
Problem sheet La Ricotta Summer School 2026

Enrico Pajer

Exercises on density matrices, quantum maps, and Lindblad evo-
lution

Unless stated otherwise, assume finite-dimensional Hilbert spaces.

Ex. 1: The qubit and the Bloch ball (introductory)

Any Hermitian unit-trace 2× 2 matrix can be written as

ρ =
1

2
(1+ b · σ) , b ∈ R3.

(a) Show that
(b · σ)2 = |b|21.

(b) Find the eigenvalues of ρ and show that

ρ ≥ 0 ⇐⇒ |b| ≤ 1.

(c) Compute

Tr
(
ρ2
)
=

1

2
(1 + |b|2).

(d) Show that ρ is pure iff |b| = 1, and maximally mixed iff b = 0.

(e) Express the von Neumann entropy S(ρ) in terms of |b|.

Ex. 2: From unitary evolution to Kraus operators

Let the initial system–environment state be

ρSE(0) = ρ⊗ ρE , ρE =
∑
β

pβ|β⟩⟨β|,

and let the full system evolve with a unitary operator U .

Choose an orthonormal environment basis {|α⟩} and define

Mαβ :=
√
pβ ⟨α|U |β⟩.

(a) Starting from

Φ[ρ] = TrE

[
U(ρ⊗ ρE)U

†
]
,

derive
Φ[ρ] =

∑
α,β

MαβρM
†
αβ.

(b) Use U †U = 1 to prove ∑
α,β

M †
αβMαβ = 1S .
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(c) Simplify the construction when the environment begins in a pure state,

ρE = |χ⟩⟨χ|.

Ex. 3: Properties of a Kraus map

Consider
Φ[X] =

∑
µ

MµXM †
µ,

∑
µ

M †
µMµ = 1.

Prove directly that Φ is:

(a) linear;

(b) Hermiticity preserving,

X = X† =⇒ Φ[X] = Φ[X]†;

(c) positive,
X ≥ 0 =⇒ Φ[X] ≥ 0;

(d) trace preserving,
TrΦ[X] = TrX;

(e) completely positive: for any auxiliary Hilbert space HA, prove that

X ≥ 0 =⇒ (1A ⊗ Φ)[X] ≥ 0.

For the last part, use

(1A ⊗ Φ)[X] =
∑
µ

(1A ⊗Mµ)X(1A ⊗M †
µ).

Finally, show that if a Kraus map is trace preserving for every X, then∑
µ

M †
µMµ = 1.

Ex. 4: A positive map that is not completely positive

In a fixed basis, define the transpose map

T [X] = XT .

(a) Show that T is linear, trace preserving, and positive.

(b) Consider the Bell state

|Φ+⟩ = 1√
2
(|00⟩+ |11⟩) .

Write its density matrix explicitly.

(c) Compute
(1⊗ T )

[
|Φ+⟩⟨Φ+|

]
.

(d) Show that its eigenvalues are

1

2
,

1

2
,

1

2
, −1

2
.
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(e) Conclude that the transpose map is positive but not completely positive.

Ex. 5: Hermitian jump operators and dephasing

Consider one Hermitian jump operator L = L†:

ρ̇ = −i[H, ρ] + γ

(
LρL− 1

2
{L2, ρ}

)
.

(a) Show that

LρL− 1

2
{L2, ρ} = −1

2
[L, [L, ρ]].

(b) Assume that H and L commute and choose a common eigenbasis,

H|n⟩ = En|n⟩, L|n⟩ = ℓn|n⟩.

Show that
ρ̇nm =

[
−i(En − Em)− γ

2
(ℓn − ℓm)2

]
ρnm.

(c) Solve for ρnm(t).

(d) Show that the populations remain constant while coherences between states with
ℓn ̸= ℓm decay.

(e) Which coherences survive if two different states have the same eigenvalue of L?

Ex. 6: From Lindblad jumps to the Pauli master equation

Let {|n⟩} be energy eigenstates and introduce

Lnm =
√
Wnm |n⟩⟨m|, n ̸= m.

(a) Interpret Wnm as the rate for which transition?

(b) Starting from the Lindblad equation, derive

ṗn =
∑
m

(Wnmpm −Wmnpn) , pn := ρnn.

(c) Show explicitly that
d

dt

∑
n

pn = 0.

