Problem sheet La Ricotta Summer School 2026

Enrico Pajer

Exercises on density matrices, quantum maps, and Lindblad evo-
lution

Unless stated otherwise, assume finite-dimensional Hilbert spaces.

Ex. 1: The qubit and the Bloch ball (introductory)

Any Hermitian unit-trace 2 x 2 matrix can be written as

1
p=50+b-a), b € R3.

(a) Show that
(b-0)? = |b|1.

(b) Find the eigenvalues of p and show that
p>0 = |b| < 1.
(¢) Compute
1
Tr(p?) = 5(1 + |b|?).

(d) Show that p is pure iff |b| = 1, and maximally mixed iff b = 0.

(e) Express the von Neumann entropy S(p) in terms of |b].

Ex. 2: From unitary evolution to Kraus operators

Let the initial system—environment state be

pse(0) = p® pg, PEZZPB’@(B’,
B

and let the full system evolve with a unitary operator U.

Choose an orthonormal environment basis {|a)} and define
Magp = /pg (|U|B).
(a) Starting from
®lp] = Trg [U(p ® pE)Uq ,

derive
Olp] = > MaspM/ .
a?/B

(b) Use UTU =1 to prove
> M Mg =15
o,
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(c) Simplify the construction when the environment begins in a pure state,

pe = [x){(x|-

Ex. 3: Properties of a Kraus map

Consider
O[X]=> MXM, > MM, =1.
I

Prove directly that ® is:
(a) linear;
(b) Hermiticity preserving,

X=X = oKX =0o[X];

(c) positive,
X>0 = OP[X]>0;

(d) trace preserving,
Tro[X] = Tr X;

(e) completely positive: for any auxiliary Hilbert space H 4, prove that
X>0 = ([{sa@9)X]>0.
For the last part, use

La®®)X] =) (1a® M)X (1@ M]).

Finally, show that if a Kraus map is trace preserving for every X, then

> MiM, =1.
w

Ex. 4: A positive map that is not completely positive

In a fixed basis, define the transpose map
TX]=xT.

(a) Show that T is linear, trace preserving, and positive.

(b) Consider the Bell state

1

|@7) = —= (100) +[11)).

S

2
Write its density matrix explicitly.
(c) Compute
(LeT)[|@*)(et]].

(d) Show that its eigenvalues are



(e) Conclude that the transpose map is positive but not completely positive.

Ex. 5: Hermitian jump operators and dephasing

Consider one Hermitian jump operator L = LT:
. . 1
p=—ilH,p]+~ <LpL - §{L2, p}) :

(a) Show that
LoL — {17, p} = —5 (L. (L, o]}
(b) Assume that H and L commute and choose a common eigenbasis,
H|n) = E,|n), Lin) = ly|n).
Show that
prm = |=i(Bn = Em) = 2 (bn = m)?] prum.

(c) Solve for ppm(t).

(d) Show that the populations remain constant while coherences between states with
by # £, decay.

(e) Which coherences survive if two different states have the same eigenvalue of L?

Ex. 6: From Lindblad jumps to the Pauli master equation

Let {|n)} be energy eigenstates and introduce

Lym = v/ Wam |n)(m], n # m.
(a) Interpret Wy, as the rate for which transition?
(b) Starting from the Lindblad equation, derive
Dn = Z (anpm - Wmnpn) s Pn = Pnn-

m

(c) Show explicitly that
d
g 2P =0

(d) Let
B _ €
y24 7

Show that this distribution is stationary if

Wam — o~ B(En—Em)
Wmn

(e) Explain why this condition suppresses upward transitions at low temperature.

Ex. 7: The open qubit

Consider



(a) Write the full Lindblad equation.

(b) By explicit matrix multiplication, derive

prr = =Pt T VP (1)
. . Y+
prL = — [Wo + 5 i] P (2)
(c¢) Defining
L=y + 7,

solve for the population and coherence:

prr() = 3 + | prr(0) — | 7T, (3)

pri(t) = e ote 25, 1 (0). (4)

(*)

Determine pa’.
(d) Find the full stationary density matrix.
(e) Show that it is thermal at inverse temperature 5 when
I o fuwo,
e
(f) Study the limits of zero and infinite temperature.

(g) Rewrite the evolution in terms of the Bloch vector

p= 5 (1 + b0y + byoy + bo0)
and show that
A (5)
by = — by + wobs. (6)
b, = —Th. + v — . (7)

Describe the resulting trajectory inside the Bloch ball.

