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Lattlce [NOT Asymptotlc]
O Most hadrons are unstable e

O Dynam ical Observable



Hadron spectrum with excited states

Multihadron Op.

Motivated from
the scattering
Experiments
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Hadron spectrum with excited states

Motivated from
the scattering
Experiments

Multihadron Op.
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Same Quantum no.?

But the two hadrons can’t move freely ¢
on the lattice! i

Orbital Angular momentum
constrained!
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Hadron spectrum with excited states

Projection

Multihadron Op.

Quantized spin

Motivated from
the scattering
Experiments
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Hadron spectrum with excited states

Projection

Multihadron Op.

Quantized spin
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Hadron spectrum with scattering states
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Finute Volume

Resonances/unstable states
: Not eigenstates of the system

—> Imaginary energies

How to access information
about unstable particles In
scattering continuum?

Physical sheet Im (Ee m)

Im(p*)>0




Elastic scattering states

[Lascher, Nucl.Phys.B 354 (1991)]

an exact mapping
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finite volume
two-particle spectrum I M | scattering amplitudes

MPNE, L) = cot 5,




Elastic scattering states

Lischer Quantization Condition
[Lascher, Nucl.Phys.B 354 (1991)]

Interaction range < L

Elastic scattering
Periodic box

Upto Exponential corrections

a=>0

MPNE, L) = cot 5,
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I=1 nrr scattering

Lightest @ Lightest Meson Resonance p(770)
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i Vector Meson Dominance: 77 affects ALL calculations §

¢ with vector current at long distances. ]



What we can do now...

Finite Volume Spectrum
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i Finite Volume Spectrum is a feature: Scattering —Spectroscopy *
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Final 77 states: Resonance enhancement
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Final 77 states: Resonance enhancement
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From Amplltudes to Flavor Physncs |

f[Exp] = [Known] X [ b]2 X [Hadromc Matrlx element]2 H B - (p)mzfv - |V \
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Muon Anomalous Magnetic Moment (g — 2): Precision Observable

v" Unambiguous
v" Dimensionless
v Test Standard Model

[/ o Extreme Precision

EXp. . T [Laporta 2017,
a . : : 5 Kinoshita 2019]
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Muon Anomalous Magnetic Moment (g — 2): Precision Observable

Muon (g — 2)
Experiment
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Lattice Average HVP |

v" Unambiguous
v" Dimensionless
v Test Standard Model

— Data-Driven HVP
Extreme Precision :

Hadron Vacuum -300 -250 -200 -150 -100 =50 0 50

Polarization - 11
(ay aﬁxp) X 10

[Lattice HVP dominates Error

!

Window to control and disentangle
short - intermediate - long




Computing the a,

Challenge
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Isospin breaking
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HVP,LO
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:‘- Exponentially decreasing Signal-to-Noise x, — o0
- Correct Finite Volume effects
|- Correct discretization effects
- Quark disconnected diagrams: stat & stoch noise
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[SP et.al., PoS LATTICE2022 (2023) 073]
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HVP Windows: Where the uncertainty lives !

H. Wittig @ Lattice 2021

Discretization Stats / finite
ISsues volume issues

e Short distance window.|

Why the & states have
the most overlap in the
tail”?

0.8

e [ntermediate window | .|

Lattice data
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* Long Distance window
[UKQCD, arXiv:1801.07224]

0.2 F

0 0.5 I L5 2 2.5 3 Pions: Compton A

¢ [f]

e e

N . S . Their contributions to
I—l _ " = _Eym' .
G (xp) = Z <J .- ”(p)”(_p)> e Ll P long-distance part of all
7 correlators is the most.

— e ———————————— e — e ———————————— e — R R R N

Bernecker and Meyer, [1107.4388]




HVP Windows: Where the uncertainty lives b
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Data-Driven HVP

[2020]
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\/ Computed light-quark i
L connected at sub-percent {}
{1V Exponential error reduction in tail.

stat. precision on GPUs.

\/ nght quark propagators

using Multigrid Solver.

[2-&-5]

Lattice Av rag}e HVP
[2025]

—100

—150 —50 0 50

e, (ay— @) x 101

2 g 2 = Y . < 2 - g - = ’ - g s g g —_ - ’ = 2 —_ - ’ =
S SRR P, o 5 v ST AN =Ny o K R 5 ’ AT T o e 2 2 IO T TP I oy G P S ATy e AT — 5 T e ol e, T
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'- Reconstructed tail using multi-hadron

7Tt states



Outlook

7 scattering states contaminate correlators at long distances when projected with
correct quantum numbers.

Resonance enhancement when 7z final state, important for CKM matrix elements.

Non-resonant maximal isospin K — 7z channel(I=2), possible with ETMC lattices
Variational method (GEVP) gives a clean way to obtain Finite Volume Spectrum.

GEVP optimized eigenvectors can be used eliminate excited state contamination.
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What have been done: Benchmark

Energy spectrum fit C13
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i Finite Volume Spectrum is a feature: Scattering —Spectroscopy
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