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Simulating nuclei
• Instead of quarks and gluons, we have 

nucleons and pions as degrees of freedom


• Two ingredients:


• Effective field theory for interactions


• Quantum many-body methods


• Central goal: solve the Schrödinger equation 




• Hartree-Fock: variational approximation to  
 robust upper bounds on 

H |Ψ⟩ = E |Ψ⟩
|Ψ⟩

→ E
2

Figure: Nazarewicz



Nuclei on a lattice

• Nuclear forces are finite-ranged


• On a spatial lattice, 
Hamiltonians are very sparse


• Interactions only in finite range 


• Volume of interactions small 
compared to total volume


• This can drastically simplify 
computations!

rint
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Quantum computing

• Sparse Hamiltonian reduces 
number of 2-qubit gates 

• 2- and 3-body forces from EFT


• Simulations of , 


• Exact benchmarks met


• Mild scaling of computational 
resources suggests this 
approach is scalable

2H 3He
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NuLattice
• Python computations of nuclei 

• Many quantum many-body methods 
implemented


• Educational tool


• But also new science insights:


• Validation of standard approximation  
for 3-body forces


• Hartree Fock is pretty good  
for short-ranged forces


• GPU acceleration and multi-node 
scaling with JAX
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Lattice Hamiltonians
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• Basis:  w/ lattice spacing  and extent 





• LO pionless EFT: 0-range ,   does not bind alpha particles


• Smearing gives interactions a range





|p⟩ = |n = (x, y, z), i = (tz, sz)⟩ a L

H = T + VNN (+W3N)

VNN W3N →

ãi(n) = ai(n) + sNL ∑
|n−n′￼|=1

ai(n′￼)

ρ̃(n) = ∑
i

[ã†
i (n)ãi(n) + sL ∑

|n−n′￼|=1

ã†
i (n′￼)ãi(n′￼)]
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Key features: lattice spacing , nonlocal smearing , local smearing a sNL sL

Lattice Hamiltonians

6

• Basis:  w/ lattice spacing  and extent 





• LO pionless EFT: 0-range ,   does not bind alpha particles


• Smearing gives interactions a range





|p⟩ = |n = (x, y, z), i = (tz, sz)⟩ a L

H = T + VNN (+W3N)

VNN W3N →
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How simple is too simple?
• Chiral EFT: 23 parameters at 


• Complicated, scale-dependent balance 
between many terms


• LO pionless EFT:  
too simple, doesn't bind  clusters


• But some NLEFT Hamiltonians propose to be 
simple, yet accurate


• 2017: Attractive contact + one-pion exchange 
 weak smearing: ,  
 lattice spacing:  
 single coupling:  

N3LO

α

→ sNL = 0.08 sL = 0.08
→ a = 1.97 fm
→ c0 = − 18.5 MeV
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Nuclear saturation
• Nuclei are incompressible


• 


• 


• Central density of nuclei saturates


• Old view: Short-range repulsion in NN force 
gives saturation


• EFT/RG view: Repulsive three-nucleon 
interactions give saturation


• How does a Hamiltonian with a purely 
attractive NN interaction give saturation?

E/A ∼ 8 MeV/nucleon
Rch ∝ A1/3

8
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Fig. 41. (a) Nuclear matter energy of Fig. 40 at the particle–particle-ladders level compared to SRG-evolved chiral NN interactions. (b) Nuclear matter
energy of Fig. 40 at the particle–particle-ladders level compared to NN-only results for two representative NN cutoffs and a fixed 3N cutoff.

the NN potential. This helps support the general nature of the 3N force fit. On the other hand, the difference of 2 MeV per
particle at saturation and above enlarges the theoretical uncertainty.

The decreases in cutoff dependence in Fig. 40 with more complete approximations is necessary but not sufficient to
conclude that the calculations are under control. Indeed, approximations that are independent of the cutoff will shift the
answer but not widen the error band from cutoff variation. The theoretical errors arise from truncations in the initial chiral
EFT Hamiltonian, the many-body approximations, and the approximation of 3N forces. The latter is particularly uncertain
here, because it involves long-range contributions that are independent of the cutoff. Many-body corrections to the current
approximations include higher-order terms in the hole-line expansion and particle–hole corrections. An approach such as
CC theory that can perform a high-level resummation will be necessary for a robust validation.

