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Substituting the last two equations in (13) then gives us the final

result
..
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t,
t' / /
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coscoo(t - 1)
w(t-1t') = coth (%[B’ﬁwo) .
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We can now find the transformation function, since
¢ s
by Cylty e j i (ol (37,9, - 87 ) [t
= 0 b 0

Since the coefficient of sums and differences is
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equation by beginning at time tl , and integrating backwards in time,
The nature of the solution of the linear inhomogeneous equation
(8) is therefore clear, and is

t
(a_-a,)(t) = gtldv 6, (t-t) (. -F) (), ()
2

where G, is an advanced Green's function, which depends only on (t - t!)
on account of the translational invariance in time of our equations,

G, satisfies

a
I 2 | '
(d_t§+ wo)Ga(t-t) = §(t-t') (10)
and
G, (t=%) = 0 for >, (11)

The latter equation meaning that if t' is the time at which a distur-

bance occurs, there is no response of the system to it at later times,
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SK Path Integral (No Symmetry)
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SK Path Integral (Global Symmetry)

E.g. complex scalar field U(1)

QZ5—|— (tf 7X):¢— (tf ,X)
¢ (tr,x)=0~ (tf,x)

ZlJy, J_| = D¢y D¢’y Dry Dny Do_ Do” Drn_Dr”

X (1 (t:), 0% (t:)] po | P (t:), ¢* (;)) etSsxlo=meils]

0o
with doubled action

Ssic = [ % [my 06+ 750007~ H(G, 0w ) + TL0s 4 40

—T_Oip_ — - O + H(¢—7 ¢i,7T_,7Ti) —JI¢- — J_¢i]



Global Symmetry Breaking

Strong Symmetry X ts b+(ty) = &-(ty)

\ Explicit Breaking of Advanced
Global Symmetry (no
Goldstone bosons)

(€% ¢, e "1 ¢% | po |p—, ¢ ) = 9% (p1, ¢% | po |p—. 9% )

Spontaneous breaking
of Strong Symmetry

(e"P¢, e "% ¢% | po |p—, ¢ ) # €% (o1, ¢% | po |

(9%¢y, e | po |e10p_, e TP ) = (b4, @] po o—s B7)

Spontaneous breaking

of weak symmetry \
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lypical NR EFT for Global Case

S = /d4m{¢2 (i@t + K.V —r.+ z'rd) O, + C.C.
— [(ue — dua) (930767 + 62076%) +c.c.
+ 12 (7 4 2uqpydr) G ba }
Manifest Weak (Retarded) Global Symmetry

Explicitly Broken (advanced) Global Symmetry



EF1 for Global Case

S = Sy; S A
diag T~ 2 A-break; Strong Symmetry

Sdiag = / d*z| o (10, + K.V% — 1) by — 0" (10, + K.V* —1.) ¢

—ue ([o4|* = o= |") + iy (o4 1* + [0 |*) + tuq (|o+]* + |o-|")

Explicit breaking of Strong, Unbroken Weak Symmetry

S p-break = / B [y b — i 67 by — iug (67262 ] .



Breaking of Adv. Symmetry = Ret. Current not conserved

Sibrea = [ d'x [~y 070- — 70704 — 2iua (67)°63 ]

auj?ijoether — Ip gbigb_ — Y ¢+ — dug (qbi)qui 70

On identifying contours

8N‘]fI{fNoether — (719 - W)WTF — dug ‘¢r|4 ?’é 0

e.g. particle number not conserved



Toy Example (Charged Caldeira-Leggett)

Closed system

S|®, ¢1] = /d433 —0,@* "D — m?|P|° + Z (0:07 Ordr — T3 |b1|* + g1 (7P + D*¢b1))
i I

On integrating out the environment (eg at finite temperature)

Seff [ P4, P—] = 53 [Py] — So|P—| + Sip [P, D_|.

Sy [®] = / 'z [~0,0% 9"® — m?|D|?]

D [atdty (@1 o @) Giew (1))




Toy Example (Charged Caldeira-Leggett)

S =13 [atedty (@30~ @) Gt (5

e = (616 ) (Tor@3d}w)  {(diwdr@) (@ w) (@ W) )
TN ey @) T wiw)  (Tawdw) | (o7 @é W) (dr@dr W)
(z) = 97 (2) 61" () = T 677 (x)

SIF — /d4x{ 9

~

Explicitly breaking advanced global symmetry

[(cbi'; — QT )0 ( Py + D) + (P — P_)0: (DT + @i)} + 29T (P% — @* ) (P4 — <I>)}



(slobal to Local?

