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Outline
• AI interlude
• The particle physics enterprise
• “Narrow AI” applications in theory 

and phenomenology
– Optimal kinematic variables
– Symbolic learning
– Symmetry discovery (in math)
– Symmetry discovery (in data)
– Model building

• Agentic scientific workflows
–  HEPTAPOD (HEP Toolkit for Agentic 

Planning, Orchestration & Deployment)
– Agentic Diagrammatica

• Related resources:
APS March Meeting: Navigating the AI revolution: Future-proofing your science career 
                                      Any session that starts with “How to graduate before your advisor retires”
PHENO: mini-review “Deep Learning in HEP” by Sergei Gleyzer on Tuesday 2 pm.

Source:  INSPIRE
Keywords: AI,ML,DL



The AI Map

V. Osaulenko (2020)



Data Science in STEM 
http://drewconway.com/

ValidationAutomation

Intuition



High Energy Physics has (Lots of) Data

2202.07659



AI in HEP theory and experiment

Extended version for the arXiv 
coming soon…

tim
eline

Blueprint workshop - Towards a National-Scale
 AI Collaboration in HEP, May 18-19, DC

G E N E S I S    M I S S I O N



The simulation pipeline in HEP

• Symmetries
• Representations
• Fields (basis)
• Lagrangian
• Aesthetics

• Resolution
• RecoObjects
• Histograms
• Backgrounds
• Selection cuts
• ROC curve
• Error analysis

See talk by
Federico Buccioni



The simulation pipeline in HEP

• Symmetries
• Representations
• Fields (basis)
• Lagrangian
• Aesthetics

• Resolution
• RecoObjects
• Histograms
• Backgrounds
• Selection cuts
• ROC curve
• Error analysis

• RGEs
• Vacuum structure
• Mass spectrum
• Feynman rules
• Feynman diagrams
• Cross sections (rates)
• Branching fractions (rates)
• MC event generation
• Fragmentation
• Hadronization
• Higher Order Corrections

See talk by
Federico Buccioni



Typical LHC Events
Two top quarks (dilepton channel) High pile-up event

Two top quarks (single lepton channel) High pile-up event



The curse of dimensionality

Franceschini, Kim, Kong, KM, Park, Shyamsundar, Rev. Mod. Phys. 2023



AI applications in particle theory
• Let’s ask the machine to invent a good event variable Our diagram:
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• Let’s ask the machine to derive a good symbolic formula 

1. Data generated using a splitting function

Here we repeat the exercise from Sec. III B 1, but
account for the detector resolution via Gaussian smearing
of the energy (but not direction) of the photon with some
resolution parameter σ. By varying the value of σ, we shall
investigate the impact of the detector on our results, which
are collected in Table VII for four different values of σ:
0.01, 0.03, 0.05, and 0.10. In all cases, we observe the
expected sin−2 θ dependence. We note that when the
detector effects are relatively mild, σ ≲ 5%, the x depend-
ence is well recovered as well. This fact—that symbolic
regression appears to be robust against noise—has been
observed in other independent studies as well [56].

In analogy to Fig. 7, in Fig. 11 we show the evolution of
the MSE loss with the complexity of the fitted function, for
several different values of σ: 0.01, 0.05, 0.10, and 0.20. The
“knee” structure is again evident, and the location of the
knee depends slightly on the amount of applied smearing.
Since the exercises in this subsection include both errors

due to the finite statistics and due to the detector resolution,
it is instructive to look at the interplay of the two types of
errors as a function of the number of events Nevents in the
training data, see Fig. 12. When the detector effects are
absent (σ ¼ 0, black line), the average loss improves as
Nevents increases, since statistical errors scale as 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nevents

p
.

On the other hand, the detector effects are not influenced by

FIG. 10. Unit-normalized distribution of the events in the training data (red) and PySR output (blue). The results in the left panel are
from Sec. III B 2 and do not include detector effects, while the results in the right panel are from Sec. III C 2 and account for the detector
resolution.

TABLE VII. Results from the symbolic regression exercise performed in Sec. III C 1 for several values of the
detector resolution parameter σ: 0.01, 0.03, 0.05, and 0.10.

