Hamiltonian Chiral Fermions
and Lattice Chiral Gauge Theories

Hersh Singh

Fermi National Accelerator Laboratory

Lattice 2026 - Plenary



The Standard Model is an enormously successful theory.

2/48



The Standard Model is an enormously successful theory. But it has a rather
embarrassing problem.

2/48



The Standard Model is an enormously successful theory. But it has a rather
embarrassing problem.

It is a chiral gauge theory, and we do not know how to simulate it.

2/48



The Standard Model is an enormously successful theory. But it has a rather
embarrassing problem.

It is a chiral gauge theory, and we do not know how to simulate it.

This is not a problem of algorithms or hardware.

2/48



The Standard Model is an enormously successful theory. But it has a rather
embarrassing problem.

It is a chiral gauge theory, and we do not know how to simulate it.
This is not a problem of algorithms or hardware.

There is no nonperturbative construction of the Standard Model.
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Fermion doubling problem

What goes wrong when you try to put a Weyl fermion on the lattice?

= Hamiltonian for a Weyl fermion in 1+1d:

H =fdx Wr(x)io, (x) =[dP 'prpwp

= Naive discretization: finite differences
W) = (Wi - W), iPW, > ;sinap)w,
= Lattice Hamiltonian (a = 1):
H=1> 0@ -w,a) =D wl, sinp)w,
X p
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Fermion doubling problem

What goes wrong when you try to put a Weyl fermion on the lattice?

= Hamiltonian for a Weyl fermion in 1+1d:
H= [dxwiiow = [dp i, pu,

= Naive discretization: finite differences

LW = Wiy - Wig) ipw, > Lsin(ap)y,

= Lattice Hamiltonian (a = 1):
He S 0l - wen) = 2w, sin() w,
X p

= At low energies:

h(g) = sin(g) = +q + 0(g®), h(m+q) = -q + 0(q*)

h(p) = sinp

sin p vanishes at p = 0 and p = m, with opposite slopes.

Extra massless particle with opposite chirality! J
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Two faces of the chiral fermion problem

The “easy” problem The “hard” problem

A global chiral symmetry, with a 't Hooft A gauged chiral symmetry: a chiral gauge
anomaly. Think QCD. theory. Think electroweak.
= Perfectly fine as a global symmetry (it = Anomaly cancels, then the chiral
just cannot be gauged). symmetry is gauged.
= Physical: the m° — yy rate. = No known nonperturbative lattice
= Solved in Euclidean: overlap / construction.
domain-wall realize it exactly. = We don't yet know how to even
= Minkowski / Hamiltonian: problems define it.
remain.

't Hooft anomaly: obstruction to gauge symmetry
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A no-go theorem

= sin p just the simplest choice: can a cleverer h(p) avoid the doubler?

=AnyH =%, w, h(p) p, with
locality = h(p) analytic, 2rm-periodic
right continuum limit = h(p) ~ +pnearp = 0

= Periodic + rises through zero = must come back down: h(p) ~ -p somewhere, a
doubler of opposite chirality. Topology: chiralities cancel over the Brillouin zone

Nielsen-Ninomiya [Nielsen, Ninomiya 1981]: no lattice fermion with all of
locality « no doublers « correct continuum limit « exact {D,ys} =0
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Wilson's fix and its cost

Wilson: give up exact chiral symmetry [h(p)|
[Wilson 1977]

= Wilson term: momentum-dependent mass
F(p) = %,(1 - cosp,); F(0) = 0, F(m) ~ 1

Physical mode untouched; doublers
massive ~ 1/a = decouple

Price: {D, ys} # 0 explicitly, restored only as
a—-20

Doubler at p = m is lifted; the physical mode at p = 0 stays
gapless.

Wilson trades the doublers for a broken chiral symmetry.
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Is there a better way?

There are infinitely many ways to discretize a fermion.
Wilson’s is just one, and it sacrifices chiral symmetry completely.
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Is there a better way?

There are infinitely many ways to discretize a fermion.
Wilson’s is just one, and it sacrifices chiral symmetry completely.

