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Open questions in the Standard Model

y ℓLeR

(
cαΦ1 + sαΦ2

)
⇐= y ℓLeRΦ =⇒ y ℓL

(
cαeR + sαER

)
Φ

Flavour patternsFlavour patterns

Neutrino MassesNeutrino Masses

Baryon asymmetryBaryon asymmetry

Dark MatterDark Matter

......

=⇒ Motivations for VLF: SM mass hierarchies, CP violation, GUT, extra dimensions, ...
↪→ offer complementary phenomenology to many scalar extensions
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Outline

Phenomenology at leading order

Why are higher orders relevant?

The technical stuff (Renormalization, OS conditions, ...)

Impact of higher order corrections
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Vector-like lepton representations
Special case: tree-level coupling to SM leptons and Higgs =⇒ vector-like leptons (VLL)

Name N E L L 3
2

Na Ea

Rep. (1, 0) (1, −1) (2, − 1
2 ) (2, − 3

2 ) (3, 0) (3, −1)

L lLΦ̃N lLΦE LΦeR L 3
2
Φ̃eR lLσaΦ̃Na lLσaΦEa

vector-like: FL,R ∈ same representation =⇒ − MF FLFR + h.c. gauge-invariant!

Interaction terms between VLL possible for: L ⊕ E(a), L ⊕ N (a), L 3
2

⊕ E(a)

e.g. L ⊕ E : L ⊃ L
[

λPR︸︷︷︸
”SM-like”

+ λ̄∗PL︸ ︷︷ ︸
opposite chirality

]
E Φ

↪→ independent SM chiral symmetry breaking
Φ

eRi lLj

∼ yji

Φ Φ† Φ

L EeRi lLj

∼
λL

i λ̄λE
j

MEML
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Phenomenology at leading order: Higgs coupling and g − 2

× × ×

L EeRi lLj

∼ ∆mi

× h ×

L EeRi lLj

∼ 3∆mi

v

γΦ

Φ

L EeRi lLj

∼ −mi∆mi

16π2v2

=⇒ Rµµ = Γ(h → µµ)
Γ(h → µµ)SM

≈
(

1 − ∆aµ

Q 10−9

)2
+

(
dµ [e cm]

2Q × 10−22

)2

Experiment:

Rµµ = 1.21 ± 0.35

∆aWP20
µ = 26.2(4.5) × 10−10

∆aWP25
µ = 3.8(6.3) × 10−10

|dµ| < 1.9 × 10−19e cm
|dµ| < 6 × 10−23e cm (PSI?)

[Athron, KM, Stöckinger, Stöckinger-Kim ’25] [Daberstiel, KM, Stöckinger, Stöckinger-Kim ’26]
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Phenomenology at leading order: charged lepton flavour violation

BR(h → µτ)
BR(τ → µγ) ≈ 1690

Q2 ,
BR(µ → 3e)
BR(µ → eγ) ∝ 1

|λ̄Q|2
, ...

[Daberstiel, KM, Stöckinger, Stöckinger-Kim ’26]

Vector-like Leptons @ NLO
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Never trust a tree-level calculation

SM Lepton mass at tree-level

vs one-loop

×

eRi lLj

+
× × ×

L EeRi lLj

+ ... ∼ yijv + λi
Lλ̄λj

E

MEML
v3 + O(v5)

+
×

L EeRi lLj

+ ... ∼
λi

Lλ̄λj
E

16π2 v + O(v3)

mass suppression ”loses” to loop-suppression when
16π2v2

M2 ≲ 1 ⇔ M ≳ O(1 TeV)

⇒ what about other observables?
•e.g. h → µµ: O(100%) tree-level correction vs O(10%) precision at LHC
•NLO corrections to ∆aµ, Z → ℓℓ, CLFV?
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Major Issues
SVD inversion: solving for yi at tree-level is only possible if the target mass is known.

one-loop mass shift ∆mi changes this target to
mi = mphys

i − ∆mi

=⇒ cant get mi without ∆mi, but cant get ∆mi without yi (?)