Complexity Fitted function MSE Score

σ ¼ 0.01
9 ð−0.039þ 0.064=xÞ=sin2 θ 8.41 × 10−3 1.58
11 0.056=ðx sin2 θðxþ 0.82ÞÞ 5.91 × 10−4 1.33
13 ð−0.068þ 0.068=xþ 0.034xÞ=sin2 θ 2.46 × 10−4 0.438
17 ½ð−0.067þ 0.067=xþ 0.034xþ sin θÞ=sin θ − 1.00&=sin θ 2.44 × 10−4 2.11 × 10−3

σ ¼ 0.03
9 ð−0.039þ 0.064=xÞ=sin2 θ 8.71 × 10−3 1.57
11 0.056=ðx sin2 θðxþ 0.81ÞÞ 7.95 × 10−4 1.20
13 ð−0.068þ 0.068=xþ 0.034xÞ=sin2 θ 5.33 × 10−4 0.20
15 ð−0.068þ 0.068=xþ 0.034xÞ=sin2 θ − 1.24 × 10−3 5.32 × 10−4 1.06 × 10−3

σ ¼ 0.05
9 ð−0.039þ 0.064=xÞ=sin2 θ 1.16 × 10−2 1.44
11 0.056=ðx sin2 θðxþ 0.81ÞÞ 3.89 × 10−3 5.46 × 10−1

13 ð−0.067þ 0.068=xþ 0.033xÞ=sin2 θ 3.70 × 10−3 2.51 × 10−2

15 ½ð−0.067þ 0.068=xþ 0.033xÞ=sin θ − 1.10 × 10−3&=sin θ 3.70 × 10−3 2.78 × 10−4

σ ¼ 0.1
9 ð−0.039þ 0.064=xÞ=sin2 θ 3.90 × 10−2 9.00 × 10−1

11 0.056=ðx sin2 θðxþ 0.82ÞÞ 3.30 × 10−2 8.28 × 10−2

13 ð−0.064þ 0.067=xþ 0.029xÞ=sin2 θ 3.27 × 10−2 3.60 × 10−3

15 0.078=½sin2 θð1.62x2 þ xþ 0.014Þ& 3.17 × 10−2 1.75 × 10−2

IS THE MACHINE SMARTER THAN THE THEORIST: … PHYS. REV. D 107, 055018 (2023)

055018-11

Dong, Kong, KM, Matcheva (2022)



Finding symmetries with AI 
• We need to define the object, the transformation and the group invariant.
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Forestano at al. (UF) Deep Learning Symmetries in Physics 2023 PHENO 2 / 57
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Parameterization of Symmetry Transformations

Linear

x
0 = (I+ ✏W) x (2)

I ⌘ identity matrix

W ⌘
n ⇥ n matrix to be

learned by our method

Figure: Visualization: SU(2) generators for a
single layer linear model using the L2-norm
oracle '(x) = |x|.

Non-Linear

x ! | {z }
NN whose parameters are

to be learned by our method

!
x0 or
x
0�x

✏

(3)

Figure: Visualization: Grid vector
transformation representation for a deep linear
layered model using the L1-norm oracle
'(x) = |x(1)|+ |x(2)|.

Forestano at al. (UF) Deep Learning Symmetries in Physics 2023 PHENO 3 / 57

Neural network

Vector Space
x

Vector Space
x’

Map
Function (Oracle)

f(x)=f(x’)

• Let’s translate this setup into the machine learning terminology

We will be building thisThis part (the data) will be given to us

Forestano,KM,Matcheva,Roman,Unlu,Verner (2023)



AI applications in particle theory
• Let’s ask the machine to find a fundamental symmetry
– The Lorentz group (symmetry of spacetime)

– The exceptional G2 Lie group (symmetry of imaginary octonions) 
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Figure 3: Fano plane illustrating the multiplication rules for the
imaginary unit octonions e1, . . . , e7 in our conventions. For each triple
ei, e j and ek connected by a solid line, the result of the multiplication
eie j is equal to +ek (�ek) when going along (against) the arrows. The
dashed lines have been added to guide the eye in following each triplet
cycle.

consider three of the five exceptional Lie groups: G2 in
this section, F4 in Section 5, and E6 in Section 6. These
exceptional Lie groups have found various applications
in high energy physics in the context of gauge theories
and model building [8, 14, 16, 33–39]. Given the
significant mathematical complexity of these groups,
our ability to successfully derive their algebras attests
to the robustness and generality of our ML techniques.