Global Symmetries are Symmetries

Local Symmetries are Redundancies

Global Symmetries can be broken

Local Symmetries are never actually broken

Conclusion:

EFT must preserve two copies of gauge symmetry, even when global
symmetry is broken



T'’he Gauge Charge Problem

Key problem:

In a gauge theory, there are no local gauge-invariant operators carrying
gauge charge.

() — " 1@y(z) Au(x) = Au(x) + 0,0(2)

Naive single particle states are not gauge invariant

¢<$)T|O> N 6iq9(m)wT(x)|O> The relativisti.c concept of a |
charged particle does not exist.

Violate Gauss law/BRST cohomology



T'he Importance ot Dressing Well

. -- 3
’;- "'t.‘-' ,
| CROE 5 D!

Dirac’s Solution, dress the states g

1

1@(:13) _ e—iqﬁ(&@Ai(x))w(x)

Dressed state is invariant under small gauge transformations (satisfies Gauss law
constraint/BRST cohomology)

Dressed state transforms under global transformations!

(x) — "1 (x)

Thus creating gauge invariant charged states!!!



T'here are lots of ways to dress

e.g. Lavelle-McMullan dressing (v=0)

0

~ _. L 1 7: ] - | 1 i -
Y(x) = exp zq/_OO ds ﬁ&;FO(s,X) exp | —1q ﬁﬁiA ()| Y(x).

Equivalent to Wilson line + Dirac Dressing at initial time

- 0 -

12(:17) — exp —iq/ ds Ap(s,x)| exp|—iq %@Ai(tin,x) Y (x).
[ I ]

1n

Other examples: Fadeev-Kulish dressing (specific for S-matrix asymptotic states)

+ LOTs of Modern Literature dealing with IR divergences, soft theorems etc



Dirac Dressing suitable for NR systems

Sdiag[A4, A_] = / T4 [qbi; (iD[A+]: + K.D[AL]; —7e) ¢4 — ¢ (iD[A_]t + K.D[A_]; —1.) ¢

e (|41 = |6 1) + v (1647 + 16— [2) + iua (|64 [* +16-1*)

Sa—break — /d4x |: — nyp e_l_iq@a[Aa](x) ¢>_k|_¢_ _ /L,-yl e_iq@a[Aa](x) ¢*—¢—|— . 27/U/d 6—2iq@a[Aa](a:) (¢i)2¢i:|

Only need dressing with advanced field Ou[Au](z) = V20; A, 4(x).

EFT Manifestly Invariant under two copies of gauge symmetry, but
breaks advanced global symmetry



Maxwell # Noether

EFT Manifestly invariant under two copies of gauge symmetry, but
breaks advanced global symmetry

Noether (Advanced Global) current is not conserved

Maxwell (Advanced Local) current is conserved Curvature couplings
Maxwell Noether % 1 o 7Noether v, / By = —Bu
i = Ju — L 8Vﬁ(a Jp ) +9"By,

0"F,, = —J},.\iaxweﬂ + noise



Dress like Schwinger

Dressing should preserve SK final time boundary
condition

Dirac dressing does this, but disguises relativistic causality

Necessarily requires a different treatment of retarded and advanced
gauge symmetry - required to preserve causality

Dressing is naturally incorporated into boundary conditions on solutions
of propagator equations (Schwinger-Dyson equations)



Schwinger-Wilson Dressing

EFT covariant under retarded gauge transformations (if weak/
retarded global symmetry is unbroken)

o+ (2) = exp

0]

—1q / ds Ayo(s,x)
f

in

exp

1
V2

&L‘ A;Ln (tin ] X)

X exp

No need to Dirac dress at final time due to final time boundary conditions!!!!

Dressed fields invariant under both retarded and advanced gauge
transformations



Toy Example (Gauged Caldeira-Leggett)

Closed system Kaplanek, Mylova, AJT 2025

+ 3" (Di[As]bre)” DilAsldrs — T3ora]?

