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SK Path Integral (No Symmetry)
<latexit sha1_base64="xCGuw5gIUDvVPpnI9CK8gGjMIfE="></latexit>

Z[J+, J→] =

∫ ω+(tf ,x)=ω→(tf ,x)

Dω+ Dε+ Dω→ Dε→

→ ↑ω+(ti)| ϑ̂0 |ω→(ti)↓ eiSSK[ω±,ε±;J±].

<latexit sha1_base64="cPM9uGrAUYlzGjpmS0ulxHz5JfA="></latexit>

SSK =

∫
d4x

[
ω+ εtϑ+ →H(ϑ+,ω+) + J+ϑ+ → ω→ εtϑ→ +H(ϑ→,ω→)→ J→ϑ→

]

<latexit sha1_base64="D3WbpzmurfZ87ltADTNnPbe4Vg8="></latexit>

Z[J+, J→] =

∫ ω+(tf ,x)=ω→(tf ,x)

Dω+ Dε+ Dω→ Dε→

→ ↑ε+(ti)| ϑ̂0 |ε→(ti)↓ eiS
(ω)
SK [ε±,ω±;J±].

<latexit sha1_base64="Cz2iMsu9ahH5IEVkgL3S4UdBVZA="></latexit>

S(ω)
SK =

∫
d4x

[
→ ω+ εtϑ+ →H(ω+,ϑ+) + J+ω+ + ω→ εtϑ→ +H(ω→,ϑ→)→ J→ω→

]

OR



SK Path Integral (Global Symmetry)

<latexit sha1_base64="n/aDQadTu4vHoVdfn9WQzVEvif0="></latexit>

Z[J+, J→] =

∫ ω+(tf ,x)=ω→(tf ,x)
ω↑
+(tf ,x)=ω↑

→(tf ,x)Dω+ Dω↑
+ Dε+ Dε↑

+ Dω→ Dω↑
→ Dε→ Dε↑

→

→
〈
ω+(ti),ω

↑
+(ti)

∣∣ ϑ̂0
∣∣ω→(ti),ω

↑
→(ti)

〉
eiSSK[ω±,ε±;J±]

E.g. complex scalar field U(1)

<latexit sha1_base64="qBNgauDxK+lSaFqrhRyGS8QRZ44="></latexit>

SSK =

∫
d4x

[
ω+ εtϑ+ + ω→

+ εtϑ
→
+ →H(ϑ+,ϑ

→
+,ω+,ω

→
+) + J→

+ϑ+ + J+ϑ
→
+

→ ω↑ εtϑ↑ → ω→
↑ εtϑ

→
↑ +H(ϑ↑,ϑ

→
↑,ω↑,ω

→
↑)→ J→

↑ϑ↑ → J↑ϑ
→
↑

]

with doubled action



Global Symmetry Breaking

Spontaneous breaking 
of Strong Symmetry

<latexit sha1_base64="KFV1XTTuGsxhjopUJ/2GBjrbShE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzfBIlTEkohUN0LRjcsK9gJtCJPppB06mYSZiVBCN76KGxeKuPUx3Pk2TtMstPWHgY//nMOZ8/sxo1LZ9rdRWFpeWV0rrpc2Nre2d8zdvZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/dHttN5+JELSiD+ocUzcEA04DShGSlueedCLh9Q7rSgvOLnO+CxjzyzbVTuTtQhODmXI1fDMr14/wklIuMIMSdl17Fi5KRKKYkYmpV4iSYzwCA1IVyNHIZFumh0wsY6107eCSOjHlZW5vydSFEo5Dn3dGSI1lPO1qflfrZuo4MpNKY8TRTieLQoSZqnImqZh9akgWLGxBoQF1X+18BAJhJXOrKRDcOZPXoTWedWpVWv3F+X6TR5HEQ7hCCrgwCXU4Q4a0AQME3iGV3gznowX4934mLUWjHxmH/7I+PwBwYiVPQ==</latexit>

ω+(tf ) = ω→(tf )

Explicit Breaking of Advanced 
Global Symmetry (no 
Goldstone bosons)

Spontaneous breaking 
of weak symmetry

Strong Symmetry
<latexit sha1_base64="O+5amV+vctjATyA98R/iTf6wa7k="></latexit>〈
eiqω0ω+, e

→iqω0ω↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉
= eiQω0

〈
ω+,ω

↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉

<latexit sha1_base64="utQqD1fY9zhp5z0RJYxkY0dZtRw="></latexit>〈
eiqω0ω+, e

→iqω0ω↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉
→= eiQω0

〈
ω+,ω

↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉

<latexit sha1_base64="vgCQZylRWQSvKjVsAhpxl/aHnRs="></latexit>〈
eiqω0ω+, e

→iqω0ω↑
+

∣∣ ε̂0
∣∣eiqω0ω→, e

→iqω0ω↑
→
〉
=

〈
ω+,ω

↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉

<latexit sha1_base64="trNRTnruIM/7lbswqRtr831NNgY="></latexit>〈
eiqω0ω+, e

→iqω0ω↑
+

∣∣ ε̂0
∣∣eiqω0ω→, e

→iqω0ω↑
→
〉
→=

〈
ω+,ω

↑
+

∣∣ ε̂0
∣∣ω→,ω

↑
→
〉



Typical NR EFT for Global Case

<latexit sha1_base64="4nfsH6HN2PGwWmH5I/K5P7Qnv4k="></latexit>

S =

∫
d4x

{
ω→
a

(
iεt +Kc→2 ↑ rc + ird

)
ωr + c.c.

↑
[
(uc ↑ iud)

(
ω→
aω

→
rω

2
r + ω→

aω
→
rω

2
a

)
+ c.c.

]

+ i2 (ϑ + 2udω
→
rωr)ω

→
aωa

}
.

Manifest Weak (Retarded) Global Symmetry

Sieberer, Buchhold, Diehl 2015

Explicitly Broken (advanced) Global Symmetry



<latexit sha1_base64="BpvE7W0B3m+b71inopWJZ1AVltU=">AAACEHicbVDLSgMxFM3UV62vqks3wSIKapkRqW6EqhuXldoHtGXIpJk2NPMguSOWYT7Bjb/ixoUibl2682/MtF1o64HAyTn33uQeJxRcgWl+G5m5+YXFpexybmV1bX0jv7lVV0EkKavRQASy6RDFBPdZDTgI1gwlI54jWMMZXKd+455JxQP/DoYh63ik53OXUwJasvP7VXyBq3bclh7uctJL8GF6vWwDe4D42NGzBklylLPzBbNojoBniTUhBTRBxc5/tbsBjTzmAxVEqZZlhtCJiQROBUty7UixkNAB6bGWpj7xmOrEo4USvKeVLnYDqY8PeKT+7oiJp9TQc3SlR6Cvpr1U/M9rReCed2LuhxEwn44fciOBIcBpOjoCySiIYZoFlVz/FdM+kYSCzjANwZpeeZbUT4pWqVi6PS2UryZxZNEO2kUHyEJnqIxuUAXVEEWP6Bm9ojfjyXgx3o2PcWnGmPRsoz8wPn8AONybfQ==</latexit>

S = Sdiag + SA-break,

EFT for Global Case

Strong Symmetry

Explicit breaking of Strong, Unbroken Weak Symmetry
<latexit sha1_base64="dnl7CUFo5RkithXRB4oipnxTOm4="></latexit>

SA-break =

∫
d4x

[
→iωp ε

→
+ε↑ → iωl ε

→
↑ε+ → 2iud (ε

→
↑)

2ε2
+

]
.

<latexit sha1_base64="RD0wO77oXactG3DErNgaEG8fI+Q="></latexit>

Sdiag =

∫
d4x

[
ω→
+

(
iεt +Kc→2 ↑ rc

)
ω+ ↑ ω→

↑
(
iεt +Kc→2 ↑ rc

)
ω↑

↑ uc

(
|ω+|4 ↑ |ω↑|4

)
+ iϑ

(
|ω+|2 + |ω↑|2

)
+ iud

(
|ω+|4 + |ω↑|4

) ]



Breaking of  Adv. Symmetry = Ret. Current not conserved

<latexit sha1_base64="Tt8WEqU4zajbRsLivak9QKrtMVY="></latexit>

ωµJ
µ
r,Noether = εp ϑ

→
+ϑ↑ → εl ϑ

→
↑ϑ+ → 4ud (ϑ

→
↑)

2ϑ2
+ ↑= 0

<latexit sha1_base64="dnl7CUFo5RkithXRB4oipnxTOm4="></latexit>

SA-break =

∫
d4x

[
→iωp ε

→
+ε↑ → iωl ε

→
↑ε+ → 2iud (ε

→
↑)

2ε2
+

]
.

<latexit sha1_base64="dODBOAUi6FlmmcQDwU4nQbNBRlU="></latexit>

ωµJ
µ
r,Noether = (εp → εl)|ϑr|2 → 4ud |ϑr|4 ↑= 0

On identifying contours

Sieberer, Buchhold, Diehl 2015

e.g. particle number not conserved



Toy Example (Charged Caldeira-Leggett)

<latexit sha1_base64="qz65yXxdb6JBfDm7rPQfGUsVi18="></latexit>

S[!,ωI ] =

∫
d4x

[
→εµ!

→ εµ!→m2|!|2 +
∑

I

(
εtω

→
I εtωI → ”2

I |ωI |2 + gI (ω
→
I!+ !→ωI)

)
]

On integrating out the environment (eg at finite temperature)
<latexit sha1_base64="fsk50rqfbvmg9K27kmKjMDDTJLQ="></latexit>

Se! [!+,!→] = S”[!+]→ S”[!→] + SIF[!+,!→].

<latexit sha1_base64="eGWqvuWtmzeT4aooQt6AH6/lhNs="></latexit>

S![!] =

∫
d4x

[
→ωµ!

→ ωµ!→m2|!|2
]

<latexit sha1_base64="ITInU77nAoPMg91GC6FA0aXSFFE="></latexit>

Stree
IF = i

∑

I

g2I

∫
d4x d4y

(
!→

+(x) →!→
↑(x)

)
GI(x, y)

(
!+(y)
→!↑(y)

)

Closed system Akjuz, Penco 2025



Toy Example (Charged Caldeira-Leggett)

<latexit sha1_base64="ITInU77nAoPMg91GC6FA0aXSFFE="></latexit>

Stree
IF = i

∑

I

g2I

∫
d4x d4y

(
!→

+(x) →!→
↑(x)

)
GI(x, y)

(
!+(y)
→!↑(y)

)

<latexit sha1_base64="9gzaLv+jtK2Ayff6czTYFA2qvh0="></latexit>

SIF =

∫
d4x

{
ω

2

[
(!→

+ → !→
↑)εt(!+ + !↑) + (!+ → !↑)εt(!

→
+ + !→

↑)
]
+ i 2ωT (!→

+ → !→
↑)(!+ → !↑)

}
Explicitly breaking advanced global symmetry

<latexit sha1_base64="6eA5QhMbj4xS0ZIVvvV1j1wu+Wk="></latexit>

GI(x, y) =

(
G++

I (x, y) G+→
I (x, y)

G→+
I (x, y) G→→

I (x, y)

)
=





〈
T ω̂I(x)ω̂

†
I(y)

〉

env

〈
ω̂†
I(y)ω̂I(x)

〉

env〈
ω̂I(x)ω̂

†
I(y)

〉

env

〈
T̄ ω̂I(x)ω̂

†
I(y)

〉

env





<latexit sha1_base64="jwRLbZJWq1fK9GoEtvo88kApP/8="></latexit>

ωI
±†(x) → e→iqω±ω±†

I (x)
<latexit sha1_base64="UcGosUa/kHqHlfRyNf87O5Tokj8=">AAACLXicbVDLSgNBEJz1bXxFPXoZDEK8hF0R9SjqQW8KJgaycZmddLJDZh/O9KphyQ958VdE8BARr/6GkzUHTSwYKKqq6enyEyk02vbAmpqemZ2bX1gsLC2vrK4V1zdqOk4VhyqPZazqPtMgRQRVFCihnihgoS/hxu+eDv2be1BaxNE19hJohqwTibbgDI3kFc/cJBDexW3mJmG//LhLXSU6ATKl4gcKuUwFvaMuBoDMy2N9OjbkFUt2xc5BJ4kzIiUywqVXfHVbMU9DiJBLpnXDsRNsZkyh4BL6BTfVkDDeZR1oGBqxEHQzy6/t0x2jtGg7VuZFSHP190TGQq17oW+SIcNAj3tD8T+vkWL7qJmJKEkRIv6zqJ1KijEdVkdbQgFH2TOEcSXMXykPmGIcTcEFU4IzfvIkqe1VnIPKwdV+6fhkVMcC2SLbpEwcckiOyTm5JFXCyRN5IQPybj1bb9aH9fkTnbJGM5vkD6yvb0/JqM0=</latexit>

ω±
I (x) → e±iqω±ω±

I (x)

<latexit sha1_base64="K8DQlsDMHNlx3C9EDIOBJwqFwHI="></latexit>

=





〈
ω̂+
I (x) ω̂

+†
I (y)

〉

env

〈
ω̂+
I (x) ω̂

→†
I (y)

〉

env〈
ω̂→
I (x) ω̂

+†
I (y)

〉

env

〈
ω̂→
I (x) ω̂

→†
I (y)

〉

env



 .



Global to Local?

Global Symmetries are Symmetries


Local Symmetries are Redundancies

Global Symmetries can be broken


Local Symmetries are never actually broken

Conclusion: 


EFT must preserve two copies of gauge symmetry, even when global 
symmetry is broken 

<latexit sha1_base64="gUygDwlHe/eZD9uOpzaJsamYbzY=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi1Y1QdeOygn1AE8NkOmmHziRhZiKUkM9w46+4caGI2+78G6dtCtp6YODcc+7lzj1+zKhUlvVtFFZW19Y3ipulre2d3T1z/6Alo0Rg0sQRi0THR5IwGpKmooqRTiwI4j4jbX94O/HbT0RIGoUPahQTl6N+SAOKkdKSZ55de6nDk+wxdWKeXc0roSsnEAindpZWMzjXkWeWrYo1BVwmdk7KIEfDM8dOL8IJJ6HCDEnZta1YuSkSimJGspKTSBIjPER90tU0RJxIN50elsETrfRgEAn9QgWn6u+JFHEpR9zXnRypgVz0JuJ/XjdRwaWb0jBOFAnxbFGQMKgiOEkJ9qggWLGRJggLqv8K8QDpPJTOsqRDsBdPXiatasWuVWr35+X6TR5HERyBY3AKbHAB6uAONEATYPAMXsE7+DBejDfj0/iatRaMfOYQ/IEx/gETw6EN</latexit>

A±
µ = Ar

µ ± 1

2
Aa

µ



The Gauge Charge Problem

Key problem: 


In a gauge theory, there are no local gauge-invariant operators carrying 
gauge charge.