(d) Let

p(β)n =
e−βEn

Z
.

Show that this distribution is stationary if

Wnm

Wmn
= e−β(En−Em).

(e) Explain why this condition suppresses upward transitions at low temperature.

Ex. 7: The open qubit

Consider
H =

ω0

2
σz, L↑ =

√
γ↑ σ+, L↓ =

√
γ↓ σ−.
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(a) Write the full Lindblad equation.

(b) By explicit matrix multiplication, derive

ρ̇↑↑ = −γ↓ρ↑↑ + γ↑ρ↓↓, (1)

ρ̇↑↓ = −
[
iω0 +

γ↑ + γ↓
2

]
ρ↑↓. (2)

(c) Defining
Γ := γ↑ + γ↓,

solve for the population and coherence:

ρ↑↑(t) = ρ
(∗)
↑↑ +

[
ρ↑↑(0)− ρ

(∗)
↑↑

]
e−Γt, (3)

ρ↑↓(t) = e−iω0te−Γt/2ρ↑↓(0). (4)

Determine ρ
(∗)
↑↑ .

(d) Find the full stationary density matrix.

(e) Show that it is thermal at inverse temperature β when

γ↑
γ↓

= e−βω0 .

(f) Study the limits of zero and infinite temperature.

(g) Rewrite the evolution in terms of the Bloch vector

ρ =
1

2
(1+ bxσx + byσy + bzσz)

and show that

ḃx = −Γ

2
bx − ω0by, (5)

ḃy = −Γ

2
by + ω0bx, (6)

ḃz = −Γbz + γ↑ − γ↓. (7)

Describe the resulting trajectory inside the Bloch ball.

Ex. 8: Perturbative evolution and secular resummation (short)

Consider
ṗ(t) = −ϵγp(t), p(0) = p0, ϵ≪ 1.

(a) Solve the equation exactly.

(b) Expand the solution through order ϵ3.

(c) Show that the fixed-order approximation fails when

ϵγt ∼ 1.

(d) Explain why the first-order approximation eventually predicts a negative value of
p(t).
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(e) Show that solving the leading-order generator exactly resums all terms of the form

(−ϵγt)n

n!
.

(f) Now suppose
L = ϵL1 + ϵ2L2 + · · · .

Expand etL through order ϵ2 and identify which terms are included in

eϵtL1

and which are omitted.

Ex. 9: Hermitian jump operators and unital evolution (short)

Consider the Lindblad equation

ρ̇ = L[ρ] = −i[H, ρ] +
∑
µ

(
LµρL

†
µ −

1

2
{L†

µLµ, ρ}
)
,

where every jump operator is Hermitian:

Lµ = L†
µ.

(a) Evaluate L[1] and show that
L[1] = 0.

Conclude that the dynamical map is unital:

Φt[1] = 1.

Ex. 10: Deriving the thermal density matrix (optional)

Find the density matrix that maximizes

S(ρ) = −Tr(ρ ln ρ)

subject to
Tr ρ = 1, Tr(ρH) = U.

(a) Introduce Lagrange multipliers λ and β and extremize

F [ρ] = S(ρ)− λ
(
Tr ρ− 1

)
− β

(
Tr(ρH)− U

)
.

(b) Using
δS = −Tr [δρ (ln ρ+ 1)] ,

show that δF = 0 implies
ρ = C e−βH .

(c) Determine C from normalization and obtain

ρβ =
e−βH

Z(β)
, Z(β) = Tr

(
e−βH

)
.

(d) In the energy basis, H|n⟩ = En|n⟩, find the probabilities pn.

(e) Show that

U = − ∂

∂β
lnZ, S(ρβ) = βU + lnZ.
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Exercises on Schwinger-Keldysh formalism and dynamical map

Ex. 11: Propagators in the r/a basis

Starting from

⟨⟨x+(t)x+(t′)⟩⟩ = ⟨T x(t)x(t′)⟩, (8)

⟨⟨x−(t)x−(t′)⟩⟩ = ⟨T̄ x(t)x(t′)⟩, (9)

⟨⟨x+(t)x−(t′)⟩⟩ = ⟨x(t′)x(t)⟩, (10)

⟨⟨x−(t)x+(t′)⟩⟩ = ⟨x(t)x(t′)⟩, (11)

introduce

xr =
x+ + x−

2
, xa = x+ − x−.

