 12 flavor QCD and the spectral gap
 Yannick Meurice (University of Iowa)

 2026/07/28 15:00

Hadronic and nuclear sp

Quark and lepton flavor 
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225. Resolving vector-current spectral functions with singular value decomposition
 Sakura Itatani (SOKENDAI / KEK)

 2026/07/29 9:20

Hadronic and nuclear sp… Contributed talk …

We study vector current correlators using the singular value decomposition (SVD) of the Laplace kernel, ,
which identifies the components of the spectral function that can be reliably reconstructed from Euclidean correlator
data. The vector-current correlator provides access to the spectrum of interacting two-pion states, including the -

exp(−ωτ)

ρ

285. Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-
Laplace transform. Analytical characterisation
 Jose Alejandro Vidal Maxia (University of Parma & INFN)

 2026/07/29 9:20

Algorithms and artificial … Contributed talk …

We will discuss the analytical characterisation of the Laplace transform inversion problem turned into a finite-
dimensional linear system. This is done via a Gauss-Laguerre quadrature rule and regularised by means of a Tikhonov
prescription. This, in the light of solutions obtained by, e.g., M. Hansen, et al. & M. Saccardi et al. via the implementation

86. Step-scaling determination of the SU( ) -parameter in the twisted gradient flow scheme
 Andrea Giorgieri (University of Pisa, INFN)

 2026/07/29 9:20

Vacuum structure and c… Contributed talk …

N Λ

We compute the -parameter of SU( ) Yang--Mills theories for  using the step-scaling method. We use the
gradient flow scale  for scale setting, and we implement the step-scaling method in the twisted gradient flow scheme, a
finite-volume renormalization scheme that combines twisted boundary conditions with a coupling defined via the

Λ N N = 3, 5, 8
t0

178. CaRBM: A Fixed-Depth Quantum Algorithm with Partial Correction for Thermal State Preparation
 Omar Alsheikh
 2026/07/29 9:40

Quantum computing an… Contributed talk …

We introduce the CaRBM algorithm for fixed-depth thermal state preparation. Our algorithm is based on thermal state
purification and uses the Restricted Boltzmann Machine (RBM) block-encoding scheme to implement the imaginary-time
propagator , which is implemented in the quantum circuit in a fixed-depth manner via Cartan decomposition. Oure−βH

130. From lattice QCD to ab initio nuclear physics via finite-volume pionless EFT
 Rosemary Zielinski (Massachusetts Institute of Technology)

 2026/07/29 9:40

Hadronic and nuclear sp… Contributed talk …

Lattice QCD calculations of many-body nuclear systems are prohibitively expensive due to the signal-to-noise problem.
An alternative framework to compute nuclear observables from first principles is to compute few-nucleon quantities and
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match them directly to pionless EFT to obtain LECs, which can then be used in nuclear many-body methods. This work

164. Gradient-Flow Actions, Integerness, and Gluonic--Fermionic Topology Matching in SU(3) Yang--
Mills Theory
 Akio Tomiya (Tokyo Woman’s Christian University)

 2026/07/29 9:40

Vacuum structure and c… Contributed talk …

We study topology readout in  Yang--Mills theory using several gradient-flow actions. We monitor the integerness
of the gluonic topological charge , admissibility-related diagnostics, and the matching between  and the
overlap Dirac index as probes of topological sector identification. We compare Wilson, tree-level Symanzik, Iwasaki, and

SU(3)
Q(t) roundQ(t)

116. Improving the Wilson action
 Jorge Baeza Ballesteros (DESY Zeuthen)

 2026/07/29 9:40

 1 Hadronic and nuclear sp… Contributed talk …

A very popular choice for the fermion action used in lattice computations is the well-known -improved Wilson
action, which has been successfully employed in a wide range of applications. However, experience with this action has
also revealed some of its limitations, such as the presence of small and even negative eigenvalues of the lattice Dirac

O(a)

13. Inverse-problem-free parton distributions from lattice QCD
 Dr Rui Zhang (MIT)

 2026/07/29 9:40
Structure of hadrons an… …

On a finite lattice, quasi-parton distributions defined from Coulomb-gauge correlators can be computed directly in
momentum space, enabled by the commutativity of renormalization and Fourier transform. As a result, the inverse
problem in Fourier reconstruction is eliminated and replaced by finite-volume effects that can be systematically

321. Isospin-breaking corrections for muon g-2 hadronic vacuum polarization
 Ethan Neil
 2026/07/29 9:40

 1 Quark and lepton flavor … Contributed talk …

We give an update on progress by the Fermilab Lattice, HPQCD, and MILC collaborations on computing isospin-breaking
corrections for the hadronic vacuum polarization (HVP) contribution to the muon's anomalous magnetic moment. These
effects, specifically electromagnetic corrections and strong-isospin breaking (SIB) corrections, are small but important to

310. Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-
Laplace transform. Numerical treatment.
 Francesco Di Renzo
 2026/07/29 9:40

Vacuum structure and c
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Algorithms and artificial … Contributed talk …

Euclidean lattice correlators can be written as Laplace transforms of given spectral functions. Solving for the latter would
thus simply amount to computing anti-transforms, which is unfortunately the prototype of an ill-posed problem. If one
numerically approximates the integral transform via (e.g.) Gauss-Laguerre quadratures, the inverse problems is turned

287. Bridging Euclidean Methods for Parton Distributions with Machine Learning
 Alex NieMiera (Michigan State University)

 2026/07/29 10:00

Structure of hadrons an… Contributed talk …

In this work, we develop a unified machine learning strategy based on a variational autoencoder inverse mapper (VAIM)
to explore the complementarity of the quasi-PDF and pseudo-PDF methodologies. VAIM is a conditional variational
autoencoder–based framework that learns a low-dimensional latent representation of nonperturbative QCD information

303. Direct and indirect inverse-Laplace strategies for spectral reconstruction
 Demetrianos Gavriel
 2026/07/29 10:00

Algorithms and artificial … Contributed talk …

Reconstructing spectral information from Euclidean lattice correlators is a central inverse problem in lattice QCD. The
correlator is related to the underlying spectrum through a Laplace-type transform, but inverting this relation from finite
and noisy data is severely ill-conditioned. In this contribution, we discuss two complementary strategies for approaching

277. Dissipative State Preparation for Lattice Gauge Theories
 Hersh Kumar (University of Maryland College Park)

 2026/07/29 10:00

Quantum computing an… Contributed talk …

Preparing low-energy states of lattice gauge theories (LGT) on quantum computers remains a central challenge.
Standard approaches such as adiabatic evolution, variational algorithms, and eigenstate filtering are often limited by
large circuit depths, closing gaps, costly classical optimization, or the need for high-overlap initial states. Dissipative

144. Dyon Condensation at  from Wilson-'t Hooft Loops in Yang-Mills Theory
 Dr Okuto Morikawa (RIKEN iTHEMS)

 2026/07/29 10:00

Vacuum structure and c… Contributed talk …

θ = 2π

We report a lattice study of the confinement vacuum of  Yang--Mills theory at  using Wilson--'t~Hooft loop
observables. Although Yang--Mills theories at  and  are unitarily equivalent, recent developments in generalized
global symmetries predict that the confining vacua at  and  are distinguished as symmetry-protected

SU(2) θ = 2π
θ θ + 2π

θ = 0 θ = 2π

222. Highly improved staggered quarks on anisotropic lattices
 Oleksiy Bazavov (Michigan State University (US))
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254. Simulating the string formulation of SU(3) lattice gauge theory
 Benjamin Izett (ETH Zürich)

 2026/07/31 16:50

Algorithms and artificial … Contributed talk …

We review the string formulation of gauge fields on a finite lattice with periodic boundary conditions, as proposed by
Batrouni and Halpern in 1984. Simulation results using the Hybrid Monte Carlo algorithm are reported. The properties of
the molecular dynamics force under gauge transformations are compared with the Wilson formulation and we discuss

234. The axion-photon coupling from lattice QCD
Mr Gergely Marko (Eotvos Lorand University, Institute of Physics)

 2026/07/31 16:50

Theoretical developmen… Contributed talk …

Axions were first proposed as a solution to the strong CP problem, but they also act as prime dark matter candidates.
Detection of axions hinges on their conversion to photons, governed by the axion-photon coupling. Besides the direct,
modeling dependent part, coupling can be realized through sea effects of the strong interaction. The value of the latter

117. The smeared R-ratio in isospin symmetric QCD from first-principles lattice simulations
 Francesca Margari (University of Rome Tor Vergata)

 2026/07/31 16:50

Quark and lepton flavor … Contributed talk …

The R-ratio is a phenomenologically important observable, relevant both in its own right and in applications such as the
dispersive approach to the muon anomalous magnetic moment. A first-principles lattice QCD investigation of the R-ratio
can be carried out with controlled statistical and systematic uncertainties, by introducing a suitable energy-smearing

300. Update on the calculation of the long-distance  exchange part of the hadronic light-by-light
(HLbL) contribution to muon g-2 from RBC-UKQCD.
 Anton Shcherbakov
 2026/07/31 16:50

Structure of hadrons an… Contributed talk …

π0

We will provide an update to the RBC-UKQCD collaborations on the lattice calculation of the position-space, long-distance
 exchange part of the HLbL contribution to the anomalous magnetic moment of the muon. We will present the results

of the calculation from 48I and 64I gauge-field ensembles at  GeV and  GeV, respectively.
π0

a−1 = 1.73 a−1 = 2.359

364. Comparison of Smearing Kernels for Field-Transformation HMC via the Master-Field Technique
 Shuhei Yamamoto (BNL)

 2026/07/31 17:10

Algorithms and artificial … Contributed talk …

The Field-Transformation Hybrid Monte-Carlo (FTHMC) algorithm potentially mitigates critical slowing down by
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combining the HMC with an invertible field transformation, originally proposed by Lüscher and motivated as trivializing

279. Dimensional Decomposition of Eigenstates in Chiral Anderson Models
 Navdeep Singh Dhindsa (TIFR Mumbai)

 2026/07/31 17:10

QCD at nonzero tempera… Contributed talk …

We apply the recently-developed technique of dimensional decomposition to eigenstates of chiral Anderson models. This
approach provides the complete information on effective dimensions present in a spatial structure. We focus on the
class of orthogonal models with logarithmic disorder in 3D, that bear interesting similarities to QCD in IR phase at the

185. Hadron structure from Hamiltonian lattice gauge theory with tensor networks
Manuel Schneider (National Yang Ming Chiao Tung University)

 2026/07/31 17:10

Structure of hadrons an… Contributed talk …

The rich internal structure of hadrons is encoded in partonic functions, such as parton distribution functions (PDFs) and
light-cone distribution amplitudes (LCDAs), which are crucial in collider experiments and decay processes. Calculating
them from first principles remains a major challenge: they require matrix elements with a Wilson line along a light-like

109. Inclusive  decay from lattice QCD
 Alessandro De Santis (Helmholtz-Institut Mainz, Johannes Gutenberg-Universität Mainz)

