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Introduction

Schwinger-Keldysh field theories are interesting, see e.g. 
talks at Contours 2026, Cambridge

Schwinger-Keldysh hydrodynamic EFTs are interesting, see e.g. 
talks at Contours 2026, Cambridge    Riccardo Penco 
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Schwinger-Keldysh hydrodynamic EFTs survive ℏ → 0
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Two types of fields: “classical” ( ) and “stochastic” ( ).φr φa

Effective action

S = φa F(φr) + φ2
aGclass.(φr) + φ2

aGnon-class.(φr) + φ3
a H(φr) + …

classical bootstrapped 
from classical 
by KMS

invisible to classical EoM, but 
contribute to classical (retarded) 
response functions through loops 
at small 𝜔 and k  

stochastic transport coef-s: 
 - derivative-suppressed in 3+1,  
 - give rise to subleading power-law 
   correlations at long distances, 
 - match to UV through non-retarded 
   functions

classical transport coef-s: 
 - visible in classical EoM, 
 - give rise to leading power-law 
   correlations at long distances, 
 - match to UV through retarded 
   functions (Kubo formulas)

Jain, Kovtun, arXiv:2009.01356 

https://arxiv.org/abs/2009.01356


Two types of fields: “classical” ( ) and “stochastic” ( ).φr φa

Effective action

S = φa F(φr) + φ2
aGclass.(φr) + φ2

aGnon-class.(φr) + φ3
a H(φr) + …

classical bootstrapped 
from classical 
by KMS

invisible to classical EoM, but 
contribute to classical (retarded) 
response functions through loops 
at small ω, k 

stochastic transport coef-s: 
 - derivative-suppressed in 3+1,  
 - give rise to subleading power-law 
   correlations at long distances, 
 - match to UV through non-retarded 
   functions

classical transport coef-s: 
 - visible in classical EoM, 
 - give rise to leading power-law 
   correlations at long distances, 
 - match to UV through retarded 
   functions (Kubo formulas)

Ignore these for 
today

This is classical 
MSR

Martin, Siggia, Rose, Phys. Rev. A 8, 423 (1973) 

https://doi.org/10.1103/PhysRevA.8.423


Two types of fields: “classical” ( ) and “stochastic” ( ).φr φa

Effective action

S = φa F(φr) + φ2
aGclass.(φr) + φ2

aGnon-class.(φr) + φ3
a H(φr) + …

This talk: 

 are classical eq-s of motion for relativistic hydro 

 contain viscosities, conductivities

F(φr) = 0

Gclass(φr)



Time evolution

SK path integral in “microscopic” QFT tells you about the 
evolution of an initial state. 

SK path integral in “hydrodynamic” EFT should tell you about 
the evolution of an initial coarse-grained state.  

Does it?



Classical equations of motion for SK EFT: 

      ← viscous hydro eq-s, by KMS of EFT  

     ← no noise, deterministic equations 

    So, need viscous relativistic hydro eq-s

F(φr) = 0

φa = 0



Part I: Relativistic hydrodynamics



Relativistic “perfect fluid” equations

Equilibrium: 

<latexit sha1_base64="rEFmWNESGJQuwZu4r4oQIzHPiD8="></latexit>

→Tµω↑ = A(ω2)ωµωω +B(ω2)gµω

<latexit sha1_base64="uhf73RHWuKdCyH+H5NHRFJJgrTw=">AAACMnicbVDLSgMxFM34rPVVdekmWAQXWmdKUZdFN7pTsLXQqSWT3mpo5mFyI5Sh3+TGLxFc6EIRt36EaTsLrZ4QOJxzLsk9QSKFRtd9caamZ2bn5nML+cWl5ZXVwtp6XcdGcajxWMaqETANUkRQQ4ESGokCFgYSroLeydC/ugelRRxdYj+BVshuItEVnKGV2oUzc+2HhvpwZ8Q99QNANhL2fX2nMN0bK+XBrk/H5zKLepOJdqHoltwR6F/iZaRIMpy3C09+J+YmhAi5ZFo3PTfBVsoUCi5hkPeNhoTxHruBpqURC0G30tHKA7ptlQ7txsreCOlI/TmRslDrfhjYZMjwVk96Q/E/r2mwe9RKRZQYhIiPH+oaSTGmw/5oRyjgKPuWMK6E/Svlt0wxjrblvC3Bm1z5L6mXS95BqXJRKVaPszpyZJNskR3ikUNSJafknNQIJw/kmbyRd+fReXU+nM9xdMrJZjbILzhf3wBWqWQ=</latexit>

uµ → ωµ/
√

↑ω2, T → 1/
√

↑ω2

<latexit sha1_base64="ds3JdZ/odnXfXiKqZTkM1EBpOFI="></latexit>

→Tµω↑ =
(
ω(T ) + p(T )

)
uµuω + p(T )gµω

Non-equilibrium: 
<latexit sha1_base64="qJ5lbWdns78g7TANY+KbtpbwvWM=">AAACD3icbVBLSwMxGMzWV62vVY9egkWpIGVXinosevFYoS/oriWbZtvQbHbJQyyl/8CLf8WLB0W8evXmvzHd7kFbJwSGme8jmQkSRqVynG8rt7S8srqWXy9sbG5t79i7e00Za4FJA8csFu0AScIoJw1FFSPtRBAUBYy0guH11G/dEyFpzOtqlBA/Qn1OQ4qRMlLXPtZ3XqShp2KYstLDySn0slNP9brRunbRKTsp4CJxM1IEGWpd+8vrxVhHhCvMkJQd10mUP0ZCUczIpOBpSRKEh6hPOoZyFBHpj9M8E3hklB4MY2EuVzBVf2+MUSTlKArMZITUQM57U/E/r6NVeOmPKU+0IhzPHgo1gybltBzYo4JgxUaGICyo+SvEAyQQVqbCginBnY+8SJpnZfe8XLmtFKtXWR15cAAOQQm44AJUwQ2ogQbA4BE8g1fwZj1ZL9a79TEbzVnZzj74A+vzB3+ZmcY=</latexit>

uµ → uµ(x), T → T (x)

<latexit sha1_base64="rTnIhtfxBQJ/5vO2JNIrBw1M/lY="></latexit>

e→ωH/Z → e ωµP
µ

/Z(ω2)

<latexit sha1_base64="aGo5pd2FcjfErQHjjrjisBEYsQI=">AAACBnicbZDLSgMxFIYz9VbrbdSlCNEiuCozUtSNUHTjskJv0BmHTJppQ5PMkGSEMnTlxldx40IRtz6DO9/GtJ2Fth4I+fj/c0jOHyaMKu0431ZhaXllda24XtrY3NresXf3WipOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw5uJ334gUtFYNPQoIT5HfUEjipE2UmAfegKFDAWZd+TxdAwb95m5PWHwCjqBXXYqzrTgIrg5lEFe9cD+8noxTjkRGjOkVNd1Eu1nSGqKGRmXvFSRBOEh6pOuQYE4UX42XWMMT4zSg1EszREaTtXfExniSo14aDo50gM1703E/7xuqqNLP6MiSTURePZQlDKoYzjJBPaoJFizkQGEJTV/hXiAJMLaJFcyIbjzKy9C66zinleqd9Vy7TqPowgOwDE4BS64ADVwC+qgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/6U9fkDDI+YNg==</latexit>

→µT
µω = 0 PDEs to find  uμ(x), T(x)



Relativistic dissipative fluid equations

Open “Fluid Mechanics” by Landau and Lifshitz: 
some fluid-dynamical equations

Open “Gravitation and Cosmology” by Weinberg*: 
some fluid-dynamical equations

LL’s and Weinberg’s equations look very different!

*Formulation of hydrodynamics due to Eckart (1940)



So what?

Both Landau-Lifshitz’ and Eckart’s equations predict that: 

  a) thermal equilibrium does not exist 

  b) things propagate faster than light

Hiscock, Lindblom Phys. Rev. D 31, 725 (1985)
Hiscock, Lindblom Phys. Rev. D 35, 3723 (1987)

Shut up and calculate. As a simple example, solve for linear 
perturbations of the thermal equilibrium state.

https://doi.org/10.1103/PhysRevD.31.725
https://doi.org/10.1103/PhysRevD.35.3723


What’s the problem?

Plane waves , solve fluid-dynamical eq-s: 𝜔=𝜔(k)  

Gapless modes: 𝜔(k→0)=0, b/c of conserved charges. These give 
normal fluid dynamics, e.g. sound  𝜔(k) = ±cs|k| - i𝛾k2 + …. 

Hydrodynamic equations also predict gapped modes 𝜔(k→0)≠0, 
moreover with Im(𝜔)>0. These are unphysical modes. 

𝜔(k→0) = +ia/𝜂,  a>0, and 𝜂>0 (dissipation) 

These “fake” modes are outside of the validity regime of the low-
energy approximation: “UV” modes, ruin predictability.

e−iωt+ik⋅x



Example: diffusion

Conservation law:

“Classical” assumption: , e.g. Fick’s law j = j(ρ) j = − D∇ρ

jj
ρ

x diffusion equation

<latexit sha1_base64="x/Ic9Hq6eXrqqkkZOle4NWEGkg4=">AAACDnicbVA9SwNBEN2LXzF+nVrarIaAjeEuBLURglpYRjAfkDvD3GaTLNnbO3b3hBDyC2z8KzYWitha2/lv3FxSaOKDgcd7M8zMC2LOlHacbyuztLyyupZdz21sbm3v2Lt7dRUlktAaiXgkmwEoypmgNc00p81YUggDThvB4GriNx6oVCwSd3oYUz+EnmBdRkAbqW0XvBikZsDb2pP9CJ/ga09AwOG+hL3DVLrATtvOO0UnBV4k7ozk0QzVtv3ldSKShFRowkGpluvE2h9NVhFOxzkvUTQGMoAebRkqIKTKH6XvjHHBKB3cjaQpoXGq/p4YQajUMAxMZwi6r+a9ifif10p099wfMREnmgoyXdRNONYRnmSDO0xSovnQECCSmVsx6YMEok2COROCO//yIqmXiu5psXxbzlcuZ3Fk0QE6QsfIRWeogm5QFdUQQY/oGb2iN+vJerHerY9pa8aazeyjP7A+fwB3o5px</latexit>

ωtε→D↑2ε = 0

<latexit sha1_base64="i0InthfQWwEMKpLhZq1NAgRbAJ0=">AAACEnicbVDLSgNBEJyN7/iKevQyGARFCLsS1IsQ9OJRwUQhG0LvZNaMmZ1ZZnqFsOQbvPgrXjwo4tWTN//GyePgq6ChqOqmuytKpbDo+59eYWp6ZnZufqG4uLS8slpaW29YnRnG60xLba4jsFwKxesoUPLr1HBIIsmvot7p0L+648YKrS6xn/JWAjdKxIIBOqld2g1TMChAtjE0XU33aKggkpCHrKNxkIdRTG8H9Jj67VLZr/gj0L8kmJAymeC8XfoIO5plCVfIJFjbDPwUW/lwHZN8UAwzy1NgPbjhTUcVJNy28tFLA7rtlA6NtXGlkI7U7xM5JNb2k8h1JoBd+9sbiv95zQzjo1YuVJohV2y8KM4kRU2H+dCOMJyh7DsCzAh3K2VdMMDQpVh0IQS/X/5LGvuV4KBSvaiWayeTOObJJtkiOyQgh6RGzsg5qRNG7skjeSYv3oP35L16b+PWgjeZ2SA/4L1/AS/YnSU=</latexit>