On integrating out the environment (eg at finite temperature)

Seft[Ap, A_; @1, @_| = Sp[A4, Py| — Se[A_,P_| + Sip[A4, A_; P4, D]



Toy Example (Gauged Caldeira-Leggett)

Kaplanek, Mylova, AJT 2025

On integrating out the environment (eg at finite temperature)

Selcf[A-HA—?(I)-l—? ] S(I)[A—H(I)-l—] SCI)[A—aq)—]_I_SIF[A—I—aA—;(I)—I—?(I)—]

With

And



Greens function equation

The Greens function now satisfies

DolA,]? + T2 0
( +o Do[A_]? + r2) Grld A-l(w.y) = =100 ~0) <(1) —01>
Solution is i
ngee _ Zzg% / d4gj d4y ((i)j_(ilj‘) —i)i (CIZ)) GI[Ara A’P](xv y) (_q)gf?é;))
. : i . t
With dressing B4 (z) = exp __ﬂ/ d ds Aj(s,x)| @4 (x)

So in local limit:

Sip = /d%{% {(Ef_’; — D" )DyA (P, +P_) + (&, — ®_)D;[A](P% + Efi)} +i2yT (0% — % )(dy — D)



Maxwell # Noether

~

Sip = /d%{% [(51 — D" )DA (P, + D)+ (&, — ®_)D;[A (D% + 5*_)] +i2yT (% — &* (o, — D)

Once again EFT Manifestly invariant under two copies of gauge
symmetry, but breaks advanced global symmetry

O

o oon(T) = TN e (T) — n“/ ds Oy JXoether (S: X) + 0" By, n* = (1,0)
t

in

By, =—B,

0"F,, = —J%axweu + noise



Lorenz-Lorentz Dressing

In a relativistic theory, its easier to see
relativistic causality in Lorenz gauge

Focussing on advanced gauge fields,
natural Lorentz invariant dressing Is

%:: (ag) — ezgqfdélyGa (:p,y)(@“Az (y))¢:

(2)
\

Golz,y) = 6" (z,y) Advanced Greens function




Lorenz-Lorentz Dressing

(x) = ef29) d'yCGa(zy) (0" ALW)) 4

?z

- ()

Curvature couplings

Jllz/laxwell(x) _ Jlljoether(x) L QZ /d4y Gr (.13, y)aVJVNoether(y) + O

N

/

B, ()

By, =—B,,

Retarded Greens function



L.ocal version

Dirac dressing

Ssx = / 042 0,1, (2)(0:0 A(7) — A3) + Stocat| Ay A, bys 6, &7, 6, O.4]

Schwinger-Wilson dressing
SSK — /d4:€ 8Oﬁr(x)(ﬁo@A(x) - AO) —I_ Slocal [A—|-7 A—7 ¢-|-7 ¢—7 ¢i<|—7 ¢i7 @A]

Lorenz-Lorentz dressing

Ssx = / 2 0, (2)(0,04(x) — A) + Soca| Ay A by b, &5 6%, O



Massless open EM = Massless Limit of Massive open EM

Dirac dressing

local

1 unitary gauge * *
Ssk = /d4$ §m2(—A;r2 +AT) A+ S BN AL Ay b, B, 6"
Schwinger-Wilson dressing

1 unitar auge % *
SSKZ/d4$§m2(ASFZ—A62)+5 VY BAUESCTA L Ay, b, B, ]

local

Lorenz-Lorentz dressing

1 unitary gauge * *
Ssic = [ dto SmP(-ATAT 4 AATE) + SIS ALA 61 6o 67,67

local



SK for Gauge Theories a la BRS'T

Central benefits of BRST formalism:
Replace LOCAL symmetry with GLOBAL Symmetry

Make relativistic locality manifest but control unphysical states

SK rules for Global Symmetries apply - Final time boundary conditions
explicitly break naive doubled BRST down to single diagonal/retarded copy

BRST cohomology = Physical States respect strong BRST symmetry (no
spontaneous breaking!!) although more on this later



Nilpotent transformations

0 = NS

BRS'T Symmetry

SA), = D, c” = 0,c" + gf”“bCAZcC,

1

0% — ——gfabCCch,
2

6% = B,

sBY =0

Yang-Mills in covariant gauge

t¢ B 1 ]
g /t e = FLE 4 BU(0,AL) + S B2+ 0,c Dt

§




Schrodinger Wavetunctionals

In Lorenz, covariant gauges typically used in particle physics, natural

choice of fields are
a a —a
A, c ¢

Two subtleties arise

1. Naively non normalisable wave functions of A_0O

2. Ghosts are Grassman odd, how do we make sense?



Indefimite Hilbert space Norm

In covariant gauges, A_0 has negative norm states. Naive Lorentz
invariant vacuum wavefunctional is not normalisable