Ex. 8: Perturbative evolution and secular resummation (short)
Consider
p(t) = —evp(t),  p(0)=po, €<l
(a) Solve the equation exactly.
(b) Expand the solution through order €3.

(c) Show that the fixed-order approximation fails when
evt ~ 1.

(d) Explain why the first-order approximation eventually predicts a negative value of
p(t).



(e) Show that solving the leading-order generator exactly resums all terms of the form

(—eyt)”
n!

(f) Now suppose
L=eli+eLog+-.

Expand e** through order €2 and identify which terms are included in

eetﬁl

and which are omitted.

Ex. 9: Hermitian jump operators and unital evolution (short)

Consider the Lindblad equation
. . 1
p=Llp)=—i[H,p]+ ) (LupLL - Z{LLLH,/)}> :
“w

where every jump operator is Hermitian:
L,=L}.
(a) Evaluate £[1] and show that
L[1] = 0.
Conclude that the dynamical map is unital:

&,[1] = 1.

Ex. 10: Deriving the thermal density matrix (optional)

Find the density matrix that maximizes

S(p) = —Tr(plnp)

subject to
Trp=1, Tr(pH) =U.

(a) Introduce Lagrange multipliers A and /3 and extremize
Flpl = S(p) = A\(Trp—1) = B(Tr(pH) = U).
(b) Using
0S8 =—-Tr[ép(Inp+1)],
show that 0 F = 0 implies
_ —BH
p=Ce .
(c) Determine C' from normalization and obtain
P Z@y

Z(B) = Tr(efﬁH)

(d) In the energy basis, H|n) = E,|n), find the probabilities py,.

(e) Show that
0



Exercises on Schwinger-Keldysh formalism and dynamical map

Ex. 11:

Ex. 12:

Propagators in the r/a basis

Starting from

{2+ )2 (t)) = (T2()2(t)), (8)
(a—)z_(t)) = (T2(t)x(t)), (9)
(a2 _(t)) = (2(t)x(t)), (10)
(a2 (@) = (@()x(t)), (11)
introduce
Ty +x_
r — 9 ; LTg =Ty —T—.
Write out the four r/a correlators explicitly. Using
Tz(t)z(t') =00t —t)z)z(t') + 0(t' — t)z(t)x(t), (12)
Txt)z(t') =00t —t)zt)zt') + 0(t — t')x(t')x(t), (13)
show that
(D2 () = 5 (®), z()}), (14)
(@ (®)za(t)) = 00t — ') ([2(2), 2(¢)]), (15)
(a(®)zr () = 0" —t)([2(t), 2(1)]), (16)
(a(t)za(t))) = 0. (17)
Constraints on the Schwinger—Keldysh effective action
Assume an initially factorized state with a pure environment state
P((IO) = ‘Qq><Qq|‘
The influence functional is
elSwlree-] = / dq dg; dg; / ' Dqy "Dy
qi q; .
xSl Sl O, ). (1)

Treat 1 and x_ as prescribed external sources for the environment and introduce the
corresponding evolution operator

Uglz] == Uy(t, to; {z}).

(a) Use the path-integral representation of transition amplitudes,

q .
Day eiSorlmrat] = (q|U, [24]|a:),
qi

q )
| Pa Sl — (guifa ).
q

(19)

| (20)

(b) Write
P (qi, d)) = (4i| Q) (Qldl)

and perform the integrals over ¢; and ¢}.
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(c) Insert

and show that ‘
eiSwlere-] — <Qq|UT[$—]Uq[$+]|Qq>-

Equivalently, defining
Qf7H (1)) = Uslar+]|2),

show that '
Sz e-] <Q§$7}(t>|géz+}(t)>‘

Use normalization, complex conjugation, and the Cauchy—Schwarz inequality to derive

SIF[$+7 JI+] =0, (21)
SIF[‘,L.-H'%—] = _S?F[‘,L.—ax-‘r]? (22)
Im Stp[z4, 2] > 0. (23)

Finally, translate these conditions to the r/a basis:

Seft[r, To = 0] =0, (24)
Sett[Tr, Ta] = —SiglTr, —24], (25)
Im Set [y, T4) > 0. (26)

Ex. 13: Master equation for a noisy harmonic oscillator

Consider the phase-space Schwinger—Keldysh action

Ssk Z/dt

where we have set k = N, = 0.