The evolution of the cutoff ⇤ to smaller values is accompanied by a shift of physics. In particular, effects due to iterated
tensor interactions,which peak in the relativemomentum range k ⇠ 4 fm�1 (and thus lead to saturation at too high density),
are replaced by three-body contributions. We emphasize that the relative importance of contributions to observables from
the tensor force or from 3N forces are scale or resolution dependent. Renormalizing the potential to lower momenta
redistributes these contributions and makes the many-body approach tractable. The role of 3N forces for saturation is
demonstrated in Fig. 41(b). The two pairs of curves show the differences between the nuclear matter results for NN-only
and NN plus 3N interactions. It is evident that saturation is driven by 3N forces [9,16]. Even for ⇤ = 2.8 fm�1, which is
similar to the lower cutoffs in chiral EFT potentials, saturation is at too high density without 3N forces. While 3N forces
drive saturation for low-momentum interactions, the 3N contributions are not unnaturally large. This is demonstrated in
Fig. 42 by the ratio of hV3Ni/hVlow ki for the triton, alpha particle, and nuclear matter at various densities.

In Fig. 40 the particle–particle-ladder sum is little changed fromsecondorder except at the lowest densities shown,where
the presence of two-body bound and nearly bound states necessitate a non-perturbative summation. The rapid convergence
for ⇢ ⇠ ⇢0 may justify in part the application of chiral EFT to nuclearmatter in perturbation theory [165–168], but a detailed
study is needed, in particular regarding the cutoff dependence and the contributions from contact interactions and 3N forces
beyond 1 excitations.

While nuclearmatter has lost its status to light nuclei as the first step to nuclear structure, it is still key as a step to heavier
nuclei. The low-momentum results, while not conclusive, open the door to ab initio DFT based on expanding about nuclear
matter [67,169]. This is discussed further in Section 6.4.

5.2. Neutron matter

Neutron matter provides a different perspective from symmetric nuclear matter, because only the long-range 2⇡-
exchange c1 and c3 terms of N2LO 3N forces contribute [17,170]. Density-dependent two-body interactions V 3N based on
these terms for general momentum and spin configurations and including all exchange diagrams were derived in Ref. [17]
by summing the third particle over occupied states in the Fermi sea. This corresponds to the normal-ordered two-body part
of 3N forces. Effective interactions of this type have been studied in the past using 3N potential models and approximate
treatments (see, for example, Refs. [171,172]) and recently in the framework of in-medium chiral perturbation theory [173].
The partial-wave matrix elements in Fig. 43 show that the resulting V 3N is dominated in neutron matter by a repulsive
central part. The density dependence of the two-body matrix elements depends on the partial wave. In the 1S0 channel this

Bogner et al., PPNP (2010)



Variational bounds for nuclei
• Hartree-Fock (HF) gives variational upper bounds for ground-state energy
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Using Hamiltonian from Elhatisari, Epelbaum, Krebs, Lähde, Lee, Li, Lu, Meißner, Rupak, PRL (2017)
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and a short-range term V0. In Ref. [20] the Hamiltonian
is

H = T + VOPE + V0 . (1)

Expressions for the kinetic energy and the one-pion ex-
change are given in End Matter. Here we discuss the short-
range potential V0 in more detail and follow Refs. [19, 20].
Using a combined spin and isospin index i, one defines a
smeared annihilation operator on the lattice site n as

ãi(n) = ai(n) + sNL

∑

|n→n→|=1

ai(n
↑) . (2)

One then defines the smeared density operator as

ω̃(n) =
∑

i



ã†
i
(n)ãi(n) + sL

∑

|n→n→|=1

ã
†
i
(n↑)ãi(n

↑)



 . (3)

The short-range potential of Ref. [20] is then simply

V0 =
c0

2

∑

n

: ω̃(n)2 : . (4)

Here, the colons indicate normal ordering. We note that
the potential is nonlocal, i.e., it does not act multiplicative,
when sNL →= 0. The parameters are c0 = ↑0.185, and
sNL = sL = 0.08, see Ref. [20]. The potential (4) is
in lattice units and needs to be multiplied with ⊋/a =
100 MeV in actual computations.