The smallest exceptional Lie group is the G2 group,
which has rank 2 and dimension 14. This group emerges
as the automorphism group of the octonion algebra [40].
An octonion o is a linear combination

o =

7X

i=0

x
(i)

ei (10)

of the unit octonions ei with real coe�cients x
(i). Here

e0 is the real element which obeys e
2
0 = +1 and can

be identified with the real number 1. The remaining
e1, . . . , e7 are the seven imaginary unit octonions which
obey e

2
i
= �1. Their multiplication rules can be

visualized in the Fano plane of Figure 3. The figure
shows only one of 480 possible definitions for octonion
multiplication with e0 = 1; the other definitions are
isomorphic and can be obtained by permuting and/or
changing the signs of the imaginary basis elements.

The group G2 has a fundamental representation of
dimension 7, hence in this section x 2 R

7. The
components of the feature vector x will be identified

Figure 4: A pictorial visualization of the rank three tensor Di jk

defined in Eq. (12). Each plane represents a slice at a fixed i =
0, 1, . . . , 7 (from left to right). The blue, red and grey boxes indicate
coe�cient values of +1, �1 and 0, respectively.

with the coe�cients x
(i), i = 1, . . . , 7, of the imaginary

unit octonions in (10). Correspondingly, the generators
{J} will be real 7 ⇥ 7 matrices.

In general, the exceptional groups preserve K

vector oracles '(1), . . . ,'(K), where each component
'(i) represents an invariant polynomial characteristic
of the group. The group G2 preserves K = 2 such
polynomials. The first one is the norm of a purely
imaginary octonion,

'(1)
G2

(x) =
7X

i=1

�
x

(i)�2. (11)

To define the second oracle, we need to introduce the
real part of the product of three octonions o1, o2 and o3

Re
�
o1o2o3

�
=

7X

i, j,k=0

Di jk x
(i)
1 x

( j)
2 x

(k)
3 . (12)

Using the multiplication rules from Figure 3, the
components of the rank three tensor Di jk can be easily
derived and are shown in Figure 4. The group G2
preserves the real component of the product of three
purely imaginary octonions, hence the second G2 oracle
is (note that the sums start from 1 instead of 0)

'(2)
G2

(x1, x2, x3) =
7X

i, j,k=1

Di jk x
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1 x

( j)
2 x
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3 . (13)

For the training of the G2 generators, we use m =
900 samples (7-dimensional vectors in R

7) and fix " =
10�3. For the computation of the second oracle (13) we
split the sample into three equally sized groups of 300,
from which we draw the three vectors x1, x2 and x3.
The training was done with the Adam optimizer [41] for
1,000 epochs and with learning rate of 2.5 ⇥ 10�2.

Our results for the learned G2 generators are shown in
Figure 5. The panels in the top two rows depict the 14
generators found by the greedy algorithm (as expected,

5
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Contributions to the Loss Function 

Invariance

Orthogonality

growth in computational resources, have facilitated
progress in this area. However, when dealing
with highly complex and multidimensional problems,
training machine-learning models remains a significant
bottleneck. This paper introduces two novel algorithms
that greatly accelerate the symmetry discovery process.
The new methods were rigorously tested and showcased
using examples of symmetries from the exceptional
groups G2, F4, and E6. Remarkably, the symmetry
generators were learned accurately and in a nicer
form than the conventional representations found in
textbooks. With these groundbreaking techniques at
our disposal, we can now confidently tackle even more
intricate and challenging problems in mathematical
physics, particle phenomenology, and data analysis.

Acknowledgements. We are greatly indebted to
P. Ramond for setting us on this exceptional path by
suggesting this project. We thank S. Gleyzer, R. Houtz,
K. Kong, S. Mrenna, H. Prosper and P. Shyamsundar
for useful discussions. This work is supported in part
by US Department of Energy award DE-SC0022148.

Appendix A. Loss function

In this appendix we adapt the loss functions from
[29, 31] to the case where we train a single generator
G. The loss function is chosen to ensure that G has the
following properties:

Invariance: preserving the values of a vector oracle
~'(x) for all sampled datapoints {x} under a given
candidate transformation G:

Linv
�
G, {x}�= 1

m"2

mX

i=1

h
~'
�
xi + "G · xi

� � ~'(xi)
i2
, (A.1)

where “·” denotes ordinary tensor multiplication and the
arrow vector notation implies summation over the K

oracle components.

Normalization: ensuring that the transformation G

is not trivial and normalized to 1:

Lnorm
�
G
�
=
h
Tr
⇣
G ·GT

⌘
� 1
i2
. (A.2)

Orthogonality. This condition is used if we already
have some existing orthonormalized generators {J} and
want to find an additional generator G. It guarantees
that the transformation G is not in the set {J}:

Lortho
�
G, {J}� =

X

↵

h
Tr
�
G · JT

↵

�i2
. (A.3)

Sparsity: an additional loss term designed to
encourage sparsity was introduced in Ref. [31] :

Lsp
�
G
�
=

nX

j,k=1

nX

j
0,k0=1

���G( jk)
G

( j
0
k
0)
���
⇣
1 � � j j0�kk0

⌘
, (A.4)

where G
( jk) denotes the jk-component of G.