UV Divergences: loop corrections to self-energies, Higgs-couplings, etc. are divergent∫
dDk

[k2 − ∆]2 ∼ 1
ϵUV

=⇒ cancel after renormalization

IR Divergences: external charged particles ↷ divergences at k2, k · p ∼ 0
from virtual and real photon spectrum

ρ ∼
∫

dDk

k2
ρv(k, p)
k2 − 2kp

ρ ∼ ρr(p + k)
p2 − m2︸ ︷︷ ︸
=0 on-shell

−2kp

Vector-like Leptons @ NLO
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On-shell Renormalization Scheme

SOLUTION: =⇒ on-shell scheme [KM, Stöckinger, Stöckinger-Kim ‘24]

êa êb
1PI ≡ iΣba(p)

ren. cond. for p2 → m2
a

: R̃e Σba(p)ua(p) = 0︸ ︷︷ ︸
removes mixing and ∆m

, 1
/p−ma

R̃e Σaau(p) = 0︸ ︷︷ ︸
enforces Z=1

SVD inversion ✓ induced shift ∆mi and mixing is absorbed by renormalization

m0
i → mphys

i + δmij , e0
a → Z

1
2
abeb

UV divergences ✓ remaining 1
ϵUV

poles after renormalization of the self-energies are cancelled
by MS constants δλi

E/L and δλ̄

IR divergences ✓ mi = mphys
i ↷ correctly treated following YFS

Vector-like Leptons @ NLO
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Lepton Masses at tree-level

SMEFT ⇆ qualitative understanding, now: precise calculation ↷ full model (mass basis)

Example: L ⊕ E

L ⊃ −yilLieRiΦ − λE
i lLiERΦ − λL

j LLeRjΦ − L
(
λPR + λ̄∗PL

)
EΦ − MEELER − MLLLLR

redundancy M i
LlLiLR, M i

EEReRi ↪→ LL and ER same QN as lLi and eRi

lepton mass matrix after EWSB

M − =


eRj ER L−

R

eLi yiv λE
i v 0

L−
L λL

j v λv ML

EL 0 ME λ̄v

 =⇒ U†
LM −UR = diag(mi)

mass basis: êL = U†
L(eLi, L−

L , ER)T êR = U†
R(eRi, ER, L−

R)T
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M − =


eRj ER L−

R

eLi yiv λE
i v 0

L−
L λL

j v λv ML

EL 0 ME λ̄v

 =⇒ U†
LM −UR = diag(mi)

mass basis: êL = U†
L(eLi, L−

L , ER)T êR = U†
R(eRi, ER, L−

R)T
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On-shell Scheme: Set-up

Bare couplings: y0
i → yi + δy, λ0

i → λi + δλi, M0
i → Mi + δMi

Field transformation: (eL, L−
L , EL)T

0 → ULZ
1
2
L êL, (eR, ER, L−

R)T
0 → URZ

1
2
R êR

δm = U†
L

 δ(yiv) δ(λE
i v) 0

δ(λL
j v) δ(λv) δML

0 δME δ(λ̄v)

 UR

Note: UL,R fixed at tree-level =⇒ δm in general non-diagonal

compare to e.g. 2HDM: mphys → mphys + δmphys, but U(α0) → U(δα)U(α)

↪→ redundancy δmab could be absorbed by field-redefinition, but here unpractical:
•5 × 5 matrices UL,R ↷ explicit parametrization hard to work with
•further obscures relation δm ↔ δyi, δλi, δMi
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Renormalized Lepton Self-energies
Renormalization of kinetic term:

êa

(
i/∂ − ma

)
êa → êa

[
i/∂

(
Z

1
2 †
R Z

1
2
RPR + Z

1
2 †
L Z

1
2
L PL

)
−

(
Z

1
2 †
L [m + δm]Z

1
2
RPR + Z

1
2 †
R [m + δm]†Z

1
2
L PL

)]
êa

covariant decomposition:

êa êb
1PI ≡ iΣba(p) = i

(
ΣR

ba(p2) /pPR + ΣL
ba(p2) /pPL + ΣSR

ba (p2) PR + ΣSL
ba (p2) PL

)

One-loop expansion: Z
1
2
i = 1+ 1

2 δZi + ...

ΣL/R(p2) = ΣL/R(p2) + 1
2

(
δZL/R + δZ†

L/R

)
ΣSR(p2) = ΣSR(p2) − 1

2

(
mδZR + δZ†

Lm
)

− δm

ΣSL(p2) = ΣSL(p2) − 1
2

(
mδZL + δZ†

Rm
)