Y[A,] oc e Prs A/ =TEAY [ DAULAP = o

Solution due to Pauli: in an indefinite Hilbert space, hermitian operators

can have imaginary eigenvalues)
Ao = 1Ay

(Y1|the) = /D[Ai]/D[A4] V1| As, —Aglipa| Ay, Ay

Odd in A_0 wavefunctionals have negative norm, consistent with canonical
quantisation

i - - " — [Pl A=VRA — [dPrlA/—V2A
Vacuum is normalisable with positive norm ~ ¥14ul oce : e 2 :



Indefinite Hilbert space Norm 11

In covariant gauges, FPDW ghosts have second order equations of
motion

c=_Llc=0

Unlike physical fermions, we do not need to use coherent states!!!

il

Meaningful notation of Grassmann odd wavefunctional w C,

Fermionic property



Free theory Fock States

Vacuum wavefunctional is now manifestly normalisable

— _ Sl A/ _NXT2 A _ 3.1 v 2 A4 3..= /70
w[A,C,C]OCG deUQAz\/ V<A fd$2A4\/ VAefdajc V~4c

Generic normalisable Fock states can be constructed by applying
Schrodinger picture creation operators

di(k) = [ dPxetc™ (\/_VZ Ai(x) 5Af(x)) ag(k) =i [doxe (\/—V2 Ay (x) (SAf(x))




Physical States

Generic physical states satisfy

Problem, with w[AM, C, 5] IS SAG = Dg|A|c® = conjugate momenta

Condition (A, c, clQlyw) =0 is then a functional differential equation



Nakanishi-Lautrup Representation
Ao @
1 1

le - 7
Sxr, = / d'z | =3 F0? = 0B All + 5 B2 + 0,8 DVc”
ti _ _

B Canonically conjugate

4 B

A NG a a abc b c
Work with w[AZ',B,C, E] SA; —Dzlc = 0;ic" + gf"" A;c",
§Ca:__gj:abccbcc7
2
5¢% = B,
sBY =0

e =0 B (N




Batalin-Marnelius Construction

This allows us to give a general solution of the BRST cohomology

wphys :AZ7 B) C, E: — BSG[A’L)Bycyé]q:j:AZ:

\

BRST exact Gauge invariant under 3D
gauge transformations




E.g. Vacuum Wavetunctionals

?p()[Az', B, C, 5] X 6§G€ y

Gauge invariant under 3D

BRST exact .
gauge transformations

1 1 1 )
3 _ _
/d X _56\/—V2B+C 0: A




BRST Strong to Weak

Physical States are BRST Strong Qﬁphys — ﬁphysé) =

(A +n38AT, BT + 03B, ¢t +nsct, et +nsct|ppnys|A; , BT, ¢, ) =0

<A+ |A +nsA; , B~ +nsB~,c —|—77§c_,__—|—77§5_>:()

7

pl =
~ @]

Tr|ppnysO] = Tr :gWQGﬁOA: |

However Hata-Kugo showed that Provided [,
Q,




Hata-Kugo means we only need weak BRS'1 symmetry

N\

p (Weak BRST)
Q,p] =0

(/

<A;r +n8AT, BT +n8BT, ¢t +nict, e + 77§E+’ 0 |Az-_ +nsA;,B” +nsB",c” +nsc,c + 77§6_> =0

A - T LT AT
Sdiagonal <Ar,, 7B €, C

>
=
bol
\,Q|
\,Q||
~—
|
-




Historically this 1s why ditterent '1'hermal b.c allowed

Bernard-Hata-Kugo .
7—1 6—5HB RST

a)
|

Landshoff-Rehban

Z— 1 G_BHTransverse polarizations

5

Weak BRST state different, Strong state the same!




(Ghost boundary conditions

Tr[O] = /DC/DC<—C, —¢|Ole, &) * Tr(e™@e 0] = /Dc/Dé<c, c|O|c, ¢)



1.

2.

BRS'T path integral recipe

Work in Nakanishi-Lautrup representation

Double fields, double action, CTP contour

. Take an initial density state that respects WEAK (diagonal) BRST symmetry only
. Perform path integral with final time boundary conditions

B (ty) = BL(ty), A["(ty) =A;7"(ty), cLlty) =cl(ty), cL(ty)=cl(ty)

. At initial time include - sign for physical fermions but NOT for ghosts (Hata-Kugo)

MANIFEST DIAGONAL BRST SYMMETRY



BRS'T Path Integral

WI T K K] Fr(te)=F" (te) Rt (Al e
< Dif i -] plf s £ -] (=17 57| p() [£7)

X €iSNL[‘f+]+i fttif d*z (JT-f T+ KT -3f 1) —iSnL[f 7] i fttif d*z (J~-fT+K ™ -5f7)

Sources

J-f+K-5f=JrA% + JEB + Joc" + & J¢ + Jp® + @1 Jg + Y + U
+K!D, c" + K, (—gfabccbcc> + igmgcang@ —ig®T " Teke + igﬁ;jpc“Tgw — igﬂcanp’“/w

Final time b.c.

