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SLIDE 1 - A PRACTICAL GOAL

Evolve dissipative relativistic fluids as a closed PDE system

Long-standing goal e The problem

Numerically evolve a relativistic fluid with dissipation as a system of

partial differential equations that is closed by the conservation laws The naive first-order theory cannot be
alone.

evolved consistently in time.

v IT[,LV O V NLL O * instabilities
9 .
H M e acausal propagation
energy—momentum & charge, locally conserved

e ill-posed initial value problem




SLIDE 2 - THE CLASSIC PROBLEM

Plane-wave analysis of the first-order theory

Perturb equilibrium Insert constitutive relations Read off the dispersion
Linear plane-wave perturbations about a Substitute the first-order constitutive relations Solve for the dispersion relation; inspect its
homogeneous equilibrium. into the conservation laws. complex roots.
—iwt+i1k-x _
D ox e + w = w(k

Classic conclusion

’ Unstable modes appear ® Causality is violated A Deemed generically pathological

Reference: Hiscock & Lindblom 1985




SLIDE 3 - TECHNICAL PRESCRIPTIONS

Two established routes to a well-behaved PDE system

Miiller—Israel-Stewart Bemfica-Disconzi-Noronha-Kovtun
first-order theory
Promote the dissipative fluxes to independent dynamical Choose the hydrodynamic frame judiciously so that a first-order
variables and add relaxation equations for them PDE system is stable, causal and well-posed — with no extra
variables.
14 .
ﬂ-ﬂ ’ q“ . H extra relaxing d.o.f. stability causality well-posedness

o Where they sit: both MIS and BDNK are UV prescriptions for treating first-order hydrodynamics as a good PDE system.




SLIDE 4 - REFRAMING THE QUESTION

Hydrodynamics is not fundamental — it is an IR effective
theory

The same should hold for first-order hydrodynamics

Analogy: chiral perturbation theory

® Don't over-extend

The truncated equations should not be treated as exact PDEs valid at

Exactly inverting a derivative expansion truncated at finite order
all w and all k.

can produce spurious poles on the UV side.
O Don't reject on UV poles

Pathological poles in the UV are no reason to discard the theory as an

p << A_EFT trust the expansion only here IR description.

IR is all you need

Q

Nonlinear response and loop corrections only require a controlled IR
pole under the derivative expansion.

The UV pole is simply not regarded as a physical degree of
freedom.

Can first-order hydrodynamics be made consistent as an IR EFT?

REFRAMING Refs: Dubovsky—Hui—Nicolis—Son arXiv:1107.0731 - Endlich—Nicolis—Porto—Wang arXiv:1211.6461



SLIDE 5 - TWO DISTINCT NOTIONS OF FRAME

Two different “frames” in relativistic fluid mode analysis

A choice of which inertial observer describes the same

e Inertial frame @

Hydrodynamic frame
A field-redefinition freedom in how the fluid variables

are defined.

fluid background.

k,—kl =A"k
p p — p b
® Comoving frame — observer moving with the background

gr = oY, p— p+op

The same conserved currents, expressed through different fluid
variables — a field redefinition. . ) )
® Non-comoving frame — observer boosted relative to the fluid

® Landauframe — flow defined by energy flux
These two boosts realize Lorentz symmetry very differently.

® Eckart frame — flow defined by particle flux

Hydrodynamic frame # Inertial frame




SLIDE 6 - THE CLASSIC VERDICT

Stability only for one special combination

-
O Stable
Landau frame + comoving inertial frame
In this one combination, every mode is stable.

.

o Move away — instabilities return at once

Shift the hydrodynamic frame off Landau

Shift the inertial frame off comoving

A peculiar

singular limit”

— how the Landau frame came to be regarded

e But a physical IR pole should...

e not depend on redefinition of the fluid variables

e notdepend on the choice of inertial frame




SLIDE 7 - THE EFT CONSTRUCTION BEGINS

Fluid modes as Stiickelberg fields

@ Global equilibrium thermal vector

A local fluid configuration is generated from the constant thermal
vector by a diffeomorphism Stiickelberg field:

BH(z) = e*mr B

8%, : constant global-equilibrium thermal vector

R:. 1=* the physical hydrodynamic field

Schwinger—Keldysh: a second copy

The SK (closed-time-path) formalism introduces a second Stiickelberg
field associated with noise diffeomorphisms.

8 m,, Stlckelberg field for noise diffeomorphisms

The SK effective action is then built systematically from the
nonlinear realization of diffeomorphisms on the background fields:

Isk = Isk[n's, 4]

STUCKELBERG CONSTRUCTION Refs: Crossley—Glorioso—Liu arXiv:1511.03646 - Nicolis—Penco—Rosen arXiv:1307.0517



SLIDE 8 - THE SCHWINGER-KELDYSH IR ACTION

Dissipation and fluctuation from one effective action

4 M M N | i MN
IIRZ/dZU[B Tam+TamEY TR + 2 maMm NV 14 N]

BM EMN NMN

background equation-of-motion term response / EOM kernel noise kernel

Inherited from the UV generating functional B, E, N are not independent — the SK structure constrains them

® onjugation condition

Unitarity + KMS = local 2nd law
® unitarity KMS = thermodynamic relations
® MS symmetry KMS — fluctuation—dissipation




SLIDE 9 - FIRST ORDER IN THE NOISE FIELDS

Background conservation from the noise-field variation

Action at first order in the noise fields (R/A notation)