− δm†
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On-shell Renormalization Constants: Lepton Sector

on-shell conditions: R̃e Σba(p)ua(p) = 0︸ ︷︷ ︸
removes mixing and ∆m

, 1
/p−ma

R̃e Σaau(p) = 0︸ ︷︷ ︸
enforces Z=1

for a = b


(δm)aa = 1

2 R̃e
[
ΣSR

aa + ΣSL∗
aa + maΣR∗

aa + maΣL
aa

]
p2=m2

a

(δZL/R)aa = −R̃e
[
ΣL/R

aa + ma

(
ΣSR′

aa + ΣSL′

aa

)
+ m2

a

(
ΣR′

aa + ΣL′

aa

)]
p2=m2

a

for a ̸= b



(δZR)ab = 2
m2

a−m2
b

[
m2

b R̃e ΣR
ab + mamb R̃e ΣL

ab + ma R̃e ΣSR
ab

+mb R̃e ΣSL
ab − ma(δm)ab − mb(δm†)ab

]
p2=m2

b

(δZL)ab = 2
m2

a−m2
b

[
m2

b R̃e ΣL
ab + mamb R̃e ΣR

ab + ma R̃e ΣSL
ab

+mb R̃e ΣSR
ab − ma(δm†)ab − mb(δm)ab

]
p2=m2

b

.
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Mass matrix: tree-level vs counterterm

tree-level:

mi 0 0
0 m4 0
0 0 m5

 = U†
L

 yiv λE
i v 0

λL
j v λv ML

0 ME λ̄v

 UR

ren. constant:

 δmi δmi4 δmi5

δm4j δm4 δm45

δm5j δm54 δm5

 = U†
L

 δ(yiv) δ(λE
i v) 0

δ(λL
i v) δ(λv) δML

0 δME δ(λ̄v)

 UR

Vector-like Leptons @ NLO
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Counterterm Inversion

δmaa =
[

U†
L

 δ(yiv) δ(λE
i v) 0

δ(λL
i v) δ(λv) δML

0 δME δ(λ̄v)

 UR

]
aa

≡ κ

δ(yiv)
δML

δME

 + δc

fixed by OS

free ren. consts. e.g. MS

fixed at tree-level

=⇒
(
δ(yiv), δML, δME

)
= κ−1(δm − δc)

m and δm of leptons with different charge are not independent
↪→ OS cond. on all leptons fixes more parameters (e.g. also λ or λ̄) [KM, Stöckinger, Stöckinger-Kim ’24]

alternatively: leave masses of some leptons (e.g. doubly charged or heavy neutrinos) off-shell and
compute one-loop mass shift (preferable e.g. in the triplet models)
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alternatively: leave masses of some leptons (e.g. doubly charged or heavy neutrinos) off-shell and
compute one-loop mass shift (preferable e.g. in the triplet models)

Vector-like Leptons @ NLO
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Kilian Möhling • Karlsruhe, 24.03.2026 14 / 21

https://link.springer.com/article/10.1007/JHEP10(2024)170


Counterterm Inversion

δmaa =
[

U†
L

 δ(yiv) δ(λE
i v) 0

δ(λL
i v) δ(λv) δML

0 δME δ(λ̄v)

 UR

]
aa

≡ κ

δ(yiv)
δML

δME

 + δc

fixed by OS

free ren. consts. e.g. MS

fixed at tree-level

=⇒
(
δ(yiv), δML, δME

)
= κ−1(δm − δc)

m and δm of leptons with different charge are not independent
↪→ OS cond. on all leptons fixes more parameters (e.g. also λ or λ̄) [KM, Stöckinger, Stöckinger-Kim ’24]
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MS Renormalization constants

starting point: β-functions from RGBeta package [Thomsen ‘21]

β(Θi) = −ξiδΘ[1]
i +

∑
k

∂δΘ[1]
i

∂Θk
ξjΘk ⇝ 2δΘ[1]

i (@ one-loop)

but assuming hermitian field-normalization =⇒ redundancy δM i
L,E , δyij ̸= 0.

tree-level structure also for renormalization constant ↷ field-redefinition (gauge-basis), e.g.

(lLi, LL) → (1+ δVL)(lLi, LL) =⇒ δM i
L → δM i

L + (δVL)i4ML
!= 0

−→ removes off-diagonal terms + RGE running preserves tree-level structure...

...but modifies RGE, e.g.

β(yi) = yi

(
δΥ + 3y2

i + 2|λL
i |2 + |λE

i |2
)

− 4λE
i λL

i λ̄
M2

E + 2M2
L

MEML
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Yukawa vertex counterterm
Counterterm Matrices

Yukawa couplings: δY− =


eRj ER L−

R

ēLi δyi δλi
E 0

L̄−
L δλj

L δλ 0
ĒL 0 0 δλ̄

 =⇒ δY h = U−†
L δY−U−

R

Vertex Renormalization

L ⊃ −êLY hêR
h√
2

−→ −êLZ
1
2 †
L

(
Y h + δY h

)
Z

1
2
R êR

Z
1
2
h h√
2

one-loop expansion: Z
1
2
i = 1 + 1

2 δZi + ...