<latexit sha1_base64="8O93Ma/0oPHA0Zw0LRXHngdphPQ=">AAACFnicbVC7SgNBFJ31bXytWtoMBiEWhl2RaCnaWEYwUciuYXZyNxmcfThzVw1LvsLGX7GxUMRW7PwbJ3ELjR4YOJxzLnfuCVIpNDrOpzUxOTU9Mzs3X1pYXFpesVfXmjrJFIcGT2SiLgKmQYoYGihQwkWqgEWBhPPg6njon9+A0iKJz7Cfgh+xbixCwRkaqW3veKkWlbtt6inR7SFTKrmlcJkLek097AEyYw5okWrbZafqjED/ErcgZVKg3rY/vE7Cswhi5JJp3XKdFP2cKRRcwqDkZRpSxq9YF1qGxiwC7eejswZ0yygdGibKvBjpSP05kbNI634UmGTEsKfHvaH4n9fKMDzwcxGnGULMvxeFmaSY0GFHtCMUcJR9QxhXwvyV8h5TjKNpsmRKcMdP/kuau1W3Vq2d7pUPj4o65sgG2SQV4pJ9ckhOSJ00CCf35JE8kxfrwXqyXq237+iEVcysk1+w3r8AqIOebw==</latexit>

ω(x) → eiqω(x)ω(x)
<latexit sha1_base64="A8P5q/8acUM5Jx57CuVC4YmjMOI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahIpQZkerCRdWNywr2Ap1SzqRpG5q5kJxRy9CXceOruHFhEcGVr2J6WdTWA4Gf7z8nyfm9SAqNtv1tLS2vrK6tpzbSm1vbO7uZvf2KDmPFeJmFMlQ1DzSXIuBlFCh5LVIcfE/yqte7HfnVR660CIMH7Ee84UMnEG3BAA1qZq6um4nrx4Pc8wl1leh0EZQKn+gMPqVuBAoFyAmjLnY5grGamaydt8dFF4UzFVkyrVIzM3RbIYt9HiCToHXdsSNsJKPbmeSDtBtrHgHrQYfXjQzA57qRjLcc0GNDWrQdKnMCpGM6O5GAr3Xf90ynD9jV894I/ufVY2xfNhIRRDHygE0easeSYkhHkdGWUJyh7BsBTAnzV8q6oIChCTZtQnDmV14UlbO8U8gX7s+zxZtpHClySI5IjjjkghTJHSmRMmHkhbyRDzK0Xq1369P6mrQuWdOZA/KnrJ9fx3Wk1Q==</latexit>

Aµ(x) → Aµ(x) + ωµε(x)

Naive single particle states are not gauge invariant
<latexit sha1_base64="T2pO3su1y5U5LGaHJd8qKGBoDKU="></latexit>

ω(x)†|0→ ↑ eiqω(x)ω†(x)|0→

Violate Gauss law/BRST cohomology

The relativistic concept of a 
charged particle does not exist.


Kulish and Faddeev, 1970



The Importance of  Dressing Well

Dirac’s Solution, dress the states

<latexit sha1_base64="Y63i5aKVy7wWrhJL2JGjz0FENaE="></latexit>

ω̃(x) = e→iq 1
→2 (ωiAi(x))ω(x)

Dressed state is invariant under small gauge transformations (satisfies Gauss law 
constraint/BRST cohomology)

Dressed state transforms under global transformations!
<latexit sha1_base64="M5kBxRfx7VT0bNQFOddxGhajjds=">AAACI3icbVC7SgNBFJ31GeMramkzGITYhF2RKFZBG8sI5gHZGGYnN8mQ2Yczd9Ww5F9s/BUbCyXYWPgvTh6FSTwwcDjnXO7c40VSaLTtb2tpeWV1bT21kd7c2t7ZzeztV3QYKw5lHspQ1TymQYoAyihQQi1SwHxPQtXrXY/86iMoLcLgDvsRNHzWCURbcIZGamYuXRSyBdSNtMg9n1BXiU4XmVLhE4X7RNAH6mIXkDXtAZ3NNjNZO2+PQReJMyVZMkWpmRm6rZDHPgTIJdO67tgRNhKmUHAJg7Qba4gY77EO1A0NmA+6kYxvHNBjo7RoO1TmBUjH6t+JhPla933PJH2GXT3vjcT/vHqM7YtGIoIoRgj4ZFE7lhRDOiqMtoQCjrJvCONKmL9S3mWKcTS1pk0JzvzJi6RymncK+cLtWbZ4Na0jRQ7JEckRh5yTIrkhJVImnLyQN/JBPq1X690aWl+T6JI1nTkgM7B+fgHpi6PT</latexit>

ω̃(x) → eiqω0 ω̃(x)
Thus creating gauge invariant charged states!!!



There are lots of  ways to dress

e.g. Lavelle–McMullan dressing (v=0)
<latexit sha1_base64="yL9kdGWxCh+LPH8/j6FyjXg9X44="></latexit>

ω̃(x) = exp

[
iq

∫ x0

→↑
ds

1

→2
εiF

i0(s,x)

]
exp

[
↑iq

1

→2
εiA

i(x)

]
ω(x).

Equivalent to Wilson line + Dirac Dressing at initial time

Other examples: Fadeev-Kulish dressing (specific for S-matrix asymptotic states)


+ LOTs of Modern Literature dealing with IR divergences, soft theorems etc

<latexit sha1_base64="vtf9Za4GkUMZ0J/uq7sfLhghDEg="></latexit>

ω̃(x) = exp

[
→iq

∫ x0

tin

dsA0(s,x)

]
exp

[
→iq

1

↑2
εiA

i(tin,x)

]
ω(x).



Dirac Dressing suitable for NR systems

<latexit sha1_base64="xCJ1GaA3A7+w8179m5A44TZLQ+o="></latexit>

Sdiag[A+, A→] =

∫
d4x

[
ω↑
+

(
iD[A+]t +KcD[A+]

2
i → rc

)
ω+ → ω↑

→
(
iD[A→]t +KcD[A→]

2
i → rc

)
ω→

→ uc

(
|ω+|4 → |ω→|4

)
+ iε

(
|ω+|2 + |ω→|2

)
+ iud

(
|ω+|4 + |ω→|4

) ]

<latexit sha1_base64="xk0JexDX/HiHjpsANh0lQopkPsA="></latexit>

Sa-break =

∫
d4x

[
→ iωp e

+iq!a[Aa](x) ε→
+ε↑ → iωl e

↑iq!a[Aa](x) ε→
↑ε+ → 2iud e

↑2iq!a[Aa](x) (ε→
↑)

2ε2
+

]

<latexit sha1_base64="FmvRWZYWnuJbwM0Qr050QvCQ6wU="></latexit>

!a[Aa](x) = →→2ωiAa,i(x).Only need dressing with advanced field

EFT Manifestly Invariant under two copies of gauge symmetry, but 
breaks advanced global symmetry



Maxwell     Noether

EFT Manifestly invariant under two copies of gauge symmetry, but 
breaks advanced global symmetry

<latexit sha1_base64="oe/frwLLz9HrOaOJDgj18weP14Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WDmSToR3QoecgZNZnUk/jYL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7rjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jgZcIXMiIkllClubyVsRBVlxsZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxG8Ayv8OZEzovz7nwsWgtOPnMMf+B8/gAbn45N</latexit>

→=

Noether (Advanced Global) current is not conserved


Maxwell (Advanced Local) current is conserved

<latexit sha1_base64="Dca0+RihsQF1eFWHbx3ZldU0OVU="></latexit>

ωωF r
ωµ = →JMaxwell

rµ + noise

<latexit sha1_base64="VPUwRGn9lrnb04J2YtDPoe0MXRE="></latexit>

JMaxwell
µ = JNoether

µ → Pµ
ω ωω

1

↑2

(
ωεJNoether

ε

)
+ ωωBωµ

<latexit sha1_base64="IbumWEx8aRTdUKh29yFn6cZ01Yo=">AAACGXicbZBNS8MwGMdTX2d9q3r0UhyCBxmtyPQyGHrxOMG9wFpLmmZbtjTtklQYpV/Di1/FiwdFPOrJb2PW9aCbfwj883ueh+T5+zElQlrWt7a0vLK6tl7a0De3tnd2jb39logSjnATRTTiHR8KTAnDTUkkxZ2YYxj6FLf90fW03n7AXJCI3clJjN0Q9hnpEQSlQp5hNbzUytLsPnVYktWsU90ZjxMY6IqTnA+zmhNgKqFH1HXoGWWrYuUyF41dmDIo1PCMTyeIUBJiJhGFQnRtK5ZuCrkkiOJMdxKBY4hGsI+7yjIYYuGm+WaZeaxIYPYirg6TZk5/T6QwFGIS+qozhHIg5mtT+F+tm8jepZsSFicSMzR7qJdQU0bmNCYzIBwjSSfKQMSJ+quJBpBDJFWYugrBnl950bTOKna1Ur09L9evijhK4BAcgRNggwtQBzegAZoAgUfwDF7Bm/akvWjv2sesdUkrZg7AH2lfPyuvoRI=</latexit>

P0
ω = 0, Pi

j = ωi
j

Curvature couplings
<latexit sha1_base64="Q3/kDXOxR2jo0W64ISuLa9acsEg=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFcGNJRKobodSNywr2Ak0ok+mkHTozCXMRSszCV3HjQhG3voY738ZJm4W2/jDwzX/OYc78YUKJVK77bS0tr6yurZc2yptb2zu79t5+W8ZaINxCMY1FN4QSU8JxSxFFcTcRGLKQ4k44vsnrnQcsJIn5vZokOGBwyElEEFTG6tuHjX7qc+0znV2f5cy0uWZ9u+JW3amcRfAKqIBCzb795Q9ipBnmClEoZc9zExWkUCiCKM7KvpY4gWgMh7hnkEOGZZBO98+cE+MMnCgW5nDlTN3fEylkUk5YaDoZVCM5X8vN/2o9raKrICU80QpzNHso0tRRsZOH4QyIwEjRiQGIBDG7OmgEBUTKRFY2IXjzX16E9nnVq1VrdxeVeqOIowSOwDE4BR64BHVwC5qgBRB4BM/gFbxZT9aL9W59zFqXrGLmAPyR9fkDEOaWKA==</latexit>

Bωµ = →Bµω



Dress like Schwinger

Dressing should preserve SK final time boundary 
condition

Necessarily requires a different treatment of retarded and advanced 
gauge symmetry - required to preserve causality

Dirac dressing does this, but disguises relativistic causality

Dressing is naturally incorporated into boundary conditions on solutions 
of propagator equations (Schwinger-Dyson equations)



Schwinger-Wilson Dressing

EFT covariant under retarded gauge transformations (if weak/
retarded global symmetry is unbroken)

No need to Dirac dress at final time due to final time boundary conditions!!!!

<latexit sha1_base64="Yxq3g8JRVawxF7pA3TG6O5omZf4="></latexit>

ω̃±(x) = exp

[
→iq

∫ x0

tin

dsAr,0(s,x)

]
exp

[
→iq

1

↑2
εiA

i
r(tin,x)

]
↓ exp

[
± iq

2

∫ tf

x0

dsAa,0(s,x)

]
ω±(x)

Dressed fields invariant under both retarded and advanced gauge 
transformations



Toy Example (Gauged Caldeira-Leggett)
Closed system Kaplanek, Mylova, AJT 2025

<latexit sha1_base64="klWU0DAcxDxuukN6zJnhEUqW6v4="></latexit>

S[A±,!±,ωI±] =

∫
d4x

[
→ (Dµ[A±]!±)

→ Dµ[A±]!± →m2|!±|2

+
∑

I

(
(Dt[A±]ωI±)

→ Dt[A±]ωI± → ”2
I |ωI±|2

+gI
(
ω→
I±!± + !→

±ωI±
))

]

<latexit sha1_base64="/VmDA8FGa878I6ZSQFAb3whD9rU="></latexit>

SSK = S[A+,!+,ωI+]→ S[A→,!→,ωI→].

<latexit sha1_base64="6joyqUU4knBDmctYAch85EvqXFU="></latexit>

Se! [A+, A→;!+,!→] = S”[A+,!+]→ S”[A→,!→] + SIF[A+, A→;!+,!→]

On integrating out the environment (eg at finite temperature)



Toy Example (Gauged Caldeira-Leggett)

On integrating out the environment (eg at finite temperature)

Kaplanek, Mylova, AJT 2025

<latexit sha1_base64="6joyqUU4knBDmctYAch85EvqXFU="></latexit>

Se! [A+, A→;!+,!→] = S”[A+,!+]→ S”[A→,!→] + SIF[A+, A→;!+,!→]

<latexit sha1_base64="H69QkegJ+Cr4ix+VziFiMbvDMCk="></latexit>

S![A±,!±] =

∫
d4x

[
→ (Dµ[A±]!±)

→ Dµ[A±]!± →m2|!±|2
]With

And

<latexit sha1_base64="3m5yuhunNHM5EC/aOFZDImcmNck="></latexit>

Stree
IF = i

∑

I

g2I

∫
d4x d4y

(
!→

+(x) →!→
↑(x)

)
GI [A+, A↑](x, y)

(
!+(y)
→!↑(y)

)



Greens function equation

The Greens function now satisfies
<latexit sha1_base64="qGudEUuZf33GIFTB5USSNffyZVs="></latexit>(
D0[A+]2 + !2

I 0

0 D0[A→]2 + !2
I

)
GI [A+, A→](x, y) = →i ω(4)(x→ y)

(
1 0
0 →1

)

Solution is 
<latexit sha1_base64="fMl0JtgJY0xZpVQulIYDyAxTDno="></latexit>

Stree
IF = i

∑

I

g2I

∫
d4x d4y

(
!̃→

+(x) →!̃→
↑(x)

)
GI [Ar, Ar](x, y)

(
!̃+(y)
→!̃↑(y)

)

<latexit sha1_base64="bK3w77mzs3TZvGNbYVlYDZxZ6Xg="></latexit>

!̃±(x) = exp

[
± iq

2

∫ tf

x0

dsAa
0(s,x)

]
!±(x).