A—-I_(tf) = A (tf) : B—l_(tf) — B_(tf) : C+(tf) = C (tf) : E_I_(tf) = C (tf)

[/ [



/Zinn-Justin equation for Weak BRS'T

All of the Ward-Takahashi-Slavnov-Taylor identifies are encoded in the
CTP Zinn-dustin equation that follows from diagonal BRST

SM) =8, (T)=S_(T) =0

' ) A A o
(T = 4 | - BY
S+(1) /t T SAT SKT. T 5es oK. 560

T Ta - mye

o' oI o' oI o' oI or o'

001 5K, 00 OKie i sKL 0 0y 0K

At ‘tree’ level 5 (SNL fy] = Snel[f-] —iln (<(—1)N¢ fi+|ﬁ(ti)\fi‘>)) =0




Keldysh contraction of diagonal BRS'T symmetry

In Keldysh variables, diagonal BRST symmetry is

1 1 1
$Ap, = DulArley + ngabcAguCSa SCp = —§9fabccgcf- - égfabccgcga
§E?:BS, §Bg:()7
$AG, = DulArlea + gf " Aqucr,  sca = —gf " ey,
A a a A a 1 abc b .c
\ . . . SKAI‘,LL — DM [AI']CI‘ ) SKCyp = _59 CrCp
In classical’ limit : -a _ pa
SKCI- _ r §KB3 — O,
fa N Efa §KAg'u — DM[AI-]CZ i gfabCAgucﬁ, §ch _ _gfabccgcg’

4. =0 . Da
SKCa—Ba, §KBa —



Keldysh BRS'T

Keldysh BRST symmetry is an EXACT symmetry of the SK action

truncated at quadratic order in the Keldysh expansion

Slf™. 7 = [ ds

0SEFT

0f" ()

o £ g [0 [t

SkSk|f, 7] =

JFT

)51"’()




Retarded Gauge Invariance + CGovariant Abelian gauge
Invariance

SKk = Sr + Sa

Pure retarded BRST Abelian BRST (covariant under retarded)




General structure of BRST EF T

auge invariant A -
SERrsT = SER" Ay, A_] + Sdiagonal F'[4;

Or to quadratic order in Keldysh expansion

non Abelian ret. + abelian ad ~
SBRST.K = 5% | Ay, AL+ Sk FIA;

1 B:




k~qgl' q~ 1  Hard Thermal Loop EFT

dS.,
SHTL[AraA "TLD/ /d4a: v“Aa

_(U.D

ZTmD/ /d4a:' v“Aa

gauge transformations

5aAZa = (Dy Ar]Aa)” 5aAZr =0,

5a S5 =0

1
_”U ' D[Ar]ret
1 1
Arliet  v-DJA

>

Satisfies Dynamical KMS

) v A4
r]adv _

Quadratic order in Keldysh expansion. Manifestly invariant under retarded

V' Ei[Ay]| (z) +



Kaplanek, Mylova, AJT 2026

Open EFT for Yang Mills with SSB

Unitary gauge _ ! - N g e -1y Stuckelberg
YORUIE A = 5 (s + M) = Ulma) AU () o+ U ()00 ) 20

Aua — Au+ o Au— — U(Wr) (Aua T Du [Ar]ﬂa) U_l(ﬂr) .

~

D, [Ar]me = Ay + — p (8 U~ (7)) Uy




Conclusions

Gauge charge in open systems is subtle: Open EFTs may break advanced/global
charge conservation but must preserve two copies of gauge symmetry

In the absence of SSB, gauge invariance is naturally maintained by Wilson-line
dressings of advanced fields ending at the SK final-time surface.

Open EFTs for gauge theories can be constructed systematically with weak/
diagonal BRST symmetry. SK final-time boundary condition breaks the naive
doubled BRST symmetry down to weak/diagonal BRST.

Applications: HTL effective theory becomes a natural example where causality,
unitarity, and dynamical KMS are manifest.

Spontaneously broken non-Abelian open gauge theories can be treated similarly.