Ic(il,O,O) — —/d4;€ [(p — ,un)’fTAO + PO;ma; — néA

vary w.r.t. the noise fields

Q Background conservation

p =0,




SLIDE 10 - CONSTRAINTS & THE DERIVATIVE EXPANSION

Keep the derivative expansion when eliminating constraints

From the O(m,,mR) terms Solve perturbatively, not exactly
The quadratic action gives the linearized equations of motion — but After eliminating constraints the dispersion relation may formally
not all of them are independent evolution equations. contain higher powers of w — but solving it exactly in a truncated EFT is

not justified.

ol ol
350 =0, E =0 2
.‘A _
energy & charge conservation constraints w I wo _|_ 8 (.Ul _I_ O (8 )
e )
Q Landau frame stays local Non-hydrodynamic roots never appear at any order of the

derivative expansion.
Solving the constraints generally produces non-local expressions in a
generic hydrodynamic frame, even starting from local first-order Validity of the fluid Stiickelberg expansion (nonlinear realization):
relations.

< 1, Mgsp ~ (p+ P L
In the Landau frame the constraints stay local in the derivative expansion. Mssp i ('O )




SLIDE 11 - MODE ANALYSIS IN A GENERAL FRAME

Start from the most general charged first-order fluid

Most general U(1)-charged first-order constitutive tensors

THY — (P 4 p(l))uﬂu’/ 14 (P 1 P(l))f),lﬂ/ 14 qUu(MfYV)J

JH — (n 4+ n(l))u” + A,
Scalar sector — all first-order coefficients retained

pM) = 7 LeurPV 8 — MV, uf — vguPV ,(Bp)
PO = g1, uPV,B — CV,uf —vsuPV,(Bu)
nD) = 1uPV, 0 — BraV uf — BrsufV,(Bu)
Vector & tensor sector

gt = 6_151Vﬁﬁ — kou’Vu,, — Tgvli‘(ﬁ,u) — BTauPF,,
j* =1V B — Brau’Vouy — Bx1Vy (Br) — B2x2u’Fpy
YHY = 2pot?, Vﬁ ="V,

No specialization to Landau frame - KMS not yet imposed

GENERAL-FRAME ANALYSIS Kovtun arXiv:1907.08191

_

Longitudinal sector

Eliminating the constraints gives, formally:

6

3 dpw™ =0

m=0

Solve along the derivative expansion:

Leading order:

’ o P or
Wy = i{—'.ﬁae,”n k, “s/n 90
op, s/n
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SLIDE 12 - THE GENERAL DISPERSION RELATION

Frame-dependent inputs — a pole built from invariants only

At first sight — many frame-dependent coefficients:

-7.2
wl — _Zk F(€7 A1,27C7 V157K:1,27T147Xl72’77)

Longitudinal sound attenuation

r

But it collapses to:

W1 = —?:FL k2

o Even starting from a generic frame-dependent constitutive theory, the pole is expressible through frame invariants alone.




SLIDE 13 - IMPOSING KMS & UNITARITY

KMS symmetry and unitarity force stability

Conditions from KMS + unitarity The consequence

~ o~ +P>0

T1 = To, n >0 8§ P
physical positivity of enthalpy

8 3 - I, =20

(8) A (50),7 2 0 >

P)n "/)p attenuation non-negative

Imw=<0

1 — g > 0 ©

Xl B(P"‘P) 2 = every mode decays — stable

p+P>0 = T >0 = Imw<0

plus ¢>20 and f*>0

STABILITY PROOF
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SLIDE 14 - CHANGING THE INERTIAL FRAME

Fluid modes realize boosts non-linearly

Unlike a linear representation

For a mode that sits in a linear Lorentz representation (e.g. the photon),
different inertial frames are related simply by boosting the wave-vector:

ky — K, = A Ky

Boosting k alone is not enough

Because fluid modes realize boosts non-linearly, a linear boost of the
wave-vector does not identify the same dynamical degree of freedom.

Never identify a non-linear fluid mode by a linear boost of k alone.

The non-linear transformation

Under an infinitesimal t—x boost:

K=o (xdy +1td7)

-

e Sound mode = density wave in the local rest frame

Using the original m™ in a comoving frame mixes the density wave with mass
transport by the mean flow — a different d.o.f.

Apparent comoving-frame instability is not an instability of the IR theory.

_J




SLIDE 15 - CONCLUSION

First-order hydrodynamics is sound as an IR effective
theory

——
== & 2
Frame-independent pole KMS + unitarity = stable Inertial-frame independent
The physical IR pole does not depend on the Under KMS symmetry and unitarity,p +P >0 Realizing Lorentz boosts non-linearly makes
hydrodynamic frame. implies Im w < 0. mode identification frame-independent too.
0 For simulation: this is separate from the PDE question — MIS / BDNK As an IR EFT: sufficient for linear response, fluctuations, loops and
completions remain useful in practice. renormalization — no need to extend to second order.

CONCLUSION Refs: Ota arXiv:2410.23837
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SLIDE 16 - OUTLOOK

Where this goes next

1 - Curved spacetime & other symmetry

2 - Non-linear fluctuations & loop corrections

backgrounds
Minkowski - curved / time-dependent backgrounds quadratic action = non-linear SK effective action
® Couple fluid modes to gravitational perturbations @® Corrections from fluid modes running in loops
@® Extend to FLRW, Einstein static universe, black-hole backgrounds ® Infrared renormalization of transport coefficients
® NG modes and stability under different spacetime symmetries ® Long-time tails and non-analytic response
@® Effect of background curvature and time-dependence on the IR pole ® Hydrodynamic-frame-invariant correlators and effective action

‘ Next goal: a frame-independent, non-linear, quantum effective theory of fluids.
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