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→ This talk: new concept from QI that explains physical interpretation of
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There is a precise relation between OTOCs and operator size.
Roberts-Stanford-Streicher ’18

Chaos leads to universal growth of operator size, and decay of OTOCs.
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Various approaches have helped understand universal behavior of OTOCs:

Explicit computations in solvable models:

Figure 3: The Kruskal and Penrose diagrams for the geometry with a shock wave from
the left, represented by the double line. The dashed v = 0 and ṽ = 0 horizons miss by an
amount ↵.

not: there is an impulsive curvature at the location of the shell. One can check that the

Einstein equations imply a stress tensor

Tuu =
↵

4⇡GN

�(u), (16)

corresponding to a shell of null particles symmetrically distributed on the horizon.

3.3 Geodesics

Since we can boost to a frame in which the shock wave has very little stress energy, the

patched solutions described above do not give rise to any large local invariants. The scalar

curvature, for example, is regular at u = 0. However, there are large nonlocal invariants

that distinguish the shock wave geometry from unperturbed BTZ. Geodesic distance, which

we will relate holographically to field theory quantities in § 3.4 and § 3.5, is an important

example of such an invariant.

Let us consider a geodesic connecting a point at Killing time tL on the left boundary

with a point at time tR on the right boundary. We will take both points to be located

at the same value of �. Any real geodesic between them will pass through the shock at

u = 0 at some value of v. We can use the embedding coordinates (9) to compute the

distance, d1, from the left boundary to this intermediate point and, d2, the distance from
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Maldacena-Stanford ’16 von Keyserlingk-Rakovskzy-Pollmann-Sondhi ’17

Schwinger-Keldysh effective field theories for:

→ early-time decay in large-N systems. Blake-Lee-Liu ’18

→ late-time behavior in large-N systems. Stanford-Yang-Yao ’21,

Choi-Haehl-Mezei-Sarosi ’23, Gao-Liu ’23, Stanford-SV-Yao ’23

→ generic chaotic systems with conservation laws.
Mishra-Wang-Pappalardi-Delacretaz ’25
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At late times, the OTOC in any of these systems agrees with evolution by
a Haar-random unitary, and takes an exponentially small value:
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Haar-random value of OTOC can be successfully reproduced by
“scramblon EFT.” Stanford-Yang-Yao ’21

Here, hWW i0 = hWW i is the unperturbed correlator, without any scrambling mode turned on.
On the other hand hWW i1 is the correlator of the W operators in a background with a very
large amount of the growing x+ mode turned on. This mode has the e↵ect of de-correlating the
two W operators, so that hWW i1 ⇡ hW ihW i, and similarly hV V i1 ⇡ hV ihV i. This formula
therefore reproduces (2.1). The three contributions can be pictured as

+ - (2.8)

Eq. (2.7) is just a mathematical identity as long as hWW ix+ and hV V ix� are smoothly varying
and approach a limit for large argument. One way to understand the formula, and the important
minus sign, is to think about the simpler integral without any operator insertions:

Z 1

�1

dx+dx�

2⇡
e�ix+x�

=

Z 1

�1
dx+�(x+) = 1. (2.9)

In the second expression, we have integrated out x�, getting a delta function. This makes it seem
like the integral is dominated by the region where x+ is very small and x� is large. But of course
we could have done the integral in the other order, and concluded the opposite. So why can’t we
add these two regions together and conclude that the answer to the integral is 1 + 1 = 2? The
resolution is that the answer to the integral is really 1 + 1 � 1 = 1, where the final minus one
comes from the region of the integral where both x+ and x� are restricted to be nonzero. More
precisely, we can consider the four regions, where “small” means restricted to (�✏, ✏) and “big”
means restricted to R \ (�✏, ✏):

{x+ small, x� big} {x+ big, x� small} {x+ small, x� small} {x+ big, x� big}. (2.10)

When ✏ itself is small, the contributions of these four regions are

1 + 1 + 0 � 1. (2.11)

The answer for the first three is straightforward. The integral over the final region is
Z

x+,x� 6=0

dx+dx�

2⇡
e�ix+x�

=

Z
dx+dx�

2⇡
e�ix+x� x+

x+ � i✏

x�

x� � i✏
= �✏

Z 1

0

dx�e�✏x
�

= �1.