ωtε+→·j = 0



Example: diffusion

<latexit sha1_base64="z0ua74UITsApHttvgvfiGPerff0=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMNMCOpFCOrBYwSzQDKGnk4nadLL0N0jxCH4K148KOLV//Dm39hJ5qCJDwoe71VRVS+MGNXG876dzMLi0vJKdjW3tr6xueVu79S0jBUmVSyZVI0QacKoIFVDDSONSBHEQ0bq4eBq7NcfiNJUijszjEjAUU/QLsXIWKnt7p3QluSkh+AxvIaD+yK8gF7bzXsFbwI4T/yU5EGKStv9anUkjjkRBjOkddP3IhMkSBmKGRnlWrEmEcID1CNNSwXiRAfJ5PoRPLRKB3alsiUMnKi/JxLEtR7y0HZyZPp61huL/3nN2HTPg4SKKDZE4OmibsygkXAcBexQRbBhQ0sQVtTeCnEfKYSNDSxnQ/BnX54ntWLBPy2Ubkv58mUaRxbsgwNwBHxwBsrgBlRAFWDwCJ7BK3hznpwX5935mLZmnHRmF/yB8/kD5gOS7g==</latexit>

→iω +Dk2 = 0

<latexit sha1_base64="2ZsxduAC0hMw63cbpo54lAoDJ7E=">AAACD3icbVA7T8MwGHTKq5RXgJHFogIxQJWgChgrWBiLRB9SE1WO67RW7DiynUpV1H/Awl9hYQAhVlY2/g1OmwEKZ1k63X2f7LsgYVRpx/mySkvLK6tr5fXKxubW9o69u9dWIpWYtLBgQnYDpAijMWlpqhnpJpIgHjDSCaKb3O+MiVRUxPd6khCfo2FMQ4qRNlLfPvYEJ0MEPS1gQc9gBMenHpyfKHeivl11as4M8C9xC1IFBZp9+9MbCJxyEmvMkFI910m0nyGpKWZkWvFSRRKEIzQkPUNjxInys1meKTwyygCGQpobazhTf25kiCs14YGZ5EiP1KKXi/95vVSHV35G4yTVJMbzh8KUQRMxLwcOqCRYs4khCEtq/grxCEmEtamwYkpwFyP/Je3zmntRq9/Vq43roo4yOACH4AS44BI0wC1oghbA4AE8gRfwaj1az9ab9T4fLVnFzj74BevjGy8Cmjg=</latexit>

ω → ω ↑ kv, k → kGalilean boost: 

Lorentzian boost:
<latexit sha1_base64="KHvSTnecY+kF7oGsjooFj7raTh0=">AAACHHicbZDLTsJAFIaneEO8VV26mUhMXAC2SNQl0Y1LTOSSUCDTYQoTZto6MyUhTR/Eja/ixoXGuHFh4ts4QBcK/skkf/5zTs6czw0Zlcqyvo3Myura+kZ2M7e1vbO7Z+4fNGQQCUzqOGCBaLlIEkZ9UldUMdIKBUHcZaTpjm6m9eaYCEkD/15NQtLhaOBTj2KkdNQzz52AkwGCjgqg4wmE4zQowhEcJ7EjH4SK7eK4Wz7D3XKSOIVCz8xbJWsmuGzs1ORBqlrP/HT6AY448RVmSMq2bYWqEyOhKGYkyTmRJCHCIzQgbW19xInsxLPjEniikz70AqGfr+As/T0RIy7lhLu6kyM1lIu1afhfrR0p76oTUz+MFPHxfJEXMahJTEnBPhUEKzbRBmFB9V8hHiKNSGmeOQ3BXjx52TTKJfuiVLmr5KvXKY4sOALH4BTY4BJUwS2ogTrA4BE8g1fwZjwZL8a78TFvzRjpzCH4I+PrB/huoKk=</latexit>

ω → ω ↑ kv√
1↑ v2/c2

,

<latexit sha1_base64="uiNVrn7I79ZB8mU2jPJ/R33YOQk=">AAACGXicbZC7TsMwFIYdrqXcAowsFhUSS0tSVcBYwcJYJHqRmrRyXKe1aifBdipVUV6DhVdhYQAhRph4G9w0A7T8kqVf/zlHx+fzIkalsqxvY2V1bX1js7BV3N7Z3ds3Dw5bMowFJk0cslB0PCQJowFpKqoY6USCIO4x0vbGN7N6e0KEpGFwr6YRcTkaBtSnGCkd9U1rDB0VQscXCCdjWIZOyMkQwQk8x71qmjjyQajELk961SxI+2bJqliZ4LKxc1MCuRp989MZhDjmJFCYISm7thUpN0FCUcxIWnRiSSKEx2hIutoGiBPpJtllKTzVyQD6odAvUDBLf08kiEs55Z7u5EiN5GJtFv5X68bKv3ITGkSxIgGeL/JjBjWLGSY4oIJgxabaICyo/ivEI6QhKQ2zqCHYiycvm1a1Yl9Uane1Uv06x1EAx+AEnAEbXII6uAUN0AQYPIJn8ArejCfjxXg3PuatK0Y+cwT+yPj6ARIdnx8=</latexit>

k → k ↑ ωv/c2√
1↑ v2/c2

Extra mode 𝜔(k) in a moving reference frame!

Small v : 
<latexit sha1_base64="MVAMoFraRE1b+qxw+y20um5A+gw=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2lwQhoobdENRGCGphGcE8IIlhdjKbDDv7YGY2EEJ6G3/FxkIRW3/Azr9xkmyhiQcGDufcw517nIgzqSzr20gtLa+srqXXMxubW9s75u5eTYaxILRKQh6KhoMl5SygVcUUp41IUOw7nNYd73ri1wdUSBYG92oY0baPewFzGcFKSx0z2wp92sN57wguwYMBnAKDG/AeinAMrW6o5EnHzFkFawpYJHZCcihBpWN+6SCJfRoowrGUTduKVHuEhWKE03GmFUsaYeLhHm1qGmCfyvZoessYDrXSBTcU+gUKpurvxAj7Ug59R0/6WPXlvDcR//OasXIv2iMWRLGiAZktcmMOKoRJMdBlghLFh5pgIpj+K5A+FpgoXV9Gl2DPn7xIasWCfVYo3ZVy5aukjjQ6QFmURzY6R2V0iyqoigh6RM/oFb0ZT8aL8W58zEZTRpLZR39gfP4ArnSXqQ==</latexit>

ω(k) = kv → iDk2 + . . . ,

<latexit sha1_base64="ZGkQ9ES8HAYw1lZWVbw1KEYRvVM=">AAACEXicbVDLSsNAFJ34rPUVdelmsAiVQklKUTdCURcuK9gHNGmZTCft0JkkzEwKJeQX3Pgrblwo4tadO//GaZuFth4YOJxzD3fu8SJGpbKsb2NldW19YzO3ld/e2d3bNw8OmzKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyRjdTvzUmQtIweFCTiLgcDQLqU4yUlnpm0Qk5GaDi6AxewRKFji8QTnC3mia3cNytpLAEnX6oZM8sWGVrBrhM7IwUQIZ6z/zSORxzEijMkJQd24qUmyChKGYkzTuxJBHCIzQgHU0DxIl0k9lFKTzVSh/6odAvUHCm/k4kiEs54Z6e5EgN5aI3Ff/zOrHyL92EBlGsSIDni/yYQRXCaT2wTwXBik00QVhQ/VeIh0h3onSJeV2CvXjyMmlWyvZ5uXpfLdSuszpy4BicgCKwwQWogTtQBw2AwSN4Bq/gzXgyXox342M+umJkmSPwB8bnDyugm14=</latexit>

ω(k) = +i
c4

Dv2
+ . . .



Comments 

    Deriving diffusion eq-n only uses rotation invariance 

    Can make look relativistic:  

   
    Same problems appear when  is dynamical 

    (A)causality and (in)stability are related

uμ

<latexit sha1_base64="wZJ9ji+Zhl0ofO8qnqGkZoMQWvQ="></latexit>

[uµωµ →D(gµω+uµuω)ωµωω ] ε = 0
<latexit sha1_base64="lIvwEJ1xa9uP/+GSVH9dUxICzW4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQWtSiroRim5cVrAPaNIymU7aoZOHM5NCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733OCGjQhrGl5ZZWl5ZXcuu5zY2t7Z39N29hggijkkdByzgLQcJwqhP6pJKRlohJ8hzGGk6w+uJ3xwRLmjg38lxSGwP9X3qUoykkrp6MepYXgQvYcE8hrHluHCUFOGpJe65jM2TH6lTTrp63igZU8BFYqYkD1LUuvqn1Qtw5BFfYoaEaJtGKO0YcUkxI0nOigQJER6iPmkr6iOPCDuevpTAI6X0oBtwVb6EU/X3RIw8Icaeozo9JAdi3puI/3ntSLoXdkz9MJLEx7NFbsSgDOAkH9ijnGDJxoogzKm6FeIB4ghLlWJOhWDOv7xIGuWSeVaq3Fby1as0jiw4AIegAExwDqrgBtRAHWDwAJ7AC3jVHrVn7U17n7VmtHRmH/yB9vENhXSbiQ==</latexit>

uµ = (1,v)/
√

1→ v2

E.g. Gavassino, arXiv:2111.05254

E.g. Hiscock, Lindblom, Phys. Rev. D 31, 725 (1985)

E.g. Kostaedt, Liu, cond-mat/0010276

https://arxiv.org/abs/2111.05254
https://doi.org/10.1103/PhysRevD.31.725
https://arxiv.org/abs/cond-mat/0010276


Analogy with classical gravity

Leading-order, perfect fluid: Leading-order gravity: 
   

Causal, stable equilibrium, 
finite-time singularities 

Causal, stable flat space, 
finite-time singularities 

Next-order, viscous fluid: Next-order gravity:

Unstable equilibrium, super-
luminality. EoM are 2-nd 
order

Negative energy states, super-
luminality. Some EoM are 2-nd 
order (GB)