In this study, the total loss function was formed as a
plain sum of the relevant individual terms (A.1-A.4).
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sets of target labels {yi} and {y0i}. All of this informa-
tion is fed into the loss module which in turns informs
the generator through the backpropagation feedback loop
about the required adjustments in the values of the gener-
ator parameters. When the process converges (by either
reaching a target value for the loss, or after a su�ciently
large number of epochs), the Ng symmetry generators
can be read out directly from the current state of the
generator module.

IV. LINEAR ALGEBRA APPROACH

The universal approximation theorems [52] guarantee
that the deep-learning approach of the previous section
can handle almost any symmetry transformation, includ-
ing a highly non-linear one. At the same time, a large
class of interesting symmetries arising in physics are lin-
ear transformations for which the usual formalism of lin-
ear algebra would su�ce. Furthermore, the analysis of
the symmetry generators involves infinitesimal transfor-
mations, which are represented with linear operators. For
those reasons and to captivate the readers who are not
yet at ease with the technical intricacies of machine learn-
ing, in this section, we reformulate our analysis from the
previous section in the language of linear algebra. We fol-
low the same notation and conventions, but replace the
calligraphic font symbols representing neural networks
with corresponding blackboard-bold symbols represent-
ing n ⇥ n matrices acting on the n-dimensional feature
space.

In this section we are interested in the linear subclass
of the transformations (5), which are encoded in a generic
matrix F

x0 = Fx , (16)

whose n
2 components Fij are determined by minimizing

the loss function

Linv(F, {xi}) =
1

m

mX

i=1

[' (Fxi)� '(xi)]
2
. (17)

If the minimization is successful, then such a linear sym-
metry exists and is represented with the learned matrix
bF.
In analogy to (9), we can write the corresponding in-

finitesimal linear transformation as

�F(") = I+ "G , (18)

where I is the unit n⇥n matrix and G is an n⇥n matrix
whose components Gij are yet to be determined through
the optimization. In order to obtain a single generator
matrix J, we can use a loss function analogous to (10)

LJ(G, {xi}) =
hinv

m"2

mX

i


'
�
xi + "Gxi

�
� '(xi)

�2

+ hnorm


Tr

�
G

T
G
�
� 2

�2
, (19)

where the constants hinv and hnorm in (19) are hyperpa-
rameter weights determining the relative contribution of
the two terms in the loss function (19) enforcing the sym-
metry invariance and finite normalization2 conditions, re-
spectively. The actual generator J is then obtained by
minimizing (19):

J = argmin
G

✓
LJ(G, {xi})

◆
. (20)

By repeating this procedure several times with di↵er-
ent initial conditions, we obtain a di↵erent generator J

each time. Alternatively, we can produce all Ng genera-
tors in one go by adding together and minimizing simul-
taneously Ng copies of the loss function (19):

NgX

↵=1

LJ(G↵, {xi}) , (21)

which will lead to a set of Ng generators J↵, ↵ =
1, 2, . . . , Ng, and their respective infinitesimal transfor-
mations �F↵ ⌘ I+ " J↵.

At this point the generators J↵ are completely decou-
pled and independent of each other. We can force them
to be di↵erent by adding a loss term analogous to (13):

Lortho(G, {xi}) =
NgX

↵<�

⇥
Tr(GT

↵G�)
⇤2

. (22)

Finally, we can enforce the closure property by includ-
ing a loss term analogous to (14):

Lclosure(a[↵�]�) =
X

↵<�

Tr
⇣
C

T
[↵�]C[↵�]

⌘
, (23)

where

C[↵�](a[↵�]�) ⌘
⇥
G↵,G�

⇤
�

NgX

�=1

a[↵�]�G� , (24)

and minimizing the total loss function with respect to
the parameters a[↵�]� as well.