(2.12)
To make a connection with 2.7, we can rescale the x± in 2.7 with

p
a and then replace ✏ withp

a in the above discussion.

As we will see later, the same mechanism explains the important minus signs present at higher
orders in the L�2 expansion. From the perspective of the large N integral, this mechanism is
quite nontrivial. The true expansion parameter for the x+ and x� modes is not 1/N , but rather
e�LT /N . For large time, the large N expansion breaks down for these modes, leading to large
fluctuations. The minus sign comes from a specific region in the resulting integral.
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OTOCs do not capture the full story about chaos and operator
spreading.

Random Clifford unitaries lead to much simpler operator evolution,
but have identical behavior of OTOCs to Haar-random unitaries.
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Higher-point OTOCs

Higher-point OTOCs can distinguish Haar random unitaries from
Clifford random unitaries.
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Under Clifford unitaries, many higher-point OTOCs do not decay.

Under Haar-random unitaries, all higher-point OTOCs are
exponentially small, and match OTOCs for freely independent
noncommuting variables.

⟨(UAU†B)n⟩Haar = formula involving ⟨Ap⟩ , ⟨Bq⟩

Freely independent variables are maximally non-commuting,
indicating complete lack of correlation between UAU† and B.

Terence Tao, Topics in Random Matrix Theory



Higher-point OTOCs

Higher-point OTOCs can distinguish Haar random unitaries from
Clifford random unitaries.

Chaotic quantum many-body 
dynamics

Effective field 
theory

Quantum information 
theory

Solvable 
models

Holography

. . .

𝐴 𝑡 𝐵 =

𝐴 𝑡 𝐵	𝐴 𝑡 𝐵	…𝐴 𝑡 𝐵 =

Under Clifford unitaries, many higher-point OTOCs do not decay.

Under Haar-random unitaries, all higher-point OTOCs are
exponentially small, and match OTOCs for freely independent
noncommuting variables.

⟨(UAU†B)n⟩Haar = formula involving ⟨Ap⟩ , ⟨Bq⟩

Freely independent variables are maximally non-commuting,
indicating complete lack of correlation between UAU† and B.

Terence Tao, Topics in Random Matrix Theory



Higher-point OTOCs

Higher-point OTOCs can distinguish Haar random unitaries from
Clifford random unitaries.

Chaotic quantum many-body 
dynamics

Effective field 
theory

Quantum information 
theory

Solvable 
models

Holography

. . .

𝐴 𝑡 𝐵 =

𝐴 𝑡 𝐵	𝐴 𝑡 𝐵	…𝐴 𝑡 𝐵 =

Under Clifford unitaries, many higher-point OTOCs do not decay.

Under Haar-random unitaries, all higher-point OTOCs are
exponentially small, and match OTOCs for freely independent
noncommuting variables.

⟨(UAU†B)n⟩Haar = formula involving ⟨Ap⟩ , ⟨Bq⟩

Freely independent variables are maximally non-commuting,
indicating complete lack of correlation between UAU† and B.

Terence Tao, Topics in Random Matrix Theory



Higher-point OTOCs

Higher-point OTOCs can distinguish Haar random unitaries from
Clifford random unitaries.

Chaotic quantum many-body 
dynamics

Effective field 
theory

Quantum information 
theory

Solvable 
models

Holography

. . .

𝐴 𝑡 𝐵 =

𝐴 𝑡 𝐵	𝐴 𝑡 𝐵	…𝐴 𝑡 𝐵 =

Under Clifford unitaries, many higher-point OTOCs do not decay.

Under Haar-random unitaries, all higher-point OTOCs are
exponentially small, and match OTOCs for freely independent
noncommuting variables.