With dressing 

So in local limit: 
<latexit sha1_base64="sxm4GHm/pFPniSSCIuvdif9EtyY="></latexit>

SIF =

∫
d4x

{
ω

2

[
(!̃→

+ → !̃→
↑)Dt[Ar](!̃+ + !̃↑) + (!̃+ → !̃↑)D

→
t [Ar](!̃

→
+ + !̃→

↑)
]
+ i 2ωT (!̃→

+ → !̃→
↑)(!̃+ → !̃↑)

}



Maxwell     Noether

Once again EFT Manifestly invariant under two copies of gauge 
symmetry, but breaks advanced global symmetry

<latexit sha1_base64="oe/frwLLz9HrOaOJDgj18weP14Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WDmSToR3QoecgZNZnUk/jYL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7rjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jgZcIXMiIkllClubyVsRBVlxsZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxG8Ayv8OZEzovz7nwsWgtOPnMMf+B8/gAbn45N</latexit>

→=

<latexit sha1_base64="Dca0+RihsQF1eFWHbx3ZldU0OVU="></latexit>

ωωF r
ωµ = →JMaxwell

rµ + noise

<latexit sha1_base64="sxm4GHm/pFPniSSCIuvdif9EtyY="></latexit>

SIF =

∫
d4x

{
ω

2

[
(!̃→

+ → !̃→
↑)Dt[Ar](!̃+ + !̃↑) + (!̃+ → !̃↑)D

→
t [Ar](!̃

→
+ + !̃→

↑)
]
+ i 2ωT (!̃→

+ → !̃→
↑)(!̃+ → !̃↑)

}

<latexit sha1_base64="QxM3dqsNN3tFlcgZZbozT08oAJk="></latexit>

Jµ
Maxwell(x) = Jµ

Noether(x)→ nµ

∫ x0

tin

ds ωωJ
ω
Noether(s,x) + ωωBωµ, nµ = (1,0)

<latexit sha1_base64="Q3/kDXOxR2jo0W64ISuLa9acsEg=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFcGNJRKobodSNywr2Ak0ok+mkHTozCXMRSszCV3HjQhG3voY738ZJm4W2/jDwzX/OYc78YUKJVK77bS0tr6yurZc2yptb2zu79t5+W8ZaINxCMY1FN4QSU8JxSxFFcTcRGLKQ4k44vsnrnQcsJIn5vZokOGBwyElEEFTG6tuHjX7qc+0znV2f5cy0uWZ9u+JW3amcRfAKqIBCzb795Q9ipBnmClEoZc9zExWkUCiCKM7KvpY4gWgMh7hnkEOGZZBO98+cE+MMnCgW5nDlTN3fEylkUk5YaDoZVCM5X8vN/2o9raKrICU80QpzNHso0tRRsZOH4QyIwEjRiQGIBDG7OmgEBUTKRFY2IXjzX16E9nnVq1VrdxeVeqOIowSOwDE4BR64BHVwC5qgBRB4BM/gFbxZT9aL9W59zFqXrGLmAPyR9fkDEOaWKA==</latexit>

Bωµ = →Bµω



Lorenz-Lorentz Dressing

In a relativistic theory, its easier to see 
relativistic causality in Lorenz gauge

Focussing on advanced gauge fields, 
natural Lorentz invariant dressing is

<latexit sha1_base64="JBTKw5ytd8bc9qNB24sfCRdSxEk="></latexit>

ω̃±(x) = e±
i
2 q

∫
d4yGa(x,y)(ω

µAa
µ(y))ω±(x)

Advanced Greens function
<latexit sha1_base64="L8Rs7b5l3Dsns3Wa4qSN8COJWps=">AAACBXicbVDLSgMxFM3UV62vqktdBItQQcqMlOpGKHWhywr2AZ1xyGTSNjQzGZKMdCjduPFX3LhQxK3/4M6/MZ12oa0HLpyccy+593gRo1KZ5reRWVpeWV3Lruc2Nre2d/K7e03JY4FJA3PGRdtDkjAakoaiipF2JAgKPEZa3uBq4rceiJCUh3cqiYgToF5IuxQjpSU3f2jX+BBeu6g4PE1OLqHtE6bQfTl9uvmCWTJTwEVizUgBzFB381+2z3EckFBhhqTsWGaknBESimJGxjk7liRCeIB6pKNpiAIinVF6xRgea8WHXS50hQqm6u+JEQqkTAJPdwZI9eW8NxH/8zqx6l44IxpGsSIhnn7UjRlUHE4igT4VBCuWaIKwoHpXiPtIIKx0cDkdgjV/8iJpnpWsSqlyWy5Ua7M4suAAHIEisMA5qIIbUAcNgMEjeAav4M14Ml6Md+Nj2poxZjP74A+Mzx98ypar</latexit>

↭Ga(x, y) = ω4(x, y)



Lorenz-Lorentz Dressing

<latexit sha1_base64="JBTKw5ytd8bc9qNB24sfCRdSxEk="></latexit>

ω̃±(x) = e±
i
2 q

∫
d4yGa(x,y)(ω

µAa
µ(y))ω±(x)

<latexit sha1_base64="AWeBBjqjiVinyZ6KOdGzyO2ZQ4o="></latexit>

JMaxwell
µ (x) = JNoether

µ (x)→ ωx
µ

∫
d4y Gr(x, y)ω

ωJNoether
ω (y) + ωωBµω(x)

Retarded Greens function

Curvature couplings

<latexit sha1_base64="Q3/kDXOxR2jo0W64ISuLa9acsEg=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFcGNJRKobodSNywr2Ak0ok+mkHTozCXMRSszCV3HjQhG3voY738ZJm4W2/jDwzX/OYc78YUKJVK77bS0tr6yurZc2yptb2zu79t5+W8ZaINxCMY1FN4QSU8JxSxFFcTcRGLKQ4k44vsnrnQcsJIn5vZokOGBwyElEEFTG6tuHjX7qc+0znV2f5cy0uWZ9u+JW3amcRfAKqIBCzb795Q9ipBnmClEoZc9zExWkUCiCKM7KvpY4gWgMh7hnkEOGZZBO98+cE+MMnCgW5nDlTN3fEylkUk5YaDoZVCM5X8vN/2o9raKrICU80QpzNHso0tRRsZOH4QyIwEjRiQGIBDG7OmgEBUTKRFY2IXjzX16E9nnVq1VrdxeVeqOIowSOwDE4BR64BHVwC5qgBRB4BM/gFbxZT9aL9W59zFqXrGLmAPyR9fkDEOaWKA==</latexit>

Bωµ = →Bµω



Local version

Dirac dressing

Schwinger-Wilson dressing

Lorenz-Lorentz dressing

<latexit sha1_base64="Y68GIgp20qEQtFYUXWZ7Vyf8hdI="></latexit>

SSK =

∫
d4x ωiεr(x)(ωi!A(x)→Ai) + Slocal[A+, A→,ϑ+,ϑ→,ϑ

↑
+,ϑ

↑
→,!A]

<latexit sha1_base64="slXUEAgNyY7osrn/Kv8hKLzGNuk="></latexit>

SSK =

∫
d4x ω0εr(x)(ω0!A(x)→A0) + Slocal[A+, A→,ϑ+,ϑ→,ϑ

↑
+,ϑ

↑
→,!A]

<latexit sha1_base64="U3qmLbpBgb3GO4jq3XqRLhZVDR8="></latexit>

SSK =

∫
d4x ωµεr(x)(ωµ!A(x)→Aµ) + Slocal[A+, A→,ϑ+,ϑ→,ϑ

↑
+,ϑ

↑
→,!A]



Massless open EM = Massless Limit of  Massive open EM

<latexit sha1_base64="QxQ2Pg1I+casyGHzy031WnSim/M="></latexit>

SSK =

∫
d4x

1

2
m2(→A+

i
2
+A→

i
2
) + Sunitary gauge

local [A+, A→,ω+,ω→,ω
↑
+,ω

↑
→]

Dirac dressing

Schwinger-Wilson dressing

Lorenz-Lorentz dressing

<latexit sha1_base64="D1QZ7jGZlUBiycWOnd7mmU6xSNk="></latexit>

SSK =

∫
d4x

1

2
m2(A+

0
2 →A→

0
2
) + Sunitary gauge

local [A+, A→,ω+,ω→,ω
↑
+,ω

↑
→]

No vDVZ discontinuity

<latexit sha1_base64="EH6S+UwMk6n0K+azIqrIcEP+yiA="></latexit>

SSK =

∫
d4x

1

2
m2(→A+

µA
+µ +A→

µA
→µ) + Sunitary gauge

local [A+, A→,ω+,ω→,ω
↑
+,ω

↑
→]



SK for Gauge Theories a la BRST

Central benefits of BRST formalism: 


Replace LOCAL symmetry with GLOBAL Symmetry


Make relativistic locality manifest but control unphysical states

SK rules for Global Symmetries apply - Final time boundary conditions 
explicitly break naive doubled BRST down to single diagonal/retarded copy

BRST cohomology = Physical States respect strong BRST symmetry (no 
spontaneous breaking!!) although more on this later



BRST Symmetry
<latexit sha1_base64="hWhwdc786ixGD16dYIlq44vwCK0="></latexit>

ŝAa
µ = Dµc

a = ωµc
a + gfabcAb

µc
c,

ŝca = →1

2
gfabccbcc,

ŝc̄a = Ba,

ŝBa = 0

Yang-Mills in covariant gauge

space. As long as we can argue that they do not contribute to physical processes, we can live with the
negative norm, and this is dealt with adequately by the Gupta-Bleuer quantisation. In a non-Abelian
theory such as Yang-Mills, we can only guarantee that interactions do not excite unphysical states
if there is a symmetry present to forbid them. Fortunately, the BRST symmetry which arises when
the Faddeev-Popov-DeWitt (FPDW) ghosts are included does the job. The ghosts themselves have
negative (or zero) norm states, but they serve to cancel unphysical contributions from A0 and the
longitudinal polarisations by means of the Kugo-Ojima quartet mechanism [206–209].

To set notation, we shall focus on Yang-Mills with coupling constant g coupled to charged/coloured
matter (bosonic or fermionic) transforming in some chosen representation under a group G with struc-
ture constants fabc. We first start with the BRST action for Yang-Mills in Lorenz gauge in the o!-shell
representation that includes the Nakanishi-Lautrup fields

S =

∫
tf

ti

d4x

[
→
1

4
F a

µω

2 +Ba(ωµA
µ

a
) +

ε

2
B2

a
+ ωµc̄

aDµca
]
, (2.1)

with gauge fields F a

µω
= ωµAa

ω
→ ωωAa

µ
+ gfabcAb

µ
Ac

ω
. We shall for most part set ε = 1 (i.e. Feynman

’t Hooft gauge) since this form of the free theory is the simplest. Since our concern is to develop the
Schwinger-Keldysh/in-in path integral we shall be careful to deal with the action between two finite
times and track the boundary terms at the initial and final times. By contrast, since we will focus on
fields in R3 we will assume that all spatial boundary contributions can be neglected so that we may
freely integrate by parts in space.

The o!-shell form of the BRST transformation is ϑ = ϖŝ

ŝAa

µ
= Dµc

a = ωµc
a + gfabcAb

µ
cc ,

ŝc̄a = Ba ,

ŝca = →
1

2
gfabccbcc ,

ŝBa = 0 ,
(2.2)

with ϖ a constant Grassmann parameter and ŝ a Grassmann odd variation. The Nakanishi-Lautrup
field →Ba has the interpretation as the momentum conjugate to Aa

0
. The above form of the action is

BRST invariant up to a boundary term at the initial and final times

ŝS = →

[ ∫
d3xBaD0c

a

]tf
ti

. (2.3)

In the usual in-out scattering theory we are interested in the limit ti ↑ →↓ and tf ↑ +↓. Including
iϱ terms to enforce the adiabatic switching o! of interactions the boundary terms can be neglected.
In the Schwinger-Keldysh formalism with states specified at finite times, this is no longer the case,
except for space-time translation invariant states for which a similar iϱ prescription may be defined
(see [17]). We can alternatively integrate by parts from the outset and work with

SNL =

∫
tf

ti

d4x

[
→
1

4
F a

µω

2
→ ωµB

aAµ

a
+

1

2
B2

a
+ ωµc̄

aDµca
]
= S +

[ ∫
d3x BaAa

0

]tf
ti

. (2.4)

for which ŝSNL = 0. The implication is that BRST invariance will be more naturally treated in a
formalism in which Ba is considered the field coordinate and Aa

0
as its conjugate momentum. We shall

refer to this as the Nakanishi-Lautrup representation [210] given the central importance of Ba. We
shall later take advantage of this to formulate the action in a manner for which the correct initial and
final boundary contributions are included.