V. LENGTH-PRESERVING
TRANSFORMATIONS

In this section, we focus on transformations which pre-
serve the Euclidean length of the feature vector, i.e., our

2 In order for (18) to be an infinitesimal transformation, the matrix
G needs to be finite. We choose to normalize our generators as
Tr(GT

↵G�) = 2�↵� , hence the factor of 2 in the second line of
(19).
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⌘
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the parameters a[↵�]� as well.
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TRANSFORMATIONS

In this section, we focus on transformations which pre-
serve the Euclidean length of the feature vector, i.e., our

2 In order for (18) to be an infinitesimal transformation, the matrix
G needs to be finite. We choose to normalize our generators as
Tr(GT

↵G�) = 2�↵� , hence the factor of 2 in the second line of
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Sparsity

growth in computational resources, have facilitated
progress in this area. However, when dealing
with highly complex and multidimensional problems,
training machine-learning models remains a significant
bottleneck. This paper introduces two novel algorithms
that greatly accelerate the symmetry discovery process.
The new methods were rigorously tested and showcased
using examples of symmetries from the exceptional
groups G2, F4, and E6. Remarkably, the symmetry
generators were learned accurately and in a nicer
form than the conventional representations found in
textbooks. With these groundbreaking techniques at
our disposal, we can now confidently tackle even more
intricate and challenging problems in mathematical
physics, particle phenomenology, and data analysis.
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Appendix A. Loss function

In this appendix we adapt the loss functions from
[29, 31] to the case where we train a single generator
G. The loss function is chosen to ensure that G has the
following properties:

Invariance: preserving the values of a vector oracle
~'(x) for all sampled datapoints {x} under a given
candidate transformation G:

Linv
�
G, {x}�= 1

m"2

mX

i=1

h
~'
�
xi + "G · xi

� � ~'(xi)
i2
, (A.1)

where “·” denotes ordinary tensor multiplication and the
arrow vector notation implies summation over the K

oracle components.

Normalization: ensuring that the transformation G

is not trivial and normalized to 1:

Lnorm
�
G
�
=
h
Tr
⇣
G ·GT

⌘
� 1
i2
. (A.2)

Orthogonality. This condition is used if we already
have some existing orthonormalized generators {J} and
want to find an additional generator G. It guarantees
that the transformation G is not in the set {J}:

Lortho
�
G, {J}� =

X

↵

h
Tr
�
G · JT

↵

�i2
. (A.3)

Sparsity: an additional loss term designed to
encourage sparsity was introduced in Ref. [31] :

Lsp
�
G
�
=

nX

j,k=1

nX

j
0,k0=1

���G( jk)
G

( j
0
k
0)
���
⇣
1 � � j j0�kk0

⌘
, (A.4)

where G
( jk) denotes the jk-component of G.

In this study, the total loss function was formed as a
plain sum of the relevant individual terms (A.1-A.4).
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Refresher on Octonions 
• Generalizations of the complex numbers 
– 7 imaginary units: {i, j, k, l, il, jl, kl}.

• Inherit the familiar operations:
– multiplication, conjugation, norm, inverse

• Related to exceptional structures in mathematics
– E.g.: Jordan algebra h3 -> F4 and E6 exceptional Lie groups

Figure 5: The fourteen G2 generators learned with the greedy method (top panels) and the result from their sparsification (bottom panels). In this
and all subsequent such figures, each panel represents a learned generator J↵ in matrix form, where the values of the individual elements of the
matrix are indicated by the color bar.

the algorithm failed to find a valid 15th generator,
where even after 10,000 epochs, the loss stayed of
order 1). The panels in the bottom two rows show the
corresponding results after applying the sparsification
procedure of Section 3.3. Note that all found generators
are antisymmetric (G2 is a subgroup of S O(7)), and that
they can be organised into 7 pairs which share common
matrix elements: J1 and J9, J2 and J7, J3 and J4, J5
and J10, J6 and J12, J8 and J11, J13 and J14. Note that
in each pair, one generator has six non-zero elements,
while the other has only four. Therefore our version is
sparser than the conventional textbook representation,
in which each generator has six nonvanishing elements.