⟨(UAU†B)n⟩Haar = formula involving ⟨Ap⟩ , ⟨Bq⟩

Freely independent variables are maximally non-commuting,
indicating complete lack of correlation between UAU† and B.

Terence Tao, Topics in Random Matrix Theory



Higher-point OTOCs are not merely abstract mathematical quantities.

Recently measured in an experiment on Google’s quantum processor:

Nature | Vol 646 | 23 October 2025 | 827

∑ c P P P P= Tr [ ]. (4)
α β γ δ

αβγδ α β γ δ
(4)

, , ,

C

Here each cαβγδ is also a real-valued coefficient. Each Pauli string in 
this expression is represented as a coloured segment in the diagrams 

within the top panels of Fig. 3a. The length of this segment qualita-
tively represents the Hamming distance between the Pauli string 
and the identity. Multiplying two Pauli strings joins them at one 
end and forms a new Pauli string connecting the two new terminal  
points.
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Fig. 2 | Sensitivity of OTOCs towards microscopic details of quantum 
dynamics. a, Top, quantum circuit schematic for measuring OTOCs of different 
orders, OTOC(k). Here, ψ #M∣  is an eigenstate of the measurement operator M 
(realized as Z in this work). The operator B is realized as X. Bottom, implemen 
tation of the unitary U as t cycles of single- and two-qubit gates. Each single- 
qubit gate is ( )φ X φ Yexp −i (cos( ) + sin( ) )θ

2 , where θ/% ∈ {0.25, 0.5, 0.75} and φ/% 
is chosen randomly from the interval [−1, 1]. Each iSWAP-like gate is equivalent to 
an iSWAP followed by a CPHASE gate with a conditional phase of approximately 
 0.35 rad. b, The mean (C(4)) and standard deviation (σ[ ](4)C ) of OTOC(2) ( (4)C ) 

measured over 100 circuit instances for t = 6, 12 and 18 cycles. The colour at 
each qubit site indicates data collected with B applied to the given qubit. Purple 
dots indicate the fixed location of qm. Cyan lines represent the light cone of qm. 
c, Standard deviation of four quantities, TOC ( (1)C ), OTOC (C (2)), OTOC(2) ( (4)C ) 
and the off-diagonal component of OTOC(2) ( off-diag

(4)C ). For C (2), C (4) and Coff-diag
(4) , qm 

has the same fixed location as in b whereas qb gradually moves further from qm 
as the number of circuit cycles increases, such that the OTOC mean C ≈ 0.5(2)  is 
maintained. C (1) corresponds to Z t Z( ( ) # measured at a qubit close to the centre 
of the lattice. SQ, single qubit.
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Fig. 3 | Quantum interference and classical simulation complexity of 
OTOC(2). a, In the Heisenberg picture, the time-evolved B(t) branches into a 
superposition of multi-qubit Pauli strings. For C (2), in which only two copies  
of B(t) are present, the final strings Pα and Pβ need to be identical to contribute. 
For (4)C , the strings (Pα, Pβ, Pγ, Pδ) contribute a ‘diagonal’ component Cdiag

(4)  when 
Pα = Pβ and Pγ = Pδ, or an ‘off-diagonal’ component Coff-diag

(4)  when Pα ) Pβ ) Pγ ) Pδ.  
b, Protocol for probing quantum interference. Random Pauli operators are 
inserted at one circuit cycle, which changes the signs of the Pauli string 
coefficients. c, Relative signal change, characterized by 1 − ρ, as a function  
of the cycle at which Paulis are inserted. ρ refers to the Pearson correlation 
between experimental data from 50 different 40-qubit circuits (t = 22 cycles), 
obtained with and without Pauli insertion. Error bars denote standard errors 

estimated from resampling the experimental data. Insets, Data at cycle 11.  
d, Comparison of experimental C (2) values against exactly simulated C (2) for  
a set of 40-qubit circuit instances. Values computed using CMC heuristic 
algorithms are shown for comparison, achieving an SNR of 5.3, like that of  
the quantum processor (SNR = 5.4). Inset, circuit geometry (red for qm and  
blue for qb) used for the experiments in c–e. e, Experimental off-diag