=⇒ δΓct
ab = δY h

ab + 1
2

(
δZ†

LY h + Y hδZR

)
ab

+ 1
2Y h

abδZh
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ēLi δyi δλi
E 0

L̄−
L δλj

L δλ 0
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Muon–Higgs coupling at one-loop

Y h,eff
µµ = Y h

µµ

(
1 − αB

)
+ Γ1ℓ

µµ(p2
h, p2

µ+ , p2
µ−) + δΓct

µµ

real radiation
(IR div.)

genuine 1ℓ diagrams
(UV + IR div.)

counterterm contribution
(UV + IR div.)

Important checks
cancellation of UV and IR
divergences ✓
cancellation of residual
renormalization scale dependence ✓
decoupling behaviour in physical
observables ✓

h γ

µ+

µ−

real radiation

h êa, ν̂a

Z,W

Z,W

µ+

µ−

genuine one-loop

×h

µ+

µ−

counterterm
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h êa, ν̂a

Z,W

Z,W

µ+

µ−

genuine one-loop

×h

µ+

µ−

counterterm

Vector-like Leptons @ NLO
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Effect of NLO correction to Rµµ

tree-level Rµµ

one-loop Rµµ
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NLO correction to dipole ellipse

tree-level Rµµ one-loop Rµµ
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Renormalization group running
mixed OS and MS conditions =⇒ residual renormalization scale dependence

µ
dΘα

dµ
≡ βOS(Θα) ≈ βMS(Θα) − µ

dδ[0]Θα

dµ
+ O(2ℓ)

linearized running from the perturbative expression: Y h
ii ≈ mi

v + 2v2

m4m5
λE

i λ̄λL
i + O(v4)

Y h
ii (µ) ≈ Y h

ii (µ0) + 2v2

m4m5

[
λi

Eλj
LβOS(λ̄) + λi

EβOS(λj
L)λ̄ + βOS(λi

E)λj
Lλ̄

]∣∣∣∣
µ=µ0

ln
(

µ
µ0

)

-15 -10 -5 0 5 10 15

-0.002

* 0.001

0.000

0.001

0.002
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Conclusions

VLL strongly affect lepton–Higgs physics
↪→ unique correlations testable in upcoming experiments
LO study for all six models completed ✓
precision era requires accurate (higher-order) predictions
↪→ OS scheme provides consistent framework
one-loop corrections implemented ✓

Outlook

▷ NLO for many more interesting observables:
Z → ℓℓ, CLFV, EDM, trilinear Higgs (?), ...

▷ RGE improved results ⇝ SMEFT analyses
▷ theory studies: vacuum stability, different RS

=⇒ still some work left to do!

Φ Φ† Φ

L EeRi lLj
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Backup

Backup
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Mass Basis: SVD Problem
PROBLEM: masses m1,2,3 ≡ me,µ,τ known, but fundamental Yukawa couplings are not!
GOAL: For given {λi, Mi}, find yi such that SVD yields the correct SM masses

1 Perturbative Solution expansion in small parameter: ϵ ∼ v/ML/E ≪ 1

M − = M −
0 + ϵ M −

1 =⇒ U− = U−
0

(
1+ ϵ ∆−

1 + ϵ2∆−
2 + ...

)
↪→ approximate results in terms of fundamental parameters (equivalent to SMEFT tree-level
expansion)

mi ≈ yiv + λi
Eλi

Lλ̄v3

MEML
+ O(ϵ2), m4 ≈ ME + O(ϵ), m5 ≈ ML + O(ϵ)

2 Numeric Solution transform to eigenvalue problem ...
U−†

L M −U−
R = diag(mi) (SVP) =⇒ U−†

R M −†M −U−
R = diag(m2

i ) (EVP)

... and solve for roots of characteristic polynomial

χi(yj) = det
(
M −†M − − 1m2

i

)
=⇒ FindRoot[{χ1, χ2, χ3}, {y1, y2, y3}]

↪→ much more precise (in principle arbitrary precision), but ”black box”.
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Mass Basis: Effective Couplings

Mass Matrix: M − =


eRj ER L−

R

ēLi ye
ijv λi

Ev 0

L̄−
L λj

Lv λv ML

ĒL 0 ME λ̄v

 =⇒ U−†
L M −U−

R = diag(mi)