5. The Exceptional Group F4

In this and the next section we follow the notation of
refs. [42] and [43], where the generators for F4 and E6
have been explicitly derived. The exceptional group F4
has rank 4 and dimension 52. It is the automorphism

group of the Jordan algebra

h3 =

0
BBBBBBBB@

r1 o1 o2
o
⇤
1 r2 o3

o
⇤
2 o

⇤
3 r3

1
CCCCCCCCA , (14)

where ra are three real numbers (a = 1, 2, 3), and oa

are three octonions [42]. The asterisk notation in (14)
stands for octonion conjugation

o
⇤ = x

(0)
e0 �

7X

i=1

x
(i)

ei. (15)

The fundamental representation is of dimension 26.
Following [42, 43], we find it convenient to work in R

27

instead and map the components of the feature vector x

onto ra and oa as follows

r1 = x
(1), o1 =

7X

i=0

x
(2+i)

ei, (16a)

r2 = x
(18), o2 =

7X

i=0

x
(10+i)

ei, (16b)

6

imagine.art

Fano
plane

Figure 3: Fano plane illustrating the multiplication rules for the
imaginary unit octonions e1, . . . , e7 in our conventions. For each triple
ei, e j and ek connected by a solid line, the result of the multiplication
eie j is equal to +ek (�ek) when going along (against) the arrows. The
dashed lines have been added to guide the eye in following each triplet
cycle.

consider three of the five exceptional Lie groups: G2 in
this section, F4 in Section 5, and E6 in Section 6. These
exceptional Lie groups have found various applications
in high energy physics in the context of gauge theories
and model building [8, 14, 16, 33–39]. Given the
significant mathematical complexity of these groups,
our ability to successfully derive their algebras attests
to the robustness and generality of our ML techniques.

The smallest exceptional Lie group is the G2 group,
which has rank 2 and dimension 14. This group emerges
as the automorphism group of the octonion algebra [40].
An octonion o is a linear combination

o =

7X

i=0

x
(i)

ei (10)

of the unit octonions ei with real coe�cients x
(i). Here

e0 is the real element which obeys e
2
0 = +1 and can

be identified with the real number 1. The remaining
e1, . . . , e7 are the seven imaginary unit octonions which
obey e

2
i
= �1. Their multiplication rules can be

visualized in the Fano plane of Figure 3. The figure
shows only one of 480 possible definitions for octonion
multiplication with e0 = 1; the other definitions are
isomorphic and can be obtained by permuting and/or
changing the signs of the imaginary basis elements.

The group G2 has a fundamental representation of
dimension 7, hence in this section x 2 R

7. The
components of the feature vector x will be identified

Figure 4: A pictorial visualization of the rank three tensor Di jk

defined in Eq. (12). Each plane represents a slice at a fixed i =
0, 1, . . . , 7 (from left to right). The blue, red and grey boxes indicate
coe�cient values of +1, �1 and 0, respectively.

with the coe�cients x
(i), i = 1, . . . , 7, of the imaginary

unit octonions in (10). Correspondingly, the generators
{J} will be real 7 ⇥ 7 matrices.

In general, the exceptional groups preserve K

vector oracles '(1), . . . ,'(K), where each component
'(i) represents an invariant polynomial characteristic
of the group. The group G2 preserves K = 2 such
polynomials. The first one is the norm of a purely
imaginary octonion,

'(1)
G2

(x) =
7X

i=1

�
x

(i)�2. (11)

To define the second oracle, we need to introduce the
real part of the product of three octonions o1, o2 and o3

Re
�
o1o2o3

�
=

7X

i, j,k=0

Di jk x
(i)
1 x

( j)
2 x

(k)
3 . (12)

Using the multiplication rules from Figure 3, the
components of the rank three tensor Di jk can be easily
derived and are shown in Figure 4. The group G2
preserves the real component of the product of three
purely imaginary octonions, hence the second G2 oracle
is (note that the sums start from 1 instead of 0)

'(2)
G2

(x1, x2, x3) =
7X

i, j,k=1

Di jk x
(i)
1 x

( j)
2 x

(k)
3 . (13)

For the training of the G2 generators, we use m =
900 samples (7-dimensional vectors in R

7) and fix " =
10�3. For the computation of the second oracle (13) we
split the sample into three equally sized groups of 300,
from which we draw the three vectors x1, x2 and x3.
The training was done with the Adam optimizer [41] for
1,000 epochs and with learning rate of 2.5 ⇥ 10�2.

Our results for the learned G2 generators are shown in
Figure 5. The panels in the top two rows depict the 14
generators found by the greedy algorithm (as expected,
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The E6 group
• E6 has 78 generators
– 27x27 matrices

• F4 subgroup (52 generators)
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where the tensor Di jk was defined in Eq. (12) and
pictorially illustrated in Figure 4. The additional factor
of (2� j,10 � 1) in the last line flips the sign of the
x

(11), x(12), . . . , x(17) factors in the sum and thus accounts
for the conjugation of o2 in the triple product o3o

⇤
2o1.