(4)C  values  
on the same set of 40 qubits, alongside exact and CMC simulations. off-diag

(4)C   
is measured by subtracting the Pauli-averaged (4)C  from the non-averaged (4)C . 
Here the experimental SNR is 3.9 whereas the SNR from CMC is 1.1. Error bars  
on experimental data are based on an empirical error model discussed in 
Supplementary Information sections II.F.3 and II.F.4. Exp, experiment;  
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Drawbacks of higher-point OTOCs

Higher-point OTOCs do not have a clear interpretation in terms of
operator spreading in the space of degrees of freedom.
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For increasing number of contours, they seem to show increasingly
erratic and non-universal time-evolution. For example, in a chaotic
spin chain,
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Wish list for a measure of quantum chaos

We want a measure of quantum many-body chaos that:

Similar to higher-point OTOCs, is sensitive to more fine-grained
features of Heisenberg evolution than growth of operator size.

Similar to higher-point OTOCs, captures the approach to “freeness” of
A(t) and B.

Unlike higher-point OTOCs, has a good physical interpretation in
terms of chaos and ergodicity.

Unlike higher-point OTOCs, shows a simple, universal behavior in its
time-evolution.

We will introduce a quantity called the free mutual information
(FMI), which satisfies each of the above conditions.

We will further show how this quantity has a precise relation to a sum
over all higher-point OTOCs, which captures their universal physical
content.
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FMI as a measure of spreading in operator space

In classical chaos, ergodicity is
defined as spreading of classical
phase space distributions.

No direct analog in generic quantum
many-body systems.

𝑥

𝑝

Spreading of operators in the space of degrees of freedom can be seen
as one generalization to quantum chaos, captured by OTOCs.

The FMI captures a different notion of spreading in the abstract
space of all possible time-evolved operators.

! !(#)

%	!%†

!(#)

%	!%†

!

Physical space with ! degrees of freedom
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Figure 1: We contrast spreading of the time-evolved operator A(t) = e→iHtA0e
iHt in a chaotic

quantum many-body system in the physical space of n degrees of freedom, shown on the left, with
spreading in the much larger space of all possible time-evolved operators UA0U

†, shown on the
right. The sphere in the right figure should be seen as living in O(en) dimensions, corresponding
to the number of parameters in a general unitary acting on the Hilbert space, and a discretization
of this sphere consists of O(een

) operators.

in [7–13]. They show simple behaviors that fall into a small number of universality classes
across di!erent chaotic systems [14](also see [6] for a review).

Our goal in this paper is to introduce a distinct notion of operator spreading in quantum
many-body systems, which can be seen as a new quantum many-body analog of ergodicity
in classical chaos. Instead of considering the volume occupied by the time-evolved operator
A(t) = e→iHtAeiHt in the physical space of degrees of freedom, we will instead quantify the
volume occupied by it in operator space, or the abstract space of all possible time-evolved
operators UAU † for any unitary U that can act on the Hilbert space.

Suppose we have a system with n local degrees of freedom. While the volume of physical
space is O(n), the volume of the operator space parameterized by all possible U acting on
these n degrees of freedom is doubly exponential in n. This distinction helps emphasize
the fact that spreading in operator space is a di!erent, and more fine-grained, notion than
spreading in physical space. See Fig. 1. In particular, we will discuss examples below of
certain systems where an operator is fully delocalized in physical space while remaining
confined to a small, highly structured corner of operator space. Nevertheless, we will show
that spreading in operator space, i.e., the growth of the volume fraction

fA(t) =
Vol(e→iHtAeiHt)

Vol(UAU † for all possible U)
, (1.1)

is a universal property of generic chaotic quantum many-body systems.