 2026/07/31 17:10

Quark and lepton flavor … Contributed talk …

B̄s → Xs̄cℓν̄

Inclusive semileptonic decays of  mesons play a central role in flavour physics, as they provide stringent tests of the
Standard Model. These processes can now be studied from first principles using lattice QCD simulations combined with
spectral reconstruction techniques. In this talk, we present the first non-perturbative calculation at physical point of the

B

127. The H-dibaryon at  from lattice QCD
 Juan Fernandez-de la Garza (University of Bern)

 2026/07/31 17:10

Hadronic and nuclear sp… Contributed talk …

mπ ≃ 200 MeV

We present a preliminary lattice QCD study of the H-dibaryon at a close-to-physical pion mass from a spectroscopic
analysis of the strangeness , iso-singlet baryon-baryon system on the CLS D200 ensemble. This ensemble has

 and , using a  lattice with spacing  and open temporal...
S = −2

mπ ≃ 200 MeV mK ≃ 480 MeV 643 × 128 a ≃ 0.065 fm

189. Gradient flow and heavy-light physics
 Oliver Witzel (University of Siegen)

 2026/07/31 17:30

Quark and lepton flavor … Contributed talk …

Gradient flow (GF) is a powerful concept to calculate important quantities in heavy flavor physics on the lattice. We
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159. Searching for symmetric mass generation with staggered fermions in four dimensions
 Gwen Hartshaw (Syracuse University)

 2026/07/30 16:10

Theoretical developmen… Contributed talk …

We conduct numerical simulations to map out the phase diagram and critical behavior of a lattice Higgs model
composed of a massless staggered fermion transforming in the fundamental representation of  and coupled to a
scalar field in the adjoint representation of the group. The scalar action consists of quadratic, quartic terms and a

SU(2)

14. Testing strong isospin breaking effects in QCD thermodynamics
 David Clarke
 2026/07/30 16:10
QCD at nonzero tempera… …

Most modern lattice QCD calculations take the masses of the light quarks to be degenerate, setting , a choice
that, while not exactly physical, increases computational efficiency and lowers the complexity of simulations and
analysis. For many observables, the systematic error associated with this simplification is expected to be negligible, as

mu = md

78. Continuum and chiral extrapolations in the lattice calculation of inclusive -meson
semileptonic decays
 Ryan Kellermann (High Energy Accelerator Research Organization (KEK))

 2026/07/30 16:30

Quark and lepton flavor … Contributed talk …

Ds

We report on recent progress in the calculation of inclusive semileptonic decay rates for  mesons from lattice QCD. In
this talk, we present results on the continuum and chiral extrapolations performed using gauge ensembles generated
with 2+1 flavors of Möbius domain-wall fermions. We obtain results that are in agreement with currently available

Ds

146. Direct Determination of the Sigma Terms of the Baryon Octet from  Lattice QCD
with Wilson fermions
 Pia Leonie Jones Petrak (JLab)

 2026/07/30 16:30

Structure of hadrons an… Contributed talk …

Nf = 2 + 1

Sigma terms are of fundamental interest as measures of the quark mass contributions to the mass of a given baryon. As
the key input for neutrino and nucleon cross-sections, the nucleon sigma terms are relevant for dark matter predictions.
Further, for the nucleon-pion sigma a long standing discrepancy between Lattice QCD and phenomenology persists. By

187. Neural Wavefunctions in Quantum Field Theory
 Suryansh Rajawat (University of Maryland)

 2026/07/30 16:30

Algorithms and artificial … Contributed talk …

We present a variational approach to quantum field theory based on wavefunctions parameterized by neural networks, as
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341. Spectral bounds and the design of interpolating operators
William Detmold
 2026/07/31 16:10

Hadronic and nuclear sp… Contributed talk …

Spectroscopy in lattice field theory begins with the choice of interpolating operators used to couple to the desired
quantum numbers. Since the Hilbert spaces of bosonic theories such as lattice QCD are essentially infinite dimensional,
standard spectroscopy techniques depend strongly on this choice in practice and require implicit assumptions about

184. Tensor renormalization group for four-dimensional SU(N) gauge theories
 Katsumasa Nakayama (RIKEN)

 2026/07/31 16:10

Algorithms and artificial … Contributed talk …

We apply the tensor renormalization group method to SU(N) non-Abelian gauge theories in three- and four-dimensional
spacetime. Using a sampling approach for the gauge group elements, we obtain expectation values that are consistent
with perturbation theory in both the strong- and weak-coupling regions. We propose several distributions for the random

326. Discretization effects in baryon-baryon scattering
Michael Wagman
 2026/07/31 16:30

Hadronic and nuclear sp… Contributed talk …

Multi-hadron spectroscopy is complicated by discretization and excited-state effects that must be disentangled to
reliably resolve finite-volume energy differences entering quantization conditions. I will present precise constraints on
baryon-baryon scattering from block Lanczos analyses of large interpolator sets, for which two-sided bounds provide

313. Isospin-breaking effects in inclusive hadronic tau data for the muon (g-2)
Mattia Bruno (Universita' di Milano-Bicocca)

 2026/07/31 16:30

Quark and lepton flavor … Contributed talk …

In this presentation we discuss a strategy to use experimental data from hadronic tau decays for the Hadronic-Vacuum-
Polarization contribution to the muon anomalous moment. Having a model-independent determination of the
corresponding isospin-breaking effects has been recently highlighted as a priority in the last White Paper. Here we

243. Quenched glueball and meson spectrum in the 't Hooft limit of lattice Yang-Mills theories
 Andrea Falzetti ("Sapienza" University of Rome)

 2026/07/31 16:30

Theoretical developmen… Contributed talk …

The study of large-  Yang-Mills theories is theoretically interesting because of the many mathematical simplifications
that appear when the rank of the gauge group goes to infinity, and the dynamics of such theories is conjectured to be key
to tackle other open problems such as the confinement mechanism. We report on the advancements in our efforts to

N
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Algorithms and artificial … Contributed talk …

We propose a multilevel generative sampling framework for lattice gauge theories designed to overcome topological
freezing by explicitly sampling all relevant topological sectors. The target distribution is decomposed into coarse and fine
scales using an RG-inspired blocking strategy. At each level, the generative sampler produces plaquette degrees of

153. Pion and Kaon Unpolarized Mellin Moments from Nonlocal Operators
 Joshua Miller
 2026/07/27 16:10

Structure of hadrons an… Contributed talk …

In recent years, methods such as large momentum effective theory (LaMET) and short distance factorization (SDF) have
allowed us to extract the -dependence of parton distribution functions (PDFs) utilizing non-local operators of a boosted
hadron. Contained within the PDFs is information on fundamental hadronic properties, such as the fraction of the hadron

x

264. Simulating Lattice Gauge Theories with Virtual Rishons
 David Rogerson (Rutgers University)

 2026/07/27 16:10

Quantum computing an… Contributed talk …

Classical tensor networks and hybrid quantum-classical algorithms offer a promising path toward simulating the real-
time dynamics of lattice gauge theories. In this talk, we present a novel framework that strictly enforces gauge symmetry
via a virtual quantum-link rishon representation. Crucially, both gauge and matter degrees of freedom are treated as

65. The Electromagnetic Form Factor of the Pion at Large 
 Ian Van Schalkwyk
 2026/07/27 16:10

Hadronic and nuclear sp… Contributed talk …

Q2

The accurate determination of the electromagnetic form factor of the pion ( ) is of direct phenomenological
relevance for upcoming experiments and understanding the transition between non-perturbative and perturbative QCD.
Calculations of  using Lattice QCD have traditionally presented significant challenges. We present new

Fπ(Q2)

Fπ(Q2)

216. Use QUDA with Python
 Xiangyu Jiang (Indiana University)

 2026/07/27 16:10

Software development a… Contributed talk …

We developed PyQUDA, a Python wrapper for QUDA written in Cython, designed to facilitate lattice QCD calculations
using the Python programming language. PyQUDA leverages the optimized linear algebra capabilities of NumPy/CuPy/
PyTorch, along with the highly optimized lattice QCD operations provided by QUDA to accelerate research. This

125. A calculation of the time-like pion form factor via an infinite-volume approach
Mr Gabriele Morandi (Università degli Studi di Milano - Bicocca)
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 2026/07/27 16:30

Hadronic and nuclear sp… Contributed talk …

In this work we present the first determination of the time-like isovector two-pion form factor from Lattice QCD from an
infinite-volume approach based on inverse-problem techniques. Starting from a three-point correlation function involving
the vector current and two temporally displaced pion interpolating operators, we reconstruct the spectral density related

118. Accelerating the HMC in openQxD using QUDA
 Justus Kuhlmann (ETH Zürich)

 2026/07/27 16:30

Software development a… Contributed talk …

We present recent developments in the openQxD code, developed by the RC* collaboration. We focus on first steps
towards offloading parts of the HMC algorithm using the recently completed interface of our code to the solvers
implemented in the QUDA library. As a first high-impact step, the inversions necessary for the pseudo fermion force are

49. From Lattice to Boundary: Symmetries and Anomalies of 3+1D Staggered Fermions
 Tatsuya Yamaoka (The university of Osaka)

 2026/07/27 16:30

Theoretical developmen… Contributed talk …

We investigate the mass term structure and anomalies of the 3+1-dimensional staggered fermion Hamiltonian. We show
that the lattice Hamiltonian possesses conserved charges generating the Onsager algebra, which realize

 in the continuum limit. We classify all bilinear mass terms local within aU(1)Fi ⊂ SU(2)L × SU(2)R (i = x, y, z)

253. Optimal Paths through Distribution Space for Mitigating Topological Freezing
 Roberto Dionisio (University of Pisa, INFN sez. di Pisa)

 2026/07/27 16:30

Algorithms and artificial … Contributed talk …

Efficient sampling across topological sectors is one of the central algorithmic challenges in lattice field theory.
Approaches based on interpolating distributions, such as parallel tempering with defects and learned-flow methods,
improve ergodicity by connecting an easily sampled reference system to the target theory, but their efficiency depends

152. Pion and kaon quark GPDs via LaMET and SDF
 Joseph Torsiello (Temple University)

 2026/07/27 16:30

Structure of hadrons an… Contributed talk …

We present a calculation of the  dependence of unpolarized quark GPDs for the pion and kaon on an 
ensemble of maximally twisted-mass fermions with a clover term, with lattice volume , lattice spacing

 fm, and pion mass  MeV. The matrix elements contain boosted hadrons coupled to nonlocal

x Nf = 2 + 1 + 1
323 × 64

a = 0.0934 mπ = 260

67. Quantum Simulations of Lattice QCD in the Representation Basis

Hadronic and nuclear sp

Software development a

Theoretical developmen

Algorithms and artificial 

Structure of hadrons an

The 43rd International Symposium on Lattice Field Theory (Lattice 2026) (2026年... https://indico.global/event/16565/contributions/