The conserved BRST charge that generates this transformation is

Q =

∫
d3x

[
F a

0i
Dica →BaD0c

a + ωtc̄
a

(
1

2
gfabccbcc

)]
. (2.5)

– 5 –

Nilpotent transformations
<latexit sha1_base64="c9h4qmyKqe5vSCz26m4y9sK0kIs=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMi0YsQ9OIxglkgM4SenkrSpGehu0aIIfgrXjwo4tX/8Obf2EnmoIkPinq8V0VXvyCVQqPjfFtLyyura+uFjeLm1vbOrr2339BJpjjUeSIT1QqYBiliqKNACa1UAYsCCc1gcDPxmw+gtEjiexym4EesF4uu4AyN1LEPvRAkMnpFPTDN6zOkumOXnLIzBV0kbk5KJEetY395YcKzCGLkkmnddp0U/RFTKLiEcdHLNKSMD1gP2obGLALtj6bXj+mJUULaTZSpGOlU/b0xYpHWwygwkxHDvp73JuJ/XjvD7qU/EnGaIcR89lA3kxQTOomChkIBRzk0hHElzK2U95liHE1gRROCO//lRdI4K7uVcuXuvFS9zuMokCNyTE6JSy5IldySGqkTTh7JM3klb9aT9WK9Wx+z0SUr3zkgf2B9/gDu3pRD</latexit>

ω = εŝ



Schrodinger Wavefunctionals

In Lorenz, covariant gauges typically used in particle physics, natural 
choice of fields are  

<latexit sha1_base64="OZxU1f1WxF98zSA0mQoWg8hByqo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCglEakuq25cVrAXaNJwMp22QycXZiZCCcWNr+LGhSJufQp3vo2TNgtt/WHg4z/ncOb8fsyZVJb1bSwtr6yurRc2iptb2zu75t5+U0aJILRBIh6Jtg+SchbShmKK03YsKAQ+py1/dJPVWw9USBaF92ocUzeAQcj6jIDSlmceXnmpEySTLpQx6QIuY8cHkaFnlqyKNRVeBDuHEspV98wvpxeRJKChIhyk7NhWrNwUhGKE00nRSSSNgYxgQDsaQwiodNPpCRN8op0e7kdCv1Dhqft7IoVAynHg684A1FDO1zLzv1onUf1LN2VhnCgaktmifsKxinCWB+4xQYniYw1ABNN/xWQIAojSqRV1CPb8yYvQPKvY1Ur17rxUu87jKKAjdIxOkY0uUA3dojpqIIIe0TN6RW/Gk/FivBsfs9YlI585QH9kfP4AECqV8g==</latexit>

Aa
µ, c

a, c̄a

Two subtleties arise


1. Naively non normalisable wave functions of A_0


2. Ghosts are Grassman odd, how do we make sense?



Indefinite Hilbert space Norm

In covariant gauges, A_0 has negative norm states. Naive Lorentz 
invariant vacuum wavefunctional is not normalisable

<latexit sha1_base64="xlPlqyfnkt8pKQRkE1AIO9bQKUM=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVEmFCgtSeQyMRaIPKQmR4zqtVech20GK0nwDC7/CwgBCrExs/A1umwFajmTp+Jx7de89XsyokIbxrS0sLi2vrJbWyusbm1vb+s5uW0QJx6SFIxbxrocEYTQkLUklI92YExR4jHS84dXY7zwQLmgU3sk0Jk6A+iH1KUZSSa5+bNNQwmt44WZ2kMB8ZMeCWtNf7ozua/AcqhJfpq5eMarGBHCemAWpgAJNV/+yexFOAhJKzJAQlmnE0skQlxQzkpftRJAY4SHqE0vREAVEONnkpBweKqUH/YirpxacqL87MhQIkQaeqgyQHIhZbyz+51mJ9M+cjIZxIkmIp4P8hEEZwXE+sEc5wZKliiDMqdoV4gHiCEuVYlmFYM6ePE/atapZr9ZvTyqNyyKOEtgHB+AImOAUNMANaIIWwOARPINX8KY9aS/au/YxLV3Qip498Afa5w8u6J0y</latexit>∫
DAµ|ω[Aµ]|2 = →

Solution due to Pauli: in an indefinite Hilbert space, hermitian operators 
can have imaginary eigenvalues)

<latexit sha1_base64="hpUeTYHD8R/JXy7sGnyzPx06EhM=">AAAB83icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CqxePFewHtMuSTbNtaDa7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnGN/N/M4TU5rH8tFMEuZFZCh5yCkxVuo3/MyZ3mCOG/6lX644VWcOvErcnFQgR9Mvf/UHMU0jJg0VROue6yTGy4gynAo2LfVTzRJCx2TIepZKEjHtZfObp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ea8NrLuExSwyRdLApTgU2MZwHgAVeMGjGxhFDF7a2Yjogi1NiYSjYEd/nlVdK+qLq1au3hslK/zeMowgmcwjm4cAV1uIcmtIBCAs/wCm8oRS/oHX0sWgsonzmGP0CfPzBIkH8=</latexit>

A0 = iA4

<latexit sha1_base64="6uW6SBciKJ1dD3QRf28tno+Pzu0="></latexit>

→ω1|ω2↑ =
∫

D[Ai]

∫
D[A4]ω

→
1 [Ai,↓A4]ω2[Ai, A4]

Odd in A_0 wavefunctionals have negative norm, consistent with canonical 
quantisation

Vacuum is normalisable with positive norm
<latexit sha1_base64="Y6ptU7eX0apl7bEN1ol0xmpn/FA="></latexit>

ω[Aµ] → e→
∫
d3x 1

2Ai

↑
→↓2Ai

e→
∫
d3x 1

2A4

↑
→↓2A4

<latexit sha1_base64="YcYdnIdq14qZ6qxWDg6fAT15lSc="></latexit>

ω[Aµ] → e→
∫
d3x 1

2Aµ

↑
→↓2Aµ



Indefinite Hilbert space Norm II

In covariant gauges, FPDW ghosts have second order equations of 
motion

Unlike physical fermions, we do not need to use coherent states!!!
<latexit sha1_base64="BYkwRCfnTBy/6hhPlp8jJ/RWlkk=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AEstmu2mXbjZhd6OU0P/hxYMiXv0v3vw3btMctPXBwOO9GWbmBQlnStv2t1VaWV1b3yhvVra2d3b3qvsHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G45uZ332kUrFY3OtJQv0IDwULGcHaSA9eophLzrwAS0T8frVm1+0caJk4BalBgVa/+uUNYpJGVGjCsVKuYyfaz7DUjHA6rXipogkmYzykrqECR1T5WX71FJ0YZYDCWJoSGuXq74kMR0pNosB0RliP1KI3E//z3FSHV37GRJJqKsh8UZhypGM0iwANmKRE84khmEhmbkVkhCUm2gRVMSE4iy8vk8553WnUG3cXteZ1EUcZjuAYTsGBS2jCLbSgDQQkPMMrvFlP1ov1bn3MW0tWMXMIf2B9/gDPM5IU</latexit>

ω[c, c̄]Meaningful notation of Grassmann odd wavefunctional
<latexit sha1_base64="g6nR4Wb7bigD1fuE0HB7gkkYdo0="></latexit>

→ω1|ω2↑ =
∫

Dc

∫
Dc̄ω†

1[c, c̄]ω2[c, c̄]

<latexit sha1_base64="iDND5IFVVJuMXsHd9DLg3CsOGMU="></latexit>

Tr[Ô] =

∫
Dc

∫
Dc̄ →↑c,↑c̄|Ô|c, c̄↓

<latexit sha1_base64="snW4185nygzUyMrgzlqhUJYFMvU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRqS6KZS6cVnBXqAzlEyaaUMzyZBkxDLUja/ixoUibn0Ld76N6XQW2vpD4Mt/ziE5fxAzqrTjfFuFldW19Y3iZmlre2d3z94/aCuRSExaWDAhuwFShFFOWppqRrqxJCgKGOkE4+tZvXNPpKKC3+lJTPwIDTkNKUbaWH37yGuIB4ghrMGMvABJc605fbvsVJxMcBncHMogV7Nvf3kDgZOIcI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1JzyBHEVF+mm0whafGGcBQSHO4hpn7eyJFkVKTKDCdEdIjtVibmf/VeokOr/yU8jjRhOP5Q2HCoBZwFgccUEmwZhMDCEtq/grxCEmEtQmtZEJwF1dehvZ5xa1WqrcX5Xojj6MIjsEJOAMuuAR1cAOaoAUweATP4BW8WU/Wi/VufcxbC1Y+cwj+yPr8Ac3slJE=</latexit>↭c = ↭c̄ = 0

Fermionic property



Free theory Fock States

Vacuum wavefunctional is now manifestly normalisable

<latexit sha1_base64="Hh6qlFl5x32ECrgsxfj7P0taxlA="></latexit>

ω[A, c, c̄] → e→
∫
d3x 1

2Ai

↑
→↓2Ai→

∫
d3x 1

2A4

↑
→↓2A4

e
∫
d3xc̄

↑
→↓2c

Generic normalisable Fock states can be constructed by applying 
Schrodinger picture creation operators

It generates transformations of the ghost as

ωĉ = i[ĉ, εQ̂G] = εĉ , (2.31)

ωˆ̄c = i[ˆ̄c, εQ̂G] = →εˆ̄c . (2.32)

where ε is the constant (Grassmann even) parameter of the ghost number transformation. Nonlinearly
we have

e→iωQ̂GceiωQ̂G = eωc , e→iωQ̂G c̄eiωQ̂G = e→ω c̄ . (2.33)

Despite being a Hermitian operator, the eigenvalues of the ghost charge are pure imaginary. For
example, for the single particle ghost states

Q̂Gb̂
†
|0↑ = ib̂†|0↑ , Q̂Gd̂

†
|0↑ = →id̂†|0↑ . (2.34)

This is not a contradiction precisely because we are dealing with a vector space with negative norm
states. Hence, we may identify Q̂G = iN̂G with N̂G the ghost number operator whose eigenvalues are
integers despite being anti-Hermitian. The commutation relation of the charges is

[Q̂G, Q̂] = iQ̂ , Q̂2 = 0 . (2.35)

The ghost number operator acts as

[N̂G, Q̂] = Q̂ , [N̂G, ĉ] = ĉ , [N̂G, ˆ̄c] = →ˆ̄c , (2.36)

so that Q̂ and ĉ are ghost number +1 and c̄ is →1.

2.1 Schrödinger Representation for the photon

Path integrals are most naturally realised in either the Schrödinger representation or a coherent state
representation. For the spatial polarisations of the photon it is easiest to work in a Schrödinger
representation with eigenstates

Âi(x)|Ai↑ = Ai(x)|Ai↑ . (2.37)

The annihilation and creation operators have explicit representations

âi(k) ↓
∫
d3x e→ik·x

(↔
→↗2 Ai(x) +

ε

εAi(x)

)
, (2.38)

â†
i
(k) ↓

∫
d3x eik·x

(↔
→↗2 Ai(x)→

ε

εAi(x)

)
. (2.39)

acting on wavefunctionals, so that the vacuum is defined by

âi(k)|0↑ = 0 ↘

(√
→↗2 Ai(x) +

ω

ωAi(x)

)
≃Ai|0↑ = 0 . (2.40)

The vacuum wavefunctional is real, Gaussian and normalisable with respect to the naive inner product

≃Ai|0↑ = (det(→↗
2))3/8e→

1
2

∫
d
3x Ai(x)

↑
→↓2Ai(x) , (2.41)

where we normalised the 3 dimensional functional integral measure
∫

dϑ[x] e→
∫
d
3xϑ(x)2 = 1 . (2.42)

– 8 –

The sign flip is what is necessary to ensure that Â4 is self-adjoint despite being anti-Hermitian,
specifically

→A→
4
|Â0|A4↑ = iA4→A

→
4
|A4↑ = iA4ω(A4 +A→

4
) = ↓iA→

4
ω(A4 +A→

4
) . (2.52)

so that
→A→

4
|Â0|A4↑

↑ = →A4|Â0|A
→
4
↑ , →A→

4
|Â4|A4↑

↑ = ↓→A4|Â4|A
→
4
↑ , (2.53)

or more abstractly
→A4|Â0 = →A4|(↓iA4) , →A4|Â4 = →A4|(↓A4) , (2.54)

as required by the Hermiticity of Â0 and anti-Hermiticity of Â4. The associated definition of the trace
of an operator is

Tr[Ô] =

∫
dA4 →↓A4|Ô|A4↑ , (2.55)

so that
Tr[|ε↑→ε|Ô] = →ε|Ô|ε↑ , (2.56)

consistent with the rules for computing expectation values of pure state density matrices. In the
language of wavefunctionals we compute the inner product as

→ε1|ε2↑ =

∫
dA4 ε

↑
1
(↓A4)ε2(A4) = →ε2|ε1↑

↑ . (2.57)

It is this sign flip that allows states in the Schrödinger picture to still have negative norm. Specifically,
since

→ε|ε↑ =

∫
dA4 ε

↑(↓A4)ε(A4) , (2.58)

we see that even wavefunctionals have a positive norm and odd wavefunctionals have a negative norm.
The creation and annihilation operators are now defined by

â0(k) ↔ i
∫
d3x e↓ik·x

(↗
↓↘2 A4(x) +

ω

ωA4(x)

)
, (2.59)

â†
0
(k) ↔ i

∫
d3x eik·x

(↗
↓↘2 A4(x)↓

ω

ωA4(x)

)
. (2.60)

and the vacuum wavefunctional now satisfies
(√

↓↘2 A4(x) +
ω

ωA4(x)

)
→A4|0↑ = 0 , (2.61)

with solution
→A4|0↑ = (det(↓↘

2))1/8e↓
1
2

∫
d
3x A4(x)

↔
↓↗2A4(x) . (2.62)

This wavefunctional is now clearly normalisable and since it is an even function of A4 has a positive
norm as required →0|0↑ = 1. It is straightforward to see that any state that contains n timelike photons,
i.e.

|k1, . . .kn↑ = â†
0
(kn) . . . â

†
0
(k1)|0↑ , (2.63)

will have a wavefunctional which satisfies

→↓A4|k1, . . .kn↑ = (↓1)n→A4|k1, . . .kn↑ , (2.64)

implying that states with odd numbers of A0 polarisations have negative norm

→k1, . . .kn|k1, . . .kn↑ < 0 , for n odd , (2.65)

– 10 –



Physical States

Generic physical states satisfy 

<latexit sha1_base64="qmhQNbb6o451WzmqrnXvIMcNHB4=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUSkuhGKbly2YB/QhDCZTtqhk8kwMxFC7N6Nv+LGhSJu/QF3/o3TNgttPXDhcM693HtPKBhV2nG+rZXVtfWNzdJWeXtnd2/fPjjsqCSVmLRxwhLZC5EijHLS1lQz0hOSoDhkpBuOb6Z+955IRRN+pzNB/BgNOY0oRtpIgV3xRkjDFnyAnlA0yD0ZQzHK1AR6EvEhI1dOYFedmjMDXCZuQaqgQDOwv7xBgtOYcI0ZUqrvOkL7OZKaYkYmZS9VRCA8RkPSN5SjmCg/n/0ygSdGGcAokaa4hjP190SOYqWyODSdMdIjtehNxf+8fqqjSz+nXKSacDxfFKUM6gROg4EDKgnWLDMEYUnNrRCPkERYm/jKJgR38eVl0jmrufVavXVebVwXcZTAMaiAU+CCC9AAt6AJ2gCDR/AMXsGb9WS9WO/Wx7x1xSpmjsAfWJ8/14aaUA==</latexit>

