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Current status of as(my)

FIAG2024 o e PDG 2025 (non-lattice):
M FLAG + PDG 23 nonlattice Qs (mZ) — 01178(10) [09%]
i FLAG estimate
T decoupling o vs. FLAG 24 (lattice)
L vacuum polarization
8 - step scaling
= Q-Q potential Qg (mz) = 01183(7) [06%}
L Wilson loops
L heavy current two points .
total error = step-scaling &
—o— PDG 23 nonlattice average . - .
decoupling error, statistics
@ electroweak R
s o hadron collders dominated!
k] ® o*e- jets & shapes
) ol I POF Fis @ Most other results (on and off
@ Q bound states . R
* tau-decays & low Q7 the lattice) systematics
0.110 0.115 0.120 0.125 dominated (hadronization

models, perturbative truncation
at low energy scales,...)

ALPHA '26: improves and combines step-scaling & decoupling methods:

as(mz) = 0.11876(58) [0.5%] (statistics dominated)



ALPHA collaboration project

Build on CLS effort [Bruno et al, JHEP 1502 (2015) 043]:
@ N = 2+ 1 state of the art lattice QCD simulations
o nonperturbatively O(a) improved Wilson quarks & Liischer-Weisz gauge action;
@ open boundary conditions (avoids topology freezing)
Use 3 input parameters from experiment, e.g.
M, M, Myp = My = Mg, Ms, go

Everything else becomes a prediction, for instance

a,((Nfz?’)(lOO X mp) (in any mass-independent renormalization scheme x)

Final goal: o\~ (my) in the MS-scheme

o Requires matching Ny =3 — 4 — 5 across the charm and bottom thresholds;
= perturbation theory to 4-loop order satisfactory [Athenodorou et al. '18, ALPHA'26]

o ALPHA '26: scale setting via /%o (averaged, s.later).

o N.B. Error of 0.5% in as(mz) corresponds to 2.6% scale uncertainty

= isospin breaking effects subdominant.



The QCD A-parameter vs. a, () = g%(p) /4w

The coupling ax (i) can be traded for its associated A-parameter:

R P 9 1 1 b
A= g = b, g2 0 e 2b0g (n) e {— d |:7+7_7:|}
ne(G(1) = p[bog® ()] xp /0 9|59 T og® 229

@ exact solution of Callan-Symanzik equation: (u% + ﬁ(g)@) A=0
o Number N¢ of massless quarks is fixed.
o If the coupling g(u) non-perturbatively defined so is its S-function!
e f3(g) has asymptotic expansion 8(g) = —bog® — b1g® — bag” ..
bo = (11 — 2Ny)/(4m)?, by = (102 — 38 Ng)/(4m)*,
bo,1 are universal, scheme-dependence starts with 3-loop coefficient b2.

@ Scheme dependence of A almost trivial:

A
g% (1) = g% () + exyoy () + ... = ﬁ = e“xy/2b0

= can use Ayg as reference (even though the MS-scheme is purely perturbative!)



The QCD A-parameter and a(p) = g%(u)/4m

R 9 1 1 b
A = up(g(p) = p[bog 2 o 250721 ox {_ d [7+7_7”
pp(g(n) = p[bog? (1) ] P /0 9|50 T hog® B2

o Continuum relation, exact at any scale u:

e require large p to evaluate integral perturbatively

o require small ;1 to match hadronic scale
= problem of large scale differences:

o The scale u must reach the perturbative regime: p > A
o lattice cutoff must still be larger: © < a~!
o spatial volume must be large enough to contain pions: L > 1/m,

o Taken together a naive estimate gives

L/a> puL > m.L>1 = L/a~ O(10%)

= widely different scales cannot be resolved simultaneously on a single lattice!



Step-scaling

35 years ago: Strategy with application to the 2-dimensional O(3) model:
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‘We propose to compute the running coupling 2 in lattice gauge theories and non-linear
o-models through a finite-size scaling analysis. The idea is shown to work well in the O(3)
a-model, where we succeed to determine 2> (in, say, a momentum subtraction scheme) at
energies up to about 30 times the mass of the particles in the theory.
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The step scaling solution

o Widely different scales cannot be resolved simultaneously on a single lattice
= break calculation up in steps [Liischer, Weisz, Wolff '91; Jansen et al. '95]:

@ define g2(L) that runs with the space-time volume, i.e. = 1/L

@ construct the continuum step-scaling function for © € [tmin, Umax]

o(w) = lim ¥(u,a/L), E(u,a/L):§2(2L)‘ .
a/L—0 u=g>(L)

3(u, a/L) requires a pair of lattices, (L/a, 2L/a), no large scale differences!
@ Recursively step up/down in scale by factors of 2:

7 (Limax) = Umax = w0,  ugp = 0(ukt1) = 5 (2 " Lma), k=0,1,...