We have not yet defined precisely what we mean by the volumes in (1.1). One ingredient
needed in order to do so is a formal definition of volumes on the manifold of d-dimensional uni-
taries, which we will introduce in Sec. 2. In addition to this, a further conceptual ingredient is
needed in order to associate a non-trivial volume with the fixed operator A(t) = e→iHtAeeiHt

.
Since A(t) is a single operator, it can clearly only occupy a measure zero volume within the
set of all possible UAU †, unless we coarse-grain it to allow for a larger set of operators.

We use a coarse-graining prescription inspired by a quantity called the “free entropy”
in the mathematical literature on noncommutative probability theory [15–24]. This coarse-

4



Plan

Spreading in operator space → definition of free mutual information.

Computable formula for FMI.

General relation between FMI and sum over higher-point OTOCs.

Behaviour of FMI in chaotic and integrable systems.
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How much does A(t) = e iHtAe−iHt spread out with time in the space of
all possible time-evolved operators?

Need to clarify:

1. What we mean by “the space of all possible time-evolved operators.”

2. What it means for A(t) to spread out in this space.



Space of all possible time-evolved operators

For a given initial operator A in a d-dimensional Hilbert space,
consider the set of all operators that can be obtained by any unitary
evolution:

SA = {UAU† for all U ∈ U(d)}

U(d) is a compact manifold of dimension d2.

The manifold SA has slightly reduced dimension, which is still O(d2).

We can associate a natural volume measure with SA and its subsets.

Vol(SA) =

∫

U(d)/StabU(d)(A)
dU
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To better understand the size of the set SA, we can discretize it with
an ϵ-net SA,ϵ:

nSA,ϵ
∝

(
1

ϵ

)d2

Note that nSA,ϵ
is doubly exponential in the number of degrees of

freedom.

We would like to ask:

→ What fraction of Vol(SA) is occupied by A(t) = e iHtAe−iHt?
→ What fraction of the elements of SA,ϵ is A(t) close to?

As stated, the answers are trivial: A(t) is a single fixed operator, so it
occupies zero volume.

Need to coarse-grain A(t) in some way to obtain a larger set.
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Coarse-graining A(t) through expectation values

We will define our notion of coarse-graining using some reference
operator B (some simple known operator) and some reference state ρ.

Forget the full Hilbert space representation of A(t), and remember
only the following set of expectation values:

Tr[ρA(t)m1Bn1A(t)m2Bn2 ...]
for all sequences of mi , ni .

We will refer to this data as the joint moments of A(t) and B.

Now define SA(t)|B as the set of all operators Ã ∈ SA such that joint

moments of Ã and B are the same as joint moments of A(t) and B:

Tr[ρA(t)m1Bn1A(t)m2Bn2 ...] ≈ Tr[ρÃm1Bn1Ãm2B̃n2 ...]

Similar idea to coarse-graining procedure in “Jaynes entropy.”
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SA(t)|B is a set of coarse-grained operators for A(t) with respect to B
(we will set ρ = 1/d).

We can now precisely state our question about spreading of A(t) in
SA:

Does the ratio of volumes

fA(t) =
Vol(SA(t)|B)

Vol(SA)

grow with time, and approach 1 at late times in chaotic systems?

𝒮!

𝒮! " |$



The free mutual information can be defined in terms of this volume
ratio:

Ifree(A(t) : B) =− 4

d2
log

(
Vol(SA(t)|B)

Vol(SA)

)

= lim
ϵ→0

log nSA,ϵ
− log nSA(t)|B,ϵ

free entropy of A(t) conditional free entropy of A(t),
given the set of

joint moments with B

Increase of volume fraction from 0 to 1 ↔ Decrease of FMI from ∞
to 0.

Closely related to free mutual information in mathematics literature
Voiculesciu, Hiai, Petz, but modified to physics setup.



Two extreme limits

If A(t) and B commute,

Vol(SA(t)|B)

Vol(SA)
= 0 and Ifree = ∞.