The Hamiltonian of Ref. [19] also has the form (1) but
employs di!erent short-range two-body potentials. We
see from Eq. (3) that ω̃(n) = ω̃(sNL, sL;n). Thus one
can consider potentials made from local densities (where
sNL = 0) and from nonlocal densities (where sL = 0).
Furthermore, one can insert spin and isospin operators
acting on these densities. The upshot is that Ref. [19]
proposed a Hamiltonian

HB = T + VOPE + VL + VNL . (5)

where VL and VNL denote local and nonlocal short-range
potentials, respectively, that also contain spin-isospin
operators. A key result of that work was that a purely
nonlocal interaction fails to bind ε particles into nuclei
while the Hamiltonian HB yields accurate results for light
nuclei. Details of the Hamiltonian HB are presented in
End Matter.

Finally, we follow Ref. [21] and use a Hamiltonian from
pion-less e!ective field theory. It has the form

H/ω = T + V0 +W . (6)

Here,

W ↓ c3

3!

∑

n

: ω̃(n)3 : (7)

is the three-body potential. For this Hamiltonian, the lat-
tice spacing is a = 1.32 fm (corresponding to a momentum

TABLE I. Variational upper bounds from Hartree-Fock (HF)
for ground-state energies (in MeV) for various nuclei and the
Hamiltonians H [from Eq. (1)] and HB [from Eq. (5)] com-
pared to the results from auxiliary-field Monte Carlo (AFMC)
simulations [20] and [19] that used the same Hamiltonians,
respectively, and experiment [47].

Nucl. HF NLEFT Exp.
4He →19.81 →25.4 →28.3
8Be →63.17 →51.9 →56.5
12C →137.28 →83.8 →92.2
16O →213.37 →128.2 →127.6

cuto! of ϑ/a ↔ 471 MeV), and the constants of the poten-
tial are sNL = 0.5, sL = 0.061, c0 = ↑3.41↗10→7 MeV→2,
and c3 = ↑1.4↗ 10→14 MeV→5. (In numerical computa-
tions, the last two constants need to be multiplied with
three and six powers of ⊋/a = 150 MeV, respectively.)
We note that the two- and three-body potentials are
both attractive and that the nonlocal smearing sNL is
about an order of magnitude larger than what was used
in Refs. [19, 20]. We also note already at this point that
the auxiliary-field Monte Carlo simulations of Ref. [21]
used a temporal lattice spacing (i.e., a time step) of
at = 1/(1000 MeV) in the computations with the Hamil-
tonian (6) while the Hamiltonians (1) and (5) of Refs. [19]
and [20], respectively, were solved with a much larger
at = 1/(150 MeV).

Finite nuclei.— We start with Hartree-Fock computa-
tions of finite nuclei based on the Hamiltonian (1) from
chiral e!ective field theory at leading order, using the
parameterizations and lattice (L = 6) of Ref. [20]. Our
computations start from simple localized initial states
(i.e., compact clusters of four nucleons on neighboring
sites) and solve the Hartree-Fock equations self consis-
tently. Our initial states are too compact, and the Hartree-
Fock iterations relax the density. At fixed L the resulting
Hartree-Fock energies are variational upper bounds on the
exact ground-state energy, which would require additional
correlations beyond the mean-field level to compute.

Our results for the Hamiltonian H of Ref. [20] and
Eq. (1) are summarized in Table I and compared to
auxiliary-field Monte Carlo simulations of the same pub-
lication. The Hartree-Fock energy of 4He is a plausible
upper bound. For heavier nuclei, however, the variational
bounds from Hartree Fock are significantly lower than
the results from auxiliary-field Monte Carlo [20]. The
nuclei 8Be, 12C, and 16O are overbound with 7.9, 11.4,
and 13.3 MeV binding energy per particle, respectively.
We see no sign of saturation, and we are far from the
nuclear binding energies of about 8 MeV per nucleon one
observes in nature.