Q̂|ωphys→ = 0
<latexit sha1_base64="0RQKr20DIPYl48k8xjE8SZQons8=">AAACJHicbVDNS8MwHE3n15xfVY9egkPwNFqRKchg6MXjBu4D1lLSLFvD0rQkqVDK/hgv/itePPiBBy/+LWZdD7rtQcjjvd8j+T0/ZlQqy/o2SmvrG5tb5e3Kzu7e/oF5eNSVUSIw6eCIRaLvI0kY5aSjqGKkHwuCQp+Rnj+5m/m9RyIkjfiDSmPihmjM6YhipLTkmTdOgBRsw/xyRBB5mSNCGAepnELYWCnPIw3LM6tWzcoBl4ldkCoo0PLMD2cY4SQkXGGGpBzYVqzcDAlFMSPTipNIEiM8QWMy0JSjkEg3y5ecwjOtDOEoEvpwBXP1byJDoZRp6OvJEKlALnozcZU3SNTo2s0ojxNFOJ4/NEoYVBGcNQaHVBCsWKoJwoLqv0IcIIGw0r1WdAn24srLpHtRs+u1evuy2rwt6iiDE3AKzoENrkAT3IMW6AAMnsALeAPvxrPxanwaX/PRklFkjsE/GD+/Kq2j6g==</latexit>

Q̂ω̂phys = ω̂physQ̂ = 0

Problem, with  
<latexit sha1_base64="EEydiMLSlhKJll+k4dTWHnWqt6s=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FBKIlI9Vr14rGBbIQlhs920S3c3YXcjlNiDf8WLB0W8+je8+W/ctjlo64OBx3szzMyLUkaVdpxvq7S0vLK6Vl6vbGxube/Yu3sdlWQSkzZOWCLvI6QIo4K0NdWM3KeSIB4x0o2G1xO/+0Ckoom406OUBBz1BY0pRtpIoX3gp4p6l2Hu82xcwzU/QhLiILSrTt2ZAi4StyBVUKAV2l9+L8EZJ0JjhpTyXCfVQY6kppiRccXPFEkRHqI+8QwViBMV5NP7x/DYKD0YJ9KU0HCq/p7IEVdqxCPTyZEeqHlvIv7neZmOL4KcijTTRODZojhjUCdwEgbsUUmwZiNDEJbU3ArxAEmEtYmsYkJw519eJJ3TutuoN27Pqs2rIo4yOARH4AS44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79TFrLVnFzD74A+vzBzUKlZc=</latexit>

ω[Aµ, c, c̄]
<latexit sha1_base64="YMLTavj0YXjpUB3ZMOhFFZhWkps="></latexit>

ŝAa
0 = D0[A]ca = conjugate momenta

Condition 
<latexit sha1_base64="Ri3McY+W4uFWqJrMJkkPZrDKdf4=">AAACGnicbVDLSgMxFM34rPVVdekmWAQXpcyIVDdC1Y3LFuwDOsNwJ03b0ExmSDJCGfsdbvwVNy4UcSdu/BvTaRfaeiBwOOdcbu4JYs6Utu1va2l5ZXVtPbeR39za3tkt7O03VZRIQhsk4pFsB6AoZ4I2NNOctmNJIQw4bQXDm4nfuqdSsUjc6VFMvRD6gvUYAW0kv+C4HESfU3zlp26YjEuk5AYgMXnA7gA0rmNDYsWwK7Pcpe0XinbZzoAXiTMjRTRDzS98ut2IJCEVmnBQquPYsfZSkJoRTsd5N1E0BjKEPu0YKiCkykuz08b42Chd3IukeULjTP09kUKo1CgMTDIEPVDz3kT8z+skunfhpUzEiaaCTBf1Eo51hCc94S6TlGg+MgSIZOavmAxAAtGmzbwpwZk/eZE0T8tOpVypnxWr17M6cugQHaET5KBzVEW3qIYaiKBH9Ixe0Zv1ZL1Y79bHNLpkzWYO0B9YXz8J1Z+g</latexit>

→Aµ, c, c̄|Q̂|ω↑ = 0 is then a functional differential equation 

is



Nakanishi-Lautrup Representation

<latexit sha1_base64="K7auBVlPOzJNPDeCdOPH5kCCXRg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6v+q7/XLFrbpzkL/Ey0kFcjT65c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NLPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb1atXZ3Xqlf53EU4QiO4RQ8uIA63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xu55Y1z</latexit>

A0
<latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B

space. As long as we can argue that they do not contribute to physical processes, we can live with the
negative norm, and this is dealt with adequately by the Gupta-Bleuer quantisation. In a non-Abelian
theory such as Yang-Mills, we can only guarantee that interactions do not excite unphysical states
if there is a symmetry present to forbid them. Fortunately, the BRST symmetry which arises when
the Faddeev-Popov-DeWitt (FPDW) ghosts are included does the job. The ghosts themselves have
negative (or zero) norm states, but they serve to cancel unphysical contributions from A0 and the
longitudinal polarisations by means of the Kugo-Ojima quartet mechanism [206–209].

To set notation, we shall focus on Yang-Mills with coupling constant g coupled to charged/coloured
matter (bosonic or fermionic) transforming in some chosen representation under a group G with struc-
ture constants fabc. We first start with the BRST action for Yang-Mills in Lorenz gauge in the o!-shell
representation that includes the Nakanishi-Lautrup fields

S =

∫
tf

ti

d4x

[
→
1

4
F a

µω

2 +Ba(ωµA
µ

a
) +

ε

2
B2

a
+ ωµc̄

aDµca
]
, (2.1)

with gauge fields F a

µω
= ωµAa

ω
→ ωωAa

µ
+ gfabcAb

µ
Ac

ω
. We shall for most part set ε = 1 (i.e. Feynman

’t Hooft gauge) since this form of the free theory is the simplest. Since our concern is to develop the
Schwinger-Keldysh/in-in path integral we shall be careful to deal with the action between two finite
times and track the boundary terms at the initial and final times. By contrast, since we will focus on
fields in R3 we will assume that all spatial boundary contributions can be neglected so that we may
freely integrate by parts in space.

The o!-shell form of the BRST transformation is ϑ = ϖŝ

ŝAa

µ
= Dµc

a = ωµc
a + gfabcAb

µ
cc ,

ŝc̄a = Ba ,

ŝca = →
1

2
gfabccbcc ,

ŝBa = 0 ,
(2.2)

with ϖ a constant Grassmann parameter and ŝ a Grassmann odd variation. The Nakanishi-Lautrup
field →Ba has the interpretation as the momentum conjugate to Aa

0
. The above form of the action is

BRST invariant up to a boundary term at the initial and final times

ŝS = →

[ ∫
d3xBaD0c

a

]tf
ti

. (2.3)

In the usual in-out scattering theory we are interested in the limit ti ↑ →↓ and tf ↑ +↓. Including
iϱ terms to enforce the adiabatic switching o! of interactions the boundary terms can be neglected.
In the Schwinger-Keldysh formalism with states specified at finite times, this is no longer the case,
except for space-time translation invariant states for which a similar iϱ prescription may be defined
(see [17]). We can alternatively integrate by parts from the outset and work with

SNL =

∫
tf

ti

d4x

[
→
1

4
F a

µω

2
→ ωµB

aAµ

a
+

1

2
B2

a
+ ωµc̄

aDµca
]
= S +

[ ∫
d3x BaAa

0

]tf
ti

. (2.4)

for which ŝSNL = 0. The implication is that BRST invariance will be more naturally treated in a
formalism in which Ba is considered the field coordinate and Aa

0
as its conjugate momentum. We shall

refer to this as the Nakanishi-Lautrup representation [210] given the central importance of Ba. We
shall later take advantage of this to formulate the action in a manner for which the correct initial and
final boundary contributions are included.

The conserved BRST charge that generates this transformation is

Q =

∫
d3x

[
F a

0i
Dica →BaD0c

a + ωtc̄
a

(
1

2
gfabccbcc

)]
. (2.5)
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Canonically conjugate

Work with 
<latexit sha1_base64="cX8YBXjWZVEKvscCwBLxcmZ8spk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF6UkItVlrRuXFewDkhAm00k7dPJgZiLUUvwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6ks69sorKyurW8UN0tb2zu7e+b+QVsmmSC0RRKeiG6AJeUspi3FFKfdVFAcBZx2guHN1O88UCFZEt+rUUq9CPdjFjKClZZ888hNJXOufVZpVEjFDbBAxPPNslW1ZkDLxM5JGXI0ffPL7SUki2isCMdSOraVKm+MhWKE00nJzSRNMRniPnU0jXFEpTeeXT9Bp1rpoTARumKFZurviTGOpBxFge6MsBrIRW8q/uc5mQqvvDGL00zRmMwXhRlHKkHTKFCPCUoUH2mCiWD6VkQGWGCidGAlHYK9+PIyaZ9X7Vq1dndRrjfyOIpwDCdwBjZcQh1uoQktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxifP8BAlCQ=</latexit>

ω[Ai, B, c, c̄]
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Batalin-Marnelius Construction

This allows us to give a general solution of the BRST cohomology

Gauge invariant under 3D 
gauge transformations

BRST exact



E.g. Vacuum Wavefunctionals

Gauge invariant under 3D 
gauge transformationsBRST exact



BRST Strong to Weak

Physical States are BRST Strong

However Hata-Kugo showed that 

Substituting in the form of the projection operator

Tr[P̂ ω̂Ô] = Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂G{Q̂, R̂}ω̂Ô] (2.283)

= Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂GQ̂R̂ωÔ]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.284)

= Tr[eωQ̂G ω̂Ô] + Tr[Q̂eωQ̂GR̂ω̂Ô]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.285)

= Tr[eωQ̂G ω̂Ô] , (2.286)

where in the last step we used the fact that ω̂ and Ô are both BRST invariant and the trace is cyclic. In
summary, we conclude that the physical expectation value of a physical (BRST invariant) observable
is

Tr[ω̂physÔ] = Tr[eωQ̂G ω̂Ô] . (2.287)

The Hata-Kugo trick allows us to work with density operators defined in the full Hilbert space which
are restricted only by the requirement that they are BRST invariant in the operator sense [ω̂, Q̂] = 0.
The insertion of the factor eωQ̂G then automatically performs the necessary projection down to the
physical Hilbert space without the need to explicitly construct the projection operator. Now since
eωQ̂G = eiωN̂G it follows and the operators satisfy

eωQ̂G ĉ(x)e→ωQ̂G = eiω ĉ(x) = →ĉ(x) , eωQ̂G ˆ̄c(x)e→ωQ̂G = e→iω ˆ̄c(x) = →ˆ̄c(x) , (2.288)

then on the ghost Schrödinger states

eωQ̂G |c, c̄↑ = |→ c,→c̄↑ . (2.289)

Thus in terms of the Schrödinger representation, the statement is that the trace of a physical observable
can be computed as

Tr[ω̂physÔ] =

∫
d[Ai, A4, c, c̄] ↓Ai,→A4,→c,→c̄|ωphysÔ|Ai, A4, c, c̄↑ (2.290)

=

∫
d[Ai, A4, c, c̄] ↓Ai,→A4, c, c̄|ωÔ|Ai, A4, c, c̄↑ . (2.291)

We see that the sign in the trace from the fermionic nature of the ghosts is precisely cancelled by the
sign from the Hata-Kugo prescription.

2.13 KMS boundary conditions for ghosts

The Hata-Kugo prescription allows us to replace arbitrary physical density operators ω̂phys with a
BRST invariant ([Q̂, ω̂] = 0) but not closed Q̂ω̂ ↔= 0 density operator. This proves particularly useful
in the definition of thermal states where since [H, Q̂] = 0 we may use the naive Boltzmann density
operator

ω̂ = Z→1e→εĤ =
e→εĤ

Tr[eωQ̂Ge→εĤ ]
. (2.292)

This is not the true physical density operator since it automatically excites the unphysical degrees of
freedom into thermal states. If the trace were computed directly from ω̂, then we would infer that the
ghost two-point function satisfies an anti-periodic KMS boundary condition at finite temperature due
to the fermionic nature of the ghosts. Specifically, the thermal Wightman functions satisfy

Tr[ω̂ĉ(x)ˆ̄c(y)] = Z→1 Tr[e→εĤ ĉ(x)ˆ̄c(y)] = Z→1 Tr[ĉ(x+ iεn)e→εĤ ˆ̄c(y)]

= Z→1 Tr[e→εĤ ˆ̄c(y)ĉ(x+ iεn)]

= →Tr[ω̂ĉ(x+ iεn)ˆ̄c(y)] , (2.293)
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Provided
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[Q̂, ω̂] = 0
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[Q̂, Ô] = 0



Hata-Kugo means we only need weak BRST symmetry

Substituting in the form of the projection operator

Tr[P̂ ω̂Ô] = Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂G{Q̂, R̂}ω̂Ô] (2.283)

= Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂GQ̂R̂ωÔ]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.284)

= Tr[eωQ̂G ω̂Ô] + Tr[Q̂eωQ̂GR̂ω̂Ô]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.285)

= Tr[eωQ̂G ω̂Ô] , (2.286)

where in the last step we used the fact that ω̂ and Ô are both BRST invariant and the trace is cyclic. In
summary, we conclude that the physical expectation value of a physical (BRST invariant) observable
is

Tr[ω̂physÔ] = Tr[eωQ̂G ω̂Ô] . (2.287)

The Hata-Kugo trick allows us to work with density operators defined in the full Hilbert space which
are restricted only by the requirement that they are BRST invariant in the operator sense [ω̂, Q̂] = 0.
The insertion of the factor eωQ̂G then automatically performs the necessary projection down to the
physical Hilbert space without the need to explicitly construct the projection operator. Now since
eωQ̂G = eiωN̂G it follows and the operators satisfy

eωQ̂G ĉ(x)e→ωQ̂G = eiω ĉ(x) = →ĉ(x) , eωQ̂G ˆ̄c(x)e→ωQ̂G = e→iω ˆ̄c(x) = →ˆ̄c(x) , (2.288)

then on the ghost Schrödinger states

eωQ̂G |c, c̄↑ = |→ c,→c̄↑ . (2.289)

Thus in terms of the Schrödinger representation, the statement is that the trace of a physical observable
can be computed as

Tr[ω̂physÔ] =

∫
d[Ai, A4, c, c̄] ↓Ai,→A4,→c,→c̄|ωphysÔ|Ai, A4, c, c̄↑ (2.290)

=

∫
d[Ai, A4, c, c̄] ↓Ai,→A4, c, c̄|ωÔ|Ai, A4, c, c̄↑ . (2.291)

We see that the sign in the trace from the fermionic nature of the ghosts is precisely cancelled by the
sign from the Hata-Kugo prescription.