So: can we keep an exact chiral symmetry on the lattice,
with no doublers, at finite lattice spacing?

Remarkably, yes. The key is to ask for a smarter version of {D, y;} = 0.
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The Ginsparg-Wilson relation (1982)

= Nielsen-Ninomiya forbids exact {D, ys} = 0: what is the mildest relaxation?

= RHS local, vanishing in the continuum:

The Ginsparg-Wilson relation

{DIVS} = aDVsD

= Breaking: O(a), local

Dormant ~ 15 years: no D satisfying it. Late 90s: overlap and domain wall

Ginsparg, Wilson 1982
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A genuine lattice chiral symmetry (Liischer)

= GW relation looks like a cheat: but it hides an exact symmetry
= Modified chirality:
a—0

Vs = V5(Il - aD), Vs — Vs

= GW <= action invariant under

Sp=vsy, OP=yy;s

Exact chiral symmetry at finite a, generated by ys:
no fine-tuning, correct anomaly, no doublers

Liuscher 1998
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Solution 1: the overlap operator

= Explicit GW solution, built from the Wilson operator H_:

Overlap Dirac operator

X
D, = L+y’eH,), &X)= H. =y°D

ov \/};}Z' w

= Matrix sign function the whole story: e(H,)? = 1 = GW holds

= Price: &(H_,) nonlocal, couples all sites to all sites

In practice €(H_) is always approximated: hold that thought

W

Neuberger 1998
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Solution 2: domain-wall fermions

= Extra dimension, extent L

= (d+1)-dim Wilson fermion + mass defect =
chiral zero modes on the boundaries:

- left wall - left-handed
- right wall - right-handed

= L; — oo: walls decouple = exact chiral
symmetry, local in d dim

= Price: extra qubits/sites

left-handed
right-handed

fifth dimension s = 0, ..., L - 1

Boundary modes, exponentially localized.

Kaplan 1992, 1993
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The two are secretly the same operator

= Integrate out the bulk = boundary theory = overlap fermion, exactly
= Finite Lg: approximate sign function
&(H,) — tanh(LgH,),

exactas Ly — o

= Fifth dimension = a tool to approximate £(H, )

Overlap = exact sign function, non-local, few sites.
Domain-wall = approximate sign function via L, local, many sites.

Narayanan, Neuberger 1993 - Kikukawa, Noguchi 1999
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Ginsparg-Wilson, overlap, domain-wall: so far this has all been Euclidean lattice field
theory.
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Ginsparg-Wilson, overlap, domain-wall: so far this has all been Euclidean lattice field
theory.

A quantum computer evolves a Hamiltonian in real time.
What happens to the exact chiral symmetry there?
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For a quantum computer: go Hamiltonian

Quantum computer: real-time evolution, |@(t)) = e |w(0))

Need a Hamiltonian, not a Euclidean action:

S=ZL]JDL[J—>H=ZL[JThL[J

Wilson Hamiltonian (ungauged, single-particle):

hy=> ir6 +1°(m- 1)
i

local, gapped (smallest |eigenvalue| = m)

Domain wall: Wilson in d+1 dim = honest local Hamiltonian h,,

Domain wall: local, obvious. Overlap Hamiltonian: what is it?
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The overlap Hamiltonian (Creutz-Horvath-Neuberger 2002)

= Single-particle ansatz, built from the Wilson h_:

Overlap Hamiltonian

h, = T°D,, = M+sgh,), eh,)=h,/\/hth,.
= 0 < m < 2r: a single massless Dirac fermion, no doublers
= Exact chiral symmetry, from a modified chirality:
Q5 = ‘PT Vs Wy, Vs = %V5(1 v roe(hw)), [V5y hov] =0

= Y5 = Vs in the continuum; finite a: the GW-deformed chirality

Exact lattice chiral symmetry, at the price of the nonlocal &(h,,)
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Why the overlap Hamiltonian is subtle