We repeat the Hartree-Fock computations for the Hamil-
tonian HB of Eq. (5) with the parameterization and lattice
(L = 6) of Ref. [19]. Results are also shown in Table I and
compared to the auxiliary-field Monte Carlo simulations of

• Hamiltonian clearly overbinds nuclei significantly


• Aux. field Monte Carlo (NLEFT) do not solve the Hamiltonian accurately


• Culprit: temporal lattice spacing  (see Niu et al. arxiv:2607.06044 for details) 
*also used in previous studies since Epelbaum et al., PRL (2010) and earlier

at = 1.97 fm

Rothman, Hagen, MH, Papenbrock, arxiv:2606.25019



Saturation in nuclear matter

• Hamiltonian does not give realistic 
saturation in nuclear matter


• Supported by analytical results on 
full lattice (see arxiv:2606.25019)
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Rothman, Hagen, MH, Papenbrock, arxiv:2606.25019

Using Hamiltonian from Elhatisari, Epelbaum, Krebs, Lähde, Lee, Li, Lu, Meißner, Rupak, PRL (2017)

• Note: one-pion exchange 
contribution negligible
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TABLE III. Kinetic and potential energies per nucleon (in
MeV) for a fully filled lattice for the potentials of the Hamil-
tonian (1) from Ref. [20].

V →V ↑/A →T + V ↑/A
V0 ↓76.80 ↓33.31

V0 + VOPE ↓75.55 ↓32.06

Analytical expressions for the fully occupied lattice.—

From Eq. (11) we immediately see that the kinetic energy
per particle is

→T ↑
A

=
49

12ma2
. (22)

A somewhat lengthy derivation [see Supplemental Mate-
rial for details] yields the expectation value of the two-
body potential (4) on a fully occupied lattice with spin-
isospin degeneracy g. The result is

→V0↑
c0A

=
1

2g

〈
: ω̃2(n) :

〉

=

[
g ↓ 1

2
+ 6gsL + 3(6g ↓ 1)s2

L

] (
1 + 6s2

NL

)2

↓ 3sLs
2

NL

(
8 + 17sLs

2

NL

)
. (23)

Similarly, we obtain the following expression for the three-
body potential.

→W ↑
c3A

=
1

3!g

〈
: ω̃3(n) :

〉

=
(
1 + 6s2

NL

)3 { 1

6
(g ↓ 1)(g ↓ 2) + 3g(g ↓ 1)sL

+ 3g(6g ↓ 1)s2
L
+ 2 [1 + 9g(2g ↓ 1)] s3

L

}

↓
(
1 + 6s2

NL

) [
24(g ↓ 1)sLs

2

NL
+ 24(6g ↓ 1)s2

L
s
2

NL

+ 51gs2
L
s
4

NL
+ 102(3g ↓ 1)s3

L
s
4

NL

]

+ 8s2
L
s
4

NL
(27 + 28sLsNL) . (24)

To verify our nuclear matter results, we compute the
energy expectation value of a completely filled lattice,
i.e., for A = 4L3. Results are presented in Table III for
the Hamiltonian (1). The expectation value →T + V0↑/A
is close to the full data points shown at the maximum
density in Fig. 1. We also see that the one-pion exchange
acts repulsive and contributes only about +1.25 MeV per
nucleon.

Continuum limit.— To address the continuum limit of
vanishing lattice spacing a ↔ 0, we focus on low densities.
There, the two-body potential dominates (see Fig. 3),
and at the lowest-density point ω = 4/(aL)3 one finds
analytically

→V0↑
A

= 3

8
c0a

3 (1 + 6sL)
2 (1 + 6sNL)

4
ω . (25)

We use this density for renormalization (i.e., for adjusting
c0 at ω = 4/(aL)3 such that →V0↑/A is fixed) and take
a ↔ 0, L ↔ ↗ while keeping the volume (aL)3 fixed. This
requires c0 ↘ a

→3. Using Eqs. (23) and (22) this then
implies that ↓→V0↑/A ↘ a

→3 ≃ →T ↑/A ↘ a
→2 when a ↔ 0,

L ↔ ↗ and aL = const for the fully occupied lattice.
Thus, in the continuum limit the two-body interaction (4)
leads to a collapse of the system. Alternatively, one might
renormalize at low densities by keeping c0 fixed and by
scaling sNL ↘ a