2.13 KMS boundary conditions for ghosts

The Hata-Kugo prescription allows us to replace arbitrary physical density operators ω̂phys with a
BRST invariant ([Q̂, ω̂] = 0) but not closed Q̂ω̂ ↔= 0 density operator. This proves particularly useful
in the definition of thermal states where since [H, Q̂] = 0 we may use the naive Boltzmann density
operator

ω̂ = Z→1e→εĤ =
e→εĤ

Tr[eωQ̂Ge→εĤ ]
. (2.292)

This is not the true physical density operator since it automatically excites the unphysical degrees of
freedom into thermal states. If the trace were computed directly from ω̂, then we would infer that the
ghost two-point function satisfies an anti-periodic KMS boundary condition at finite temperature due
to the fermionic nature of the ghosts. Specifically, the thermal Wightman functions satisfy

Tr[ω̂ĉ(x)ˆ̄c(y)] = Z→1 Tr[e→εĤ ĉ(x)ˆ̄c(y)] = Z→1 Tr[ĉ(x+ iεn)e→εĤ ˆ̄c(y)]

= Z→1 Tr[e→εĤ ˆ̄c(y)ĉ(x+ iεn)]

= →Tr[ω̂ĉ(x+ iεn)ˆ̄c(y)] , (2.293)
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∣∣ ε̂

∣∣A→
i + ωŝA→
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ω̂(Strong BRST) (Weak BRST)
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[Q̂, ω̂] = 0



Historically this is why different Thermal b.c allowed

Bernard-Hata-Kugo

Landshoff-Rehban

Weak BRST state different, Strong state the same!
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ω̂ = Z→1e→ωĤTransverse polarizations



Ghost boundary conditions

Substituting in the form of the projection operator

Tr[P̂ ω̂Ô] = Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂G{Q̂, R̂}ω̂Ô] (2.283)

= Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂GQ̂R̂ωÔ]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.284)

= Tr[eωQ̂G ω̂Ô] + Tr[Q̂eωQ̂GR̂ω̂Ô]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.285)

= Tr[eωQ̂G ω̂Ô] , (2.286)

where in the last step we used the fact that ω̂ and Ô are both BRST invariant and the trace is cyclic. In
summary, we conclude that the physical expectation value of a physical (BRST invariant) observable
is

Tr[ω̂physÔ] = Tr[eωQ̂G ω̂Ô] . (2.287)

The Hata-Kugo trick allows us to work with density operators defined in the full Hilbert space which
are restricted only by the requirement that they are BRST invariant in the operator sense [ω̂, Q̂] = 0.
The insertion of the factor eωQ̂G then automatically performs the necessary projection down to the
physical Hilbert space without the need to explicitly construct the projection operator. Now since
eωQ̂G = eiωN̂G it follows and the operators satisfy

eωQ̂G ĉ(x)e→ωQ̂G = eiω ĉ(x) = →ĉ(x) , eωQ̂G ˆ̄c(x)e→ωQ̂G = e→iω ˆ̄c(x) = →ˆ̄c(x) , (2.288)

then on the ghost Schrödinger states

eωQ̂G |c, c̄↑ = |→ c,→c̄↑ . (2.289)

Thus in terms of the Schrödinger representation, the statement is that the trace of a physical observable
can be computed as

Tr[ω̂physÔ] =

∫
d[Ai, A4, c, c̄] ↓Ai,→A4,→c,→c̄|ωphysÔ|Ai, A4, c, c̄↑ (2.290)

=

∫
d[Ai, A4, c, c̄] ↓Ai,→A4, c, c̄|ωÔ|Ai, A4, c, c̄↑ . (2.291)

We see that the sign in the trace from the fermionic nature of the ghosts is precisely cancelled by the
sign from the Hata-Kugo prescription.

2.13 KMS boundary conditions for ghosts

The Hata-Kugo prescription allows us to replace arbitrary physical density operators ω̂phys with a
BRST invariant ([Q̂, ω̂] = 0) but not closed Q̂ω̂ ↔= 0 density operator. This proves particularly useful
in the definition of thermal states where since [H, Q̂] = 0 we may use the naive Boltzmann density
operator

ω̂ = Z→1e→εĤ =
e→εĤ

Tr[eωQ̂Ge→εĤ ]
. (2.292)

This is not the true physical density operator since it automatically excites the unphysical degrees of
freedom into thermal states. If the trace were computed directly from ω̂, then we would infer that the
ghost two-point function satisfies an anti-periodic KMS boundary condition at finite temperature due
to the fermionic nature of the ghosts. Specifically, the thermal Wightman functions satisfy

Tr[ω̂ĉ(x)ˆ̄c(y)] = Z→1 Tr[e→εĤ ĉ(x)ˆ̄c(y)] = Z→1 Tr[ĉ(x+ iεn)e→εĤ ˆ̄c(y)]

= Z→1 Tr[e→εĤ ˆ̄c(y)ĉ(x+ iεn)]

= →Tr[ω̂ĉ(x+ iεn)ˆ̄c(y)] , (2.293)
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Substituting in the form of the projection operator

Tr[P̂ ω̂Ô] = Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂G{Q̂, R̂}ω̂Ô] (2.283)

= Tr[eωQ̂G ω̂Ô]→ Tr[eωQ̂GQ̂R̂ωÔ]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.284)

= Tr[eωQ̂G ω̂Ô] + Tr[Q̂eωQ̂GR̂ω̂Ô]→ Tr[eωQ̂GR̂Q̂ω̂Ô] (2.285)

= Tr[eωQ̂G ω̂Ô] , (2.286)

where in the last step we used the fact that ω̂ and Ô are both BRST invariant and the trace is cyclic. In
summary, we conclude that the physical expectation value of a physical (BRST invariant) observable
is

Tr[ω̂physÔ] = Tr[eωQ̂G ω̂Ô] . (2.287)

The Hata-Kugo trick allows us to work with density operators defined in the full Hilbert space which
are restricted only by the requirement that they are BRST invariant in the operator sense [ω̂, Q̂] = 0.
The insertion of the factor eωQ̂G then automatically performs the necessary projection down to the
physical Hilbert space without the need to explicitly construct the projection operator. Now since
eωQ̂G = eiωN̂G it follows and the operators satisfy

eωQ̂G ĉ(x)e→ωQ̂G = eiω ĉ(x) = →ĉ(x) , eωQ̂G ˆ̄c(x)e→ωQ̂G = e→iω ˆ̄c(x) = →ˆ̄c(x) , (2.288)

then on the ghost Schrödinger states

eωQ̂G |c, c̄↑ = |→ c,→c̄↑ . (2.289)

Thus in terms of the Schrödinger representation, the statement is that the trace of a physical observable
can be computed as

Tr[ω̂physÔ] =

∫
d[Ai, A4, c, c̄] ↓Ai,→A4,→c,→c̄|ωphysÔ|Ai, A4, c, c̄↑ (2.290)

=

∫
d[Ai, A4, c, c̄] ↓Ai,→A4, c, c̄|ωÔ|Ai, A4, c, c̄↑ . (2.291)

We see that the sign in the trace from the fermionic nature of the ghosts is precisely cancelled by the
sign from the Hata-Kugo prescription.

2.13 KMS boundary conditions for ghosts

The Hata-Kugo prescription allows us to replace arbitrary physical density operators ω̂phys with a
BRST invariant ([Q̂, ω̂] = 0) but not closed Q̂ω̂ ↔= 0 density operator. This proves particularly useful
in the definition of thermal states where since [H, Q̂] = 0 we may use the naive Boltzmann density
operator

ω̂ = Z→1e→εĤ =
e→εĤ

Tr[eωQ̂Ge→εĤ ]
. (2.292)

This is not the true physical density operator since it automatically excites the unphysical degrees of
freedom into thermal states. If the trace were computed directly from ω̂, then we would infer that the
ghost two-point function satisfies an anti-periodic KMS boundary condition at finite temperature due
to the fermionic nature of the ghosts. Specifically, the thermal Wightman functions satisfy

Tr[ω̂ĉ(x)ˆ̄c(y)] = Z→1 Tr[e→εĤ ĉ(x)ˆ̄c(y)] = Z→1 Tr[ĉ(x+ iεn)e→εĤ ˆ̄c(y)]

= Z→1 Tr[e→εĤ ˆ̄c(y)ĉ(x+ iεn)]

= →Tr[ω̂ĉ(x+ iεn)ˆ̄c(y)] , (2.293)
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Tr[Ô] =

∫
Dc

∫
Dc̄ →↑c,↑c̄|Ô|c, c̄↓
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Tr[eωQ̂GÔ] =

∫
Dc

∫
Dc̄ →c, c̄|Ô|c, c̄↑



BRST path integral recipe

1. Work in Nakanishi-Lautrup representation


2. Double fields, double action, CTP contour


3. Take an initial density state that respects WEAK (diagonal) BRST symmetry only


4. Perform path integral with final time boundary conditions


5. At initial time include - sign for physical fermions but NOT for ghosts (Hata-Kugo)
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MANIFEST DIAGONAL BRST SYMMETRY



BRST Path Integral

and so by the usual arguments
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The key novelty of the Schwinger-Keldysh/in-in generating function is the need to include di”erent
sources on each branch. This is not achievable with a real modification of the Hamiltonian, unlike the
situation for the in-out generating function where we can legitimately interpret eiW [J] as the amplitude
of the probability of persistence of the vacuum in the presence of an external source. Even if we set
the sources to be the same on each branch so that they can be interpreted as a modification of the
Hamiltonian, we have W [J ,J ] = 0. Thus, W [J+,J→] serves more as a mathematical device to derive
in-in correlation functions than its in-out cousin.

3.3 Covariant Formulation of Generating Function

Path integrals are naturally derived in the phase-space formulation, but are largely utilised in the
configuration space (except for physical fermions), at the price of needing to include a measure factor,
mainly because the configuration space action is manifestly Lorentz invariant. In the present context,
it is, however, better to work in a mixed representation where Ai are in configuration space, but
the pair A0/B are treated in phase space. This means that the full set of fields is Aµ, B, c, c̄, . . . .
Maintaining both A0 and B allows us to work with a path integral that is manifestly Lorentz invariant
and exhibits the o”-shell BRST symmetry.

Starting with the generating functional (3.24), we integrate out !i, !c, !c̄ and the conjugate
momenta for any bosonic matter fields. With a slight abuse of notation, we now regard B as one of
the fields, even though it is strictly speaking a conjugate momenta, and thus denote
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Furthermore, it proves convenient to introduce source terms separately for A0 and B and in addition
to include source terms for the composite operators Dµca and 1
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Sources

Final time b.c.



Zinn-Justin equation for Weak BRST

All of the Ward-Takahashi-Slavnov-Taylor identifies are encoded in the 
CTP Zinn-Justin equation that follows from diagonal BRST

with
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(3.35)
We now perform a Legendre transform with respect to the physical sources (J, J̄ , Jω, J̄ω) only,

keeping K fixed. Defining the classical fields
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the e”ective action is defined by
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where the opposite signs reflect the relative signs of the source couplings in (3.27). This implies
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and similarly for the remaining fields (up to additional signs for fermions), while
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and similar for other composite sources. Using these relations, the identity (3.35) becomes the Zinn-
Justin or Master equation (not to be confused with open systems master equations)
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Structurally, these relations are identical to the usual in-out Zinn-Justin equation. Indeed, we could
have derived them simply by accounting for the doubled contour, so that in a more compact notation8
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The relative minus sign in (3.41) between the two branches is implicit due to the way we introduce the composite

operator sources on each branch ±K± · ŝf±.
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where the initial density matrix is included as a contribution to the e!ective action localised on the
initial time surface. At tree-level the composite operators serve to generate the necessary classical
BRST transformations of each field, including the fields on the initial time surface, and the Zinn-
Justin equation reduces to the statement

ŝ
(
SNL[f+]→ SNL[f→]→ i ln

(
↑(→1)N̂ω f+

i
|ω̂(ti)|f

→
i
↓

))
= 0 . (3.49)

We have already established that both terms are separately BRST invariant. The virtue of the Zinn-
Justin equation is that it precisely encodes the way in which the BRST transformations are modified
at the quantum level (information carried by the composite fields), so that the full 1PI e!ective action
remains BRST invariant.

It is important to stress that (3.46) is not genuinely di!erent from (3.41); we are just choosing to
make explicit the contribution from the initial-time surface. For instance, if we compute the integral in
(3.41) by discretizing time, as is standard in path-integral derivations, then the initial-time contribution
will appear precisely as the additional term shown in (3.46).

3.5 Breaking of Advanced BRST

If we ignore the boundary terms at the initial and final times, the Schwinger-Keldysh action admits
two copies of BRST symmetries associated with the two original gauge symmetries. Thus naively there
is a second ‘advanced’ BRST symmetry which acts with opposite sign on the fields on each branch

ŝadvA
a±
µ

= ±Dµ[A±]c
a

± ,

ŝadvc̄
a

± = ±Ba

± ,

ŝadvc
a

± = ↔
1

2
gfabccb±c

c

±

ŝadvB
a

± = 0
(3.50)

If this were the case, then we could derive an analogous Zinn-Justin equation

S+(”) + S→(”) = 0? (3.51)

As discussed in [17] this global symmetry is always broken by the final time boundary conditions,
regardless of the initial state. For example, it is already broken in vacuum. This is easy to see
by considering an example. Consider the following non-time ordered (Wightman) expectation value
evaluated for a physical state

Tr[ωphysŝadv
(
c̄a→(x)A

b

+µ
(y)

)
] . (3.52)

If the advanced symmetry were unbroken, then this should vanish by virtue of being a physical expec-
tation value of a BRST exact object. Using the above BRST transformations, this would imply

→Tr[eωQ̂G ω̂Ba

→(x)A
b

+µ
(y)]→ Tr[eωQ̂G ω̂c̄a→(x)Dµ[A+]c

b

+
(y)] = 0? (3.53)

However, the retarded symmetry, which we know to be unbroken (at least in perturbation theory),
gives

Tr[eωQ̂G ω̂ŝ
(
c̄a→(x)A

b

µ
(y)

)
] = 0 , (3.54)

which implies
Tr[eωQ̂G ω̂Ba

→(x)A
b

+µ
(y)]→ Tr[eωQ̂G ω̂c̄a→(x)Dµ[A+]c

b

+
(y)] = 0 . (3.55)

The conditions (3.53) and (3.55) are in clear contradiction unless Tr[eωQ̂G ω̂Ba

→(x)A
b

+µ
(y)] = 0 and

Tr[eωQ̂G ω̂c̄a→(x)Dµ[A+]cb+(y)] = 0 which in the Feynman-’t Hooft gauge used here is not the case.
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At `tree’ level



Keldysh contraction of  diagonal BRST symmetry

In Keldysh variables, diagonal BRST symmetry is

action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation

SK [fr,fa] =

∫
d4x

ωSEFT
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∣∣∣
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· f
a(x) +

1

2

∫
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∫
d4y fa(x) ·

ω2SEFT
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fa
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· f
a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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a
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4
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8
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ŝBa

r = 0 ,

ŝcaa = →gfabccbrc
c

a ,

ŝBa

a = 0 ,

(4.29)

with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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ŝrc̄
a

r = Ba

r ,
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ŝaA
a

rµ = 0 ,
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ŝac̄
a

a = Ba

a ,
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ŝaB
a

r = 0 ,
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action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation

SK [fr,fa] =

∫
d4x

ωSEFT

ωfa(x)
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· f
a(x) +

1

2

∫
d4x

∫
d4y fa(x) ·

ω2SEFT

ωfa(x)ωfa(y)
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=0

· f
a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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ŝKcar = →
1

2
gfabccbrc

c

r ,
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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In `classical’ limit

action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation

SK [fr,fa] =

∫
d4x

ωSEFT
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∣∣∣
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2
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∫
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· f
a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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Keldysh BRST

Keldysh BRST symmetry is an EXACT symmetry of the SK action 
truncated at quadratic order in the Keldysh expansion 

action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation

SK [fr,fa] =

∫
d4x

ωSEFT

ωfa(x)

∣∣∣
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a(x) +

1

2

∫
d4x

∫
d4y fa(x) ·
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· f
a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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ŝaA
a

rµ = 0 ,
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ŝaB
a

a = 0 .