The results from the training of 52 F4 generators with
the greedy algorithm and with the oracles (17-19) are
shown in Figure 6. We used m = 900 samples of the
n = 27 input features x

(i), organized as in (16). The
training ran over up to 26,000 epochs with the Adam
optimizer, " = 10�4 and learning rate of 5 ⇥ 10�4. A
53rd generator was not found after more than 250,000
epochs.

The numerically derived generators in Figure 6 can
be compared against explicit analytical constructions of
the F4 generators in the literature. For example, we
have verified that the set of generators in Figure 6 is
isomorphic (in the sense that the matrix O relating the

two sets as in (8) is orthogonal) to the set of fifty two
27 ⇥ 27 matrices C↵ listed in Appendix C of [42]. This
comparison is rather nontrivial in light of the following
di↵erences between the two studies:

• Octonion multiplication table. The multiplication
rules satisfied by the imaginary unit octonions e

0
i

in
[42] are di↵erent from those of Figure 3. The two
bases are related as e

0
1 = e1, e

0
2 = e2, e

0
3 = e4,

e
0
4 = e3, e

0
5 = e6, e

0
6 = �e7, e

0
7 = e5. As a

result, the two sets of generators appear visually
di↵erent, as the non-vanishing components of the
respective matrices are located in di↵erent rows
and/or columns. As it turns out, the conventions
of Figure 3 happen to produce an aesthetically
more pleasing result — note how all non-vanishing
entries in Figure 6 are nicely lined up diagonally,
while the corresponding patterns in Appendix C of
[42] appear more scattered and chaotic.

• Normalization. The F4 generators C↵ in [42] are
normalized as Tr(C↵C�) = � 6 �↵�, while those in
Figure 6 are normalized as Tr(J↵JT

� ) = �↵� as per
(A.2) and (A.3).

• Basis of R
27

. Since the first oracle (17) is linear
in x, one can apply an orthogonal rotation to r1,
r2 and r3, so that one of the coordinates in the
new basis, say the last one, is directly proportional
to '(1)

F4
[42]. This choice has the advantage that

the last row and the last column of each generator
matrix are filled with zeros, as in [42], confirming
that the fundamental representation of F4 is 26-
dimensional. If we apply the same rotation to
the learned generators in Figure 6, the resulting
matrices all have zeros in their last rows and
columns as well.

6. The Exceptional Group E6

The exceptional group E6 is of rank 6 and dimension
78. Following [43], we work in the real case, which
results in the split form of the E6 algebra, with signature
(52, 26). (By multiplying the 26 added generators by i,
the algebra remains real, and the Killing form becomes
the compact one. For details, we refer the interested
reader to [43].) The relevant 27 variables are those in
(16). In this case, we require invariance with respect
to only the last oracle, (19), but not the first two, (17)
and (18). This allows for the presence of 78 � 52 =
26 additional generators beyond those of Fig. 6. Our
goal in this section will be to derive those additional 26
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AI applications in data science
• Let’s ask the machine to find symmetries in real data 

Forestano,KM,Matcheva,Roman,Unlu (2023)
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AI applications in data science
• Let’s ask the machine to find symmetries in real data 

Forestano,KM,Matcheva,Roman,Unlu (2023)
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AI applications in particle theory
• Let’s ask the machine for a true and beautiful model 

KM, Matcheva, Ramond, Verner (2023)

• Examples of theory models:
– 1: beautiful and wrong
– 2: beautiful and true
– 3: ugly and true
– 4: ugly and wrong

Beauty = Uniformity Beauty = Sparsity



The Tasks of a High-Energy Theorist 

CalculatingProgramming

Model Building



Time Spent by a High-Energy Theorist 

Model Building

CalculatingProgramming



Enter LLMs



Agentic programming
• Modern LLMs are

– Pretty reliable compressions of human knowledge
– Becoming very powerful
– Evolving rapidly

• Agent: Given context Ct at a decision step t, and an action 
At selected from and action space, an agent is a system 
that implements a conditional distribution over actions, 
p(At|Ct) and is embedded in a feedback loop such that 
executed actions influence future context.

See talk by Tony Menzo in AI session on Tuesday 2pm

Traditional programming

• Specify how to do something
• Scripting
• Control flow is explicit and 

tractable.