13 / 78 2026/07/19, 15:45

225. Resolving vector-current spectral functions with singular value decomposition
 Sakura Itatani (SOKENDAI / KEK)

 2026/07/29 9:20

Hadronic and nuclear sp… Contributed talk …

We study vector current correlators using the singular value decomposition (SVD) of the Laplace kernel, ,
which identifies the components of the spectral function that can be reliably reconstructed from Euclidean correlator
data. The vector-current correlator provides access to the spectrum of interacting two-pion states, including the -

exp(−ωτ)

ρ

285. Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-
Laplace transform. Analytical characterisation
 Jose Alejandro Vidal Maxia (University of Parma & INFN)

 2026/07/29 9:20

Algorithms and artificial … Contributed talk …

We will discuss the analytical characterisation of the Laplace transform inversion problem turned into a finite-
dimensional linear system. This is done via a Gauss-Laguerre quadrature rule and regularised by means of a Tikhonov
prescription. This, in the light of solutions obtained by, e.g., M. Hansen, et al. & M. Saccardi et al. via the implementation

86. Step-scaling determination of the SU( ) -parameter in the twisted gradient flow scheme
 Andrea Giorgieri (University of Pisa, INFN)

 2026/07/29 9:20

Vacuum structure and c… Contributed talk …

N Λ

We compute the -parameter of SU( ) Yang--Mills theories for  using the step-scaling method. We use the
gradient flow scale  for scale setting, and we implement the step-scaling method in the twisted gradient flow scheme, a
finite-volume renormalization scheme that combines twisted boundary conditions with a coupling defined via the

Λ N N = 3, 5, 8
t0

178. CaRBM: A Fixed-Depth Quantum Algorithm with Partial Correction for Thermal State Preparation
 Omar Alsheikh
 2026/07/29 9:40

Quantum computing an… Contributed talk …

We introduce the CaRBM algorithm for fixed-depth thermal state preparation. Our algorithm is based on thermal state
purification and uses the Restricted Boltzmann Machine (RBM) block-encoding scheme to implement the imaginary-time
propagator , which is implemented in the quantum circuit in a fixed-depth manner via Cartan decomposition. Oure−βH

130. From lattice QCD to ab initio nuclear physics via finite-volume pionless EFT
 Rosemary Zielinski (Massachusetts Institute of Technology)

 2026/07/29 9:40

Hadronic and nuclear sp… Contributed talk …

Lattice QCD calculations of many-body nuclear systems are prohibitively expensive due to the signal-to-noise problem.
An alternative framework to compute nuclear observables from first principles is to compute few-nucleon quantities and
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based on the use of an effective potential to describe particle interactions and makes it possible to incorporate one-
particle exchange (OPE) effects in the analysis of lattice results. From the potential, finite-volume energies and infinite-

373. Benchmarking lattice determinations of x-dependent hadron structure
 Christopher Monahan

Plenary talk

77. Disconnected diagram contribution to the nucleon structure with the PACS10 coarse lattice
 Ryutaro Tsuji (KEK)

Structure of hadrons an… Poster presentation

We study disconnected diagram contributions to the nucleon structure with one of the PACS10 ensembles.
Our gauge configurations are generated by the PACS Collaboration with the stout-smeared  improved Wilson
fermions and Iwasaki gauge action at  corresponding to the lattice spacing of 0.9 fm.

O(a)
β = 1.82

143. Discretization effects in  scattering from Staggered Chiral Perturbation Theory
 Ramón Merino (Universidad de Granada)

Hadronic and nuclear sp… Poster presentation

π − π

Lattice QCD computations using staggered quarks are affected by taste breaking and rooting effects that complicate the
extraction of scattering amplitudes from lattice data. As a first step towards developing a scattering formalism for
staggered quarks, we study  scattering using next-to-leading order Staggered Chiral Perturbation Theory (SChPT)π − π

139. Disentangling finite-volume and reconstruction errors on smeared spectral functions
Matteo Saccardi (Colorado State University)

Hadronic and nuclear sp… Poster presentation

Smeared spectral functions are crucial in particle physics, with their extraction from noisy finite-volume lattice correlation
functions presenting a numerically challenging inverse problem. In this poster, we present closure tests on a selection of
phenomenologically-inspired toy models, separately focusing on finite-volume and numerical reconstruction artifacts. We

334. Feynman-Hellmann determination of  transition matrix elements
Mischa Batelaan (Adelaide University)

Quark and lepton flavor … Poster presentation

K → π

We present a lattice QCD calculation of the  vector-current matrix element using a flavour-changing Feynman-
Hellmann approach, extending the transition-matrix-element formalism developed for baryons to the meson sector.
A flavour-changing temporal vector current added to the action mixes the  and  interpolating fields, and the matrix

K → π

K π

372. Hadron spectroscopy and exotics from lattice QCD
 Dr M. Padmanath (The Institute of Mathematical Sciences Chennai)

Plenary talk

Plenary session

Plenary session

The 43rd International Symposium on Lattice Field Theory (Lattice 2026) (2026年... https://indico.global/event/16565/contributions/

74 / 78 2026/07/19, 15:45

 2026/07/28 15:20

Theoretical developmen… Contributed talk …

We present a lattice formulation of  supersymmetric QCD (SQCD) based on overlap fermions, providing a
discretization consistent with the Ginsparg–Wilson relation. Particular emphasis is placed on the construction of Yukawa
terms that preserve a lattice-modified chiral symmetry involving overlap quarks and gluinos. To realize this modified

N = 1

28. Systematic uncertainties in spectral reconstruction from lattice correlators
 Ryutaro Tsuji (KEK)

 2026/07/28 15:20

Hadronic and nuclear sp… Contributed talk …

Reconstructing spectral densities from lattice correlators requires an inverse Laplace transform, which is inherently ill-
conditioned. Although there are many approaches to tackle this problem, systematic errors need to be carefully
examined. In this talk, we propose a method with a singular value decomposition of the Laplace kernel, in which

293. Computing the Gluon Momentum Fraction of Nucleons on the Lattice through the Gradient Flow
 Alex Sturzu (William and Mary)

 2026/07/28 16:10

Structure of hadrons an… Contributed talk …

We present our recent results for the gluon momentum fraction of the nucleon using lattice quantum chromodynamics
(QCD), with a nonperturbative renormalization technique based on the gradient flow. Various techniques are used to
reduce statistical and systematic uncertainties. The variational method is used to reduce excited-state contamination.

20. Domain-wall-seeded bubble nucleation on the lattice
 Jaakko Hällfors
 2026/07/28 16:10

Theoretical developmen… Contributed talk …

First-order phase transitions are common in many beyond the Standard Model theories. Nucleating transitions are
particularly interesting, since they leave behind a gravitational wave background (GWB) that could be observable in many
near-future experiments. The nucleation rate determines how fast the transition completes and is needed for precision

174. Easier parameter scans with hmcdj
 Alexis Harilaos Verney-Provatas (Swansea University/The University of Edinburgh)

 2026/07/28 16:10

Software development a… Contributed talk …

We present hmcdj, a new tool developed to ease the process of generating large numbers of gauge ensembles for a
given theory. Building on top of the Grid library, hmcdj allows quick specification of theories in C++ with minimal
boilerplate, and precise specification of per-ensemble parameters to be controlled at run time from a YAML input file.

260. Finite-Volume Effects to Meson Masses in QCD+QED with C* Boundary Conditions

Theoretical developmen

Hadronic and nuclear sp

Structure of hadrons an

Theoretical developmen

Software development a

The 43rd International Symposium on Lattice Field Theory (Lattice 2026) (2026年... https://indico.global/event/16565/contributions/
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Physics applications Methods/Formulations

Finite-volume effects / other uses
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R ratio
ETMC, PRL 130 (2023) 24, 241901, arXiv:2212.08467

  
a workable example of a smeared 
spectrum;  also serves as a test of the 
HLT (Hansen-Lupo-Tantalo) method

e+e− → qq̄

4
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FIG. 3. Comparison of R�(E) (blue points) and Rexp
� (E)

(red points) as functions of E for � = 0.44 GeV (first row),
� = 0.53 GeV (second row) and � = 0.63 GeV (third row).

and � = 0.63 GeV) of the continuum extrapolations of
the di↵erent contributions to R�(E) and, in the follow-
ing, concentrate on the comparison of our first-principles
determination with the experimental results Rexp

� (E).

This is done in FIG. 3 where the plots show R�(E)
(blue points) and Rexp

� (E) (red points) as functions of
E for � = 0.44 GeV (first row), � = 0.53 GeV (second
row) and � = 0.63 GeV (third row). Our quoted final
errors include the estimates of the systematics associ-
ated with continuum extrapolations, with finite-volume
e↵ects and also the ones coming from the spectral re-
construction algorithm, see FIG. 4. In order to properly
interpret FIG. 3 it is very important to realize that the
information contained into R�(E) and R�(E0) for central
energies such that |E � E0| ⌧ � is essentially the same.
Moreover, our theoretical results at di↵erent values of E
and � are obtained from the same correlators and, there-
fore, are correlated (a table with the numerical results
and their correlation matrix is provided in the supple-
mentary material). It is also very important to stress
that our lattice simulations have been calibrated by us-
ing hadron masses to fix the quark masses and the lattice
spacing and, therefore, R�(E) is a theoretical prediction
obtained without using any input coming from Rexp

� (E).
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FIG. 4. Error budget for R�(E) at � = 0.44 GeV (first
row), � = 0.53 GeV (second row) and � = 0.63 GeV (third
row). The red points correspond to the total relative error,
��(E)/R�(E). The black points are the statistical errors
combined in quadrature with the systematics errors coming
from the spectral reconstruction algorithm, �̄�(E), divided
by R�(E). The violet and orange points are, respectively, our
estimates of the relative systematics errors associated with the
continuum extrapolations, �a

�(E)/R�(E), and finite volume
e↵ects, �L

� (E)/R�(E).

In view of these observations, and of the fact that the ex-
traction of spectral densities from Euclidean correlators
is a challenging numerical problem, we consider the over-
all agreement between the theoretical and experimental
data quite remarkable.

Although our theoretical errors, ��(E), are still sub-
stantially larger than the experimental ones, �exp

� (E),
there is a tension between R�(E) and Rexp

� (E) when the
smearing Gaussian is centred in the region around the
⇢ resonance. This can be better appreciated in FIG. 5
where, for E < 1.3 GeV, the plots on the left show the
relative di↵erence R�(E)/Rexp

� (E)�1 while those on the
right show the “pull”

⌃�(E) =
R�(E) � Rexp

� (E)q
[��(E)]2 + [�exp

� (E)]
2

. (7)

Before ascribing this tension, of about three standard
deviations, to new physics or to underestimated experi-

smearing kernel

An alternative way of testing QCD 
- Reasonable agreement 
- But, smearing too broad to probe 

resonance structures

see also, talks by Saccardi and Margari



Inclusive τ decays
Evangelista et al. (ETMC), PRD108, 074513 (2023); see also, Baske’s talk
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A kind of smeared spectrum

Implemented using the HLT method with 
a sigmoid function

to better control the approximation; 
the limit σ→0 is then taken. x



Inclusive semileptonic decays B → Xℓν

tsrc t1 t2 tsnk

J†
µ Jν

BB

Fig. 4 Valence quark propagators and their truncations. The thin line connecting the

source tsrc and sink tsnk time slices represents the spectator strange quark propagator. A

smearing is introduced for the initial B meson interpolating operator at tsrc and tsnk. The

solid thick lines are the initial b and dashed line denotes the final c quark. The currents J†
µ

and Jν are inserted at t1 and t2, respectively.

see [24–26] for instance.) So far, in the literature, the moments of hadron energy and invari-

ant mass as well as the lepton energy have been considered; our proposal is to analyze the

inverse moments (12) and (13) at sufficiently small ω, instead, to extract |Vcb| or |Vub|. To
actually extract the moments from the experimental data is beyond the scope of this work.