(4.33)

– 52 –

<latexit sha1_base64="ZPfJBUBeXARkK5XkdVJXw39ONRI=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1Q6kbopqJ9QBLDZDJph04ezEyEEvI/bvwVF7rwgVv/w0nbhbY9MMyZc+5l7j1ewqiQhvGpLS2vrK6tlzbKm1vbO7v63n5HxCnHpI1jFvOehwRhNCJtSSUjvYQTFHqMdL3hdeF3HwkXNI7u5SghToj6EQ0oRlJJrt6wB0hC4WbNHN65TSuzvZj5YhSqCwb5g3oHkOenC3WUO/DKcPWKUTXGgPPEnJIKmKLl6q+2H+M0JJHEDAlhmUYinQxxSTEjedlOBUkQHqI+sRSNUEiEk413zeGxUnwYxFydSMKx+rcjQ6EoxlSVIZIDMesV4iLPSmVw6WQ0SlJJIjz5KEgZlDEsgoM+5QRLNlIEYU7VrBAPEEdYqnjLKgRzduV50jmrmrVq7fa8Um9M4yiBQ3AEToAJLkAd3IAWaAMMnsALeAcf2rP2pn1p35PSJW3acwD+Qfv5BXaFp88=</latexit>

ŝKSK [fr,fa] = 0



Retarded Gauge Invariance + Covariant Abelian gauge 
invariance

action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation

SK [fr,fa] =

∫
d4x

ωSEFT

ωfa(x)

∣∣∣
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2
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∫
d4y fa(x) ·
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fa
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· f
a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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(4.29)

with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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ŝrc̄
a

r = Ba

r ,
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action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation
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∫
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a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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ŝrB
a

a = 0 ,

(4.32)

and
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Pure retarded BRST

action to low orders in the advanced fields, keeping the dependence on the retarded fields nonlinear.
We refer to this as the Keldysh expansion. The optimal truncation point is at quadratic order in
the advanced fields, since this includes both the classical equations with dissipation and the noise,
characteristic of a stochastic system. Terms of higher order in the advanced fields may be interpreted
as non-Gaussian stochastic noise.

The Open EFT action expanded to quadratic order in the Keldysh expansion (i.e. quadratic order
in the advanced fields) is then in schematic notation
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a(y) . (4.28)

When written in terms of retarded and advanced fields, the diagonal BRST transformation becomes
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ŝBa

r = 0 ,
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with similar decompositions for the matter fields. Crucially we note that the variations of the advanced
fields are linear in advanced fields, whereas the variations of retarded fields are quadratic in the
advanced fields. If we rescale all advanced fields in the manner fa

↑ εfa, keeping the retarded fields
unchanged, the full diagonal BRST symmetry admits a contraction to the following ‘Keldysh’ BRST
symmetry
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ŝKAa

aµ = Dµ[Ar]c
a

a + gfabcAb

aµc
c

r ,
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(4.30)

We see that the retarded fields now transform independently of the advanced, and the advanced fields
remain linear in the advanced, characteristic of an Abelian theory. The structure of the BRST trans-
formation is a sum of two independent BRST transformations associated with di!erent symmetries

ŝK = ŝr + ŝa , (4.31)

which are separately nilpotent and anti-commute. In detail, they are
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ŝac̄
a

a = Ba

a ,
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a = 0 .

(4.33)
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Abelian BRST (covariant under retarded)



General structure of  BRST EFT
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Or to quadratic order in Keldysh expansion



Hard Thermal Loop EFT

The Wilsonian e!ective action for the soft fields may then be understood as arising from the integration
over the hard modes with thermal boundary conditions (periodic or anti-periodic in Euclidean time)

e→SEFT[fsoft] =

∫

ω↑ω+ε

D[fhard] exp {→SBRST[fsoft + fhard]} . (4.38)

The resulting Euclidean e!ective action has the schematic form

SEFT = Ssoft + SHTL + · · · , (4.39)

where the ellipsis denotes the terms subleading in the soft expansion. In dimensional regularisation,
this split is implemented not by an explicit momentum cuto!, but by evaluating the loop integrals in the
method-of-regions sense: the loop momenta are taken to be hard, q ↑ T , while all external momenta
carried by the soft fields satisfy p ↓ T . The resulting hard-region integrals are then expanded in
powers of p/q.

While the e!ective action contribution (4.36) is fine for Euclidean calculations, it is essentially
meaningless for Lorentzian ones since the non-local operators need to be defined with a particular
time ordering. Certain Lorentzian information can be obtained by analytic continuation [263, 264],
but ultimately the Euclidean theory is insu”cient to fix the Lorentzian at finite temperature. The
resolution is to recognise that because we are at finite temperature, the Lorentzian analogue of the
HTL EFT is necessarily an open system, and as such should be described by an e!ective action with
doubled fields. This was nicely made explicit in [261] where the Schwinger-Keldysh HTL e!ective
action was shown to be (ignoring matter and ghost contributions)

SSK

HTL
[Ar, Aa] = m2

D

∫
d#v

4ω

∫
d4x vµAa

µa(x)

[
1

v ·D[Ar]ret
viEi[Ar]

]a
(x) +

iTm2

D

2

∫
d#v

4ω

∫
d4x vµAa

µa(x)

[(
1

v ·D[Ar]ret
→

1

v ·D[Ar]adv

)
vϑAϑa

]a
(x) . (4.40)

with Ei[Ar] = Fi0[Ar] or equivalently

SSK

HTL
[Ar, Aa] = m2

D

∫
d#v

4ω

∫
d4x

∫ ↓

0

dε vµAa

µa(x)U
ab(x, x→ vε)[Ar] v

iEb

i
[Ar](x→ vε)

+
iTm2

D

2

∫
d#v

4ω

∫
d4x

∫ ↓

→↓
dε vµAa

µa(x)U
ab(x, x→ vε)[Ar] v

ϑAb

ϑa(x→ vε)

(4.41)

with U denoting the Wilson line in the adjoint representation along a straight line path from x to y

U(x, y) = Pei
∫
C dz

µ
gT

a
A

a
(z) . (4.42)

We have used the explicit representation of the advanced and retarded Green’s functions in terms of
adjoint representation Wilson lines

(
1

v ·Dx[Ar]

)ab

ret

ϑ(4)(x→ y) =

∫ ↓

0

dε Uab[Ar](x, x→ vε) ϑ(4)(x→ vε → y) (4.43)

(
1

v ·Dx[Ar]

)ab

adv

ϑ(4)(x→ y) = →

∫
0

→↓
dε Uab[Ar](x, x→ vε) ϑ(4)(x→ vε → y) (4.44)

By construction, the above e!ective action has been truncated at second order in the Keldysh expan-
sion, i.e. in the advanced fields. As such, it must be invariant under the Keldysh BRST symmetry. In
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Quadratic order in Keldysh expansion. Manifestly invariant under retarded 
gauge transformations

practice, this means it must be separately invariant under the retarded gauge symmetry, in which the
advanced field transforms covariantly, and the covariant linear gauge transformation of the advanced
fields.

The expression (4.40) is manifestly invariant under the retarded gauge transformations since it is
built entirely out of covariant objects. To check invariance under the covariant linear gauge transfor-
mation of the advanced fields we have

ωaA
a

µa = (Dµ[Ar]εa)
a , ωaA

a

µr = 0, (4.45)

the first term in (4.40) varies as

ωaS
(1)

HTL
= m2

D

∫
d!v

4ϑ

∫
d4x (v ·D[Ar]εa)

a

[
1

v ·D[Ar]ret
viEi[Ar]

]a

= →m2

D

∫
d!v

4ϑ

∫
d4xεa

a

[
v ·D[Ar]

1

v ·D[Ar]ret
viEi[Ar]

]a

= →m2

D

∫
d4xεa

a(x)

∫
d!v

4ϑ
viEa

i
[Ar](x) = 0,

(4.46)

where we have used the fact that the angular average of a single power of the velocity vanishes
∫

d!v

4ϑ
vi = 0. (4.47)

For the term quadratic in Aa, it is useful to define the kernel

Hab[Ar](x, y) ↑

(
1

v ·Dx[Ar]

)ab

ret

ω(4)(x→ y)→

(
1

v ·Dx[Ar]

)ab

adv

ω(4)(x→ y) (4.48)

=

∫ →

↑→
dϖ Uab[Ar](x, x→ vϖ) ω(4)(x→ vϖ → y) . (4.49)

Since H[Ar](x, y) is the di”erence of the retarded and advanced inverses of the same first-order co-
variant operator, the contact terms cancel when v ·D acts on it. Thus, as a distribution,

(v ·Dx[Ar])
ac Hcb[Ar](x, y) = 0. (4.50)

Since a Wilson line in the adjoint representation obeys

U(y, x) = U(x, y)↑1 = U(x, y)T (4.51)

we have Uab(x, y) = U ba(y, x) and hence

Hab[Ar](x, y) = Hba[Ar](y, x) , (4.52)

which can be derived by redefining ϖ ↓ →ϖ in (4.48). With this notation, the term quadratic in Aa is

S(2)

HTL
=

iTm2

D

2

∫
d!v

4ϑ

∫
d4x

∫
d4y vµAa

µa(x)H
ab[Ar](x, y) v

ωAb

ωa(y). (4.53)

Under the covariant linear gauge transformation of the advanced field,

ωaA
a

µa = (Dµ[Ar]εa)
a , ωaA

a

µr = 0, (4.54)
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The BRST transformations generated by ŝr are easily seen to be the BRST transformations of the
retarded gauge symmetry in which both gauge fields on both branches transform identically

Aµ± → U(ωr)Aµ±U
→1(ωr) +

i

g
U(ωr)εµU

→1(ωr) . (4.34)

The BRST transformation associated with ŝa are the independent BRST transformations of a covariant
(in retarded fields) Abelian symmetry which acts only on the advanced gauge fields

Aa

aµ → Aa

aµ +Dµ[Ar]ωa , Aa

rµ → Aa

rµ . (4.35)

The full BRST symmetry includes terms quadratic in the advanced fields. Because of this, the trun-
cated Keldysh expansion (4.28) will not be invariant, since the terms linear in advanced fields will mix
with terms of cubic order which have been neglected. However, the truncated action (4.28) is invariant
under the Keldysh BRST symmetry precisely because those variations quadratic in advanced fields
are removed.

In summary SK [fr,fa] is a BRST formulation of a gauge theory which exhibits a non-Abelian
retarded gauge symmetry, and a covariant Abelian gauge symmetry that acts on the advanced fields.
This pair of symmetries will govern the leading two terms in the Keldysh expansion for any Open EFT
for a gauge system. However, when we go beyond quadratic order in the Keldysh expansion, then the
Keldysh BRST symmetry will be broken, and we must use the full BRST symmetry.

One important lesson in performing bottom-up12 constructions of EFTs is that it is not su!cient
to write down all operators consistent with the retarded/diagonal gauge symmetry only. Although the
retarded gauge symmetry is necessary as part of the full BRST symmetry, it is not su!cient. The ad-
ditional symmetry transformations of the advanced fields are crucial to maintain full BRST invariance,
and this provides a significant restriction on the allowed operators in an Open EFT expansion.

4.5 Hard Thermal Loop EFT as an Open Quantum System

A standard tool in thermal gauge theories is the Hard Thermal Loop EFT [258, 259, 263]. At high
temperatures, it is useful to resum the e”ects of hard thermal modes, whose loop momenta are of
order the temperature, q ↑ T . This resummation produces an e”ective theory for soft modes with
momenta k ↑ gT . A crude way to derive the HTL action is to compute the hard-loop contribution to
the quark and gluon self-energies, and then covariantise the result. In Euclidean notation, this gives
the non-local e”ective action

SHTL = m2

ω

∫
d4x

∫
d#v

4ϑ
ϖ̄(x)

ϱµvµ

↓i v · D[AE ]
ϖ(x)+

1

2
m2

D

∫
d4x

∫
d#v

4ϑ
tr

[
Fµε(x)

vεvϑ
(
v ·D[AE ]

)2Fϑ
µ(x)

]
.

(4.36)
Here vµ = (↓i,v), with v2 = 1, and d#v denotes the solid-angle integral over the directions of v and
D[AE ] and D[AE ] are the fundamental and adjoint covariant derivatives respectively. This expression
is gauge invariant since the non-local operators involving v ·D[AE ] and v ·D[AE ] transform covariantly.