→1/2 and sL ↘ a
→1/2 as a ↔ 0. For the

fully occupied lattice one then again finds from Eq. (23)
that →V0↑/A ↘ a

→3, which leads to collapse.
When using nucleons as the degrees of freedom there

are limited reasons why one would want to decrease the
lattice spacing beyond the breakdown spacing a ⇐ ε/!ω

where !ω ⇐ 0.7 GeV is the chiral breakdown scale [72, 73].
Thus, the continuum limit is not of too much interest in
nuclear lattice e!ective field theory. However, our analysis
makes clear that the lattice potential of Ref. [21] cannot
simply be used in computations that employ continuum
Hamiltonians.



Lattice Hamiltonian with attractive 3NF
• Smeared two-body and three-body contact (both attractive)


•  , , ,  


• Note: Hartree-Fock only variational for same  and 

sNL = 0.5 sL = 0.061 a = 1.32 fm c0 = − 1.15 MeV c3 = − 0.16 MeV

L N

11

Using Hamiltonian from Lu et al., PLB (2019)

Rothman, Hagen, MH, Papenbrock, arxiv:2606.25019
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TABLE II. Energy per particle E/N (in MeV) of neutron
matter at a density ω (in fm→3) computed with Hartree Fock
using lattices of extent L and number of neutrons N , and
compared to the auxiliary-field Monte Carlo simulations [21].

L N ω E/N E/N (NLEFT)
7 14 0.018 3.8 2.7
7 38 0.048 5.6 5.1
7 54 0.068 7.5 7.1
6 38 0.076 8.0 7.6
7 66 0.084 9.3 8.9
6 54 0.11 11.6 11.3
5 38 0.13 13.6 13.4
6 66 0.13 14.0 13.8

FIG. 2. Energy per nucleon E/A in symmetric nuclear matter
as a function of density ω from mean-field expectation values
computed on lattices with extent L using the Hamiltonian
of Ref. [21] [See Eq. (6)]. The empirical saturation point is
shown as a gray rectangle. The auxiliary-field Monte Carlo
results “AFMC 2025” and “AFMC 2026” are from Refs. [61]
and [56], respectively.

Our results for neutron matter are close to (and above)
those from auxiliary-field Monte Carlo simulations [21].
Assuming that the latter are accurate, we infer that the
correlation energy, i.e., the di!erence between the ground-
state energy and the Hartree-Fock energy, is relatively
small (about 0.2 MeV per neutron) at ω = 0.13 fm→3

for an interaction with a momentum cuto! of 471 MeV.
While it is not easy to compare potentials with di!erent
regulators and cuto!s, we note that the correlation en-
ergies by Alp et al. [60] at ω = 0.13 fm→3 are 0.5 MeV
per neutron for the very soft interaction 1.8/2.0 (EM)
of Ref. [28] (whose cuto!s are about 360 and 400 MeV
for the nucleon-nucleon and the three-nucleon interaction,
respectively) and 1.7 MeV per neutron for the harder
interaction !NNLOGO(450) of Ref. [24] (whose cuto! is
450 MeV).

FIG. 3. Positive expectation values of the kinetic energy T ,
the two-body potential (→V0) and the three-body interaction
(→W ) energy per nucleon (E/A) in symmetric nuclear matter
as a function of density ω from mean-field expectation values
computed on lattices with extent L = 4, 5, and 6 using the
Hamiltonian of Ref. [21]. The top x axis shows the density in
nucleons per lattice site.

Mean-field results for the equation of state of symmetric
nuclear matter are shown in Fig. 2. We see that the
saturation point is close to the empirical one already at
the Hartree-Fock level and that shell e!ects (which cause
the scatter) are significant. For comparison we also show
the results from the auxiliary-field Monte Carlo, labeled
as “AFMC 2025” and “AFMC 2026”, from Refs. [61] and
[56], respectively. (These di!er slightly from each other
because of di!erent lattice extents L and infinite-time
extrapolations.) We note that the Hartree-Fock results
are only variational upper bounds for computations with
identical L and A. Apparently, the correlation energy is
small. For a comparison, the correlation energies from
Ref. [60] (at the saturation density ω = 0.16 fm→3) are
3.9 MeV per nucleon for the interaction 1.8/2.0 (EM) and
6.7 MeV per nucleon for !NNLOGO(450).