DaXr + PrLa — PrPa — Qz(t)xra:a + iNx(t)x?l + §Np(t)p62l , (27)

Use
Tyt I P+ +p_
=Ty To =T4 —Tey  Pr=—"b Pa = P+ — P
2 2
(a) Show that the real part of the action can be written as
Sulz4,py] — Sulzr—,p-],
where -
t
Sulz,p] = /dt (pz — H(t)), H(t) = % + 2( )mQ_

Conclude that these terms generate
—i[H(t), p]-
(b) Over an infinitesimal interval, use
K(t+6t,t) =1+ 6t L+ O(5t2),  €5K =1+ iSsk + O(5t2).
Verify the operator dictionary

Ty < [z, p), Pa <— [p, P,

by interpreting x,p+ as left actions on p and z_,p_ as right actions.



(c) Use this dictionary to show that

Noak — =2l [, (25)
SN — =L 1p, [, ] (29)

(d) Combine the Hamiltonian and noise terms and derive

o= it~ e o, ) - 22 1y, )

Rewrite the result in GKSL form and identify the two Hermitian jump operators.
What conditions must N, (t) and N, (t) satisfy for the evolution to be CP divisible?

(e) Optional: using the dictionary above check that there is no operator ordering issue
in x,p, and z,p,, but there is one in x,p, and z.p;.

Ex. 14: Retarded propagator and memory in a dissipative scalar field

For each momentum mode, the retarded propagator satisfies
(07 + 70 + wip) Gr(t,k) = 6(t),  Gr(t,k)=0 fort<D0,

where
wi =k +m?, v > 0.
(a) Using

dw —iw
Grlt.k) = [ 52 G 10),

find Gr(w, k). Derive the dispersion relation from its poles and show that the two

solutions are
; 2
Yy / Y

Classify the poles as underdamped, critically damped, or overdamped.

(b) In the overdamped regime,

2

v > 2wy, Ax = Vz — wﬁ,

perform the inverse Fourier transform by closing the contour in the appropriate
half-plane. Show that

e~ (/2=M)t _ o—(v/2+ M)t

2Ak

Gr(t, k) = 0(t)

Take the limit Ay — 0 and find the propagator at critical damping.

(c) Discuss how long the system retains memory of a perturbation in the following
cases:
i v < 2wy;
. v = 2wg;
il v > 2w;
iv. k2 +m? < ~%;



v. m=0and k =0;

vi. v=0.
In the overdamped low-frequency regime, show that the slow decay rate is
k2 + m?
Caow = % — A~ ——.
~

Explain when the memory time is finite, when it becomes parametrically large,
and when the propagator does not decay at late times.

Ex. 15: Tree-level bispectrum from a ¢* interaction

Consider a massless scalar field in de Sitter,

a(t) = —— up(T) = (1 + ikT)e ™7,

Hr’ NOVE
with cubic interaction )
Sint = 30 /dt >z a3¢3.

To leading order in A, the interaction Hamiltonian in conformal time is

A
Hu(r) = 5 / P a(r)d (r, %)%,

(a) Using the +/— Feynman rules, draw the two tree-level contact diagrams contribut-

ing to

<¢k1 (0)¢k2 (0)¢k3 (0)> :
Show that the + and — diagrams are complex conjugates and write their sum as
0

(b1, Py bi;) = 2 Re [—Z/ d7 (f1, (0) P (0) Py (0) Hine (7)) | - (30)

The prime denotes removal of
(2m)36®) (k1 + ko + k3).
(b) Defining
ki = k1 + ko + ks,

reduce the calculation to an integral proportional to

0
2 kT
/ dr t7e't7,
— o0

with the usual ie prescription, and evaluate it.

(c¢) Show that the reduced tree-level bispectrum is

NH?

p o AHY
(Px) Prcy Phcs)” = 2kikoks k3

Verify that the result is symmetric under permutations of the three momenta and
finite as 7 — 07



Ex. 16: Covariant building blocks for the Goldstone of time translations

Let
U(z) =t+n(x).

Under a Poincaré transformation
ot — 2 = AP Y + o,
the Goldstone field transforms non-linearly as
m(z) — '(2) = 7(z’) + ¥ + A% 2H — ¢.

(a) Show that
t+ 7' (x) =t + (), t' = A%,a" + .

Conclude that ¢ 4+ 7 transforms covariantly as the scalar field U (x):

(b) Explicitly compute the transformation of
=27 4 O, m oM.

and conclude that it is a covariant scalar building block.
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