A more sophisticated way to understand the origin of this EFT is to take the full path integral
and split all fields, including the gluons, into soft and hard modes,

f = fsoft + fhard . (4.37)

12
See the recent [190].
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its variation is

ωaS
(2)

HTL
=

iTm2

D

2

∫
d!v

4ε

∫
d4x

∫
d4y

{
(v ·Dx[Ar]ϑa)

a (x)Hab[Ar](x, y) v
ωAb

ωa(y)

+ vµAa

µa(x)H
ab[Ar](x, y) (v ·Dy[Ar]ϑa)

b (y)

}
,

(4.55)

which by symmetry gives

ωaS
(2)

HTL
= iTm2

D

∫
d!v

4ε

∫
d4x

∫
d4y

{
(v ·Dx[Ar]ϑa)

a (x)Hab[Ar](x, y) v
ωAb

ωa(y)

}
(4.56)

Now integrating by parts to put the covariant derivative in the first term on ϑa(x) onto the x endpoint
of H then using (4.50) gives

ωaS
(2)

HTL
= 0. (4.57)

Thus both terms in (4.40) are invariant under the covariant linear gauge transformation of the advanced
fields,

ωaS
SK

HTL
= 0. (4.58)

Together with invariance under the retarded gauge symmetry, this ensures that the HTL action,
evaluated to quadratic order in the advanced fields, admits the appropriate Keldysh BRST symmetry,

ŝKSSK

HTL
= 0 . (4.59)

The HTL EFT (4.40) serves as the poster child of an open quantum EFT for a gauge theory.
It incorporates both dissipative and stochastic (noise) contributions, which – consistent with the
absence of symmetry breaking – are transmitted through non-local propagators whose gauge structure
is determined by Wilson lines [17]. Even though the theory is non-local, causality is preserved by
the boundary conditions built into the kernels in the definition of the Open EFT. The truncated
EFT remains invariant under the exact Keldysh BRST symmetry. Beyond quadratic order in the
advanced fields, the full BRST of a truncated EFT at a given order in the Keldysh expansion would
only be realised up to that order. Although the explicit e”ective action (4.40) was derived for a purely
thermal state, the general procedure will easily generalise to an arbitrary mixed state, given a suitable
generalisation of the meaning of hard thermal, or equivalently of a hard/soft split.

4.6 Open EFTs with SSB

The HTL EFT is an example of an open quantum gauge system where there is no spontaneous
symmetry breaking (SSB). Indeed, the only symmetry actually broken is the global Lorentz invariance,
specifically boosts, due to the temperature defining a preferred frame. More generally, we can consider
systems in a Higgs phase, where the gauge symmetry is spontaneously broken. Ironically, the treatment
of gauge theories in a broken phase is much easier since there is a preferred gauge, unitary gauge, in
which all physics may be defined. We shall for simplicity consider the case where all of the gauge
symmetries are spontaneously broken.

In the SK formalism, there are doubled gauge fields A±. Before any consideration of quantisation
or boundary conditions, there are naively two separate gauge redundancies. In standard notation, the
gauge transformations can be written

Aµ± → A→
µ± = U(ϖ±)Aµ±U

↑1(ϖ±) +
i

g
U(ϖ±)ϱµU

↑1(ϖ±) . (4.60)
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Open EFT for Yang Mills with SSB

for arbitrary test functions fa

µ
. Equivalently,

→S(2)

CTP,EFT
↑ 0 . (4.72)

It would be incorrect, however, to assume a stronger positivity statement for the whole e!ective action,
since convergence of the full e!ective action is determined only by the highest powers in fields, and in
an EFT the expansion does not terminate.

Although correct, the above formalism is cumbersome. It is better to rewrite things in a manner
in which the retarded gauge symmetry is manifest, since this is the symmetry of the classical equations
of motion. This is particularly useful if the e!ective action is only computed to quadratic order in the
Keldysh expansion: at that order the retarded gauge symmetry remains manifest, while the advanced
gauge symmetry acts linearly and is naturally associated with an Abelianised BRST structure. This
is easily achieved by performing a di!erent field redefinition for which the retarded gauge symmetry
is made explicit. Specifically, in the Keldysh limit we define

Aµr =
1

2
(Aµ+ +Aµ→) = U(ωr)AµrU

→1(ωr) +
i

g
U(ωr)εµU

→1(ωr) , (4.73)

Aµa = Aµ+ ↓Aµ→ = U(ωr) (Aµa +Dµ[Ar]ωa)U
→1(ωr) . (4.74)

The retarded and advanced Stückelberg fields are defined via these relations. In the Keldysh limit,
the retarded gauge field Aµr transforms only via the retarded gauge transformation,

A↑
µr = U(ϑr)AµrU

→1(ϑr) +
i

g
U(ϑr)εµU

→1(ϑr) . (4.75)

Gauge invariance of Aµr then implies that the retarded Stückelberg field must transform as

U(ω↑
r) = U(ωr)U

→1(ϑr) . (4.76)

Similarly, in the Keldysh limit the advanced gauge field transforms covariantly in the adjoint repre-
sentation under the retarded gauge transformations and shifts in a covariant linear manner under the
advanced gauge transformations,

A↑
µa = U(ϑr) (Aµa +Dµ[Ar]ϑa)U

→1(ϑr) . (4.77)

Gauge invariance of Aµa requires that the advanced Stückelberg fields transform covariantly in the
adjoint representation under retarded gauge transformations and linearly under advanced gauge trans-
formations,

ω↑
a = U(ϑr) (ωa ↓ ϑa)U

→1(ϑr) . (4.78)

Stated di!erently, the following extended covariant derivative of ωa transforms covariantly under re-
tarded gauge transformations:

Dµ[A
↑
r]ω

↑
a +A↑

µa = U(ϑr) (Dµ[Ar]ωa +Aµa)U
→1(ϑr) . (4.79)

We can also define an analogous covariant derivative of the retarded Stückelberg fields,

D̃µ[Ar]ωr ↔ Aµr +
i

g

(
εµU

→1(ωr)
)
U(ωr) , (4.80)

so that
D̃µ[A

↑
r]ω

↑
r = U(ϑr)

(
D̃µ[Ar]ωr

)
U→1(ϑr) . (4.81)
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Unitary gauge Stuckelberg 
form
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U(ω↑
r) = U(ωr)U

→1(ϑr) . (4.76)

Similarly, in the Keldysh limit the advanced gauge field transforms covariantly in the adjoint repre-
sentation under the retarded gauge transformations and shifts in a covariant linear manner under the
advanced gauge transformations,

A↑
µa = U(ϑr) (Aµa +Dµ[Ar]ϑa)U

→1(ϑr) . (4.77)

Gauge invariance of Aµa requires that the advanced Stückelberg fields transform covariantly in the
adjoint representation under retarded gauge transformations and linearly under advanced gauge trans-
formations,

ω↑
a = U(ϑr) (ωa ↓ ϑa)U

→1(ϑr) . (4.78)

Stated di!erently, the following extended covariant derivative of ωa transforms covariantly under re-
tarded gauge transformations:

Dµ[A
↑
r]ω

↑
a +A↑

µa = U(ϑr) (Dµ[Ar]ωa +Aµa)U
→1(ϑr) . (4.79)

We can also define an analogous covariant derivative of the retarded Stückelberg fields,

D̃µ[Ar]ωr ↔ Aµr +
i

g

(
εµU

→1(ωr)
)
U(ωr) , (4.80)

so that
D̃µ[A

↑
r]ω

↑
r = U(ϑr)

(
D̃µ[Ar]ωr

)
U→1(ϑr) . (4.81)
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Putting this together, the following objects transform covariantly under retarded gauge transforma-
tions in the adjoint representation and are invariant under the linearised advanced gauge transforma-
tions: (

Fµω [Ar], D̃µ[Ar]ωr, Aµa +Dµ[Ar]ωa

)
(4.82)

and all retarded covariant derivatives thereof.
It is now straightforward to give a general expression for the BRST gauge-fixed SK EFT, including

gauge-fixing terms, in the Keldysh limit, i.e. to quadratic order in advanced fields:

SK,EFT =

∫
ddx

(
Aa

aµ(x) +Dµ[Ar]ω
a

a(x)
)
Eaµ(x;Ar, D̃[Ar]ωr)

+
i

2

∫
ddx

∫
ddy

(
Aa

aµ(x) +Dµ[Ar]ω
a

a(x)
)
Nab µω

(
x, y;Ar, D̃[Ar]ωr

)

→
(
Ab

aω(y) +Dω [Ar]ω
b

a(y)
)

+ŝKGK [Ar, Aa,ωr,ωa, cr, ca, c̄r, c̄a, Br, Ba] . (4.83)

Keldysh BRST invariance is guaranteed by the requirement that the classical equation of motion
Eaµ(x;Ar, D̃[Ar]ωr) transforms covariantly under retarded gauge transformations at the point x, and
that the noise kernel Nab µω(x, y;Ar, D̃[Ar]ωr) transforms covariantly in the adjoint at the point x
associated with index a, and covariantly in the adjoint at the point y associated with index b. In other
words, under a retarded gauge transformation,

εrE
aµ(x) = ↑gfacdϑcr(x)E

dµ(x) , (4.84)

εrN
ab µω(x, y) = ↑gfacdϑcr(x)N

db µω(x, y)↑ gf bcdϑcr(y)N
ad µω(x, y) . (4.85)

The definition of the noise kernel is such that it can be assumed symmetric in the sense

Nab µω(x, y) = N ba ωµ(y, x) . (4.86)

Note that because we are considering the Higgsed case we do not require either Eaµ(x) or Nab µω(x, y)
to be covariantly conserved. Positivity is required in the sense (4.71). Causality requires

εEaµ(x)

εAωb
r (y)

= 0 , unless x0
↓ y0 , (x↑ y)2 ↔ 0 . (4.87)

εEaµ(x)

εωb
r(y)

= 0 , unless x0
↓ y0 , (x↑ y)2 ↔ 0 . (4.88)

The complete set of Keldysh BRST transformations, including those for the Stückelberg fields, are
now

ŝKAa

rµ = Dµ[Ar]c
a

r ,

ŝK c̄ar = Ba

r ,

ŝKAa

aµ = Dµ[Ar]c
a

a + gfabcAb

aµc
c

r ,

ŝK c̄aa = Ba

a ,

ŝKU(ωr) = U(ωr) [↑igT a

A
car ] ,

ŝKcar = ↑
1

2
gfabccbrc

c

r ,

ŝKBa

r = 0 ,

ŝKcaa = ↑gfabccbrc
c

a ,

ŝKBa

a = 0 ,

ŝKωa

a = ↑caa ↑ gfabccbrω
c

a .

(4.89)

We have for example

ŝK (Aµa +Dµ[Ar]ωa)
a = gfabc (Aµa +Dµ[Ar]ωa)

b ccr . (4.90)

As usual, the gauge-fixing fermion GK is essentially arbitrary, provided that it fixes the gauge. It can
depend arbitrarily on the Stückelberg fields, even without derivative suppression.
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ŝK (Aµa +Dµ[Ar]ωa)
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As usual, the gauge-fixing fermion GK is essentially arbitrary, provided that it fixes the gauge. It can
depend arbitrarily on the Stückelberg fields, even without derivative suppression.
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When all the symmetries are broken, there is a preferred gauge, referred to as unitary gauge. Given
its importance, we denote the gauge field in unitary gauge as A±. By definition, since unitary gauge
is fixed, A± is gauge invariant. However, we can write it in the manner of a gauge theory using the
Stückelberg procedure, which amounts to performing a gauge transformation and promoting the gauge
parameter to an adjoint-valued field, usually denoted ωa

±. This is achieved via the field redefinition,
(not a gauge transformation!)

Aµ± = U(ω±)Aµ±U
→1(ω±) +

i

g
U(ω±)εµU

→1(ω±) . (4.61)

Since Aµ± is gauge invariant, consistency requires

U(ω↑
±)A

↑
µ±U

→1(ω↑
±) +

i

g
U(ω↑

±)εµU
→1(ω↑

±) = U(ω±)Aµ±U
→1(ω±) +

i

g
U(ω±)εµU

→1(ω±) , (4.62)

which is solved by requiring the Stückelberg fields transform as

U(ω↑
±) = U(ω±)U

→1(ϑ±) . (4.63)

In a non-Abelian theory this is a somewhat complicated transformation, but in the Abelian case it is
just the statement

ω↑a
± = ωa

± → ϑa± . (4.64)

The simplest way to construct a SK e!ective action for a Higgsed gauge field is then to construct
the action in unitary gauge, where there is no gauge redundancy. This means we can follow the rules
for ordinary scalar theories. Thus, the e!ective action will be built as

SCTP,EFT = S[Aa

+
(x),Aa

→(x), εµ] , (4.65)

with S being generically a spacetime integral over non-local scalar functions of the ingredients subject
to the usual non-equilibrium constraints

S[Aa

+
,Aa

+
, εµ] = 0 , (4.66)

S[Aa

+
,Aa

→, εµ]
↓ = →S[Aa

→,A
a

+
, εµ] , (4.67)

ϖ2S

ϖAa
aµ(x)ϖA

b
rω(y)

∣∣∣∣
Aa=0

= 0 unless x0
↑ y0 , (x→ y)2 ↓ 0 . (4.68)

Here we have defined, as usual,

A
a

µ± = A
a

µr ±
1

2
A

a

µa . (4.69)

Note that since A± are gauge invariant we are not required to use covariant derivatives in building
combinations. The first two non-equilibrium constraints follow from unitarity, and the last is causality.
In addition, the validity of perturbation theory requires that the quadratic action in the Keldysh
expansion has a positive semi-definite imaginary part. Schematically,

S(2)

CTP,EFT
=

∫
ddxAa

aµ(x)E
aµ[Ar](x) +

i

2

∫
ddx

∫
ddyAa

aµ(x)N
ab µω(x, y;Ar)A

b

aω(y) + · · · , (4.70)

with ∫
ddx

∫
ddy fa

µ
(x)Nab µω(x, y;Ar)f

b

ω
(y) ↑ 0 (4.71)
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Causality

Unitarity
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Conclusions

• Gauge charge in open systems is subtle: Open EFTs may break advanced/global 
charge conservation but must preserve two copies of gauge symmetry


• In the absence of SSB, gauge invariance is naturally maintained by Wilson-line 
dressings of advanced fields ending at the SK final-time surface.


• Open EFTs for gauge theories can be constructed systematically with weak/
diagonal BRST symmetry. SK final-time boundary condition breaks the naive 
doubled BRST symmetry down to weak/diagonal BRST.


• Applications: HTL effective theory becomes a natural example where causality, 
unitarity, and dynamical KMS are manifest.


• Spontaneously broken non-Abelian open gauge theories can be treated similarly.