<latexit sha1_base64="JlMI8Z+wMpftQtQcgCWi+TY2i5c="></latexit>

S(0) =
1

16ωG

∫ →
↑g R

<latexit sha1_base64="ueZXB/1R3Np/6j+uPZYRem6/rvE=">AAACJXicbVDLSgMxFM34rPVVdekmWIQWocxIURcKRTcuK/QFnbZk0kwbmskMeQhlmJ9x46+4cWERwZW/YqYtqK0XEg7nQXKPFzEqlW1/Wiura+sbm5mt7PbO7t5+7uCwIUMtMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3ukv15iMRkoa8psYR6QRowKlPMVKG6uWua93YDbTLddKLC3YxgTew4JJIUhZyeAajItRdY0hvrlMCDn4SubxdsqcDl4EzB3kwn2ovN3H7IdYB4QozJGXbsSPViZFQFDOSZF0tSYTwCA1I20COAiI78XTLBJ4apg/9UJjDFZyyvxMxCqQcB55xBkgN5aKWkv9pba38q05MeaQV4Xj2kK8ZVCFMK4N9KghWbGwAwoKav0I8RAJhZYrNmhKcxZWXQeO85FyUyg/lfOV2XkcGHIMTUAAOuAQVcA+qoA4weAIv4A1MrGfr1Xq3PmbWFWueOQJ/xvr6Bs+2o6I=</latexit>

Tµω
(0) = (ω+ p)uµuω + pgµω

<latexit sha1_base64="287D26LAZSGH7A5n4KAclM32CFM=">AAACInicbVDLSgMxFM3UV62vqks3wSK0KGVGio+FUHTjzgp9QWccMmnahmYyQx5CGfotbvwVNy4UdSX4MaYPfFQPBE7Oufcm9wQxo1LZ9ruVmptfWFxKL2dWVtfWN7KbW3UZaYFJDUcsEs0AScIoJzVFFSPNWBAUBow0gv7FyG/cEiFpxKtqEBMvRF1OOxQjZSQ/e1q9SdxQu1wP4Rn8vvhJ3i4M4T68yrsxEooiBqsH8Ivrgp/N2UV7DPiXOFOSA1NU/Oyr246wDglXmCEpW44dKy8ZDcSMDDOuliRGuI+6pGUoRyGRXjJecQj3jNKGnUiYwxUcqz87EhRKOQgDUxki1ZOz3kj8z2tp1TnxEspjrQjHk4c6mkEVwVFesE0FwYoNDEFYUPNXiHtIIKxMqhkTgjO78l9SPyw6R8XSdSlXPp/GkQY7YBfkgQOOQRlcggqoAQzuwAN4As/WvfVovVhvk9KUNe3ZBr9gfXwCsk2igw==</latexit>

T
µω = T

µω
(0) +O(ωT, ωu)

<latexit sha1_base64="hrayChCyu2M2ojCW+Gkl+ik2Qo4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQIpSkFHUjFN24s1r7gDaGyXTaDp1JwsxEKCErN/6KGxeKuPUb3Pk3TtsstHrgwuGce7n3Hi9kVCrL+jIyC4tLyyvZ1dza+sbmlrm905RBJDBp4IAFou0hSRj1SUNRxUg7FARxj5GWN7qY+K17IiQN/Fs1DonD0cCnfYqR0pJr7tfhGay7ccEqJvAIXhXiruDwhhKe3JWLrpm3StYU8C+xU5IHKWqu+dntBTjixFeYISk7thUqJ0ZCUcxIkutGkoQIj9CAdDT1ESfSiadvJPBQKz3YD4QuX8Gp+nMiRlzKMfd0J0dqKOe9ifif14lU/9SJqR9Givh4tqgfMagCOMkE9qggWLGxJggLqm+FeIgEwkonl9Mh2PMv/yXNcsk+LlWuK/nqeRpHFuyBA1AANjgBVXAJaqABMHgAT+AFvBqPxrPxZrzPWjNGOrMLfsH4+Ab6wJZM</latexit>

S = S(0) +O(Riem2)



Textbook equations of viscous hydrodynamics have a 
problem. How do hydro practitioners fix it?



Fix #0: strict perturbative

<latexit sha1_base64="dguQJUSC53yqrhZ2FuAbJjJ+Suw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BL96MYB6QLGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zSeujYjUA45j7od0oERfMIpWat2VOgFHetYtFN2yOwNZJl5GipCh1i18dXoRS0KukElqTNtzY/RTqlEwySf5TmJ4TNmIDnjbUkVDbvx0du+EnFqlR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzJ9nvSE5gzl2BLKtLC3EjakmjK0EeVtCN7iy8ukcV72LsqV+0qxep3FkYNjOIESeHAJVbiFGtSBgYRneIU359F5cd6dj3nripPNHMEfOJ8/LT2Paw==</latexit>

O(ω)
<latexit sha1_base64="BxoHGLjmetOgHpJgfygHKfcMTo4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXRjTsr2Ac0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMXDufcO3PvCRLOlHacb2ttfWNza7u0U97d2z84tI+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxne535lQqVgsnvQ0oX6Eh4KFjGBtpL5tP1S9BEvNMPcCqvFF3644NWcOtErcglSgQLNvf3mDmKQRFZpwrFTPdRLtZ/mbhNNZ2UsVTTAZ4yHtGSpwRJWfzTefoXOjDFAYS1NCo7n6eyLDkVLTKDCdEdYjtezl4n9eL9XhjZ8xkaSaCrL4KEw50jHKY0ADJinRfGoIJpKZXREZYYmJNmGVTQju8smrpH1Zc69q9cd6pXFbxFGCUziDKrhwDQ24hya0gMAEnuEV3qzMerHerY9F65pVzJzAH1ifP+qlkzU=</latexit>

O(ωε)
<latexit sha1_base64="dloaIbD+BsbO9g30XLpFV/rZ+VM=">AAACDnicbVDLSgMxFM34rPU16tJNsBRakDJTirosunFnBfuAzrRk0kwbmskMSUYoQ7/Ajb/ixoUibl27829Mp4No64HAyTn33uQeL2JUKsv6MlZW19Y3NnNb+e2d3b198+CwJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vfDXz2/dESBryOzWJiBugIac+xUhpqW8Wb0pOhISiiPWqjkcUOoU/Snov96rlvlmwKlYKuEzsjBRAhkbf/HQGIY4DwhVmSMqubUXKTWZjMSPTvBNLEiE8RkPS1ZSjgEg3SdeZwqJWBtAPhT5cwVT93ZGgQMpJ4OnKAKmRXPRm4n9eN1b+hZtQHsWKcDx/yI8ZVCGcZQMHVBCs2EQThAXVf4V4hATCSieY1yHYiysvk1a1Yp9Vare1Qv0yiyMHjsEJKAEbnIM6uAYN0AQYPIAn8AJejUfj2Xgz3uelK0bWcwT+wPj4BlKnmwU=</latexit>

O(ω2
ε, (ωε)2)

 = counting  
parameter
γ

<latexit sha1_base64="Fa0ZJvQ3cBv0AAabfNSBVcaHXtA=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoCGVGiroRim7cWcE+oDMMd9K0Dc1khiQjlKFbN/6KGxeKuPUP3Pk3po+Fth64cDjn3uTeEyacKe0431ZuaXlldS2/XtjY3NresXf3GipOJaF1EvNYtkJQlDNB65ppTluJpBCFnDbDwfXYbz5QqVgs7vUwoX4EPcG6jIA2UmBjL6QagkycuCN8iW9LXgJSM+BTXRwHdtEpOxPgReLOSBHNUAvsL68TkzSiQhMOSrVdJ9F+Nn6VcDoqeKmiCZAB9GjbUAERVX42uWSEj4zSwd1YmhIaT9TfExlESg2j0HRGoPtq3huL/3ntVHcv/IyJJNVUkOlH3ZRjHeNxLLjDJCWaDw0BIpnZFZM+SCDahFcwIbjzJy+SxmnZPStX7irF6tUsjjw6QIeohFx0jqroBtVQHRH0iJ7RK3qznqwX6936mLbmrNnMPvoD6/MH6YKZOA==</latexit>

ωn+1 = O(εωn)

▶︎

▶︎

▶︎

0-th order is singular; 
∞-many cons. laws; 
secular terms.



Need  for causalityτ > σ/χ

Fix #1: relax the flux

, plus
<latexit sha1_base64="+jTRrNez95+rhMhNDrEVKflBwo0=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxIp6kYouhFXFewDmlgm00k7dB5hZlIooX/ixoUibv0Td/6N0zYLbT1w4XDOvdx7T5Qwqo3nfTsrq2vrG5uFreL2zu7evntw2NQyVZg0sGRStSOkCaOCNAw1jLQTRRCPGGlFw9up3xoRpakUj2ackJCjvqAxxchYqeu6908evIaBGshywNMz2HVLXsWbAS4TPyclkKPedb+CnsQpJ8JghrTu+F5iwgwpQzEjk2KQapIgPER90rFUIE50mM0un8BTq/RgLJUtYeBM/T2RIa71mEe2kyMz0IveVPzP66QmvgozKpLUEIHni+KUQSPhNAbYo4pgw8aWIKyovRXiAVIIGxtW0YbgL768TJrnFf+iUn2olmo3eRwFcAxOQBn44BLUwB2ogwbAYASewSt4czLnxXl3PuatK04+cwT+wPn8AQgckf0=</latexit>

J0 = ⇢(µ)

<latexit sha1_base64="BZDY0GPUcPIqln7OgGp4VtEVlsw="></latexit>

⌧�@2
t �µ+ �@t�µ� �r2�µ = 0

, “telegraph eq-n” for : μ = μ̄ + δμ δμ

<latexit sha1_base64="EYn4REmKcAqjhBGa69htjdHF2v4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1jEuimJFHVZdOOygn1AE8pkOmmGzmTizKRQQsFfceNCEbd+hzv/xmmbhbYeuHA4517uvSdIGFXacb6twsrq2vpGcbO0tb2zu2fvH7SUSCUmTSyYkJ0AKcJoTJqaakY6iSSIB4y0g+Ht1G+PiFRUxA96nBCfo0FMQ4qRNlLPPvJwRD3ymNIR9GQkzioeT897dtmpOjPAZeLmpAxyNHr2l9cXOOUk1pghpbquk2g/Q1JTzMik5KWKJAgP0YB0DY0RJ8rPZudP4KlR+jAU0lSs4Uz9PZEhrtSYB6aTIx2pRW8q/ud1Ux1e+xmNk1STGM8XhSmDWsBpFrBPJcGajQ1BWFJzK8QRkghrk1jJhOAuvrxMWhdV97Jau6+V6zd5HEVwDE5ABbjgCtTBHWiAJsAgA8/gFbxZT9aL9W59zFsLVj5zCP7A+vwBV4WVFw==</latexit>

� ⌘ ⇢0(µ)

Maxwell-Cattaneo theory: “integrate in” extra d.o.f.