= Overlap born Euclidean: a kernel in ¢D_ y; Hamiltonian: Hermitian generator of
real time. No canonical recipe between the two

= Domain wall: local in (d+1) = transfer matrix = Hamiltonian for free. Overlap
analogue: open, active question [ Clancy 2024 - HS 2025 - Chattejee, Pace, Shao 2024 -« Gioia,
Thorngren 2025, « Misumi 2025 ]

= One proposal, h_ = o+ (h,,): extra dimension traded for all-to-all interactions, no
ultralocality [Creutz, Horvath, Neuberger 2002]

= Chiral charge dynamical: y; = %y5(1 + [¢(h,,)) depends on the Hamiltonian, unlike
the fixed ys
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Compact vs. noncompact

Euclidean [l Hamiltonian

w - ey, @ pes

. . . Q= e w, Ve =21y.(1+Ph
Vs = v5(1 - aD), 2 = 1: eigenvalues 1 5= W Vs W s = 5¥s(1+ Telh,))

0 a 2m-periodic angle = compact U(1) y2 # 1: spectrum not 1
Anomaly in the measure: Try; = index € Z €995 never closes up = noncompact R

The compact Euclidean chiral U(1) be-
comes a noncompact R in the Hamiltonian
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We have a lattice Hamiltonian with an exact chiral symmetry.
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We have a lattice Hamiltonian with an exact chiral symmetry.

How do we actually run it on a quantum computer?
First we need a few tools.
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What a quantum computer actually does for us

= n qubits: state in c?, exponentially large

= Machine applies unitary gates; target:

(1) = e y(0))

= H: a2" x 2" matrix never written down, only acted with

The core challenge
H Hermitian, not unitary; the machine applies only unitaries.
How to apply a function of H: e, or g(H)?
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First instinct: just Trotterize?

= Standard recipe: split H = ¥, H,
e iHt (”h o iHr t/n)n

= Local H: shallow, local circuits, few ancillas

Falls short for exactly-chiral fermions

= Precision costly: error polynomial in 1/€, vs optimal t + log %
= Nothing to split: £(h,,) all-to-all
= Breaks the symmetry: each step adds violation, no single knob
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Why quantum signal processing?

One method fixes all three at once: QSP

= Optimal: cost ~ t + log %, exponentially better than Trotter, matches the lower bound

= Functions of H, directly: any polynomial p(H), incl. (h_,): nonlocality a feature, not
an obstacle

= One knob: degree M dials the GW violation €,

One framework: et and g(h,,), optimal, controlled chiral symmetry
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Idea 1: hide H inside a unitary (“block encoding”)

= Embed H (rescaled) as the top-left corner ]
of a unitary U,, via ancillas: Uy, (unitary)

UH i (H /A *) - *
* *
ancillas

= Ancillas in [0), apply U, ancillas out in |0): 1o

* *

(091 Uy, 109) = H/A

= Local Wilson h_: cheap, few unitaries
(shifts x y-matrices), cost 0(Q)

Low, Chuang 2019 - Gilyén et al. 2019
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Idea 2: quantum signal processing (QSP)

= Interleave U, with ancilla phase rotations ¢,, ..., ¢
Uy — R(dy) Uy R(dy_q) - Uy R(¢,)
= Magic: the circuit block-encodes a polynomial of H:
(0] (circuit) |0) = p(H), degp =M

= Phases {¢,} = any polynomial (|p| < 1)

A “polynomial-of-H machine”:
degree-M polynomial = M uses of U,

Low, Chuang 2019 - Gilyén et al. 2019
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Two polynomials we want

Time evolution

The sign function

H) = p,(H), degree M = O(k™" log 1) (k =
oriHit Z Ci Te(H), degree ggp)) Pu(H) g (K™ log ) (
M = O(/\t + log ) Exactly what overlap fermions need.

Asymptotlcally optimal simulation.

- - - )

degree-M polynomial p,,(x)
’I - - -
x (eigenvalue of H)

=9 1
= -]-
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Block encoding and QSP let us apply functions of H (like &(H)) on the machine.
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Block encoding and QSP let us apply functions of H (like &(H)) on the machine.