The structure functions Ti have been calculated within the heavy quark expansion

approach. At the tree-level, the explicit form is given in the appendix of [23]. One-loop

or even two-loop calculations have also been carried out [27–29], but they only concern the

differential decay rates (or the imaginary part of the structure functions), and one needs to

perform the contour integral to relate them to the unphysical kinematical region.

4 Lattice calculation strategy

In this section, we describe the method to extract Ti’s from a four-point function calcu-

lated on the lattice. Although we take the B → D(∗)ℓν channel to be specific, the extension

to other related channels is straightforward.

We consider the four-point function of the form

CSJJS
µν (tsnk, t1, t2, tsrc) =

∑

x

〈

P S(x, tsnk)J̃
†
µ(q, t1)J̃ν(q, t2)P

S†(0, tsrc)
〉

, (14)

where P S is a smeared pseudo-scalar density operator to create/annihilate the initial B

meson at rest. The inserted currents J̃µ are either vector or axial-vector b → c current

and assumed to carry the spatial momentum projection
∑

x1
eiq·x1J(x1, t1). Thus, the mass

dimension of J̃µ is zero. The quark-line diagram representing (14) is shown in Figure 4.

10

ρ(ω) =

The smearing kernel is 
essentially a step function

ω

kinematical 
end-point

smeared

The ill-posed inverse problem returns for 
non-smooth kernel function; some smearing 
is needed and must be extrapolated away.

Gambino, SH, PRL 125 (2020) 3, 032001, arXiv:2005.13730
also, for νN scattering

Fukaya, SH, Kaneko, Ohki, PRD 102 (2020) 114506; 
arXiv:2010.01253



Kinematical endpoint

Kellermann et al., arXiv:2604.22201; 
see also, Kellermann’s talk

phase-space is squeezed

Kernel K(ω)

Inclusive semileptonic Ds decays

Need careful study of truncation errors;  
also a physics question depending on the physical spectrum

ω ω

small recoil large recoil



Applications to inclusive D(s) decays

Kellermann et al., arXiv:2604.22201

|Vcs| = 0.967(28)+0.024−0.029

De Santis et al., PRL 135 (2025) 12, 121901, 
arXiv:2504.06064; PRD 112 (2025) 5, 054503, 
arXiv:2504.06063

|Vcs| = 0.951(35) 
|Vcs|PDG = 0.975(6)

with BESIII exp data

The σ→0 extrapolation is insignificant at the 
current level of accuracy.

also covered by Jüttner



Extrapolation from charm to bottom
De Santis et al., arXiv:2607.01116; 
see also De Santis’ talk
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FIG. 17. Total decay rate for all masses and all analysis or-
ders. The green points correspond to analysis order CSI, the
blue squares to order SCI and the red diamonds to order SIC.
The markers of orders SCI and SIC were shifted along the
x-axis to make the figure more legible.

that the leading order of the OPE expansion in powers
of ⇤QCD/MI is purely partonic and, therefore, it does not
require any non-perturbative input to be computed.

In order to incorporate the partonic result �part of
Eq. (30) into our analysis procedure we follow two com-
plementary strategies. In the first strategy, which we call
the “fitting-function” approach, we choose a fitting func-
tion which reduces to �part in the MI 7! 1 limit and that
is su�ciently flexible to describe our non-perturbative
lattice data also in the region around MI ⇠ 2 GeV. In the
second strategy, that we call the “functional-space” ap-
proach, we perform the interpolation by using Gaussian
Processes. In this case, we obtain the posterior distribu-
tion of � as a function of MI by starting from �part as
the input model and by choosing a prior distribution such
that the constraints on the posterior at MI = MB̄s

come
from the lattice data and from the fact that � = �part in
the MI 7! 1 limit. The two approaches are described in
detail, and then compared, in the following subsections.

A. The fitting-function approach

We express the normalized total decay rate as a function
of

x =
MB̄s

MI

, �̂(x) =
�(x)

�̄(x)
, (60)

so that the physical point is at x = 1, and consider the
following fitting functions

�̂(n)(x) = �̂(n)
part(x) + �̂(n)

np (x) , (61)
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FIG. 18. The interpolation of the decay rate at the physical

point x = 1 performed by using Eq. (61) with µs =
M

B̄s

2x and
for di↵erent values of the perturbative order n, for analysis
order SIC. The dashed lines at the top represent �̂(n)

part(x). The
black squares in the middle represent our non-perturbative
lattice results for the total decay rates, obtained with the
analysis order SIC. The coloured circles at the bottom are
obtained by subtracting �̂(n)

part(x) from the lattice data, with
the lines and shaded bands representing the fit to the data
according to �̂(n)

np (x) and the confidence interval of the fit.
The shaded bands in the middle represent �̂(n)(x), i.e. the
sum of the shaded bands at the bottom and the dashed lines
at the top. The dashed vertical line represents the physical
point.
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FIG. 19. The result of the interpolation of �̂ at the physical
point by using the �̂(n) parametrization of Eq. (61). The
magenta (leftmost) points in each panel correspond to n = 0,
the green (center-left) points to n = 1, the red (center-right)
points to n = 2 and the blue (rightmost) points correspond to
n = 3. The triangle, diamond and cross markers correspond

to µs(x) =
�

1
2 , 1, 2

 M
B̄s

x
, respectively. The left, center and

right panels correspond to the analysis orders CSI, SCI and
SIC, respectively. The results at n = 0 do not depend on the
scale of µs by construction, as explained in section III.

1/M

perturbative limit

A step toward the resolution of the 
inclusive versus exclusive puzzle

- Calculation gets harder because of larger 
recoil momenta = larger noise and  
discretization effects. 

- Asymptotic scaling toward mQ→∞ can 
be used for extrapolation.

also covered by Jüttner



Maiani-Testa problem 
Maiani, Testa, “Final state interactions from euclidean correlation functions,” Phys. Lett. B245, 585 (1990).

Euclidean 3-pt function:

Intermediate states with zero total momentum start from 2 pions at rest.

π(q)

π(−q)
J

Only the q=0 state is directly accessible:

Time-like pion form factor
scattering length

see also R. Lehner’s talk 



High-pass filter
Bruno, Hansen, JHEP 06 (2021) 043, arXiv:2012.11488

energy filtering

√s

time-like form factor

known functions

or low-pass filter
to enhance the ground state: see Laudicina’s talk 

or energy-moments
to focus on the state of interest: see Itatani’s talk 

= smeared spectrum



Scattering amplitudes
Bulava, Hansen, PRD 100 (2019) 3, 034521, arXiv:1903.11735 
Frezzotti, Tantalo et al., PRD 108 (2023) 7, 074510, arXiv:2306.07228

Amplitudes from spectral functions

Bulava, MTH (2019)

GL(⌧) = h⇡p4
|⇡(⌧3,p3)⇡(0)|⇡p1

iL =

Z 1

0
dE3 ⇢(E3)e

�E3⌧3

b⇢L,✏
p4p1

(q3) =

Z 1

0
dE3

1

q03 � E3 + i✏
⇢(E3) =

Z 1

0
dE3

b�✏(q03 , E2) ⇢(E3)

First define the Euclidean correlator

and the smeared spectral function
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ensemble � V/a
4

a (fm) M⇡ (MeV) MDs(GeV) L (fm) Ng Ns

cB211.072.64 1.778 64
3 · 128 0.07957 (13) 140.2 (0.2) 1.990 (3) 5.09 300 4

TABLE I: Parameters of the single ETMC ensemble used in this work. We give the lattice spacing a, the pion mass M⇡, the
Ds meson mass MDs , the lattice extent L, the number of gauge configurations analyzed Ng, and the number Ns of random
stochastic sources that have been used for each inversion of the Dirac operator. The random sources we used are randomly
distributed over time, diagonal in spin and dense in the color.

FIG. 2: Graphical representation of the three-point Euclidean function in Eq. (61). The interpolator of the Ds meson �
†
Ds

is
placed at Euclidean time 0, the weak current J⌫

W at time tW and the electromagnetic current at time t+ tW . In the figure we
show only the contribution where the virtual photon �

⇤ is emitted from the strange quark s, but the analogous diagram with
the photon emitted from the charm quark c is clearly present as well.

at maximal twist [10]. A detailed description of the ETMC ensembles can be found in Refs. [11, 12], while essential
information on the ensemble we have used in the present work is collected in Table I. In what follows, we only consider
the case in which the initial meson is at rest, i.e. we always work in the decaying hadron’s reference frame. Moreover,
we choose the virtual photon three-momentum to be in the lattice z-direction, namely k = (0, 0, kz). For each value of
the photon momentum, the Euclidean correlator in Eq. (4) can be determined from the following Euclidean three-point
function4 computed on a finite L

3
⇥ T lattice (see Fig. 2 for a diagrammatic representation)

M
µ⌫
W (t, tW ,k) ⌘ hJ

µ
em(t+ tW ,k) J⌫

W (tW ) �†
Ds

(0)iLT , t > 0 , (61)

where �
†
Ds

(0) is an interpolating operator, with vanishing three-momentum and located at Euclidean time zero, having
the same quantum number of the Ds meson, while tW is the fixed time where the weak current J⌫

W is inserted, which
must be chosen large enough to ensure the dominance of the ground state5. The e.m. current inserted at time t+ tW

carries three-momentum k. In the limit of large tW one has

M
µ⌫
W (t, tW ,k) =

hDs(0)|�
†
Ds

|0i

2MDs

e
�MDs tW ·

⇣
C

µ⌫
W,E(t,k) + . . .