History review: Joseph, Preziosi, Heat waves, Rev. Mod. Phys. 1989

<latexit sha1_base64="BYZ9ywoDcquKOKvMeBIJThYmmtE=">AAACEnicbVBNS8NAEN34WetX1aOXxSIoQklE1ItQ9CI9VbC20MQy2W50cbMJuxOhhP4GL/4VLx4U8erJm//GTe3BrwcDj/dmmJkXplIYdN0PZ2JyanpmtjRXnl9YXFqurKxemCTTjLdYIhPdCcFwKRRvoUDJO6nmEIeSt8Obk8Jv33JtRKLOcZDyIIYrJSLBAK3Uq2z7KWgUIHtIG5cu3aG+glBC7rN+gsPcDyPaGNIj6vYqVbfmjkD/Em9MqmSMZq/y7vcTlsVcIZNgTNdzUwzyYh2TfFj2M8NTYDdwxbuWKoi5CfLRS0O6aZU+jRJtSyEdqd8ncoiNGcSh7YwBr81vrxD/87oZRodBLlSaIVfsa1GUSYoJLfKhfaE5QzmwBJgW9lbKrkEDQ5ti2Ybg/X75L7nYrXn7tb2zvWr9eBxHiayTDbJFPHJA6uSUNEmLMHJHHsgTeXbunUfnxXn9ap1wxjNr5Aect0/lGZxY</latexit>

ωtJ
0 +→·J = 0

<latexit sha1_base64="otS59YoArmCHtiBp9fmPE5B5Mqo=">AAACIHicbVBNSwMxEM36bf2qevQSLIIgll0p1otQ9CKeFKwtdEuZTbM1mGSXZFYoS3+KF/+KFw+K6E1/jWkt4teDkMd7M8zMi1IpLPr+mzcxOTU9Mzs3X1hYXFpeKa6uXdokM4zXWSIT04zAcik0r6NAyZup4aAiyRvR9fHQb9xwY0WiL7Cf8raCnhaxYIBO6hSrIUJGwxQMCpAdpHkYxfR0QHe+2CHdpaEVPQU01BBJ96msUyz5ZX8E+pcEY1IiY5x1iq9hN2GZ4hqZBGtbgZ9iOx/OZZIPCmFmeQrsGnq85agGxW07Hx04oFtO6dI4Me5ppCP1e0cOytq+ilylAryyv72h+J/XyjA+aOdCpxlyzT4HxZmkmNBhWrQrDGco+44AM8LtStkVGGDoMi24EILfJ/8ll3vlYL9cOa+UakfjOObIBtkk2yQgVVIjJ+SM1Akjt+SePJIn78578J69l8/SCW/cs05+wHv/AJo1oWI=</latexit>

ωεtJ+ J = →ϑ↑µ



Fix #2: thermometers, etc

, plus

, ignore the  term: parabolic eq-n for  
               keep the  term: hyperbolic eq-n for   

Field redefinition of , with  for causality  

Can interpret  as a convention specifying your -meter

μ = μ̄ + δμ ·μ δμ
·μ δμ

μ λ > σ

λ(μ) μ

History review: Joseph, Preziosi, Heat waves, Rev. Mod. Phys. 1989

<latexit sha1_base64="BYZ9ywoDcquKOKvMeBIJThYmmtE=">AAACEnicbVBNS8NAEN34WetX1aOXxSIoQklE1ItQ9CI9VbC20MQy2W50cbMJuxOhhP4GL/4VLx4U8erJm//GTe3BrwcDj/dmmJkXplIYdN0PZ2JyanpmtjRXnl9YXFqurKxemCTTjLdYIhPdCcFwKRRvoUDJO6nmEIeSt8Obk8Jv33JtRKLOcZDyIIYrJSLBAK3Uq2z7KWgUIHtIG5cu3aG+glBC7rN+gsPcDyPaGNIj6vYqVbfmjkD/Em9MqmSMZq/y7vcTlsVcIZNgTNdzUwzyYh2TfFj2M8NTYDdwxbuWKoi5CfLRS0O6aZU+jRJtSyEdqd8ncoiNGcSh7YwBr81vrxD/87oZRodBLlSaIVfsa1GUSYoJLfKhfaE5QzmwBJgW9lbKrkEDQ5ti2Ybg/X75L7nYrXn7tb2zvWr9eBxHiayTDbJFPHJA6uSUNEmLMHJHHsgTeXbunUfnxXn9ap1wxjNr5Aect0/lGZxY</latexit>

ωtJ
0 +→·J = 0

<latexit sha1_base64="Z1ihn57RNA1y2NseqY1yLKqXKFw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkiZkaIui26kqwr2AZ2xZNJMG5pkhiQjlLELf8WNC0Xc+hvu/BvTaRfaeuDCyTn3kntPEDOqtON8W7ml5ZXVtfx6YWNza3vH3t1rqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryd+64FIRSNxp0cx8TnqCxpSjLSRuvZB7d4peTw5OYWpF4SwNs5eXbvolJ0McJG4M1IEM9S79pfXi3DCidCYIaU6rhNrP0VSU8zIuOAlisQID1GfdAwViBPlp9n+Y3hslB4MI2lKaJipvydSxJUa8cB0cqQHat6biP95nUSHl35KRZxoIvD0ozBhUEdwEgbsUUmwZiNDEJbU7ArxAEmEtYmsYEJw509eJM2zsntertxWitWrWRx5cAiOQAm44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TFtzVmzmX3wB9bnD0E9lFg=</latexit>

J0(µ),J(µ)

<latexit sha1_base64="qr0kCqPVQ3pMGZ+veqN2SWP+eRE=">AAACG3icbVDLSgMxFM34rPVVdekmWISKWGaKqBuh6EbcWMGq0BnLnTTTBpPMkGSEMvQ/3Pgrblwo4kpw4d+YtrPwdSDkcM69N7knTDjTxnU/nYnJqemZ2cJccX5hcWm5tLJ6qeNUEdokMY/VdQiaciZp0zDD6XWiKIiQ06vw9njoX91RpVksL0w/oYGArmQRI2Cs1C7VMj+M8Omg4ot0Cx/iHexr1hWAfQkht5dI8TY+q/gJKMOA39S22qWyW3VHwH+Jl5MyytFol979TkxSQaUhHLRueW5igmw4kHA6KPqppgmQW+jSlqUSBNVBNtptgDet0sFRrOyRBo/U7x0ZCK37IrSVAkxP//aG4n9eKzXRQZAxmaSGSjJ+KEo5NjEeBoU7TFFieN8SIIrZv2LSAwXE2DiLNgTv98p/yWWt6u1Vd893y/WjPI4CWkcbqII8tI/q6AQ1UBMRdI8e0TN6cR6cJ+fVeRuXTjh5zxr6AefjC5z7nrA=</latexit>

J(µ) = →ω↑µ+O(ε2)
<latexit sha1_base64="dadAMEaOBekrz590EgxbI1NWZhE=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VoEUpSSnUjFN2IGyvYBzRpmUwm7dDJg5mJUEL/xI2/4saFIuKuf+OkzUJbLwwczrn33LnHiRgV0jBmWm5tfWNzK79d2Nnd2z/QD4/aIow5Ji0cspB3HSQIowFpSSoZ6UacIN9hpOOMb1K980S4oGHwKCcRsX00DKhHMZKKGuj1u75Rsvy4DK+gxUfhAp9DiykPF0HLDaWiFHNfsiLEJUWsXy0P9KJRMeYFV4GZgSLIqjnQv5UTjn0SSMyQED3TiKSdpIaYkWnBigWJEB6jIekpGCCfCDuZ3zeFZ4pxoRdy9QIJ5+zviQT5Qkx8R3X6SI7EspaS/2m9WHqXdkKDKJYkwItFXsygDGEaFnQpJ1iyiQIIc6r+CvEIcYSlirSgQjCXT14F7WrFrFdqD7Vi4zqLIw9OwCkoARNcgAa4BU3QAhg8g1fwDj60F+1N+9S+Fq05LZs5Bn9Km/0AFJOf9Q==</latexit>

J
0(µ) = ω(µ) + εµ̇+O(ϑ2)



Non-linear viscous hydrodynamics

dynamical: MIS fix of Navier-Stokes

Kovtun, arXiv:1907.08191
Bemfica, Disconzi, Noronha, arXiv:1907.12695 

<latexit sha1_base64="ZmAPXyjgxNY3MfdC9og6xCDJaug=">AAACJ3icbVDLSgMxFM3UV62vUZduokVwIWVGirpRim7EVYW+oDMdMmnahmYyQ5IRytC/ceOvuBFURJf+iZl2Frb1hHAP555Lco8fMSqVZX0buaXlldW1/HphY3Nre8fc3WvIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x/epv3mIxGShrymRhFxA9TntEcxUlryzGuHI58hL3EOnSAew1on0dXhml5B69SB2Zl13Xd0SQ2eWbRK1gRwkdgZKYIMVc98c7ohjgPCFWZIyrZtRcpNkFAUMzIuOLEkEcJD1CdtTTkKiHSTyZ5jeKyVLuyFQl+u4ET9O5GgQMpR4GtngNRAzvdS8b9eO1a9SzehPIoV4Xj6UC9mUIUwDQ12qSBYsZEmCAuq/wrxAAmElY62oEOw51deJI2zkn1eKj+Ui5WbLI48OABH4ATY4AJUwB2ogjrA4Am8gHfwYTwbr8an8TW15oxsZh/MwPj5BVfGo7s=</latexit>

→µT
µω = 0, →µJ

µ = 0

<latexit sha1_base64="9Uejqz8xLz2z2ZAx61XQPVgi/20=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoFMqMFHUjFEVwWaEv6LQlk6ZtaCYz5CGUoV/kxl/RhaAibv0MM23x0Xoh4eScc7m5x48YlcpxXqzU0vLK6lp6PbOxubW9Y+/u1WSoBSZVHLJQNHwkCaOcVBVVjDQiQVDgM1L3h1eJXr8jQtKQV9QoIq0A9TntUYyUoTr2daUde4H2uB7DC5jzSCQpCznMw+gY6raRkpvrhID9H28eemX6/ezYWafgTAouAncGsmBW5Y795HVDrAPCFWZIyqbrRKoVI6EoZmSc8bQkEcJD1CdNAzkKiGzFk3XH8MgwXdgLhTlcwQn7uyNGgZSjwDfOAKmBnNcS8j+tqVXvvBVTHmlFOJ4O6mkGVQiT7GCXCoIVGxmAsKDmrxAPkEBYmYQzJgR3fuVFUDspuKeF4m0xW7qcxZEGB+AQ5IALzkAJ3IAyqAIM7sEjeAVv1oP1bL1bH1Nrypr17IM/ZX1+ATF2p3c=</latexit>

Tµω = (ω+ p)uµuω + pgµω +!µω

<latexit sha1_base64="ZdWl0MtxE4N+oEDtXbFfgh/3iFs=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSSFE3QtGNuKpgL9DEMplO26GTSZiLUELBja/ixoUibn0Jd76NkzQLbf1h4OM/53Dm/EHMqFSO820VFhaXlleKq6W19Y3NLXt7pykjLTBp4IhFoh0gSRjlpKGoYqQdC4LCgJFWMLpK660HIiSN+J0ax8QP0YDTPsVIGatr793ce6GGF5BDndEx9PCQpti1y07FyQTnwc2hDHLVu/aX14uwDglXmCEpO64TKz9BQlHMyKTkaUlihEdoQDoGOQqJ9JPshgk8NE4P9iNhHlcwc39PJCiUchwGpjNEaihna6n5X62jVf/cTyiPtSIcTxf1NYMqgmkgsEcFwYqNDSAsqPkrxEMkEFYmtpIJwZ09eR6aJxX3tFK9rZZrl3kcRbAPDsARcMEZqIFrUAcNgMEjeAav4M16sl6sd+tj2lqw8pld8EfW5w+4/JZR</latexit>

Jµ = nuµ + ωµ

<latexit sha1_base64="du+0F2iFp30vesNNPsMDZJ2Qf8w=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWVGigoiFN24rGAf0JmWTJppQ5PMkGSEMnTrxl9x40IRt/6BO//GTDsLbT1w4eSce8m9J4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKRjeZ33ogUtFI3OtxTHyOBoKGFCNtpJ4NvTrtph5PPJFM4BV0TrxL6OEh7Rote/fsslNxpoCLxM1JGeSo9+wvrx/hhBOhMUNKdVwn1n6KpKaYkUnJSxSJER6hAekYKhAnyk+nl0zgkVH6MIykKaHhVP09kSKu1JgHppMjPVTzXib+53USHV74KRVxoonAs4/ChEEdwSwW2KeSYM3GhiAsqdkV4iGSCGsTXsmE4M6fvEiapxX3rFK9q5Zr13kcRXAADsExcME5qIFbUAcNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w94TJhF</latexit>

!µω = 0, ωµ = 0: perfect-fluid hydrodynamics - causal!