Write out the four r/a correlators explicitly. Using

T x(t)x(t′) = θ(t− t′)x(t)x(t′) + θ(t′ − t)x(t′)x(t), (12)

T̄ x(t)x(t′) = θ(t′ − t)x(t)x(t′) + θ(t− t′)x(t′)x(t), (13)

show that

⟨⟨xr(t)xr(t′)⟩⟩ =
1

2
⟨{x(t), x(t′)}⟩, (14)

⟨⟨xr(t)xa(t′)⟩⟩ = θ(t− t′)⟨[x(t), x(t′)]⟩, (15)

⟨⟨xa(t)xr(t′)⟩⟩ = θ(t′ − t)⟨[x(t′), x(t)]⟩, (16)

⟨⟨xa(t)xa(t′)⟩⟩ = 0. (17)

Ex. 12: Constraints on the Schwinger–Keldysh effective action

Assume an initially factorized state with a pure environment state

ρ(0)q = |Ωq⟩⟨Ωq|.

The influence functional is

eiSIF[x+,x−] =

∫
dq dqi dq

′
i

∫ q

qi

Dq+
∫ q

q′i

Dq−

× eiStot[x+,q+]−iStot[x−,q−]ρ(0)q (qi, q
′
i). (18)

Treat x+ and x− as prescribed external sources for the environment and introduce the
corresponding evolution operator

Uq[x] := Uq(t, t0; {x}).

(a) Use the path-integral representation of transition amplitudes,∫ q

qi

Dq+ eiStot[x+,q+] = ⟨q|Uq[x+]|qi⟩, (19)∫ q

q′i

Dq− e−iStot[x−,q−] = ⟨q′i|U †
q [x−]|q⟩. (20)

(b) Write
ρ(0)q (qi, q

′
i) = ⟨qi|Ωq⟩⟨Ωq|q′i⟩

and perform the integrals over qi and q′i.
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(c) Insert ∫
dq |q⟩⟨q| = 1q

and show that
eiSIF[x+,x−] = ⟨Ωq|U †

q [x−]Uq[x+]|Ωq⟩.

Equivalently, defining
|Ω{x±}

q (t)⟩ := Uq[x±]|Ωq⟩,

show that
eiSIF[x+,x−] = ⟨Ω{x−}

q (t)|Ω{x+}
q (t)⟩.

Use normalization, complex conjugation, and the Cauchy–Schwarz inequality to derive

SIF[x+, x+] = 0, (21)

SIF[x+, x−] = −S∗
IF[x−, x+], (22)

ImSIF[x+, x−] ≥ 0. (23)

Finally, translate these conditions to the r/a basis:

Seff [xr, xa = 0] = 0, (24)

Seff [xr, xa] = −S∗
eff [xr,−xa], (25)

ImSeff [xr, xa] ≥ 0. (26)

Ex. 13: Master equation for a noisy harmonic oscillator

Consider the phase-space Schwinger–Keldysh action

SSK =

∫
dt

[
paẋr + prẋa − prpa − Ω2(t)xrxa +

i

2
Nx(t)x

2
a +

i

2
Np(t)p

2
a

]
, (27)

where we have set κ = Nxp = 0.

Use

xr =
x+ + x−

2
, xa = x+ − x−, pr =

p+ + p−
2

, pa = p+ − p−.

(a) Show that the real part of the action can be written as

SH [x+, p+]− SH [x−, p−],

where

SH [x, p] =

∫
dt (pẋ−H(t)) , H(t) =

p2

2
+

Ω2(t)

2
x2.

Conclude that these terms generate

−i[H(t), ρ].

(b) Over an infinitesimal interval, use

K(t+ δt, t) = 1+ δtLt +O(δt2), eiSSK = 1 + iSSK +O(δt2).

Verify the operator dictionary

xa ←→ [x, ρ], pa ←→ [p, ρ],

by interpreting x+, p+ as left actions on ρ and x−, p− as right actions.
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(c) Use this dictionary to show that

i

2
Nxx

2
a −→ −

Nx

2
[x, [x, ρ]], (28)

i

2
Npp

2
a −→ −

Np

2
[p, [p, ρ]]. (29)

(d) Combine the Hamiltonian and noise terms and derive

ρ̇ = −i[H(t), ρ]− Nx(t)

2
[x, [x, ρ]]− Np(t)

2
[p, [p, ρ]].