𝒮!
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Two extreme limits

If A(t) and B commute,

Vol(SA(t)|B)

Vol(SA)
= 0 and Ifree = ∞.

𝒮!

𝒮! " |$

Take the time-evolution operator to be
a typical instance of a Haar-random
unitary from U(d).

In the limit d → ∞,

Ifree(A : UHAU
†
H) = 0 .

A and UHAU
†
H are “freely independent”

in this limit.

𝒮!

𝒮! " |$



Expectations for FMI in chaotic systems

Haar-random unitaries in the large d limit are often used as the
simplest models for chaotic dynamics at late times.

Consider a generic chaotic many-body system, where A and B
commute at t = 0, so the FMI is ∞ at t = 0.

Does the FMI show universal decay with time to a small late-time
value?

We need an explicit formula to address this question.



Plan

Spreading in operator space → definition of free mutual information.

Computable formula for FMI.

General relation between FMI and sum over higher-point OTOCs.

Behaviour of FMI in chaotic and integrable systems.



Free mutual information for Pauli strings

We will obtain an explicit formula for Ifree(A(t) : B) in the case where
A and B both have the spectrum of Pauli operators.

Say the eigenvalues A(t)B are {e±iθj}d/2j=1.…

𝑒!	#!

𝑒!	#"

𝑒!	##/"

𝑒$!	#!

𝑒$!	#"
…

𝑒$!	##/"
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𝑒!	##/"

𝑒!	#"

𝑒!	#!

𝑒$!	#!

𝑒$!	#"

…

𝑒$!	##/"

We derive an explicit formula for the FMI in terms of these
eigenvalues:

Ifree(A(t) : B) = − 4

d2

∑

1≤i<j≤d/2

log | cos θi − cos θj | − log 2

→ Ifree = ∞ if there are degeneracies in spectrum of AB(t), and finite
otherwise.
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Starting from the formula for Ifree and using resolvent techniques, we find
that for Pauli operators A and B:

Ifree(A(t) : B) =
∞∑

n=1

2

n
OTOCn(t)

2 OTOCn(t) ≡
1

d
Tr[(A(t)B)n]



Starting from the formula for Ifree and using resolvent techniques, we find
that for Pauli operators A and B:

Ifree(A(t) : B) =
∞∑

n=1

2

n
OTOCn(t)

2 OTOCn(t) ≡
1

d
Tr[(A(t)B)n]

Comments:

Ifree has a clearer physical interpretation than any given OTOCn for
n > 2, and helps interpret the latter.

OTOCn are often easier to calculate than the spectrum of AB(t),
including in holographic CFTs Haehl-Rozali ’17, and can be
experimentally measured Google Quantum AI ’25.

General relation allows us to infer FMI from the OTOCs.



Questions about time-evolution

Ifree(A(t) : B) =
∞∑

p=1

2

n
OTOCn(t)

2

At t = 0, if A and B commute, RHS diverges as each OTOCn = 1.

On what time scale does Ifree start to converge, and how is this
related to time scales for decay of OTOCn? What is the
n-dependence of the decay time scale?



Plan
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Models for chaotic systems:

Random GUE Hamiltonians. (OTOCn are analytically tractable. No
locality.)

Random unitary circuits. (Partial analytic control over OTOCn.)

Chaotic spin chains. (Both locality and energy conservation, FMI and
OTOCn can be accessed numerically.)

Overall conclusions from chaotic systems:

1. Initial decay of OTOCn is faster for higher n.

2. At intermediate times, OTOCn(t) for n > 2 show oscillations as
functions of both t and n.

3. The FMI, and the partial sums
∑nmax

n=1 OTOCn(t)
2, show monotonic

decay with t.
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Chaotic spin chain

H =
∑

i

(ZiZi+1 + gXi + hZi ), g = 0.5, h = −1.05
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Transverse field Ising model

Using the mapping to free fermions, we can show that for any t and
any Pauli operators A, B, A(t)B has only two distinct eigenvalues.