⌘
, (62)

where the dots represent terms that are exponentially suppressed at large tW , and C
µ⌫
W,E(t,k) is the Euclidean correlator,

which is related to the spectral density ⇢
µ⌫
W (E0

,k) in Eq. (7) through the relation

C
µ⌫
W,E(t,k) =

Z 1

E⇤

dE
0

2⇡
e
�E0t

⇢
µ⌫
W (E0

,k) , (63)

(see Eq. (12)). Starting from Eq. (62), the Euclidean correlator is determined exploiting the fact that the prefactor
multiplying C

µ⌫
W,E(t,k) in Eq. (62) can be computed from the knowledge of the two-point function of the Ds meson

(see Refs. [7, 13] for more details on this point).
We considered three di↵erent values of the photon spatial momentum, |kz|/MDs ' 0.1, 0.25, 0.35. These momenta,

which are not integer multiple of 2⇡/L, have been obtained imposing twisted boundary conditions for the strange
and charm (valence) quark fields in the ẑ direction, as explained in Ref. [13]. We averaged C

µ⌫
W,E between opposite

photon momenta ±kz, exploiting the symmetry properties of the three-point correlation function in Eq. (61) under

4
We compute here only the quark-line connected part of the correlation function in Eq. (61), and thus neglect the contribution from the

disconnected diagram, which vanishes in the limit of exact SU(3) flavour symmetry (see Ref. [13] for more details).
5
We have chosen two di↵erent values of tW ' 1.75, 2.0 fm, and checked the stability of the results with respect to these two choices. All

the following results correspond to the choice tW ' 1.75 fm.

Amplitude can be constructed as
e.g. : Ds → ℓνγ*

Pick up the info around a specified energy 
= smeared spectrum

ϵ ϵ

 has to be sent to 0 … a major challenge.ϵ

e.g.: γ* → ππ
Introduction Methodology and Results Conclusions
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• Window problem: m⇡ � � � 1/L.
=) � � 0: good finite-size, bad LSZ.
=) � ' 0: bad finite-size, good LSZ.

[Bresciani, Bruno, and Hansen, 2026], see F. A. Bresciani’s talk

• Linear and quadratic extrapolations [Bulava et al., 2022].
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Table 70.7: HFLAV global fit results (see text and Ref. [24]). The upper two sections list mixing
and indirect CP violation (CPV ) parameters; the third section lists strong phases and the ratio of
decay rates RD; and the bottom section lists direct CP violation parameters.

Parameter No indirect CPV No subleading amplitudes All CPV 95% C.L. Interval
in indirect CPV allowed (all CPV )

Fit (a) Fit (b) Fit (c)
x (%)
y (%)
|q/p|
„ (¶)

0.398 ± 0.044
0.636 ± 0.024

1
0

0.405 ± 0.043
0.638 ± 0.023
1.002 ± 0.005
≠0.08 ± 0.19

0.405 ± 0.043
0.636 ± 0.024
0.983 ± 0.015
≠1.51 ± 1.04

[0.320, 0.489]
[0.590, 0.682]
[0.96, 1.01]
[≠3.63, 0.51]

x12 (%)
y12 (%)
„

M (¶)
„

≈ (¶)

0.398 ± 0.044
0.636 ± 0.024

0
0

0.405 ± 0.043
0.638 ± 0.023
0.27 ± 0.66

0

0.406 ± 0.043
0.635 ± 0.024
≠0.03 ± 0.70
2.03 ± 1.53

[0.321, 0.490]
[0.589, 0.682]
[≠1.48, 1.35]
[≠0.94, 5.08]

”Kfi (¶)
”Kfifi (¶)
RD (%)

14.9 ± 3.2
24.7 ± 22.2

0.344 ± 0.001

15.2 ± 3.2
24.4 ± 22.0

0.344 ± 0.001

14.8 ± 3.2
24.2 ± 22.1

0.344 ± 0.001

[8.1, 20.9]
[≠20.6, 65.5]
[0.341, 0.346]

AD (%)
Afi(%)
AK(%)

0
0.212 ± 0.051
0.055 ± 0.043

0
0.222 ± 0.057
0.065 ± 0.051

≠0.81 ± 0.88
0.225 ± 0.057
0.068 ± 0.051

[≠2.54, 0.92]
[0.11, 0.34]

[≠0.03, 0.17]
‰

2/d.o.f. 72.817/(59≠7) 72.797/(59≠8) 70.711/(59≠10)
= 1.40 = 1.43 = 1.44
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Figure 70.1: Two-dimensional 1‡-5‡ contours for (x, y) (left) and for (|q/p|, „) (right) from the
HFLAV global fit [24]. The black dot in the right plot denotes the no-CP -violation point.
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û, the B decay data is sensitive to the

strong phase ”Kfi, and the fit gives improved precision for ”Kfi [115]. This improvement leads to a
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Theoretical predictions: 
‣ Short-distance (box etc): too small by x10−3 

‣ Long-distance: too hard to calculate

Possible final states:  
‣ ππ, πK, KK, ηη, πK*, ρK, … 
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Figure 5. Illustration of the model smeared spectral functions ⇢̂I
(!̄, ✏) (top panel) and ⇢̂R

(!̄, ✏) (bottom
panel) vs. !̄, for different values of the smearing parameter ✏. As explained in the main text, the form
is constructed using a unitarity motivated decomposition including three two-particle channels (⇡⇡, KK̄,
⌘⌘), with inputs partly arbitrary and partly motivated by the known large ! scaling and by the results of
a lattice QCD calculation from the Hadron Spectrum Collaboration [99]. The vertical bars represent four
different values of !̄ where we envision extracting the unsmeared spectral function. In practice !̄ = mD is
the only reconstruction point of interest, but we include multiple values to reflect our imperfect knowledge
of the spectral function. That is, each bar represents a scenario for the form that ⇢(!) might have in the
vicinity of mD, also potentially for calculations with unphysical pion masses.
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A strategy proposed for the lattice calc. 
Again the question of taking ϵ → 0
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Figure 2. Topologies of the correlation functions relevant for the calculation of M2 and �2, arising from
a double insertion of two HSCS

w Hamiltonians (left) or one HCF
w and one HDCS

w (right). The gray squares
represent the operator insertions, while the red circles are the interpolating operators of the D0 and sD0

mesons. Note that only by combining diagrams (a) and (e) (and similarly (b) and (f)) as in figure 1, the
internal lines can be written in terms of s-d propagators.

We note that the parity-odd �C = 1 operators discussed in this work are also relevant for the study
of the hadronic decay D ! K⇡. A lattice computation of this decay is currently in progress [75],
and many of the considerations presented here are directly applicable to the D ! K⇡ computation
and analysis.

3 Renormalization

In order to study the renormalization mixing pattern of the operators entering the weak Hamil-
tonian, let us assume that a mass-independent renormalization scheme is employed and that we
use a lattice regularization that potentially breaks chiral symmetry. We will discuss later how the
renormalization mixing simplifies when chiral symmetry is preserved. The discussion below follows
that in refs. [36, 76].

Considering only Nf = 4 active flavours, we shall then study the transformation under the group
SU(4) of a generic four-quark operator with the following quark content

T jl
ik = (q̄i qj q̄k ql) , (3.1)

where the indices i, j, k, l denote the flavour of the quark field q = (u, d, s, c)T . The tensor T jl
ik also

carries spin and colour indices, which we leave implicit.

Since the quark fields q and q̄ belong to the fundamental and conjugate representations of SU(4),
respectively, then a four-quark operator of the form of T jl

ik belongs to the following representation,

4 ⌦ 4 ⌦ 4 ⌦ 4 = (1 � 15) ⌦ (1 � 15) (3.2)
= 1A � 1S � 15A � 15SA � 15AS � 15S � 20A � 45SA � 45AS � 84S .

The 10 irreducible representations correspond to different sets of operators. The subscripts A, S,
SA, and AS denote the symmetry properties of the operators in a given representation under the
exchange of flavour indices.

• The representation 84S corresponds to the fully symmetric and traceless operators bT {j,l}
{i,k}.

Here, traceless means that any contraction of an upper and a lower index is zero, and we use
the hat to indicate such traceless operators.
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FIG. 1. Connected quark-flow diagrams for the process B ! K`+`� which contain a charm-quark loop. The shaded circle,
marked O(c)

1,2, represents either of the two current-current operators O(c)
1 or O(c)

2 defined in Eq. (6). The charged leptons `±,
which couple to the virtual photon, �⇤, are not shown. Panels (a)-(d) correspond, respectively, to photon emission from the
charm, strange, down, and bottom quarks.

We start by explaining the phenomenological motivation for developing the framework by briefly reviewing the
experimental status of b ! s exclusive measurements. The precise measurements of B ! K(⇤)`+`� decays by LHCb
[10, 11, 13, 25–27], see also [7–9, 12, 14–17, 19], opened a new exciting sector of FCNC phenomenology. While the
hints of the presence of NP in the ratio of branching fractions RK = B(B+ ! K+µ+µ�)/B(B+ ! K+e+e�) [28, 29],
and similarly in RK⇤ , RKS

, RK⇤+ [30–32], have disappeared [33, 34], there nevertheless remain some tensions between
SM estimates and experimental measurements in absolute BRs and angular distributions [35–42] (see however [43–46]),
and it is therefore very important to produce reliable theoretical predictions of these quantities in the SM and beyond.
In this paper we show how this can be achieved for B ! K`+`� decays, and in particular how the charming penguin
contributions, i.e. contributions from diagrams containing charm-quark loops, can be determined (see, for example,
Fig. 1).

The LHCb experiment has set an upper bound for the branching ratio of the B0
s ! �µ+µ� decay at large values of

q2, where
p

q2 is the invariant mass of the muon pair,

B(B0

s ! µ+µ��)|p
q2>4.9GeV

< 2.0⇥ 10�9 (1)

at 95% confidence level [21]. This result was obtained from the µ+µ� invariant mass distribution near the kinematical
end-point. Subsequently the collaboration has searched for fully reconstructed B0

s ! µ+µ�� decays and set the
following bound at large values of q2

B(B0

s ! µ+µ��)|p
q2>3.92GeV

< 4.2⇥ 10�8 (2)

at 95% confidence level [22]. In addition the collaboration has set upper bounds for the branching ratios for bins inp
q2 below the charmonium resonances. The LHCb is continuing its search for this decay with the upgraded detector
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FIG. 4: LHCb-data [1, 13] (grey crosses) versus the fits b) c) d) described in the main text.

The fits are shown in Fig. 4 and the values are given in table III. Some more detail on the fit-procedure is described in appendix
B 2. Below we comment on each of the fits.

Fit-a): If the FA was a good approximation then the fit on the first line indicates that that the SM is excluded by a p-value of
' 10�30. This is much more significant than 5� (see appendix B 2 for a refined remark).

Fit-b): Allowing for the charm-resonance prefactor ⌘c to vary gives a (reasonable) �2 per degree of freedom with a p-value of
about 2.1%. Most noticeably ⌘c = �2.55 is rather large and negative. The nominal value of non-factorisable corrections
correspond to a shift of �⌘c ' �0.5 and hence ⌘c = �2.55 would indicate an effect which is seven times larger. This
statement is to be refined under fits c) and d) and the discussion in the next section.