<latexit sha1_base64="E7WF+KuS7YWSohqOK46GSga4tCA=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFE3YtGNOyv0Bp1pyaRpG5rJDLkIZejjuPFV3Igo0q1PYqatqK0HAl/+/5xcfj9iVCrbHluppeWV1bX0emZjc2t7J7u7V5OhFphUcchC0fCRJIxyUlVUMdKIBEGBz0jdH9wkfv2BCElDXlHDiHgB6nHapRgpI7WzV26ZtmI30C7XoxPo4j5tmR28hHd5N0JCUcRgxRjfrH/Y9B23szm7YE8KLoIzgxyYVbmdfXU7IdYB4QozJGXTsSPlxcmJmJFRxtWSRAgPUI80DXIUEOnFk4+O4JFROrAbCrO4ghP190SMAimHgW86A6T6ct5LxP+8plbdCy+mPNKKcDy9qKsZVCFMUoMdKghWbGgAYUHNWyHuI4GwMtlmTAjO/JcXoXZacM4KxftirnQ9iyMNDsAhyAMHnIMSuAVlUAUYPIJn8AberSfrxfqwxtPWlDWb2Qd/yvr8AhGopWE=</latexit>

!µω
,ω

µ = O(εT, εu, εµ): BDNK fix of Navier-Stokes

<latexit sha1_base64="i0eqA6eAK6xrlq2AgiSN4r0frQ0=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsJCwK0EtgzaWEcwDspswO5kkQ2Zml3kIYdnGX7GxUMTWz7Dzb5wkW2jigQtnzrmXufdECaNKe963U1hZXVvfKG6WtrZ3dvfc/YOmio3EpIFjFst2hBRhVJCGppqRdiIJ4hEjrWh8O/Vbj0QqGosHPUlIyNFQ0AHFSFup5x4FddpNA24CYbJzGOAR7doX7Lllr+LNAJeJn5MyyFHvuV9BP8aGE6ExQ0p1fC/RYYqkppiRrBQYRRKEx2hIOpYKxIkK09kBGTy1Sh8OYmlLaDhTf0+kiCs14ZHt5EiP1KI3Ff/zOkYPrsOUisRoIvD8o4FhUMdwmgbsU0mwZhNLEJbU7grxCEmEtc2sZEPwF09eJs2Lin9Zqd5Xy7WbPI4iOAYn4Az44ArUwB2ogwbAIAPP4BW8OU/Oi/PufMxbC04+cwj+wPn8ARyqlho=</latexit>

!µω ,ωµ

Fix #2:

Müller, Z.Physik (1967), Israel, Ann.Phys. (1976);   
Israel, Stewart, Phys. Lett. A (1976), Ann.Phys. (1979)

Fix #1:

https://arxiv.org/abs/1907.08191
https://arxiv.org/abs/1907.12695
https://doi.org/10.1007/BF01326412
https://doi.org/10.1016/0003-4916(76)90064-6
https://doi.org/10.1016/0375-9601(76)90075-X
https://doi.org/10.1016/0003-4916(79)90130-1


Non-linear viscous hydrodynamics

dynamical: MIS fix of Navier-Stokes

Kovtun, arXiv:1907.08191
Bemfica, Disconzi, Noronha, arXiv:1907.12695 

<latexit sha1_base64="ZmAPXyjgxNY3MfdC9og6xCDJaug=">AAACJ3icbVDLSgMxFM3UV62vUZduokVwIWVGirpRim7EVYW+oDMdMmnahmYyQ5IRytC/ceOvuBFURJf+iZl2Frb1hHAP555Lco8fMSqVZX0buaXlldW1/HphY3Nre8fc3WvIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x/epv3mIxGShrymRhFxA9TntEcxUlryzGuHI58hL3EOnSAew1on0dXhml5B69SB2Zl13Xd0SQ2eWbRK1gRwkdgZKYIMVc98c7ohjgPCFWZIyrZtRcpNkFAUMzIuOLEkEcJD1CdtTTkKiHSTyZ5jeKyVLuyFQl+u4ET9O5GgQMpR4GtngNRAzvdS8b9eO1a9SzehPIoV4Xj6UC9mUIUwDQ12qSBYsZEmCAuq/wrxAAmElY62oEOw51deJI2zkn1eKj+Ui5WbLI48OABH4ATY4AJUwB2ogjrA4Am8gHfwYTwbr8an8TW15oxsZh/MwPj5BVfGo7s=</latexit>

→µT
µω = 0, →µJ

µ = 0

<latexit sha1_base64="9Uejqz8xLz2z2ZAx61XQPVgi/20=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoFMqMFHUjFEVwWaEv6LQlk6ZtaCYz5CGUoV/kxl/RhaAibv0MM23x0Xoh4eScc7m5x48YlcpxXqzU0vLK6lp6PbOxubW9Y+/u1WSoBSZVHLJQNHwkCaOcVBVVjDQiQVDgM1L3h1eJXr8jQtKQV9QoIq0A9TntUYyUoTr2daUde4H2uB7DC5jzSCQpCznMw+gY6raRkpvrhID9H28eemX6/ezYWafgTAouAncGsmBW5Y795HVDrAPCFWZIyqbrRKoVI6EoZmSc8bQkEcJD1CdNAzkKiGzFk3XH8MgwXdgLhTlcwQn7uyNGgZSjwDfOAKmBnNcS8j+tqVXvvBVTHmlFOJ4O6mkGVQiT7GCXCoIVGxmAsKDmrxAPkEBYmYQzJgR3fuVFUDspuKeF4m0xW7qcxZEGB+AQ5IALzkAJ3IAyqAIM7sEjeAVv1oP1bL1bH1Nrypr17IM/ZX1+ATF2p3c=</latexit>

Tµω = (ω+ p)uµuω + pgµω +!µω

<latexit sha1_base64="ZdWl0MtxE4N+oEDtXbFfgh/3iFs=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSSFE3QtGNuKpgL9DEMplO26GTSZiLUELBja/ixoUibn0Jd76NkzQLbf1h4OM/53Dm/EHMqFSO820VFhaXlleKq6W19Y3NLXt7pykjLTBp4IhFoh0gSRjlpKGoYqQdC4LCgJFWMLpK660HIiSN+J0ax8QP0YDTPsVIGatr793ce6GGF5BDndEx9PCQpti1y07FyQTnwc2hDHLVu/aX14uwDglXmCEpO64TKz9BQlHMyKTkaUlihEdoQDoGOQqJ9JPshgk8NE4P9iNhHlcwc39PJCiUchwGpjNEaihna6n5X62jVf/cTyiPtSIcTxf1NYMqgmkgsEcFwYqNDSAsqPkrxEMkEFYmtpIJwZ09eR6aJxX3tFK9rZZrl3kcRbAPDsARcMEZqIFrUAcNgMEjeAav4M16sl6sd+tj2lqw8pld8EfW5w+4/JZR</latexit>

Jµ = nuµ + ωµ

<latexit sha1_base64="du+0F2iFp30vesNNPsMDZJ2Qf8w=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWVGigoiFN24rGAf0JmWTJppQ5PMkGSEMnTrxl9x40IRt/6BO//GTDsLbT1w4eSce8m9J4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKRjeZ33ogUtFI3OtxTHyOBoKGFCNtpJ4NvTrtph5PPJFM4BV0TrxL6OEh7Rote/fsslNxpoCLxM1JGeSo9+wvrx/hhBOhMUNKdVwn1n6KpKaYkUnJSxSJER6hAekYKhAnyk+nl0zgkVH6MIykKaHhVP09kSKu1JgHppMjPVTzXib+53USHV74KRVxoonAs4/ChEEdwSwW2KeSYM3GhiAsqdkV4iGSCGsTXsmE4M6fvEiapxX3rFK9q5Zr13kcRXAADsExcME5qIFbUAcNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w94TJhF</latexit>

!µω = 0, ωµ = 0: perfect-fluid hydrodynamics - causal!

<latexit sha1_base64="E7WF+KuS7YWSohqOK46GSga4tCA=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFE3YtGNOyv0Bp1pyaRpG5rJDLkIZejjuPFV3Igo0q1PYqatqK0HAl/+/5xcfj9iVCrbHluppeWV1bX0emZjc2t7J7u7V5OhFphUcchC0fCRJIxyUlVUMdKIBEGBz0jdH9wkfv2BCElDXlHDiHgB6nHapRgpI7WzV26ZtmI30C7XoxPo4j5tmR28hHd5N0JCUcRgxRjfrH/Y9B23szm7YE8KLoIzgxyYVbmdfXU7IdYB4QozJGXTsSPlxcmJmJFRxtWSRAgPUI80DXIUEOnFk4+O4JFROrAbCrO4ghP190SMAimHgW86A6T6ct5LxP+8plbdCy+mPNKKcDy9qKsZVCFMUoMdKghWbGgAYUHNWyHuI4GwMtlmTAjO/JcXoXZacM4KxftirnQ9iyMNDsAhyAMHnIMSuAVlUAUYPIJn8AberSfrxfqwxtPWlDWb2Qd/yvr8AhGopWE=</latexit>

!µω
,ω

µ = O(εT, εu, εµ): BDNK fix of Navier-Stokes

<latexit sha1_base64="i0eqA6eAK6xrlq2AgiSN4r0frQ0=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsJCwK0EtgzaWEcwDspswO5kkQ2Zml3kIYdnGX7GxUMTWz7Dzb5wkW2jigQtnzrmXufdECaNKe963U1hZXVvfKG6WtrZ3dvfc/YOmio3EpIFjFst2hBRhVJCGppqRdiIJ4hEjrWh8O/Vbj0QqGosHPUlIyNFQ0AHFSFup5x4FddpNA24CYbJzGOAR7doX7Lllr+LNAJeJn5MyyFHvuV9BP8aGE6ExQ0p1fC/RYYqkppiRrBQYRRKEx2hIOpYKxIkK09kBGTy1Sh8OYmlLaDhTf0+kiCs14ZHt5EiP1KI3Ff/zOkYPrsOUisRoIvD8o4FhUMdwmgbsU0mwZhNLEJbU7grxCEmEtc2sZEPwF09eJs2Lin9Zqd5Xy7WbPI4iOAYn4Az44ArUwB2ogwbAIAPP4BW8OU/Oi/PufMxbC04+cwj+wPn8ARyqlho=</latexit>

!µω ,ωµ

Fix #2:

Müller, Z.Physik (1967), Israel, Ann.Phys. (1976);   
Israel, Stewart, Phys. Lett. A (1976), Ann.Phys. (1979)

Fix #1:

T, u𝜇, 𝜇 are intrinsically ambiguous in hydrodynamics

Add other degrees of freedom 𝛹(x) besides T(x), u𝜇(x), 𝜇(x)  

https://arxiv.org/abs/1907.08191
https://arxiv.org/abs/1907.12695
https://doi.org/10.1007/BF01326412
https://doi.org/10.1016/0003-4916(76)90064-6
https://doi.org/10.1016/0375-9601(76)90075-X
https://doi.org/10.1016/0003-4916(79)90130-1


Analogy with classical gravity

Leading-order, perfect fluid: Leading-order gravity: 
   

Viscous fluid, fix #1: Higher-derivative gravity, fix #1:

MIS, BRSSS, DNMR: integrate 
in extra d.o.f.