Step scaling: SF coupling
2.6 . .

B 12 | L .

T S S S AR R R
0 0.005 0.01 0.015 0.02 0.025 (a/L)?




Finite volume couplings

If (Og) can be perturbatively expanded we define

_ def
3> (L) = (Og) = ¢ +O(g")
where
o all quark masses are set to zero;

o all dimensionful parameters are taken in fixed proportion to L, making u = 1/L
the only scale.

Consider 2 (classes of) finite volume schemes:

o gsg(L): from Schrédinger functional (SF) with Abelian background field [Liischer
et al. '92]

o ggr(L): from gradient flow observable (tr{Gy;(t, )Gy (¢, z)}) in finite volume
with SF boundary conditions [Fritzsch & Ramos '13]

Use GF coupling at low energies, SF coupling at high energies and match
non-perturbatively at po ~ 4 GeV.



Non-perturbative running of o, in Ny = 3 QCD for x = GF, SF

‘ Schrodmger Functlonal i
Gradient %ow ]
3-loop (SF) — — —
0.8 - 3-loop S@ E——
4-loop (MS) -----
5-loop (MS) --eeeeee
0.6 _
=
3
04 + _
02 N i
\\§ _____
0 Hhad = Mo ‘Hp‘P\_T—
0.1 1 10 100

n[GeV]

Scale definitions:

9er(1/pnag) = 1131, g3(1/po) = 2.012,  ppr =2"po



Scale Setting

o Define \/1% and p’ =1/, /8t at the symmetric mass point (m, = mx)
@ Relation to the physical point: |/to/t§ = 1.0003(31) [RQCD 22, G.S. Bali et al ]

o Obtained from a variety of hadron masses/decay constants and both Ny =2+ 1
and Nf=2+1+1

255 — :
a2. — e
HPQCDI13A = Weighted Average
Ne=2+41+1 2.45 |-
MILC15
CalLat20A T 94 |
BMW124 \i
CLS21 #1*92 235 |
RQCD22 »
deset 23 L Gep (Hhaa2) = 10.20 I
RBC/UKQCD14B' . oy i §
0.142 0.144 0.146 0.148 ’%1,/—”§’ i
T [fm) o . ¥
- Set A +—e—i
lSet‘ B =i

\/%:0'1433(7)““(4)Sys(17)robust(19)t°tfm 22 =000z 004 006 005 01 012 01

(api)?

N.B. The error is deliberately enlarged (“robust error”) to cover the central values of
all precise results!

= phad = 200.6(3.0)MeV, o = 4.385(94)GeV, wpt = 70.1(1.3)GeV.



(3)
Result for AMS [ ]

o The A-parameter can now be evaluated at scales 2" g (Lo = 1/p0),
n=0,...,5 including upt (n =4).

e The remaining uncertainty is parametrically o< a?(upt) if the S-function is
known to 3-loop order
0.034

0.033

0.032

LoA

0.031

0.03 |~

0.029

0 0.005 0.01 0.015 0.02 0.025 0.03
a?

o Note: observation of this dependence requires data over a large range of scales,
so that a? varies significantly!

o Result:

Ail(\/?s = 347(9)stat(6)sys(4)robust(11)t0t MeV = 347(11) MeV [3'2%}

o Previously 341(12)MeV; Changes due to improved continuum extrapolations,
new scale determination.



Flow chart of strategy:

Vi =0.1433(19) fm
Hpag = 200.6(3.0) MeV

Hgadtingg = 4.000(36)

~[Lattice large volume |—

VM Ve Vi Ve
VMo VM-

i/t = 1.0003(30)

gelitpeg) = 11.31/(4m)
Vit = 0.1457(11)

Decoupling

[ ol gee) = 3.949/(dr) g0 = B03(14) MeV }7>

=]

[ N,=3©N,=0matching |———

Quark masses
Charm: m,

Uft g = 5.464(62)

GF © SF matching

Bottom: m,

Gedanken world: M= M, = M, = M, > A
z=Muy, =4,6,8,10,12

©
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Decoupling of charm and bottom quarks

= Total error it ax(myz)

0.1195

Mass-independent schemes: Ny is fixed! ot

= match: Ny =5 — 4 (bottom) and 01185
Nf =4 — 3 (charm) :

(mz)

a,

0.1180

Standard perturbative procedure: up to 01175
5/4-loop running/decoupling in MS scheme;

1
[Bernreuther and Wetzel '82; Grozin et al. '11; Order

Chetyrkin et al/05; Schréder and Steinhauser '05;
Kniehl et al. '06; Gerlach, Herren and Steinhauser '18]

@ compare successive orders:
perturbative error € Aas(myz)

o PT ignores observable-dependent power
corrections; Test in model Ny = 2 — 0 using
V/to and wq [Athenodorou et al '18, ALPHA '26] : e

VRl 1 a®L o) (a®)
Ly P ( M ) QN M
N—_—— 0.2\ A(@
non-pert. S—— R
PT very small!