Fit-c,d): It is noticeable that there is no uniformity in the residues which in principle is a sign for contributions beyond the SM-FA.
Yet there are two important points we would like to make, First the �2/d.o.f.' 1.17 and 1.12 cannot be seen as a drastic
improvement over �2/d.o.f.fit b) ' 1.33 and hence it is not clear how much one can read into these fits. Second the
residues of  (2S) and  (3370) cannot be taken at face value since they essentially have opposite magnitude in fits c) and
d). Yet, as can be inferred from plots in Fig. 4, the curves are hardly distinguishable in the relevant region. This is an issue
that could be improved with further data points below

p
q2 = 3.770 GeV. On average the last three residues reflect the

⌘B = �2.55 shift seen in fit-b).7

7 It is noticeable that the residues of the 3
D1 in fit-c) are somewhat larger than 3

S1 which might be a hint towards the underlying physics driving this effect.
This sharpens the demand for more data points in order to resolve the ambiguity of the first two residues between fits c) and d).

Full calculation of the amplitude is extremely 
hard (charm-loop, rescattering etc) ; factorization 
does not explain the experimental data.

Lyon, Zwicky,  
arXiv:1406.0566
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FIG. 1. The B ! K⇤µ+µ� angular observables S7 (top left), S8 (top right), S5 (center left), and

AFB (center right), as well as the di↵erential branching ratio dBR/dq2 (bottom) as a function of q2.

We compare the finely binned experimental results from LHCb [7] (black) to the SM predictions

from flavio (orange) in the q2 region below the J/ resonance.

expansion. Furthermore, in the kinematic region below the open-charm threshold (q2 < 4m2
c)

the perturbative charm-loop contribution is purely real. A sizable S7 thus points towards

non-perturbative, long-distance hadronic e↵ects. Crucially, this line of argument remains

4

from Altmanshofer, Christensen, Stangle, 2603.27753

Potential new physics !



A big challenge: B → K(*)ℓ+ℓ−

Frezzotti, Tantalo et al, PRD 113 (2026) 3, 034509, arXiv:2508.03655

Following the same strategy

with  and E = mB
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FIG. 1. Connected quark-flow diagrams for the process B ! K`+`� which contain a charm-quark loop. The shaded circle,
marked O(c)

1,2, represents either of the two current-current operators O(c)
1 or O(c)

2 defined in Eq. (6). The charged leptons `±,
which couple to the virtual photon, �⇤, are not shown. Panels (a)-(d) correspond, respectively, to photon emission from the
charm, strange, down, and bottom quarks.

We start by explaining the phenomenological motivation for developing the framework by briefly reviewing the
experimental status of b ! s exclusive measurements. The precise measurements of B ! K(⇤)`+`� decays by LHCb
[10, 11, 13, 25–27], see also [7–9, 12, 14–17, 19], opened a new exciting sector of FCNC phenomenology. While the
hints of the presence of NP in the ratio of branching fractions RK = B(B+ ! K+µ+µ�)/B(B+ ! K+e+e�) [28, 29],
and similarly in RK⇤ , RKS

, RK⇤+ [30–32], have disappeared [33, 34], there nevertheless remain some tensions between
SM estimates and experimental measurements in absolute BRs and angular distributions [35–42] (see however [43–46]),
and it is therefore very important to produce reliable theoretical predictions of these quantities in the SM and beyond.
In this paper we show how this can be achieved for B ! K`+`� decays, and in particular how the charming penguin
contributions, i.e. contributions from diagrams containing charm-quark loops, can be determined (see, for example,
Fig. 1).

The LHCb experiment has set an upper bound for the branching ratio of the B0
s ! �µ+µ� decay at large values of

q2, where
p

q2 is the invariant mass of the muon pair,

B(B0

s ! µ+µ��)|p
q2>4.9GeV

< 2.0⇥ 10�9 (1)

at 95% confidence level [21]. This result was obtained from the µ+µ� invariant mass distribution near the kinematical
end-point. Subsequently the collaboration has searched for fully reconstructed B0

s ! µ+µ�� decays and set the
following bound at large values of q2

B(B0

s ! µ+µ��)|p
q2>3.92GeV

< 4.2⇥ 10�8 (2)

at 95% confidence level [22]. In addition the collaboration has set upper bounds for the branching ratios for bins inp
q2 below the charmonium resonances. The LHCb is continuing its search for this decay with the upgraded detector

ε ~ 1.5-3 GeV|q|=0.25 GeV

A pilot study in the small recoil region; 
the limit ε→0 is yet to be taken.
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FIG. 15. The real (bottom) and imaginary (top) components of the smeared amplitude H3+;3subs
1 (~q , ";mH ,m), relevant for the

B ! K`+`� decay, as a function of m, for some of the simulated values of ↵ in Eq. (143). The continuous lines correspond to
spline interpolations of the lattice data.

with r 2 [0, 1]. For r = 1 one has m = mB, and for r = 0 one has m = mH . Intermediate values of r interpolate
between these extremes. The guiding principle is to choose r small enough to avoid large discretization e↵ects, yet
large enough that, at the lowest simulated heavy-meson mass mmin

H , the quantity mmin ⌘ rmmin

H + (1 � r)mB lies
above the main charmonium resonances. The e↵ectiveness of this strategy will be explored in future studies, where the
heavy-quark-mass extrapolation to the physical b-quark mass will be performed.

C. Comparison with a simple model for the spectral density and the extrapolation to " = 0

Having presented our results for both the real and imaginary parts of the smeared amplitude, we now compare them
to those obtained from a simple model for the spectral density. The main motivation for this comparison is to gain a
first qualitative understanding of the lattice results. The spectral-density model we construct is based on the VSA.
Within the VSA approximation, the spectral density ⇢⌫

1
(E, ~q ,mH) for B ! K`+`� decays is

⇢⌫+;VSA

1
(E, ~q ,mH) = qchK(�~q ) | s̄�µb |H(~0)i h0 |Vµ(0) �

�
E � EK � Ĥ

�
V ⌫(0, ~q ) | 0i, (148)

where V µ ⌘ c̄�µc. For Bs ! ⌘ss0`+`� decays, one makes the obvious replacements in Eq. (148): K ! ⌘ss0 , EK ! E⌘
ss0

and H ! Hs. The weak b! s matrix element for B ! K`+`� decays can be written in terms of the standard



Role of smearing

• Smearing as given by the observable  
- hadronic τ decays, inclusive decays… : the kernel 

is part of physics 

• Plus, smearing as a regulator 
- Inclusive decays: modify Heaviside for approx; 

σ→0 is needed 

- Hadronic amplitudes: integ with iε-prescription; 
ε→0 is needed (δ function appears)

Crucial questions:
• Physics: How small σ (or ε) needed to take the limit reliably? 
• Technical: How small σ (or ε) can be implemented in practice?
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Challenges

fromConstruct

= linear reconstruction problem



A number of proposals
Maximum entropy: Asakawa, Hatsuda, Nakahara, hep-lat/0011040 
Bayesian: Burnier, Rothkopf, PRL 111 (2013) 182003, arXiv:1307.6106; Del Debbio, Giani, Wilson, EPJC 82 (2022) 4, 330, 
arXiv:2111.05787 
Machine Learning: Kades et al., PRD 102 (2020) 9, 096001, arXiv:1905.04305; Chen et al., arXiv:2110.13521; Wang, Shi, Zhou, 
PRD 106 (2022) L051502  
Gaussian processes: Horal et al., PRD 105 (2022) 3, 036014, arXiv:2107.13464 
Backus-Gilbert: Hansen, Meyer, Robaina, PRD 96 (2017) 9, 094513, arXiv:1704.08993 
Sparse modeling: Otsuki, Ohzeki, Shinaoka, Yoshimi, PRE 95 (2017) 061302; Itou, Nagai, JHEP 07 (2020) 007, arXiv:2004.02426 
Gaussian quadrature: Aliberti, Di Renzo, Dimopoulos, Gavriel, arXiv:2603.00764

More emphasis on smeared spectrum

HLT: Hansen, Lupo, Tantalo, PRD 99 (2019) 9, 094508, arXiv:1903.06476 
Chebyshev: Bailas, SH, Ishikawa, PTEP 2020 (2020) 4, 043B07, arXiv:2001.11779 
Conformal map (Nevanlinna-Pick): Bergamaschi, Jay, Oare, PRD 108 (2023) 7, 074516, arXiv:2305.16190; Abbott, Jay, Oare, 
arXiv:2508.01377; Fields, Christ, PRD 113 (2026) 5, 5, arXiv:2510.12136 
Baysian⇄HLT: Del Debbio, Lupo, Panero, Tantalo, EPJC 85 (2025) 2, 185, arXiv:2409.04413 
ML: Buzzicotti, De Santis, Tantalo, EPJC 84 (2024) 1, 32, arXiv:2307.00808; De Santis, arXiv:2607.03311

An earlier review: W. Jay @ Lattice 2024, arXiv:2501.12259

(likely, not a comprehensive list) 



A number of proposals
Maximum entropy: Asakawa, Hatsuda, Nakahara, hep-lat/0011040 
Bayesian: Burnier, Rothkopf, PRL 111 (2013) 182003, arXiv:1307.6106; Del Debbio, Giani, Wilson, EPJC 82 (2022) 4, 330, 
arXiv:2111.05787 
Machine Learning: Kades et al., PRD 102 (2020) 9, 096001, arXiv:1905.04305; Chen et al., arXiv:2110.13521; Wang, Shi, Zhou, 
PRD 106 (2022) L051502  
Gaussian processes: Horal et al., PRD 105 (2022) 3, 036014, arXiv:2107.13464 
Backus-Gilbert: Hansen, Meyer, Robaina, PRD 96 (2017) 9, 094513, arXiv:1704.08993 
Sparse modeling: Otsuki, Ohzeki, Shinaoka, Yoshimi, PRE 95 (2017) 061302; Itou, Nagai, JHEP 07 (2020) 007, arXiv:2004.02426 
Gaussian quadrature: Aliberti, Di Renzo, Dimopoulos, Gavriel, arXiv:2603.00764

More emphasis on smeared spectrum

HLT: Hansen, Lupo, Tantalo, PRD 99 (2019) 9, 094508, arXiv:1903.06476 
Chebyshev: Bailas, SH, Ishikawa, PTEP 2020 (2020) 4, 043B07, arXiv:2001.11779 
Conformal map (Nevanlinna-Pick): Bergamaschi, Jay, Oare, PRD 108 (2023) 7, 074516, arXiv:2305.16190; Abbott, Jay, Oare, 
arXiv:2508.01377; Fields, Christ, PRD 113 (2026) 5, 5, arXiv:2510.12136 
Baysian⇄HLT: Del Debbio, Lupo, Panero, Tantalo, EPJC 85 (2025) 2, 185, arXiv:2409.04413 
ML: Buzzicotti, De Santis, Tantalo, EPJC 84 (2024) 1, 32, arXiv:2307.00808; De Santis, arXiv:2607.03311

An earlier review: W. Jay @ Lattice 2024, arXiv:2501.12259
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Details are different, but the broad consensus would be  

1. Reconstruction of the local spectrum is indeed an 
ill-posed problem = no breakthrough (so far) 

2. Smeared spectrum can be reconstructed with 
controlled errors (details matter) 

Not a magic…  



The problem is not only for us: condensed matter, geophysics, …, NMR!