<latexit sha1_base64="JlMI8Z+wMpftQtQcgCWi+TY2i5c="></latexit>

S(0) =
1

16ωG

∫ →
↑g R

<latexit sha1_base64="ueZXB/1R3Np/6j+uPZYRem6/rvE=">AAACJXicbVDLSgMxFM34rPVVdekmWIQWocxIURcKRTcuK/QFnbZk0kwbmskMeQhlmJ9x46+4cWERwZW/YqYtqK0XEg7nQXKPFzEqlW1/Wiura+sbm5mt7PbO7t5+7uCwIUMtMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3ukv15iMRkoa8psYR6QRowKlPMVKG6uWua93YDbTLddKLC3YxgTew4JJIUhZyeAajItRdY0hvrlMCDn4SubxdsqcDl4EzB3kwn2ovN3H7IdYB4QozJGXbsSPViZFQFDOSZF0tSYTwCA1I20COAiI78XTLBJ4apg/9UJjDFZyyvxMxCqQcB55xBkgN5aKWkv9pba38q05MeaQV4Xj2kK8ZVCFMK4N9KghWbGwAwoKav0I8RAJhZYrNmhKcxZWXQeO85FyUyg/lfOV2XkcGHIMTUAAOuAQVcA+qoA4weAIv4A1MrGfr1Xq3PmbWFWueOQJ/xvr6Bs+2o6I=</latexit>

Tµω
(0) = (ω+ p)uµuω + pgµω

MIS-inspired modifications of GR

Corman, Lehner, East, Dideron arXiv:2405.15581
Cayuso, Ortiz, Lehner arXiv:1706.07421

<latexit sha1_base64="uZZJ+kr1piZPB7x6AWLgUUp/uP8=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoKCWRom6EohuXFfqCJpbJdNIOnUzCzEQoIT/hxl9x40IRt4I7/8ZpG6i2Hrhw5px7mXuPFzEqlWV9G7ml5ZXVtfx6YWNza3vH3N1ryjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3oz91gMRkoa8rkYRcQPU59SnGCktdc3T+n3iBLHD4xRewdmjm5Ss4xSeQKdGZ6JZtMrWBHCR2Bkpggy1rvnl9EIcB4QrzJCUHduKlJsgoShmJC04sSQRwkPUJx1NOQqIdJPJVSk80koP+qHQxRWcqL8nEhRIOQo83RkgNZDz3lj8z+vEyr90E8qjWBGOpx/5MYMqhOOIYI8KghUbaYKwoHpXiAdIIKx0kAUdgj1/8iJpnpXt83LlrlKsXmdx5MEBOAQlYIMLUAW3oAYaAINH8AxewZvxZLwY78bHtDVnZDP74A+Mzx9xi55i</latexit>

Tµω = Tµω
(0) +!µω

<latexit sha1_base64="GYJm+qbmryjt+5zVP4CoAlrQ4yw=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojRd0IRTfurNAXdIaSSTNtaOZBckcoQz/Djb/ixoUibrvzb8y0RbT1QMLhnHtvco8bCa7ANL+MzNLyyupadj23sbm1vZPf3WuoMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q5uU7/5yKTiYVCDYcQcn/QC7nFKQEud/JkNJMZ2NwRsVzk+mdzX+L5oR0QCJwLXTvEPj487+YJZMifAi8SakQKaodrJj/VwGvssACqIUm3LjMBJ0oFUsFHOjhWLCB2QHmtrGhCfKSeZLDbCR1rpYi+U+gSAJ+rvjoT4Sg19V1f6BPpq3kvF/7x2DN6Vk/AgioEFdPqQFwsMIU5Twl0uGQUx1IRQyfVfMe0TSSjoLHM6BGt+5UXSOC9ZF6XyQ7lQuZnFkUUH6BAVkYUuUQXdoSqqI4qe0At6Q+/Gs/FqfBif09KMMevZR39gjL8BoyKdrA==</latexit>

ω !̇+! = O(εT, εu)

<latexit sha1_base64="aeD4VKMTly81Eizvwp5PuichsSE=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWoSSSFE3QlEEN2IFe4E2hMl00g6dScLMRCghz+DGV3HjQhG3rtz5Nk7bINr6w8DHf87hzPm9iFGpLOvLyC0sLi2v5FcLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wYlxv3RMhaRjcqVFEHI76AfUpRkpbrllOuoLDy5vrFJ7BH3aTklVO4eHUkSr2/dQ1i1bFmgjOg51BEWSqu+ZntxfimJNAYYak7NhWpJwECUUxI2mhG0sSITxEfdLRGCBOpJNMTkrhgXZ60A+FfoGCE/f3RIK4lCPu6U6O1EDO1sbmf7VOrPxTJ6FBFCsS4OkiP2ZQhXCcD+xRQbBiIw0IC6r/CvEACYSVTrGgQ7BnT56H5lHFPq5Ub6vF2nkWRx7sgX1QAjY4ATVwBeqgATB4AE/gBbwaj8az8Wa8T1tzRjazC/7I+PgGLheb8Q==</latexit>

EOM = EOM(0) + stu!
<latexit sha1_base64="zOsOeRnAknMN46UjcTB7Nj3pwQg="></latexit>

ω2 ¨stu! + ω ˙stu! + stu! = EOM(n)

https://arxiv.org/abs/2405.15581
https://arxiv.org/abs/1706.07421


Analogy with classical gravity

Leading-order, perfect fluid: Leading-order gravity: 
   

Viscous fluid, fix #2: Higher-derivative gravity, fix #2:

BDNK: suitable field redef-s 
bring in higher-derivative terms

<latexit sha1_base64="JlMI8Z+wMpftQtQcgCWi+TY2i5c="></latexit>

S(0) =
1

16ωG

∫ →
↑g R

<latexit sha1_base64="ueZXB/1R3Np/6j+uPZYRem6/rvE=">AAACJXicbVDLSgMxFM34rPVVdekmWIQWocxIURcKRTcuK/QFnbZk0kwbmskMeQhlmJ9x46+4cWERwZW/YqYtqK0XEg7nQXKPFzEqlW1/Wiura+sbm5mt7PbO7t5+7uCwIUMtMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3ukv15iMRkoa8psYR6QRowKlPMVKG6uWua93YDbTLddKLC3YxgTew4JJIUhZyeAajItRdY0hvrlMCDn4SubxdsqcDl4EzB3kwn2ovN3H7IdYB4QozJGXbsSPViZFQFDOSZF0tSYTwCA1I20COAiI78XTLBJ4apg/9UJjDFZyyvxMxCqQcB55xBkgN5aKWkv9pba38q05MeaQV4Xj2kK8ZVCFMK4N9KghWbGwAwoKav0I8RAJhZYrNmhKcxZWXQeO85FyUyg/lfOV2XkcGHIMTUAAOuAQVcA+qoA4weAIv4A1MrGfr1Xq3PmbWFWueOQJ/xvr6Bs+2o6I=</latexit>

Tµω
(0) = (ω+ p)uµuω + pgµω

<latexit sha1_base64="287D26LAZSGH7A5n4KAclM32CFM=">AAACInicbVDLSgMxFM3UV62vqks3wSK0KGVGio+FUHTjzgp9QWccMmnahmYyQx5CGfotbvwVNy4UdSX4MaYPfFQPBE7Oufcm9wQxo1LZ9ruVmptfWFxKL2dWVtfWN7KbW3UZaYFJDUcsEs0AScIoJzVFFSPNWBAUBow0gv7FyG/cEiFpxKtqEBMvRF1OOxQjZSQ/e1q9SdxQu1wP4Rn8vvhJ3i4M4T68yrsxEooiBqsH8Ivrgp/N2UV7DPiXOFOSA1NU/Oyr246wDglXmCEpW44dKy8ZDcSMDDOuliRGuI+6pGUoRyGRXjJecQj3jNKGnUiYwxUcqz87EhRKOQgDUxki1ZOz3kj8z2tp1TnxEspjrQjHk4c6mkEVwVFesE0FwYoNDEFYUPNXiHtIIKxMqhkTgjO78l9SPyw6R8XSdSlXPp/GkQY7YBfkgQOOQRlcggqoAQzuwAN4As/WvfVovVhvk9KUNe3ZBr9gfXwCsk2igw==</latexit>

T
µω = T

µω
(0) +O(ωT, ωu)

<latexit sha1_base64="cL8AKQupBIbZc4VHbUPg84Tcoss=">AAACGXicbZDLSgMxFIYz9VbrbdSlm2ARFKHMSFE3haIbV1KptUIvQybN2NAkMyQZsQzzGm58FTcuFHGpK9/GdNqFtv4Q+PnOOZyc348YVdpxvq3c3PzC4lJ+ubCyura+YW9u3agwlpg0cMhCeesjRRgVpKGpZuQ2kgRxn5GmPzgf1Zv3RCoaims9jEiHoztBA4qRNsiznTqswLqX7DsHKTyEbRVzLxEVN+1eZlhkuN5N2pLDgD6knl10Sk4mOGvciSmCiWqe/dnuhTjmRGjMkFIt14l0J0FSU8xIWmjHikQID9AdaRkrECeqk2SXpXDPkB4MQmme0DCjvycSxJUact90cqT7aro2gv/VWrEOTjsJFVGsicDjRUHMoA7hKCbYo5JgzYbGICyp+SvEfSQR1ibMggnBnT551twcldzjUvmqXKyeTeLIgx2wC/aBC05AFVyAGmgADB7BM3gFb9aT9WK9Wx/j1pw1mdkGf2R9/QDaVp3J</latexit>

S = S(0) +
N∑

n=1

S(n) + Sfix

Figueras, Held, Kovacs, arXiv:2407.08775

BDNK-inspired: Suitable field 
redef-s give , well-posed eq-sSfix

https://arxiv.org/abs/2407.08775


Comments 

Making eq-s of dissipative hydrodynamics causal requires 
adding non-hydrodynamic parameters (𝜆, 𝜏, etc) to PDEs  

These parameters are cutoff-scale physics in EFT 

Unclear if “RG” can be done to eliminate cutoff dependence 

Relativistic viscous fluids exist. Relativistic version of the 
Clay Institute Navier-Stokes problem does not.