Due to large degeneracy, Ifree(t) = ∞ for all times.
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Summary and future directions

We interpreted the free mutual information as a natural measure of
spreading in operator space.

Gave an explicit formula for two Pauli operators, and related it to a
sum over higher-point OTOCs.

Saw convergence and monotonic decay of the OTOC partial sums and
FMI in various chaotic systems. No decay in Cliffords, PFC, free
fermions.



Summary and future directions

We interpreted the free mutual information as a natural measure of
spreading in operator space.

Gave an explicit formula for two Pauli operators, and related it to a
sum over higher-point OTOCs.

Saw convergence and monotonic decay of the OTOC partial sums and
FMI in various chaotic systems. No decay in Cliffords, PFC, free
fermions.

Questions

Developing finite temperature version of the free mutual information

Effects of energy conservation and other conservation laws

Understanding behavior of OTOC sum in holography and other
exactly solvable models, and developing EFT approaches.



Thank you!



Comments on physical cutoffs

Ifree(A(t) : B) = − 4

d2
log

(
Vol(SA(t)|B)

Vol(SA)

)

Closely related to free mutual information in mathematics literature.
Voiculesciu, Hiai, Petz

In the physical setup with large but finite t and fixed time-evolution
operator, we need to introduce certain cutoffs:

|Tr[ρA(t)m1Bn1A(t)m2Bn2 ...]− Tr[ρÃm1Bn1Ãm2B̃n2 ...]| < δ,
∑

i

mi +
∑

i

ni < N

For large d , we can choose N large enough, δ small enough, such that
at leading order, FMI is independent of N, δ.



Say the eigenvalues A(t)B are {e±iθj}d/2j=1.…
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Since we use the Haar measure for volumes in SA:

Vol(SA(t)|B)

Vol(SA)
= Prob Haar-random

U
(eigenvalues of UAU†B are {e±iθj})

Probability distribution for eigenvalues ∝ Vandermonde determinant.

This leads to

Ifree(A(t) : B) = − 4

d2

∑

1≤i<j≤d/2

log | cos θi − cos θj | − log 2 +O
(

1

dz

)

→ Ifree = ∞ if there are degeneracies in spectrum of AB(t), and finite
otherwise.
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Random unitary circuits

𝑈!!,!!#$
(&!)

𝑥′

𝑡′

𝑡! = 𝑡

𝑡! = 1

𝑥( = 0

𝐴
𝐴

𝑥( = 𝑥

𝐵

Information travels at characteristic velocity vB determined by local
Hilbert space dimension q.

For v ≲ vB , it is well-known that Nahum-Vijay-Haah, von

Keyserlingk-Rakovszky-Pollmann-Sondhi

OTOC2(t, v) ≈ e−
(v−vB )2

2D
t

With many assumptions about membrane picture for higher n and
some combinatorial facts, we conjecture at late times and v ≲ vB ,

OTOCn(t, v) ≈ e−n
(v−vB )2

2D
t , n even



Random GUE Hamiltonians

Coulomb gas formula and partial sums
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Even though the OTOCn are analytically tractable, we get increasingly
complicated expressions for higher n: (here η(t) ≡ J1(2t)/t)

n Even NC Partitions ω OTOCn(t)