Can we assemble them into a real algorithm for chiral fermions?
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The recipe for overlap fermions

Apply QSP
Block-encode the
. degree-M Get g(h_) Overlap h_,
local Wilson h, — polynomial B ED & ] =+ ¢h,)
cost 0(Q) M = O(log 1)

= Nonlocal g(h,,) never built by hand: QSP manufactures it from the cheap local h,

= Time evolution e Hovt: standard QSP

= Gauge fields: shifts — covariant shifts A; — A; U, ;y; scaling unchanged
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From one particle to the many-body Hamiltonian

= So far: single-particle h, a Q x Q matrix. Promote to
q = [log, Q1 = O(log Q) qubits
All sign-function work in this exponentially compressed register
= Evolve the many-body H on Fock space:
H=y hy on Q qubits (Jordan-Wigner)
= Standard wrapping of the block encoding:
0(Q) gates, O(log Q) ancillas

Sign function: built on log Q qubits.
Second quantization: the O(Q) factor = linear system-size scaling
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What does it cost?

= h_, gapped (smallest |eigenvalue| = m) = k = O(1):
M = log 1) (logarithmic in accuracy)
= One QSP step = one 0(Q) block encoding = &(h,,) costs

qQ log %)

= Full real-time evolution:
C(Q log ;—e -(Qt +log elt))

-
sign fn

Q = fermionic modes; €, = sign-function error, €, = time error

sign-function scaling: Low, Chuang 2017 - Gilyén et al. 2019
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The chiral symmetry is broken only softly

= Truncating to degree M means p,(h, ) is not exactly a sign function:

lpw(h, Y - 11 s 2.

= One short computation (anticommutators of y’s) turns this into a bound on the
Ginsparg-Wilson violation:

|, vs}-ysp | <26, = 175 h1] < 2e..

= The exact chiral symmetry is recovered exponentially fast: €, is what we dial with
the polynomial degree M.

Chiral symmetry violation is controlled directly by
the QSP error €,, and costs only log(1/€,) to shrink.
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And domain-wall fermions?

Domain-wall stays a local Hamiltonian in d+1 dimensions: no sign function to
approximate.

Locality is a real asset on a quantum computer

But you pay in memory: every one of the Q modes is copied Lg times.

The residual GW violation is set by the wall separation: ~ e™Ls.

Two knobs (M for overlap, L, for domain-wall), both controlling the same chiral-symmetry
violation. Coincidence?

local simulation: Haah et al. 2018 - Rhodes et al. 2024
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We now have two chiral-fermion algorithms: overlap and domain-wall.
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We now have two chiral-fermion algorithms: overlap and domain-wall.

Which is better, and what does comparing them tell us about the physics?
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The scoreboard

Overlap Wilson  Domain-wall
Qubits (memory) Q Q QL
Gates: block-encode h Qlog * Q QL
Gates: time evolution ~ Qlog - (Qt+log =)  Qt log ¥  QLgt log %
e t t t
Chiral (GW) violation €, o(1) et

Wilson & domain-wall scalings: Rhodes et al. 2024
= Wilson: cheapest, but chiral symmetry broken at O(1).
= Overlap: fewest qubits, deeper circuits (the log el overhead).

= Domain-wall: shallow local circuits, but a factor Ls in memory.

Stare at the last row.
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Reading the table: M « L,

~CLg

= Domain-wall GW violation ~ e Overlap GW violation ~ €,.

= Set them equal:

€, ~ el = Le ~ log— ~ M
€l

e

= The QSP polynomial degree M plays exactly the role of the domain-wall
fifth-dimension extent L:
- both control the chiral-symmetry violation,

- both add the same logarithmic cost,
- both interpolate between local and fully non-local.

When QSP approximates g(h ) with a degree-M polynomial,
it is secretly reconstructing the extra dimension of domain-wall fermions.
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Why this is the same extra dimension

= h_, is nearest-neighbor (sparsity s ~ d).