Part II: Hydrodynamics in SK EFT



Let’s see how “fix #1” and “fix #2” perform in the EFT:

- Lorentz-invariance of the action? 

- Causality of the classical equations of motion? 

- Stability of perturbations in all reference frames? 

- Analyticity of 2-point retarded functions for Im(𝜔) > |Im(k)| ?

Jain, Kovtun, arXiv:2309.00511 
Mullins, Hippert, Gavassino, Noronha, arXiv:2309.00512 

https://arxiv.org/abs/2309.00511
https://arxiv.org/abs/2309.00512


, at large , bad. SK path integral diverges GS
nn < 0 k

Retarded:  ,  , GR
nn =

−(1 − iωτ)σk2

iω(1 − iωτ) − Dk2
τ = λ/n′￼(μ) D = σ/n′￼(μ)

Symmetric:   GS
nn = 2T

(1 + ω2τ2)σk2 − λD2k4

| iω(1 − iωτ) − Dk2 |2

<latexit sha1_base64="NfREzgl7oh5SXXFa+Bj4+8s6NMM="></latexit>

Jµ = (n(µ) +N )uµ + J µ

<latexit sha1_base64="FGmbpdGO5RNg1s8NPJqHQfNJXY4=">AAACHXicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdONKKtgHdGq5k6ZtaDIz5CGUoT/ixl9x40IRF27EvzHTVtDWC4GTc+65yT1BzJnSrvvlLCwuLa+sZtay6xubW9u5nd2aiowktEoiHslGAIpyFtKqZprTRiwpiIDTejC4TPX6PZWKReGtHsa0JaAXsi4joC3VzpUSnwDH1yN8jn1ufR0o+MIcYXPnA4/7gP0YpGbA2z93Ydq5vFt0x4XngTcFeTStSjv34XciYgQNNeGgVNNzY91K0sGE01HWN4rGQAbQo00LQxBUtZLxdiN8aJkO7kbSnlDjMfvbkYBQaigC2ylA99WslpL/aU2ju2ethIWx0TQkk4e6hmMd4TQq3GGSEs2HFgCRzP4Vkz5IINoGmrUheLMrz4PacdE7KZZuSvnyxTSODNpHB6iAPHSKyugKVVAVEfSAntALenUenWfnzXmftC44U88e+lPO5zcPR6FU</latexit>

N = ω(µ)uωεωµ
<latexit sha1_base64="b5mg8dYi2GW53eS2rv6TuCSYH+k="></latexit>

J µ = →ω(µ)!µω (εωµ→ Fωεu
ε)

for causality of classical hydro
<latexit sha1_base64="8ZVWx8z/8ofW4V/vWbBaJJOhCZ8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRS1JUU3bisYB/QhDKZTNqhk0mYmQi1FH/FjQtF3Pof7vwbJ20W2npg4HDOudw7J0g5U9pxvq2l5ZXVtfXSRnlza3tn197bb6kkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GN7kfvuBSsUSca9HKfVj3BcsYgRrI/XsQ4+bcIjRFfIU68c5cXp2xak6U6BF4hakAgUaPfvLCxOSxVRowrFSXddJtT/GUjPC6aTsZYqmmAxxn3YNFTimyh9Pr5+gE6OEKEqkeUKjqfp7YoxjpUZxYJIx1gM17+Xif14309GlP2YizTQVZLYoyjjSCcqrQCGTlGg+MgQTycytiAywxESbwsqmBHf+y4ukdVZ1z6u1u1qlfl3UUYIjOIZTcOEC6nALDWgCgUd4hld4s56sF+vd+phFl6xi5gD+wPr8AUbsk9I=</latexit>

ω > ε > 0

Example: “fix #2” (BDNK)



, good. SK path integral convergesGS
nn > 0

Retarded:  , GR
nn =

−σk2

iω(1 − iωτ) − Dk2

Symmetric:   GS
nn =

2T σ k2

| iω(1 − iωτ) − Dk2 |2

Example: “fix #1” (MIS)

<latexit sha1_base64="TcZa0qgbEGFaCXL8wsHDjsupQBc=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoKGWmFHUjFN1IVxXsA/oik2ba0ExmyEMoQ3/Djb/ixoUiLnXl35i2A2rrgZCTc+7l5h4vYlQqx/myUkvLK6tr6fXMxubW9o69u1eToRaYVHHIQtHwkCSMclJVVDHSiARBgcdI3RteT/z6PRGShvxOjSLSDlCfU59ipIzUtZ1ypxVoeAl5ztynMG5hxGB53CkcQz21Tn60ybNrZ528MwVcJG5CsiBBpWt/tHoh1gHhCjMkZdN1ItWOkVAUMzLOtLQkEcJD1CdNQzkKiGzH083G8MgoPeiHwhyu4FT93RGjQMpR4JnKAKmBnPcm4n9eUyv/oh1THmlFOJ4N8jWDKoSTmGCPCoIVGxmCsKDmrxAPkEBYmTAzJgR3fuVFUivk3bN88baYLV0lcaTBATgEOeCCc1ACN6ACqgCDB/AEXsCr9Wg9W2/W+6w0ZSU9++APrM9vSvyeBA==</latexit>

Jµ = n(µ,J 2)uµ + J µ
<latexit sha1_base64="MYIJyFgkyd0TWs6i/aHFRkbwYag="></latexit>

→ω(µ,J 2)!µω (εωµ→ Fωεu
ε)

<latexit sha1_base64="4yVxCILyekrHGDwmxGQRQeFOJM0="></latexit>

ω(µ,J 2)!µωuεεεJω + J µ =

D = σ/n′￼(μ)

for causality of classical hydro<latexit sha1_base64="wZKPp6tdRueQJUM4ZjfmYjQTleU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJ6sFjBPOA7BJmJ7PJkNkHMz1CCPkNLx4U8erPePNvnCR70MSChqKqm+6uMJNCo+t+O4WV1bX1jeJmaWt7Z3evvH/Q1KlRjDdYKlPVDqnmUiS8gQIlb2eK0ziUvBUOb6d+64krLdLkEUcZD2LaT0QkGEUr+T5SQ67JnS23W664VXcGsky8nFQgR71b/vJ7KTMxT5BJqnXHczMMxlShYJJPSr7RPKNsSPu8Y2lCY66D8ezmCTmxSo9EqbKVIJmpvyfGNNZ6FIe2M6Y40IveVPzP6xiMroKxSDKDPGHzRZGRBFMyDYD0hOIM5cgSypSwtxI2oIoytDGVbAje4svLpHlW9S6q5w/nldpNHkcRjuAYTsGDS6jBPdShAQwyeIZXeHOM8+K8Ox/z1oKTzxzCHzifP4vAkBE=</latexit>

ω > D > 0



Implications of hydrodynamics for  ⟨JμJν⟩

ω
×ω=-iDk2+…

Small real k:

Pure hydrodynamics



ω
×

×extra “mode”

ω=-iDk2+…

Small real k:

Causal hydrodynamic models

Implications of hydrodynamics for  ⟨JμJν⟩



ω

×
×

extra “mode”

ω=-iDk2+…

Larger real k:

Causal hydrodynamic models

Implications of hydrodynamics for  ⟨JμJν⟩



ω

× ×

Large real k:

<latexit sha1_base64="3mCmdO9jlgDFql4Pt26U2SZsBAI=">AAACFXicbVDJSgNBEO2JW4xb1KOXxiAoSJiRoB6DXjxGMAtkQujp9CRNehm6a4Qw5Ce8+CtePCjiVfDm39hZDhp9UPB4r4qqelEiuAXf//JyS8srq2v59cLG5tb2TnF3r2F1aiirUy20aUXEMsEVqwMHwVqJYURGgjWj4fXEb94zY7lWdzBKWEeSvuIxpwSc1C2ehlqyPjkeZiHocSHkKobRCQ4tlzhMJKbdbKaN8RB3iyW/7E+B/5JgTkpojlq3+Bn2NE0lU0AFsbYd+Al0MmKAU8HcutSyhNAh6bO2o4pIZjvZ9KsxPnJKD8fauFKAp+rPiYxIa0cycp2SwMAuehPxP6+dQnzZybhKUmCKzhbFqcCg8SQi3OOGURAjRwg13N2K6YAYQsEFWXAhBIsv/yWNs3JwXq7cVkrVq3kceXSADtExCtAFqqIbVEN1RNEDekIv6NV79J69N+991prz5jP76Be8j2+iMp59</latexit>

ω(k→↑) ↓ ±c→k

Causal hydrodynamic models

Implications of hydrodynamics for  ⟨JμJν⟩



𝜔

×

What are the actual singularities of 
<latexit sha1_base64="d5CLdlHVNoqeEERcxAgmyRPfr68=">AAACMXicbVBNSwMxFMz6WetX1aOXYBE8SNkVUY+il+KpQluFbi1v09c2mM0uSVYoS/+SF/+JeOlBEa/+CdPtClodSBhm5pG8CWLBtXHdsTM3v7C4tFxYKa6urW9slra2mzpKFMMGi0SkbgPQKLjEhuFG4G2sEMJA4E1wfznxbx5QaR7JuhnG2A6hL3mPMzBW6pSqvgDZF0iv7vwwmdwyob7KtEPq02+7fpda35qjjIKIB+AHaGCUhzulsltxM9C/xMtJmeSodUrPfjdiSYjSMAFatzw3Nu0UlOFM4KjoJxpjYPfQx5alEkLU7TTbeET3rdKlvUjZIw3N1J8TKYRaD8PAJkMwAz3rTcT/vFZiemftlMs4MSjZ9KFeIqiJ6KQ+2uUKmRFDS4Apbv9K2QAUMGNLLtoSvNmV/5LmUcU7qRxfH5fPL/I6CmSX7JED4pFTck6qpEYahJFH8kJeyZvz5Iydd+djGp1z8pkd8gvO5xf/H6os</latexit>

→JµJω↑, →TµωTεϑ↑ ?

SK EFT, micro-agnostic

QFT, micro-specific

? ?

??