1 (1, 2), c = 1, |ωc| = 12 ε(t)2

2
(12)(34), c = 2, |ωc| = 1221

(4321), c = 1, |ωc| = 14 2ε(t)2ε(2t) → ε(t)4

3

(12)(34)(56), c = 2, |ωc| = 1331

(12)(36)(45), c = 3, |ωc| = 1222

(12)(3456) , c = 6, |ωc| = 1421

(123456), c = 1, |ωc| = 16

2ε(t)3ε(3t) + 3ε(t)2ε(2t)2 →
6ε(t)4ε(2t) + 2ε(t)6

4

(12)(34)(56)(78), c = 2, |ωc| = 1441

(12)(34)(58)(67), c = 8, |ωc| = 132131

(14)(23)(58)(67), c = 4, |ωc| = 1223

(1234)(56)(78), c = 4, |ωc| = 1531

(1234)(58)(67), c = 4, |ωc| = 1422

(1256)(34)(78), c = 8, |ωc| = 1422

(1234)(5678), c = 4, |ωc| = 1621

(12)(345678) , c = 8, |ωc| = 1621

(12345678), c = 1, |ωc| = 18

2ε(t)4ε(4t) + 8ε(t)3ε(2t)ε(3t) +

4ε(t)2ε(2t)3 → 8ε(t)5ε(3t) →
20ε(t)4ε(2t)2 + 20ε(t)6ε(2t) → 5ε(t)8

5

(12)(34)(56)(78)(910), c = 2, |ωc| = 1551

(12)(34)(56)(710)(89), c = 10, |ωc| = 142141

(12)(34)(510)(67)(89), c = 5, |ωc| = 1432

(12)(34)(510)(69)(78), c = 20, |ωc| = 132231

(12)(310)(49)(58)(67), c = 5, |ωc| = 1224

(1234)(510)(69)(78), c = 50, |ωc| = 1423

(1234)(56)(710)(89), c = 60, |ωc| = 152131

(1234)(56)(78)(910), c = 10, |ωc| = 1641

(1234)(56710)(89), c = 35, |ωc| = 1622

(1234)(5678)(910), c = 10, |ωc| = 1731

(123456)(710)(89), c = 35, |ωc| = 1622

(123456)(78)(910), c = 10, |ωc| = 1731

(1234)(5678910), c = 10, |ωc| = 1821

(12)(345678910) , c = 10, |ωc| = 1821

(12345678910), c = 1, |ωc| = 110

2ε(t)5ε(5t) + 5ε(t)2ε(2t)4 +

5ε(t)4ε(3t)2 + 10ε(t)4ε(2t)ε(4t) +

20ε(t)3ε(2t)2ε(3t) + 14ε(t)10 →
70ε(t)8ε(2t) + 105ε(t)6ε(2t)2 →
50ε(t)4ε(2t)3 + 30ε(t)7ε(3t) →

60ε(t)5ε(2t)ε(3t) → 10ε(t)6ε(4t)

Table 1: For n from 1 to 5, we list the non-crossing partitions of 2n elements contributing to (5.8).
We treat partitions that are related by a cyclic shift as equivalent and only write down one element
of each such equivalence class explicitly, indicating the multiplicity by c. |ωc| indicates the block
structure of the Kreweras complement of ω: for example, |ωc| = |W1|2|W2| indicates that there are
2 blocks of size |W1| and 1 block of size |W2|. The resulting full expressions for OTOCn(A(t), A)
are shown on the right. We have underlined the terms with the smallest number of total factors of
ε which come from noncrossing perfect matchings (ω with only 2-cycles).
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Non-chaotic systems: Clifford unitaries and PFC ensemble

Random unitaries from the Clifford group UC send initial Pauli strings
to Pauli strings under time-evolution, but increase their size.

𝐼 ⊗ 𝐼 ⊗ 𝐼 ⊗ 𝐼 ⊗ 𝑋 ⊗ 𝐼 ⊗ 𝐼 ⊗ 𝐼 ⊗ 𝐼

𝑋 ⊗ 𝐼 ⊗ 𝑍 ⊗ 𝑌 ⊗ 𝑋⊗ 𝑍⊗ 𝑍⊗ 𝑌⊗ 𝑋

The value of OTOC2 is identical for Haar-random unitaries and
random cliffords (Cliffords form 3-designs).

The behaviour of Ifree and higher-point OTOCs under random
cliffords is strikingly different from Haar-random unitaries:

Ifree(UCAU
†
C : B) = ∞

1

d
Tr[(AUCBU

†
C )

4n] = 1 for all integer n

By adding a random permutation and random phase, we get the more
powerful PFC ensemble, which forms approximate t-designs for higher
t Metger et. al. ’24. We can still find A, B for which Ifree(t) = ∞.
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