= A degree-M polynomial p(h, ) reaches at
most M sites away: sparsity ~ d M.

= So increasing M literally spreads the

operator’s support by M lattice spacings.

physical lattice (d dim)

= Domain-wall: hopping L steps along the
fifth dimension spreads the boundary
operator by L. spacings. Same picture.

M = 1: local Wilson. M — oo: fully non-local

overlap.

degree M

extent Lg

Overlap traded the extra dimension for all-to-all interactions;
QSP’s all-to-all polynomial is that dimension, grown back.
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This is the quantum version of an old story

= Classical lattice QCD has wrestled with &(H_,) for decades: [review: Blum, Shamir 2026]
- rational (Zolotarev) approximations for overlap,
- the Mobius / truncated domain-wall formulations.

= They all hit the same scaling M = O(k™" log el), with the approximation order playing
the role of L.

= QSP provides the unifying quantum analog: the polynomial degree is the single
knob, the quantum analog of L

The “overlap = boundary of domain-wall” equivalence re-emerges as a statement about quantum
algorithms.
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Can we put a chiral gauge theory on the lattice at all?
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Can we put a chiral gauge theory on the lattice at all?

Part 2: The Hard Problem
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The hard problem: where things stand

= “Easy” problem essentially solved by Ginsparg-Wilson fermions (overlap / domain
wall)

= Liischer: modified chiral symmetry of GW fermions = nonperturbative construction
of abelian chiral gauge theories [Liischer 1999, 2000]

= Nonabelian problem: open

= Abelian construction mathematically rigorous but unwieldy: no successful practical
lattice demonstration
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Despite decades of progress, we still lack a single numerical simulation of a lattice chiral
gauge theory.
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Despite decades of progress, we still lack a single numerical simulation of a lattice chiral
gauge theory.

Are we now at a point where we can finally simulate a chiral gauge
theory?
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Why we might finally simulate a chiral gauge theory

= Problem: anomalies difficult to realize on the lattice
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Why we might finally simulate a chiral gauge theory

= Problem:
Solution:

= Problem:
Solution:

lattice

= Problem:
Solution:

= Problem:
Solution:

anomalies difficult to realize on the lattice
bosonic anomalies now well understood: exact anomalies at finite spacing

our theories are fermionic
recent bosonization work in 2d = exact gauged chiral symmetry on the

chiral gauge theories generically have a sign problem
tensor networks

bosonic theories: infinite-dimensional local Hilbert space
qubit regularizations (“digitizations”), inspired by quantum computing
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Let's consider the simplest chiral gauge theory.
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The simplest chiral gauge theory: 3-4-5-0

= The simplest chiral gauge theory? A U(1) in 1+1d
= Gauge anomaly = Pythagorean triples
= gravitational anomaly = one neutral Weyl: the 3-4-5-0 model

left-movers right-movers
< ‘P(3) s et lp(3) ‘P(S) o oot w(S) >
<« P s etia y® WO o YO NG

neutral
gauge anomaly: ¥ g7 = ¥ q3: 3%+ 4% =57+0°

gravitational anomaly: n, = n,: 2 =2

[ This is the UV. What is the IR of this model?
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Bosonization solves the model

= 1+1d bosonization solves the continuum
theory: exact IR known

= For decades, the benchmark for lattice
tests of chiral gauge theories

= But never been successfully
demonstrated on the lattice with any
technique

uv
g™ — —s ), O
+ U(1) gauge field

Y RG

@3

1]

gap

p
one free massless gapped
Dirac fermion “Schwinger boson”
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New understanding in implementing anomalous bosonic symmetries on the lattice.
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New understanding in implementing anomalous bosonic symmetries on the lattice.

