Alternative renormalization
schemes/prescriptions

1. RI/SMOM scheme
2. Coordinate-space/Gauge-invariant scheme (GIRS)
3. Wilson/gradient flow
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RI/SMOM

» RI/MOM vs RI/SMOM

Ar(p1,p2) = Sy ' (p1){u(p1)Or (2)d(p2)) Sz " (p2)

Tq=p,—p2

ZEN

RI/MOM: pL=p2=p a=p1-p2=0, P =u
RI/SMOM: PL=p2=¢ =p°,q=p1—P2
» Advantages of RI/SMOM:

e Infrared effects are expected to be more suppressed.

e Conversion factors to the MS scheme converge faster than in the case of
RI/MOM

» Disadvantages of RI/SMOM:

e Conversion factors known only to 2 loops
e Additional mixing with total derivative operators (if applicable)
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Coordinate-space/Gauge-invariant scheme

P Green’s functions:

1 - -
HOF,OF (t) = F Z (OF(LM)O}(% y4)>|z4—y4=t7
z,y

» Renormalization conditions:

2 f
ZO[‘ HOF,OF(t) [t1~1/ s (5?‘9,01‘( )

where Aqop <K 1y < ™t (renormalization window).
» Good features:

[¢1~1/ps’

t+0

No need for gauge-fixing, No contact terms, No need to consider mixing with
gauge-non-invariant operators, Consider on-shell Green’s functions

» Disadvantages:
Strong non-perturbative effects (as predicted by OPE)
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Example 7y,

Work by Cyprus group (C. Alexandrou, G. Spanoudes, S. Yamamoto), u; ~ 1/t
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TPYE() = T () + )_eo (1) 77772 (0),

(@}
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O € {mqiq. a.G",myg.4Gq, as(Gq)™, - }
In general cg depends on t logarithmically as ln(t2,u2) and on the quark mass

mgt”™.
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Example 7y,

Work by Cyprus group (C. Alexandrou, G. Spanoudes, S. Yamamoto)
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Four-quark operators

Work by Cyprus+Temple group (M. Constantinou, M. Costa, H. Panagopoulos,
G. Spanoudes)

Orri(@) = g, (@) g, (@), ()5, (2)

» Operator mixing in groups

Q5 2 1[0y £ Oy ]+ 2[0aa£05,], {7 = 3[0vax OV + 3[04y + OhV],
Q5™ = %[Ovv + 05\/] - % [OAA + OiAL 05! = %{OVA + OgA]] - %[[OAV + Oiv],
Q5 = 1[0ss £ O8] - L[Opp £ OFp], {Q?*l =1 |0ps+OFs]- 1 [0sp £ 08P ],
Qi =1[0ss £ 05|+ 1 [0pp 2055, o5+ =

: {Ops * Ogs}‘*’ : [OSP * OgP] )
1 _ F

51017 £ Orz

» GIRS renormalization conditions involve two-point and three-point functions

[M. Constantinou et al., PRD 110 (2024) 074506, G. Spanoudes et al., PRD
113 (2026) 034504]

[@z (@t a(@@)).  [az [ 2 (0r+2) QFw) Orta - 2)

Q5™ = $[Orr £ O 1], {ngﬂ =
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Wilson /gradient flow 1

Slide from talk of Nico Battelli, Stefan Sint at Lattice 2021

Renormalization of composite operators

Given such composite operators

OF ()

bi(x)Topj(x), (i,j: Aavour indices)
QY (t,2) = X,;(t,)'x;(t, ), (I': some gamma matrix)

the renormalization for the flowed one is obtained by counting the number of fermionic insertions (Z;l/l for each
fermion field) while the non-flowed renormalizes with the appropriate factor

(OF@), = Zor 0@ (QH(t2)), = 2, (k).

Then we can define the renormalization constant Zo,. for every non-flowed operator in the following ways (wave
function renormalization cancellation)

I o < A _ PS8 6 0)0F )
1 Or

VBT (QF, (1 2)OF (1, v)

3, (QH (1,2)0F (1)

o VPPELQLEDCE Y

¥=0, tree level

" 5, QY (4, 9O ()
" Or i i = i i >
T (OF, . 0QF, 0.0) |, T (@ DL 00 | o s e

> Zoy is equal to 1 at tree level in the continuum limit,

» Because of the Gaussian damping factor ~ e~t7° in the propagator due to the flow, we have no finiteness problem

at ®

» Fixed values of ¢, x¢g and yo correspond to different renormalization conditions.
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Wilson /gradient flow 11

» Main idea [M. Liischer, JHEP 08 (2010) 071, JHEP 04 (2013) 123]
e Introduce a fictitious “flow time” ¢ (units of length?)
e Evolve gauge and fermion fields as a function of ¢, according to gradient
flow equations
e The flow time acts as a UV regulator and smooths out the fields over region
~ V8t
e Flowed gauge field does not need renormalization [M. Liischer, P. Weisz,
JHEP 02 (2011) 051]
e Flowed quark field needs a multiplicative renormalization [M. Liischer, P.
Weisz, JHEP 02 (2011) 051]
e Flowed gluon operators are finite. Flowed quark bilinear operators have
identical renormalization factors, regardless of their Dirac structure or the
inclusion of covariant derivatives.
e No further renormalization? (Finite regularization-dependent mixing effects
allowed by the symmetries of lattice actions?)
e We can take the continuum limit (a — 0) at fixed ¢ (after renormalizing
flowed quark fields). Divergences in ¢t can be removed by continuum
perturbation theory.
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Wilson /gradient flow 11

» Procedure E.g. twist-2 quark bilinear operators [A. Shindler, PRD 110
(2024) L051503]
1. Calculate matrix elements of flowed operators in lattice QCD

(N|x(z,t)T D Dx(,t)|N)

2. Renormalize the flowed quark fields of the operator by using “ringed”
fields. [H. Makino, H. Suzuki, PTEP 2014 (2014) 063B02]

(%@ 0Dis o)) =~ e

Alternatively: Take ratios of the matrix elements of two different quark
bilinear operators in order to cancel the renormalization factor”.

3. Take the continuum limit a — 0 at fixed t.

4. Match to the MS scheme at a reference scale p and zero flow time ¢t = 0
using the short-flow time expansion (SFTX) [M. Liischer, PoS LATTICE2013
(2014) 016].

5. Extrapolate to ¢ = 0 to remove any residual dependence on ¢.

'n this case, we need to use as an input the one of the two matrix elements renormalized in
MS using the conventional lattice QCD
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