To understand the saturation mechanism we computed
the expectation values of the kinetic energy per nucleon
→T ↑/A and the positive expectation values ↓→V0↑/A and
↓→W ↑/A on lattices with L = 4, 5, 6 and show the results
in Fig. 3. (The kinetic energy vanishes for the lowest
density in each lattice system and is not shown on the log
plot.) The kinetic energy per nucleon is approximately
proportional to ω

2/3 for su"ciently large densities, as
expected from Thomas-Fermi theory [62]. At low densi-
ties, the magnitude of the attractive two- and three-body
potentials increase as ω and ω

2, respectively, and this is
much faster than the kinetic energy. However, the poten-
tial energies peak at densities of about one nucleon per
lattice site and then decrease in magnitude. This is due
to e!ects of the finite lattice on the nonlocal interaction.
We recall that a nonlocal potential is not multiplicative

Pure neutron matter

Rothman, Hagen, MH, Papenbrock, arxiv:2606.25019
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Hamiltonian of Ref. [21]. The top x axis shows the density in
nucleons per lattice site.

Mean-field results for the equation of state of symmetric
nuclear matter are shown in Fig. 2. We see that the
saturation point is close to the empirical one already at
the Hartree-Fock level and that shell e!ects (which cause
the scatter) are significant. For comparison we also show
the results from the auxiliary-field Monte Carlo, labeled
as “AFMC 2025” and “AFMC 2026”, from Refs. [61] and
[56], respectively. (These di!er slightly from each other
because of di!erent lattice extents L and infinite-time
extrapolations.) We note that the Hartree-Fock results
are only variational upper bounds for computations with
identical L and A. Apparently, the correlation energy is
small. For a comparison, the correlation energies from
Ref. [60] (at the saturation density ω = 0.16 fm→3) are
3.9 MeV per nucleon for the interaction 1.8/2.0 (EM) and
6.7 MeV per nucleon for !NNLOGO(450).

To understand the saturation mechanism we computed
the expectation values of the kinetic energy per nucleon
→T ↑/A and the positive expectation values ↓→V0↑/A and
↓→W ↑/A on lattices with L = 4, 5, 6 and show the results
in Fig. 3. (The kinetic energy vanishes for the lowest
density in each lattice system and is not shown on the log
plot.) The kinetic energy per nucleon is approximately
proportional to ω

2/3 for su"ciently large densities, as
expected from Thomas-Fermi theory [62]. At low densi-
ties, the magnitude of the attractive two- and three-body
potentials increase as ω and ω

2, respectively, and this is
much faster than the kinetic energy. However, the poten-
tial energies peak at densities of about one nucleon per
lattice site and then decrease in magnitude. This is due
to e!ects of the finite lattice on the nonlocal interaction.
We recall that a nonlocal potential is not multiplicative

Pure neutron matter
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Nuclear matter



Saturation from lattice artifacts
• Close to realistic saturation, but how? (interactions are attractive)
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Using Hamiltonian from Lu et al., PLB (2019)
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Saturation from lattice artifacts
• Close to realistic saturation, but how? (interactions are attractive)
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Using Hamiltonian from Lu et al., PLB (2019)

• Saturation from kinetic energy


• At high densities, crowding of 
fermions on a lattice reduces 
potential energies


• Nonlocal smearing greatly 
enhances attraction at low densities


• Saturation is a lattice artifact

Rothman, Hagen, MH, Papenbrock, arxiv:2606.25019



Perspectives and summary
Perspectives 

• We are working on the lattice to simulate nuclear dynamics


• Time-dependent solutions to Schrödinger equation 
with Hartree-Fock, coupled cluster, full configuration interaction 
Bonaiti et al., PRC (2026); PRL (2026), more on the way


• We want accurate lattice Hamiltonians with well-understood systematics

Summary 

• NuLattice is a publicly available Python code to simulate nuclei


• Benchmarks against NLEFT results (on a laptop) show some Hamiltonians 
were not solved accurately


• Saturation with purely attractive interactions from lattice artifacts

13

https://github.com/NuLattice/NuLattice/
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