Moraes, T. B., Von Atzingen, G. V., Mazzero, L. P., Mendes, W. S., Zacharias, M. B., and Cardinali, M. C. B.: An open-access WebApp for inverse Laplace 
transform analysis of time-domain nuclear magnetic resonance signals, Magn. Reson., 7, 39–51, https://doi.org/10.5194/mr-7-39-2026, 2026.

https://nmr-ilt.esalq.usp.br/



Why so difficult? — a simple argument 
Tsuji, SH, arXiv:2605.15674; Shi, Wang, Zhou, CPC 282 (2023) 108547; see also Tsuji’s talk

= for discrete sets of ti and ωj

Singular Value Decomposition (SVD)

singular valuesO(1)

O(10−16)ln t

√t U7(t)
orthonormal basis

Modes of large l’s are too 
small to reconstruct.

Fine structure of 
         lnω ~ 1/l  
is already lost in e−ωt



Reconstruction in the SVD basis

lattice correlator projected 
in the SVD basisenhanced for large l 

together with its noise

kernel function projected in the SVD basis

suppressed for large l,  as  , 
depending on the smearing width σsmr

Need sufficiently large σsmr for convergent expansion 

Tsuji, SH, arXiv:2605.15674; see also Lupo, Tantalo, arXiv:2605.14652; Rothkoph, arXiv:2002.09865 (SVD basis)



Breit-Wigner reconstructed with l < 10

Truncation errors are estimated assuming the exponential scaling of ρl and Kl

The smaller width, the harder to reconstruct. 
= the common feature of all the methods.

12Smeared spectral function

ρ(Ntr)
σsmr

(ω) ≈
Ntr

∑
l=0

Sl(ω) ⋅ ρl with Sl(ω) = ∫ dω′ Sσsmr
(ω, ω′ )Vl(ω′ )

Sσsmr
(ω, ω′ ) = 1

π
2σsmr

(ω − ω′ )2 + σ2smr

 σsmr = 0.3,ω = 0.1
|ρ(N)

σsmr
(ω) − ρ(Ntr)

σsmr
(ω) | ≤

N−1

∑
l=Ntr

Sl(ω) ⋅ |ρl |

Controllable for any σsmr

≲
N−1

∑
l=Ntr

Aσsmr
(ω)e−Bσsmr(ω)l ⋅ |Aρe−Bρl |

Fixed for given data

Smearing = Reduction of higher  modes contributionl

Kl



Mellin transform
Bruno, Giusti, Saccardi, PRD 111 (2025) 9, 094515, arXiv:2407.04141; Giusti, Saccardi, Toniolo, arXiv:2606.28167

Limit of ω, t  

“singular values” basis functions (Fourier-like)

Exponentially suppressed for higher frequency modes

Provides a natural basis to represent smearing functions
- Formulae for limited and discretized range of t are also worked out.

See also, talks by Saccardi and Toniolo



Practical limitation

“singular values” basis functions (Fourier-like)

Singular values (= correlator precision Δ) control the frequency resolution Δω/ω 

ω
ω

ω

The resolution of ω improves only 
logarithmically for more precise Δ. 

Resolution of ω

δ[emt C(t)] ~ Δ 

> 20-40% with currently available technology



Smeared R ratio with

ε = 0.2 E, 0.4 E, 0.6 E

sample spectrum from Bernecker-Meyer

(expected)



Many lenses, same aperture

linear reconstruction problem

Choices from

Basis (in terms of z=e−ω) : 
• Simple powers zn 
• Chebyshev polynomials 
• SVD or Mellin basis 
• …

Criterion (to determine gn): 
• Straight inversion (in a truncated space) 
• Approximation theory 
• Minimize the loss (with statistical noise) 
• MEM, gaussian process, ML, …

But, changing the lenses does not create information.

The focus should be on the method to estimate the truncation errors.

Note: Nevanlinna-Pick interpolation is non-linear; different discussion may apply.  
Bergamaschi, Jay, Oare, PRD 108, 074516 (2023); Fields, Christ, PRD 113, 054502 (2026).

See also, Fields’ talk



Approximation versus Bound
Lawrence, arXiv:2408.11766; Abbot, Jay, Oare, arXiv:2508.01377; Abbot, Fields, Jay, Oare, Saccardi, arXiv:2605.20509; 
Mutzel, Tilloy, arXiv:2606.09791; see also, talks by Abbot and Jay

Assuming  , maximize                      while satisfyingρ(ω) ≥ 0

Approximation:

for

 Bound:

→ the lower bound (similarly the upper bound)

(extended also to the case with noise)

→ What is the truncation error? 

= convex optimization problem 
(like the conformal bootstrap)

Potentially tighter than the error estimate. Explicit 
benchmark test would be desired. 

Various strategies to estimate for HLT, 
Chebyshev, etc.



Finite volume effects
(Smeared) spectrum often represents two particle states: worry about FVE? 

individual energy levels ~ 1/L2
37finite volume effect (FVE)

%LL,J ~ 8LM +
2g7
#

M

2 3 4 5 6 7 8
mºL

2 4 6 8 10 12
L [fm]

400

600

800

1000

1200

E
º
º

[M
eV

]

36(

46(

26(

6:

2
G [fm]

4 6 8 10 12

2 3 4 5 6 7 8
6(G

400

600

800

1000

1200
#(( [MeV]

figure from: SI, H. Fukaya, S. Hashimoto [PRD 111 (2025)]

int,          free

%i ~8L + h(1/#M)

energy spectrum

ground state

vector-current correlator ~ 1/L3

4 6 8 10 12 14 16
L [fm]

2 4 6 8 10 12
mºL

0

10

20

30

40

50

°
¢

G
(ø

,L
)

FVE on &((, *) 25Δ, -, # ≡ , -, # − ,(-,∞)

\ &,∞ = ;
3

,
<# #! ! #! R8;<

infinite-volume:

! #! = 1
48'! 1 − 46(!

#!
2/!

-(RS(#!)
!

\ &, G =S
7
R8;!!,$ < 0 ]TUV '', + W !

finite-volume:

6(G
2 4 6 8 10

124 6 8 10
G [fm]

5
6

7
8

10
L

[fm
]

0.00
0.01

0.02
0.03

1/(m
º L

)
3

0 5 10 15 20 25 30 35

°¢G(ø, L)

50

40

30

20

10

0

567810
L [fm]

0.00 0.01 0.02 0.03
1/(mºL)3

0

5

10

15

20

25

30

35

°
¢

G
(ø

,L
)

1/(+!4))

~$*!

A!C = 4

- = 3.5 fm, G ≳ 6 fm:

−Δ, -, # ~ 47-
8L#M

N/M

interacting ''

free ''

& = 3.5 fm

at sufficiently large τ

Itatani, Fukaya, SH, PRD 111 (2025) 114507; arXiv:2411.05413



4 6 8 10 12 14 16 18 20
mºL

10°11

10°9

10°7

10°5

10°3

10°1

|±
b Ω L

,∑
|/

b Ω ∑

meÆ ' 0.3mº

meÆ ' 0.5mº
meÆ ' 0.6mº

m
eÆ ' m

º

æ = 0.5mº æ = 0.8mº æ = 1.0mº æ = 2.0mº

Finite volume effects
Bresciani, Bruno, Hansen, arXiv:2606.14349; 
see also, Bresciani’s talk

Exponentially suppressed for sufficiently large σ
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Gounaris-Sakurai (GS) form factor model [58], which
provides a phenomenologically successful description of
the pion electromagnetic form factor in the timelike re-
gion dominated by the ⇢ resonance as well as in the space-
like region, here taken without isospin breaking e↵ects
such as ⇢ � ! mixing.

The essential idea is to include a term in the inverse
K-matrix of the form (s/4 � m

2)h(
p

s), where h(
p

s) is
the once-subtracted Chew-Madelstam function, defined
as

h(
p

s) =
2

⇡

p
p

s
log

✓p
s + 2p

2m

◆ ����
p=(s/4�m2)1/2R+

, (56)

and is motivated by a dispersion relation for the real
part of the two-pion loop. The full form factor is then
constructed to ensure the correct normalization at s = 0
as well as the presence of the ⇢ resonance at s = m

2
⇢. The

final expression is

F
I
gs(s) =

f0

(s/4 � m2) h(
p

s) � (m2
⇢/4 � m2)h(m⇢) + b

�
s/4 � m2

⇢/4
�

� i[s/4 � m2]3/2
R+ /

p
s

, (57)

f0 = �
m

2

⇡
� (m2

⇢/4 � m
2)h(m⇢) � b

m
2
⇢

4
,

b = �h(m⇢) �
24⇡

g2
⇢⇡⇡

�
2(m2

⇢/4 � m
2)

m⇢
h
0(m⇢) ,

where the subscript gs stands for Gounaris-Sakurai and
the superscript I indicates the first Riemann sheet. The
parameters of the model are the ⇢ mass, m⇢, and the ⇢⇡⇡

coupling, g⇢⇡⇡, which controls the width of the resonance.
We set these parameters approximately to their physical
values, m⇢/m = 5.0 and g⇢⇡⇡ = 6.0 [59].

In Fig. 4 we show the relative finite-volume corrections
of the Euclidean correlator, �GL(x0)/G1(x0) (equiva-
lently on the spectral density smeared with the exponen-
tial kernel b(!, ↵) = !

2
e
�!⌧ ). The results are shown

as functions of L for three di↵erent values of ⌧ and for
the three models of the form factor described above. To
illustrate the energy scale that dominates the asymp-
totic behaviour, we calculate the corresponding e↵ective
mass(es), defined as the logarithmic derivative of �b⇢L,,

EM[�b⇢L,] =
@

@L
log �b⇢L, , (58)

which in practice we evaluate numerically.
The e↵ective mass analysis highlights the common

asymptotic behaviour shared among the three form-
factor parametrizations and across the di↵erent values
of ⌧ . This is consistent with the expected 1

Le
�mL scal-

ing, which we derive in App. A. The deviations observed
for small values of L can be attributed to the power-like
prefactor on the exponential and potentially to higher
order terms.

We next evaluate Eq. (25), for the more interesting
Cauchy kernel

b(!, ↵) =
1

⇡

�

(! � !⇤)2 + �2
, (59)

relevant for example in the study of the smeared R-
ratio [60]. We restrict our analysis to the Gounaris-
Sakurai model and to the target energy !

⇤ = 3m, and
we vary the smearing radius � over di↵erent values in the
range [0.5m, 1.5m].

First, in Fig. 5, we investigate the convergence of the
series over Poisson modes, a good indicator on the ap-
plicability of our result. As expected, the series is well-
behaved for su�ciently large values of �L, where our
estimate of finite-volume e↵ects might be used to correct
future lattice calculations.

Second, in Fig. 6, we show the relative size of the finite-
volume contributions to the smeared spectral density, as
defined in Eq. (25) and summed up to |n| = 6. Note
that the (apparent) singularities appearing in the figure
are spurious features simply induced by zero crossings of
�b⇢L, at specific values of L. This oscillatory behaviour is
a common feature in the finite-volume e↵ects of smeared
spectral densities, also observed in Refs. [10, 32].