Yukawa couplings: Y− =


eRj ER L−

R

ēLi ye
ij λi

E 0

L̄−
L λj

L λ 0
ĒL 0 0 λ̄

 =⇒ U−†
L Y−U−

R ̸= diag
(mi

v

)

Z couplings: GZ
R =


eRj ER L−

R

ēRi δijs2
W 0 0

ĒR 0 s2
W 0

L̄−
R 0 0 s2

W − 1
2

 =⇒ U−†
R GZ

RU−
R ̸∝ 1s2

W

... ... ...Vector-like Leptons @ NLO
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On-shell Renormalization Constants: Gauge Sector

R̃e Σh(M2
h) = 0, lim

p2→M2
h

1
p2−M2

h

R̃e Σ′
h(M2

h) = 0, and

R̃e Σµν
V V ′(q)ϵν(q)

∣∣∣
q2=M2

V ′

= 0, lim
q2→M2

V

1
q2−M2

V

Σµν
V V (q)ϵν(q) = 0

The vector two-point function has the general covariant decomposition

−iΣµν
V V ′(q) = −iΣT

V V ′(q2)
(

ηµν − qµqν

q2

)
− iΣL

V V ′(q2) qµqν

q2

Inserting this into the on-shell conditions gives the following renormalization constants at one-loop
order

δZh = −R̃e Σ′
h(M2

h) δM2
h = R̃e Σh(M2

h)

δZV V = −R̃e ΣT ′
V V (M2

V ), δM2
V = R̃e ΣT

V V (M2
V )

δZAZ = − 2
M2

Z

R̃e ΣT
AZ(M2

Z) δZZA = 2
M2

Z

R̃e ΣT
AZ(0)

The charge and vev renormalization constants are given by
δe

e
= − 1

2

(
δZAA + sW

cW
δZZA

)
, δv

v = δM2
W

2M2
W

+ c2
W

s2
W

(
δM2

Z

2M2
Z

− δM2
W

2M2
W

)
− δe

e
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Muon–Higgs coupling at one-loop

=⇒ remaining large loop effects e.g. from corrections to δv

δv

v

∣∣∣
VLL

∼ 1
16π2

∑
i

|λi|2 ln
(

M

mh

)
+ enhancement from mixing

λeff
µµ

∣∣∣
δv

≃ Cµµ
eΦ v2 × 6 δv

v

Leading correction (L ⊕ E)

λeff
µµ

λSM
µµ

∣∣∣
1ℓ

≃
λµ

E λ̄λµ
Lv3

16π2M2mµ

[ ∑
i

λ2
i − 12λ̄λ

]
ln

(
M

mh

)
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Full NLO correlation?

the one-loop corrections to λµµ result in

λµµ

λSM
µµ

∣∣∣
@1ℓ

≈ 1 − 2∆aµ

2.3 × 10−9

(
1 + O(1ℓ)

)
...

... but since the only relevant chiral symmetry breaking comes from

λi
Eλi

Lλ̄

MEML

so do the two-loop corrections to ∆aµ

∆aµ|@2ℓ ∼ ∆a1ℓ
µ

(
1 + O(1ℓ)

)
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∆aµ at Two-loop

MASS BASIS: in principle yields trustworthy result from established calculation methods,
2486 genuine (1PI) 2-loop diagrams + O(100) counterterm diagrams

... ...

GAUGE BASIS: In analogy to SMEFT one-loop matching: calculate li
L + B/W a → ej

RΦ
only 262 genuine (1PR) 2-loop diagrams + 280 counterterm diagrams

... ...

⇝ mass-insertion method, should give the leading (chirally enhanced) two-loop contribution
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Consequences for new Physics?

2HDM LQs SUSY

1010

2020

3030

4040
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6060va
c.

st
ab

. (
m τ
~ L
=m
τ
~ R

=m
L
,R

)

1000 1500 2000 2500

250

300
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μ [GeV]

M
1
[G

e
V
]

mL,R = M1+50 GeV, M2 = 1200 GeV, tanβ = 40

(B
˜
l
˜
)-scenario

LHC recasting

DMDD

EW fit

DD (KNT)

DD (DHMZ)

DD (KNT/CMD3)

lattice (Mainz)

lattice (BMWc)

0.0270 0.0275 0.0280

6.9

7.0

7.1

7.2

7.3

ALPs Dark Photons VLL
...

P. Athron, KM, D. Stöckinger,
H. Stöckinger-Kim [2507.09289]
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