S = φa F(φr) + φ2
aGclass.(φr)



𝜔

Example:

𝜔

Hydrodynamics = PDEs 
only

Hydrodynamics = PDEs 
plus one-loop EFT

<latexit sha1_base64="KeJHzsFwP9xBdCzAYDYUFsVXCiA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DIjRd0IRTcuK/QFnVoy6W0bJ5MZkoxQhvkKN/6KGxeKuBV3/o3pY6HVA5d7OOdeknu8iDOlbfvLyiwsLi2vZFdza+sbm1v57Z2GCmNJoU5DHsqWRxRwJqCumebQiiSQwOPQ9Pyrsd+8B6lYKGp6FEEnIAPB+owSbaRu/tjlRAw44Nptwu7ScfN5il05VYtuGMCAHGE/uUjtw26+YJfsCfBf4sxIAc1Q7eY/3V5I4wCEppwo1XbsSHcSIjWjHNKcGyuICPXJANqGChKA6iSTs1J8YJQe7ofSlNB4ov7cSEig1CjwzGRA9FDNe2PxP68d6/55J2EiijUIOn2oH3OsQzzOCPeYBKr5yBBCJTN/xXRIJKHaJJkzITjzJ/8ljZOSc1oq35QLlctZHFm0h/ZRETnoDFXQNaqiOqLoAT2hF/RqPVrP1pv1Ph3NWLOdXfQL1sc3qsWeag==</latexit>

→T ijT kl↑(ω, k=0)

Kovtun, Yaffe, arXiv:hep-th/0303010

×

https://arxiv.org/abs/hep-th/0303010


Chen-Lin, Delacrétaz, Hartnoll, arXiv:1811.12540

Delacrétaz, arXiv:2006.01139 

Grozdanov, Lemut, Pelaic, Soloviev, arXiv:2407.13550

ω

×ω=-iDk2

×
ω=-iDk2/2

ω=-iDk2/3 ×

ω=-iDk2/4
××
×

⋮ cuts all the way 
to the origin

Example:
<latexit sha1_base64="3p8vMVJAhvJEcqjkmn9pe4LHk0I=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3YirCvYBnbFk0jvT0ExmSDJCGfoBbvwVNy4UcesHuPNvTB8LbT1w4eSce7m5x084U9q2v63c0vLK6lp+vbCxubW9U9zda6o4lRQaNOaxbPtEAWcCGpppDu1EAol8Di1/cDX2Ww8gFYvFnR4m4EUkFCxglGgjdYsllxMRcsA39/akXDl9l904gpCc4MGx6bIr9gR4kTgzUkIz1LvFL7cX0zQCoSknSnUcO9FeRqRmlMOo4KYKEkIHJISOoYJEoLxscswIHxmlh4NYmhIaT9TfExmJlBpGvumMiO6reW8s/ud1Uh1ceBkTSapB0OmiIOVYx3icDO4xCVTzoSGESmb+immfSEK1ya9gQnDmT14kzdOKc1ap3lZLtctZHHl0gA5RGTnoHNXQNaqjBqLoET2jV/RmPVkv1rv1MW3NWbOZffQH1ucPbJyZUw==</latexit>

→J0J0↑(ω, k)

https://arxiv.org/abs/1811.12540
https://arxiv.org/abs/2006.01139
https://arxiv.org/abs/2407.13550


Outside the EFT regime

ω

××

××

××

−i4πT

−i8πT

×× −i12πT

0

free field theory

Hartnoll, Kumar, arXiv:hep-th/0508092 

 k −k

https://arxiv.org/abs/hep-th/0508092


Outside the EFT regime

ω

×× −
i
τ

0

baby kinetic theory
Romatschke, arXiv:1512.02641 

 k −k

Kurkela, Wiedemann, arXiv:1712.04376 
Bajec, Grozdanov, Soloviev, arXiv:2403.17769 

https://arxiv.org/abs/1512.02641
https://arxiv.org/abs/1712.04376
https://arxiv.org/abs/2403.17769


Outside the EFT regime

ω

×

0

grown-up kinetic theory in 𝜑4 field theory

Moore, arXiv:1803.00736 

<latexit sha1_base64="KeJHzsFwP9xBdCzAYDYUFsVXCiA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DIjRd0IRTcuK/QFnVoy6W0bJ5MZkoxQhvkKN/6KGxeKuBV3/o3pY6HVA5d7OOdeknu8iDOlbfvLyiwsLi2vZFdza+sbm1v57Z2GCmNJoU5DHsqWRxRwJqCumebQiiSQwOPQ9Pyrsd+8B6lYKGp6FEEnIAPB+owSbaRu/tjlRAw44Nptwu7ScfN5il05VYtuGMCAHGE/uUjtw26+YJfsCfBf4sxIAc1Q7eY/3V5I4wCEppwo1XbsSHcSIjWjHNKcGyuICPXJANqGChKA6iSTs1J8YJQe7ofSlNB4ov7cSEig1CjwzGRA9FDNe2PxP68d6/55J2EiijUIOn2oH3OsQzzOCPeYBKr5yBBCJTN/xXRIJKHaJJkzITjzJ/8ljZOSc1oq35QLlctZHFm0h/ZRETnoDFXQNaqiOqLoAT2hF/RqPVrP1pv1Ph3NWLOdXfQL1sc3qsWeag==</latexit>

→T ijT kl↑(ω, k=0)

Branch cut, but not 
1-loop EFT cut! 

https://arxiv.org/abs/1803.00736


Part III: Connection to black holes



Black Membrane

Thermodynamics on the boundary

“boundary”: matter lives here, 3+1 dim

“bulk” : 
gravity and stuff  
live here, 4+1 dim

gravity 
pulls 
down



Black Membrane

“bulk” : 
gravity and stuff  
live here, 4+1 dim

Hydrodynamics on the boundary

“boundary”: matter lives here, 3+1 dim

gravity 
pulls 
down



Eq-n of state 
Transport coef-s ( , etc) 
Hydrodynamic equations 
Singularities of response functions  
Form of SK effective actions  
Connections to OTOCs and quantum chaos 
Entanglement entropy 
...

η

Learn about strongly coupled fluids from gravity:



Eq-n of state 
Transport coef-s ( , etc) 
Hydrodynamic equations 
Singularities of response functions  
Form of SK effective actions  
Connections to OTOCs and quantum chaos 
Entanglement entropy 
...

η

Learn about strongly coupled fluids from gravity:

Causal UV completion of 
acausal hydrodynamics



Kovtun, Starinets, arXiv:hep-th/0506184

Singularities of response functions

ω
×

×extra “mode”

ω=-iDk2+…

causal hydro models

ω
×

×

ω=-iDk2+…

×
××
××
××

holographic theories, 3+1dim

Small real k :

https://arxiv.org/abs/hep-th/0506184


Kovtun, Starinets, arXiv:hep-th/0506184

Larger real k :

Singularities of response functions

ω

×
×

ω=-iDk2+…

×
××
××
××

holographic theories, 3+1dim

ω

×

×
extra “mode”

ω=-iDk2+…

causal hydro models

https://arxiv.org/abs/hep-th/0506184


Kovtun, Starinets, arXiv:hep-th/0506184

Singularities of response functions

Large real k :

ω

×

×

ω=-iDk2+…

×
××
××
××

holographic theories, 3+1dim

ω

× ×

causal hydro models
will become branch cuts at 𝜔=±k 

https://arxiv.org/abs/hep-th/0506184


Oscillation modes of a fluid, complex k

q ⌘ ~c k
2⇡kBT

Now take k to be complex,             , and vary 𝜃 from 0→2𝜋.|q2| = 1ei✓

Sound modes (        and        ) swap places, but remain sound modes 
when 𝜃 becomes 2𝜋.

blue gold



Oscillation modes of a fluid, complex k

q ⌘ ~c k
2⇡kBT

Now take k to be complex,                 , and vary 𝜃 from 0→2𝜋.|q2| = 1.99 ei✓

Sound modes (        and        ) swap places, but remain sound modes 
when 𝜃 becomes 2𝜋.

blue gold



q ⌘ ~c k
2⇡kBT

Now take k to be complex,                 , and vary 𝜃 from 0→2𝜋.

Sound mode (       ) becomes one of the non-classical modes 
when 𝜃 becomes 2𝜋!

gold

|q2| = 2.01 ei✓

Oscillation modes of a fluid, complex k



Trajectories of the modes at |𝖖2|=1.99 and |𝖖2|=2.01 

Grozdanov, Kovtun, Starinets, Tadić, arXiv:1904.01018 

Poles of in  in upper half-plane, ok because k is complex 
 
Dancing singularities determine the radius of convergence of the 
small-k expansion of 𝜔hydro(k)  

Gret.(ω, k)

https://arxiv.org/abs/1904.01018


Not everything you make up in holography is good

-10 -5 0 5 10

-2

0

2

4

6

8

10

12

Gauss-Bonnet gravity in 5D can violate boundary causality 

Predicts singularities in  with Im(𝜔) > | Im(k) |, instabilityGret.(ω, k)
Buchel, Hoult, Kovtun, arXiv:2606.19049 

Brigante, Liu, Myers, Shenker, Yaida, arXiv:0712.0805  
Buchel, Myers, arXiv:0906.2922 

https://arxiv.org/abs/2606.19049
https://arxiv.org/abs/0712.0805
https://arxiv.org/abs/0906.2922


Other fun things with singularities

Analytic structure of 
<latexit sha1_base64="b0ZST46U5jDL8BT2UwzXUHjFl+o=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLspJMMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo0hQZVXOl2RAxwJqFhmeXQjjUQEXFoRePbmd96Am2Ykg92EkMoyFCyAaPEOumxqwQMSXl83iuW/Io/B14lQUZKKEO9V/zq9hVNBEhLOTGmE/ixDVOiLaMcpoVuYiAmdEyG0HFUEgEmTOcHT/GZU/p4oLQrafFc/T2REmHMRESuUxA7MsveTPzP6yR2cB2mTMaJBUkXiwYJx1bh2fe4zzRQyyeOEKqZuxXTEdGEWpdRwYUQLL+8SpoXleCyUr2vlmo3WRx5dIJOURkF6ArV0B2qowaiSKBn9IrePO29eO/ex6I152Uzx+gPvM8fJueP/g==</latexit>

ω(k)

Causality constraints on 𝜔dif(k) at small k   

Expansions of 𝜔n(k) at large k   
Heller, Serantes, Spalinski, Withers, arXiv:2212.07434 

Festuccia, Liu, arXiv:0811.1033 
Fuini, Uhlemann, Yaffe, arXiv:1610.03491 

Grozdanov, Kovtun, Starinets, Tadić, arXiv:1904.12862 

Indeterminate correlation functions at complex 𝜔 and k 
Blake, Davison, Vegh, arXiv:1904.12883 

Aniceto, Arnaudo, Ratcliffe, Spaliński, arXiv:2606.12529 

https://arxiv.org/abs/2212.07434
https://arxiv.org/abs/0811.1033
https://arxiv.org/abs/1610.03491
https://arxiv.org/abs/1904.12862
https://arxiv.org/abs/1904.12883
https://arxiv.org/abs/2606.12529


Theories of hot and dense matter

0
SK EFT

AdS/CFT

Boltzmann 
equation

Messy real  
physics

interactions, density

frequency



That’s all!