By setting the form factor to unity and by assuming
that the poles of the Cauchy kernel (in the upper half
of the complex p-plane) are the closest to the real axis,
one can evaluate their contribution analytically. (See
again Fig. 3.) We find that the overall result is well
approximated, up to a multiplicative scale factor, by
an exponential decay of the form ⇠ exp(�me↵L), with
me↵ = 1

2 Im
p

(!⇤ + i�)2 � 4m2 . This constitutes the
upper envelope of the finite-volume e↵ects, providing in-
sight into the asymptotic scaling. We plot this approxi-
mate envelope as the dashed lines in Fig. 6.

At fixed !
? and over the � range studied here, finite-
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coupling, g⇢⇡⇡, which controls the width of the resonance.
We set these parameters approximately to their physical
values, m⇢/m = 5.0 and g⇢⇡⇡ = 6.0 [59].

In Fig. 4 we show the relative finite-volume corrections
of the Euclidean correlator, �GL(x0)/G1(x0) (equiva-
lently on the spectral density smeared with the exponen-
tial kernel b(!, ↵) = !

2
e
�!⌧ ). The results are shown

as functions of L for three di↵erent values of ⌧ and for
the three models of the form factor described above. To
illustrate the energy scale that dominates the asymp-
totic behaviour, we calculate the corresponding e↵ective
mass(es), defined as the logarithmic derivative of �b⇢L,,

EM[�b⇢L,] =
@

@L
log �b⇢L, , (58)

which in practice we evaluate numerically.
The e↵ective mass analysis highlights the common

asymptotic behaviour shared among the three form-
factor parametrizations and across the di↵erent values
of ⌧ . This is consistent with the expected 1

Le
�mL scal-

ing, which we derive in App. A. The deviations observed
for small values of L can be attributed to the power-like
prefactor on the exponential and potentially to higher
order terms.

We next evaluate Eq. (25), for the more interesting
Cauchy kernel

b(!, ↵) =
1

⇡

�

(! � !⇤)2 + �2
, (59)

relevant for example in the study of the smeared R-
ratio [60]. We restrict our analysis to the Gounaris-
Sakurai model and to the target energy !

⇤ = 3m, and
we vary the smearing radius � over di↵erent values in the
range [0.5m, 1.5m].

First, in Fig. 5, we investigate the convergence of the
series over Poisson modes, a good indicator on the ap-
plicability of our result. As expected, the series is well-
behaved for su�ciently large values of �L, where our
estimate of finite-volume e↵ects might be used to correct
future lattice calculations.

Second, in Fig. 6, we show the relative size of the finite-
volume contributions to the smeared spectral density, as
defined in Eq. (25) and summed up to |n| = 6. Note
that the (apparent) singularities appearing in the figure
are spurious features simply induced by zero crossings of
�b⇢L, at specific values of L. This oscillatory behaviour is
a common feature in the finite-volume e↵ects of smeared
spectral densities, also observed in Refs. [10, 32].

By setting the form factor to unity and by assuming
that the poles of the Cauchy kernel (in the upper half
of the complex p-plane) are the closest to the real axis,
one can evaluate their contribution analytically. (See
again Fig. 3.) We find that the overall result is well
approximated, up to a multiplicative scale factor, by
an exponential decay of the form ⇠ exp(�me↵L), with
me↵ = 1

2 Im
p

(!⇤ + i�)2 � 4m2 . This constitutes the
upper envelope of the finite-volume e↵ects, providing in-
sight into the asymptotic scaling. We plot this approxi-
mate envelope as the dashed lines in Fig. 6.

At fixed !
? and over the � range studied here, finite-

with

= Analysis as in aμHVP by Hansen, Patella

L ~ 12 fm

Borderline where ΔE~σ

= covering more than 1 states  



Concluding remarks



Resolution matters

With the currently available correlator precision, a realistic resolution 
appears to be ε > (0.2—0.4)E.  The limit ε→0 involves some assumptions.

Amplitudes from spectral functions

Bulava, MTH (2019)

GL(⌧) = h⇡p4
|⇡(⌧3,p3)⇡(0)|⇡p1

iL =

Z 1

0
dE3 ⇢(E3)e

�E3⌧3

b⇢L,✏
p4p1

(q3) =

Z 1

0
dE3

1

q03 � E3 + i✏
⇢(E3) =

Z 1

0
dE3

b�✏(q03 , E2) ⇢(E3)

First define the Euclidean correlator

and the smeared spectral function
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of amplitudes
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Fig. 8 The total hadronic e+e−

annihilation rate R as a function
of centre-of-mass energy.
Inclusive measurements from
BES [52–55] and KEDR [56,57]
are shown as data points, while
the sum of exclusive channels
from this analysis is given by
the narrow blue bands. Also
shown for the purpose of
illustration is the prediction
from massless perturbative QCD
(solid red line)
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integration kernels in the calculations induces a correlation
of + 44% between the ahad,LO

µ and ∆αhad(m2
Z ) uncertain-

ties. The result without the new BABAR/KLOE systematic
uncertainty is 275.2 ± 0.9.

Adding to (8) the four-loop leptonic contribution, ∆αlep
(m2

Z ) = (314.979 ± 0.002) · 10−4 [70], one finds

α−1(m2
Z ) = 128.947 ± 0.013. (9)

The current uncertainty on α(m2
Z ) is sub-dominant in the

SM prediction of the W -boson mass (the dominant uncer-
tainties are due to the top mass and of theoretical origin),
but dominates the prediction of sin2 θℓ

eff , which, however, is
about twice more accurate than the combination of all present
measurements [50].

5 Conclusions and perspectives

Using newest available e+e− → hadrons cross-section
data we have reevaluated the lowest-order hadronic vacuum
polarisation contribution to the Standard Model prediction
of the anomalous magnetic moment of the muon, and the
hadronic contribution to the running electromagnetic cou-
pling strength at the Z -boson mass. For the former quantity
we find ahad,LO

µ = (694.0±4.0) ·10−10. In spite of new data
and the use of a more precise fit to evaluate the threshold
region up to 0.6 GeV, the uncertainty on this contribution
has increased to 0.6% since our last evaluation [1], due to
the addition of a new systematic uncertainty to account for
a global discrepancy between π+π− data from BABAR and
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Fig. 9 Compilation of recent data-driven results for aSM
µ (in units of

10−10), subtracted by the central value of the experimental average [61,
68]. The blue vertical band indicates the experimental uncertainty, with
the darker inlet representing the experimental systematic uncertainty.
The representative SM predictions are taken from KNT 2019 [44], J
2018 [69], and this work (DHMZ 2019)

KLOE. Resolving this discrepancy would allow to reduce the
ahad,LO
µ uncertainty by 20%.15

The discrepancy between measurement and complete
Standard Model prediction remains at a non-conclusive 3.3σ

level. The new Fermilab g − 2 experiment currently in oper-
ation [71] aims at up to four times better ultimate precision
and has the potential to clarify the situation.

15 The contribution of the π+π− channel to the total ahad,LO
µ

uncertainty-squared is 71%.

123

ex) R-ratio

Complicated structure is seen experimentally.  
Need some understanding of multi-body 
states.



Physics can be wild

Rich structure of ρ(ω) over 100 MeV to be expected.  
= Need ε < 100 MeV, or less (process dependent). 
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FIG. 14. Vector charmonium poles (E ) with uncertainties. Red points indicate resonance poles [located on unphysical
(physical) sheets of open (closed) channels], while blue and green points indicate bound and virtual poles, respectively, of the
nearest-threshold channels. Black points are  states listed in PDG [4], R(3760) [88], G(3900) [38], and Y (4320) [16]. Open
circles and accompanying vertical lines are branch points [Eq. (40)] and cuts, respectively, for open-charm channels indicated
at the bottom.

Y lineshapes. Indeed, the previous analyses considered
the interference of  (4160) and  (4230) to explain the
seemingly process-dependent  (4230) width for e+e� !

J/ ⌘ [94] and for e+e� ! J/ ⇡⇡,⇡D⇤D̄, J/ ⌘ and more
in Ref. [34]. We will address this issue in the future, tak-
ing into account the unitarity that was not considered in
the previous analyses.

B. Pole trajectories

In our coupled-channel model, vector charmonium
states can be formed from bare  states dressed by quasi-
two-body continuum states of Table I, as can be seen in
Eq. (18). Another pole formation is from hadron-hadron
interactions of Eq. (13). In this case, the Rc ! R0c0

partial wave amplitude [X(Rc)ls,(R
0c0)l0s0

in Eq. (12)] in-
clude hadron-molecule poles and, as a consequence, so
does the NR amplitude in Eq. (1). We find such hadron-
molecule poles near most of the open-charm thresholds,
as shown by the magenta crosses in Fig. 15; vs terms in
Eq. (13) play a dominant role for these hadron-molecule
formations.

The hadron-molecule poles further couple with bare  
states via continuum states, yielding some of the poles in
Table III. This development can be visualized in Fig. 15

as pole trajectories (black curves). To draw the trajec-
tories, we multiply a common parameter � to all of bare
 i ! Rc couplings [Ci

(Rc)ls
in Eq. (11)] of the default

model. As we vary � from 0 to 1, the pole locations move
from the magenta crosses to the other ends (pole loca-
tions from the default model) following the black curves.
An exception is the trajectory connecting to  (4360) be-
cause we do not find a practical integral path for the ana-
lytic continuation to the pole location for � = 0. Thus we
introduced one more parameter �0 by which the Z terms
in Eq. (13) are multiplied. The trajectory is drawn by
varying the parameters as � = 0 ! 1 with �0 = 0, and
then �0 = 0 ! 1 with � = 1. We note that the trajec-
tories shown in Fig. 15 are not unique but dependent on
how the bare  i ! Rc couplings are turned on; even the
endpoints of the trajectories may change.
Previous theoretical studies [50–54] speculated that

 (4230) is a D1D̄ bound state formed by short-range in-
teractions without coupling to charmonium states. Ref-
erences [52, 53] also assigned a D1D̄⇤ bound state to
 (4360). A HQSS model of Ref. [54] predicted a D1D̄⇤

virtual state, which is more consistent with our result.
Our analysis found not only such molecular poles but
also their significant shifts due to couplings with (bare)
charmonium states. The G(3900) pole was described
as a p-wave D⇤D̄ molecule from an one-boson-exchange

depending on the kinematical setup



Final words

• Opportunities:  
- Smeared spectrum opens a broad area of new applications of LQCD. Access to 

hadronic amplitudes, in particular. 

• Challenges:  
• No universal solution to the ill-posed problem, other than introducing smearing. 
• No universal solution to the S/N problem, then resolution is limited. 
• Hadronic amplitudes may need rather small ε; care about underlying physics 

Don’t ask if the spectral functions can be fully reconstructed; 
Ask if phenomenologically useful observables can be constructed.

e.g. Jüttner, arXiv:2603.15487, for rare D→πl+l−.