Corrections are compatible with zero even at the charm threshold!



Decoupling of heavy quarks as an alternative strategy to compute Al(\?s

o Consider QCD with Ny = 3 heavy quarks of Renormalization Group Invariant
(RGI) mass M

_do
M= lim () [20032()] 20, do = 1/(2%)
H— 00

with (1) the running mass in scheme x.

o At scales p < M, QCD(N¢ = 3) is described by an effective theory,
QCD(N¢ = 0) ie.pure Yang-Mills theory:

37 /AP, M) = 5O (/L) + O(u?/M?)
o In PT and the x = MS scheme this leads to
32 = m )P =C (s (ma)) W m, e = (),
and for . = m, one has

C(z)=1 + ozt + c328 +eqx® + ...

with ¢, n < 4 known (4-loop order).



Decoupling of heavy quarks as an alternative strategy to compute A%

Main idea:

-+ Massive N, = 3

— Massless N, =3

~— Decoupled N, =0

-+ Decoupling trajectory

o Relate couplings for Ny = 3 and
Nt = 0 non-perturbatively at the
scale pgec and trace coupling in N
Nt = 0 theory (decoupling
trajectory):

= step scaling for Ny = 0 instead of (e gec/A)
N¢ = 3 (much easier)! In(u/a)

Reformulate decoupling in terms of the respective A-parameters:

(3) © ©) (-3
M _ e o (35 (raec 2

= lim —_—
Hdec A)((O) M/ pidec—>00 P M A%
Hdec Hdec

where P is the perturbative function:

(0)
3)y _ 90% (9* C(g*)) N G))
P(M/Am) - #P@(g*) * = gm(m*)
Ms



Coupling definitions

Set-up such that it benefits from previous work: running quark mass [Campos et al '18],
Ny = 3 coupling [ALPHA'17]
o Definition of massless renormalized couplings: use gradient flow GF scheme in
finite volume
zo=T/2,c=V8t/L
Z tr {Gri(t, )G (t, x)}éQ 0)

(6@,0)
=1 u=1/L,T=L, M=0

Ger(p) =

o use both T'= L (GF scheme) and T'= 2L (GFT scheme) with projection to
topological charge Q = 0 sector (part of scheme definition)

o 1-parameter families of schemes, parameter ¢ = v/8t/L

@ T = 2L chosen to suppress both cutoff effects linear in a and large mass effects
linear in 1/M from Euclidean time boundaries.



Numerical set-up

Lines of constant physics:

G2F (Hdec) = 3.949 = igec = 803(14)MeV

Varying L/a = 1/(afidec) between L/a = 12 — 48 defines a sequence of values
B=6/g2 € [4.3,5.2]

Define range of values z = M/igec € {4,6,8,10,12} up to O(a?) effects
(non-triviall) and find corresponding bare mass values.

This requires fully non-perturbative renormalization [Campos et al '18] and O(a)
improvement of bare quark masses and coupling (including by [ALPHA '24])

At these values of the bare parameters choose T' = 2L and compute the
couplings in a massive scheme

§é3|:)7 (Ndecv M)

require aM to be small and 2 = ML = M/pgec > 1

potentially a difficult multiscale problem; using ;= 1/L alleviates this.



Continuum extrapolations

6.50 75
S 625 g 7.0
] 6.00 fes P
£5.75 ~foz =120] & o g
Nj.o: - oz :15%1 g 6.0 5‘{')' ,,,,,, o :
. o 2 =8. - B -
o 02 =60 | 55| —eETT e e °
5.25 S——- AN o
0.3 04 0.000 0.001 0.002 0.003 0.004 0.005 0.006

(a/L)?