Can we make progress with new ideas:
exact anomalies, tensor networks, qubit models?
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Latticizing the bosonization

= Bosonization is exact in 1+1d: so latticize the bosonic theory, not the fermions

= Recently, an exactly solvable rotor model of 3-4-5-0, chiral gauge invariance exact at
finite spacing

continuum 3-4-5-0
four Weyl fermions
+ U(1) gauge field

-— —>
-— —>

Berkowitz, Cherman, Jacobson 2025 - Seifnashri 2026
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Latticizing the bosonization

= Bosonization is exact in 1+1d: so latticize the bosonic theory, not the fermions

= Recently, an exactly solvable rotor model of 3-4-5-0, chiral gauge invariance exact at
finite spacing

continuum 3-@-5-0 oerriiid: compact.bo.s.ons [ rotor chain
four Weyl fermions — > anomaly sits in the e exact chiral gauge
+ U(1) gauge field operator algebra invariance at finite a
- —>
- = O 00060

problem: rotors are infinite-dimensional:
tensor networks and quantum computers need a finite Hilbert space

Berkowitz, Cherman, Jacobson 2025 - Seifnashri 2026
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So, then the question is:
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So, then the question is:

Is there a truncation (qubit-regularization)
of this chiral lattice gauge theory,
with the anomaly structure preserved exactly?
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An Z, lattice chiral gauge theory

= Solution: Truncate the rotors to a finite-dimensional Z,, clock model; N — o
targets U(1)

o * ¢
truncate A

—_— ° °

[ [ ]

o .
compact boson: U(1) 7, clock: w = e*™/N
&'t — Z (" = 1)
2MLIN — X (XZ = wZX)
chargessqe Z —  qmodN
anomaly cancellation: ¥ g7 = ¥ g3 —

qu = Zq,% mod N

Anomaly cancellation with no uncontrolled approximation.

Lootens, HS 2026
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What we measure: entanglement entropy

= Bipartition the chain: MPS methods hand us the entanglement entropy S for free

= How S scales with the correlation length § diagnoses the IR: gapped = area law, S
saturates; critical = S grows with In §

s
critical: S = ¢ In§

cut
1
1
LI Y gapped: saturates (area law)
—
region A Iné

S = entanglement entropy of A

The slope of S vs In ¢ is the central charge:
c = 1 << one free massless Dirac fermion in the IR.
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Simulating the 3-4-5-0 model

Zg 34-50 lattice chiral gauge theory - (gapped) ® (one free massless Dirac fermion)
s=§ In&: the IR central charge

operator dimensions
141 o N=6, cellbond 1418

o N=6, intra bond wrong IR \
" 1.2{ & N=3 (below stability bound) 124 4
z \
o \ free fermion: 1
S0 104y sl
c
3
o
$os 0.8
§
2 0.6
206
8
c 0.4
@04 = B

- ¢=1.010 +0.002 B SEnE B
0.2 fie Teiiion: 1/
0.2
05 1

4.0 10t 10?

0 15 20 2. EX 35
In &(x) (correlation length, unit cells) bond dimension x
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Simulating the 3-4-5-0 model

Zg 34-50 lattice chiral gauge theory - (gapped) ® (one free massless Dirac fermion)

S=¢Iné&: the IR central charge

operator dimensions

® N=6, cell bond 1419
o N=6, intra bond wrong IR \
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A chiral lattice gauge theory, simulated for the first time:

the predicted IR emerges, a free massless Dirac fermion.
Universality: Finite N=6 is enough

Lootens, HS 2026
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Simulating the 3-4-5-0 model

Zg 34-50 lattice chiral gauge theory - (gapped) ® (one free massless Dirac fermion)

S=¢Iné&: the IR central charge

operator dimensions

® N=6, cell bond 1419
o N=6, intra bond wrong IR \

n 12{ @ N=3 (below stability bound) 12 4
E \
o \ free fermion: 1
510 1018
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o
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04 ¢=1.010 +0.002 SE--gB-p

0.2 (/‘n fermion: 14
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In &(x) (correlation length, unit cells)

10! 102
bond dimension x

A chiral lattice gauge theory, simulated for the first time:

the predicted IR emerges, a free massless Dirac fermion.
Universality: Finite N=6 is enough

Thank you.

Lootens, HS 2026
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