Rewrite the result in GKSL form and identify the two Hermitian jump operators.
What conditions must Nx(t) and Np(t) satisfy for the evolution to be CP divisible?

(e) Optional: using the dictionary above check that there is no operator ordering issue
in xapa and xrpr, but there is one in xrpa and xapr.

Ex. 14: Retarded propagator and memory in a dissipative scalar field

For each momentum mode, the retarded propagator satisfies(
∂2
t + γ∂t + ω2

k

)
GR(t,k) = δ(t), GR(t,k) = 0 for t < 0,

where
ω2
k = k2 +m2, γ ≥ 0.

(a) Using

GR(t,k) =

∫
dω

2π
e−iωtGR(ω,k),

find GR(ω,k). Derive the dispersion relation from its poles and show that the two
solutions are

ω±(k) = −
iγ

2
±
√
ω2
k −

γ2

4
.

Classify the poles as underdamped, critically damped, or overdamped.

(b) In the overdamped regime,

γ > 2ωk, Λk :=

√
γ2

4
− ω2

k,

perform the inverse Fourier transform by closing the contour in the appropriate
half-plane. Show that

GR(t,k) = θ(t)
e−(γ/2−Λk)t − e−(γ/2+Λk)t

2Λk
.

Take the limit Λk → 0 and find the propagator at critical damping.

(c) Discuss how long the system retains memory of a perturbation in the following
cases:

i. γ < 2ωk;

ii. γ = 2ωk;

iii. γ > 2ωk;

iv. k2 +m2 ≪ γ2;
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v. m = 0 and k = 0;

vi. γ = 0.

In the overdamped low-frequency regime, show that the slow decay rate is

Γslow =
γ

2
− Λk ≃

k2 +m2

γ
.

Explain when the memory time is finite, when it becomes parametrically large,
and when the propagator does not decay at late times.

Ex. 15: Tree-level bispectrum from a ϕ̇3 interaction

Consider a massless scalar field in de Sitter,

a(τ) = − 1

Hτ
, uk(τ) =

H√
2k3

(1 + ikτ)e−ikτ ,

with cubic interaction

Sint =
λ

3!

∫
dt d3x a3ϕ̇3.

To leading order in λ, the interaction Hamiltonian in conformal time is

Hint(τ) = −
λ

3!

∫
d3x a(τ)ϕ′(τ,x)3.

(a) Using the +/− Feynman rules, draw the two tree-level contact diagrams contribut-
ing to

⟨ϕk1(0)ϕk2(0)ϕk3(0)⟩ .

Show that the + and − diagrams are complex conjugates and write their sum as

⟨ϕk1ϕk2ϕk3⟩
′ = 2 Re

[
−i

∫ 0

−∞
dτ ⟨ϕk1(0)ϕk2(0)ϕk3(0)Hint(τ)⟩

]
. (30)

The prime denotes removal of

(2π)3δ(3)(k1 + k2 + k3).

(b) Defining
kt := k1 + k2 + k3,

reduce the calculation to an integral proportional to∫ 0

−∞
dτ τ2eiktτ ,

with the usual iϵ prescription, and evaluate it.

(c) Show that the reduced tree-level bispectrum is

⟨ϕk1ϕk2ϕk3⟩
′ =

λH5

2 k1k2k3 k3t
.

Verify that the result is symmetric under permutations of the three momenta and
finite as τ → 0−.
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Ex. 16: Covariant building blocks for the Goldstone of time translations

Let
U(x) = t+ π(x).

Under a Poincaré transformation

xµ −→ x′µ = Λµ
νx

ν + αµ,

the Goldstone field transforms non-linearly as

π(x) −→ π′(x) = π(x′) + α0 + Λ0
µx

µ − t.

(a) Show that
t+ π′(x) = t′ + π(x′), t′ = Λ0

µx
µ + α0.

Conclude that t+ π transforms covariantly as the scalar field U(x):

U ′(x) = U(x′).

(b) Explicitly compute the transformation of

−2π̇ + ∂µπ ∂µπ.

and conclude that it is a covariant scalar building block.

References
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