Data for z = M/pgec € {4,6,8,10,12} (here with ¢ = 0.36), extrapolated to a =0
using

o global fits (bands in plot);
7% (zi,a) = Ci + p1logs (@™ )] (apdec)? + palogrg (@™ MY (aM;)? .

o fit form motivated by Symanzik and large mass expansions.

o cut in (aM)? < 0.16, with fixed I" € [-1,1] and [V € [-1/9, 1]



Combining with pure gauge theory results | ]

@ The continuum values of the massive couplings gé%.(udec, M) can now be

matched with the corresponding g((;?:).r(udec)

@ The step-scaling procedure in pure gauge theory gives us the function (,0(0) (9)

AL A0
MS — (0) X Qp(c?l):‘ (géF)(Mdec)> .
:u'dec GF

= requires matching GFT(c = 0.36) and GF(c = 0.3) schemes in QCD(N; = 0):
_(0 (0
Fem (1) = Xe (gé%T(u))

= define g = xc (g’]g&T(u, M)) as input to <p( )( )

o Combining all this at i = pgec, solve equation for the target quantity, p,

AQ A A
px  Pz/p) =B, p=—2=M 4001/
SN—— Hdec Hdec Hdec

PT + O(ai/TS(m*))

o Corrections O(1/z) from boundaries strongly suppressed due to T' = 2L (was
monitored)



Decoupling limit extrapolation

Extrapolate continuum results for z — co: " {
@ _\®_ B I
Mg o = M T 2 [om(me)] g vl
Extrapolation at 2; o
o fixed ¢ € [0.3,0.42] (here ¢ = 0.36)
o fixed Iy, € [0,1] (here I, =0,
variation with I',,, is used as error
estimate) 48 6o o) o1 0.06

(Haec/M)?
Using ptdec = 803(14) MeV obtain the decoupling result:
A% = 342(9)stat(4)sys(4)robust(10)t0t MeV = 342(10) MeV [2‘9%]
Recall and compare to direct step-scaling result:

A = 347(9)stat (6)sys (4)robust (1110t MeV = 347(11) MeV  [3.2%]



Final result and Conclusions

@ Decoupling and direct Ny = 3 step-scaling Statisical(67.7%) m— Systomati (19.2%) mmm—
strategies are affected by very different
systematics; Pearson correlation coefficient = 0.33

o robust (20.9%)

c/b thresholds (1.1%)

= Take average

Common (52.4%)

A% = 344.4(6.8)stat(3-7)$y5(4'0)r0bust(8-7)tot MeV

o Use my = 1275(5) MeV, m} = 4171(20)MeV -~~~ -~ -~ ~-~-~-~-=-~-~-~
[FLAG 2021], mz = 91.188(2) GeV [PDG 2024] and
determine

PTN, =3 (0.45%)

N,=3QCD (18.8%)

aa(mz) = 0.11876(45)stat (25)sys(2T)robust (58 ot

o Total uncertainty is 0.5%, statistical error
dominates!

PTN, =0 (0.55%)

@ The “robust” error in the scale 1/tg is to be Decouping (28.79%)
eliminated by the lattice community.

e Benchmark result for as(mz) ; use in hadron
collider phenomenology and Higgs physics!

I I
10 15 20 2
Contribution to variance (%)

e

o Prediction of the Standard Model, only using low
energy hadronic input.



Final Remark

| would like to emphasize that this result heavily relies on a major community effort;
Besides the works | have described, it crucially depends on

@ Knowledge of the perturbative 5-loop 3-function and 4-loop decoupling relations
in the MS-scheme (cf. references in the paper)

o 2-loop (lattice) perturbation theory, both in finite and infinite volume

@ Algorithmic improvements in lattice QCD

Thank youl!



Improvement 1: ALPHA 17 step-scaling function for GF coupling

old data: significant cutoff effects, small lattices (L/a = 8) given smaller weight:

© Old Data

2.00

S(u, L/a)/u
/2;/
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Improvement 1: ALPHA 17 step-scaling function for GF coupling

with new data from ALPHA coll. HQET project (courtesy Fritzsch, Kuberski,
Heitger): very nice confirmation & improvement of old continuum extrapolations!

2.00 ’\'\l\ :

125 %’ .
L L L

0.000 0.005 0.010 0.015 0.000 0.005 0.010 0.015
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Nonperturbative result for by, |

0.151

0.10+

0.001

..... 1-loop PT: bV g2
\ 1) -
— fit: bé- )gé + klgé + kQQS




Improvement 2. The continuum extrapolation of massive couplings

0z =1.972 5.25 2
5.0F o 2z =4.0
}i/ i t i 5o 5.00 ' N
o 2z =8.0 5. 5
4.81 : o 2 =100 |e § e s )
" /g/; ] (R /Ai;) .
L6k e s % 4.70 = ®
) W o
4

e S IR, 450 .
44r F i = e —
. S sun ST R )| R S s e
000 0.001 0.002 0.003 0.004 0:005 0.006 0.000 0.001 0.002 0.003 0.004 0.005 0.006

(a/L)? (a/L)?
Previous determination [ALPHA '22] NP determination of by [ALPHA '24]
@ Most of error from estimate of @ Much more precise continuum
by — by '°°P values

@ This is a systematic! @ Completely removes largest

.o systematic effect in o
e But error in g*(u, M)

subdominant (assuming 100
percent error on 1-loop by)