Agentic programming

• Specify what to do
• Prompt engineering
• Control flow is non-

deterministic



Tony Menzo (U. Alabama + Fermilab) Agentic phenomenology

HEPTAPOD

24

HEP Toolkit for Agentic Programming, Orchestration, and Deployment

https:!//github.com/tonymenzo/heptapod

# Tool Reliability Auditable Object External Repeated

Event generation and simulation

1 FeynRulesToUFOTool X X ı X
2 MadGraphFromRunCardTool X X X ı X
3 PythiaFromRunCardTool X X ı X
4 SherpaFromRunCardTool X X ı X
5 JetClusterSlowJetTool X X ı X X

Event-format conversion and array bridges

6 LHEToJSONLTool ı X X X
7 EventJSONLToNumpyTool X X ı
8 JetsJSONLToNumpyTool X X X ı

Kinematic analysis and event selection

9 CalculateInvariantMassTool ı X X X
10 CalculateTransverseMomentumTool X X ı
11 CalculateDeltaRTool ı X X X
12 ApplyCutsTool X ı X X
13 GetHardestNTool X ı X X
14 GetHardestNJetsTool X ı X X
15 FilterByPDGIDTool X ı X X
16 SortByPtTool X ı X
17 MergeObjectCollectionsTool X X ı X
18 FilterByDeltaRTool ı X X X
Resonance reconstruction

19 ResonanceReconstructionTool X X ı X
Diagrammatica / exact symbolic tools

20 ComputeSymbolicAmplitudeTool ı X X X
21 RunWolframTool X ı X
22 RunWolframScriptBatch X ı X
23 SimplifyResultTool ı X X X
24 ConvertToPythonTool X X X ı

NDA and FeynGraph

25 EstimateDecayWidthNDATool X X ı X
26 EstimateBranchingRatioNDATool X X ı X
27 EnumerateDiagramsTool X X ı X
28 DiagramVisualizationTool ı X X
PDG and INSPIRE tools

29 PDGDatabaseTool X X ı X
30 PDGSearchTool X X ı X
31 PDGPropertyTool X X ı X
32 InspireSearchTool X ı X
33 InspirePaperTool X X ı X
34 InspireCitationTool X X ı X
35 InspireBibTeXTool X X X ı
36 InspireAuthorTool X ı X
37 InspireInstitutionTool X ı X
38 InspireConferenceTool X ı X
39 InspireJournalTool X ı X
40 InspireExperimentTool X ı X
41 InspireReadingListTool X X ı
42 InspireNotesTool X X ı

Unit tools

43 NaturalUnitsConverter ı X X
44 MetricPrefixConverter ı X

# Tool Reliability Auditable Object External Repeated

Event generation and simulation

1 FeynRulesToUFOTool X X ı X
2 MadGraphFromRunCardTool X X X ı X
3 PythiaFromRunCardTool X X ı X
4 SherpaFromRunCardTool X X ı X
5 JetClusterSlowJetTool X X ı X X

Event-format conversion and array bridges

6 LHEToJSONLTool ı X X X
7 EventJSONLToNumpyTool X X ı
8 JetsJSONLToNumpyTool X X X ı

Kinematic analysis and event selection

9 CalculateInvariantMassTool ı X X X
10 CalculateTransverseMomentumTool X X ı
11 CalculateDeltaRTool ı X X X
12 ApplyCutsTool X ı X X
13 GetHardestNTool X ı X X
14 GetHardestNJetsTool X ı X X
15 FilterByPDGIDTool X ı X X
16 SortByPtTool X ı X
17 MergeObjectCollectionsTool X X ı X
18 FilterByDeltaRTool ı X X X
Resonance reconstruction

19 ResonanceReconstructionTool X X ı X
Diagrammatica / exact symbolic tools

20 ComputeSymbolicAmplitudeTool ı X X X
21 RunWolframTool X ı X
22 RunWolframScriptBatch X ı X
23 SimplifyResultTool ı X X X
24 ConvertToPythonTool X X X ı

NDA and FeynGraph

25 EstimateDecayWidthNDATool X X ı X
26 EstimateBranchingRatioNDATool X X ı X
27 EnumerateDiagramsTool X X ı X
28 DiagramVisualizationTool ı X X
PDG and INSPIRE tools

29 PDGDatabaseTool X X ı X
30 PDGSearchTool X X ı X
31 PDGPropertyTool X X ı X
32 InspireSearchTool X ı X
33 InspirePaperTool X X ı X
34 InspireCitationTool X X ı X
35 InspireBibTeXTool X X X ı
36 InspireAuthorTool X ı X
37 InspireInstitutionTool X ı X
38 InspireConferenceTool X ı X
39 InspireJournalTool X ı X
40 InspireExperimentTool X ı X
41 InspireReadingListTool X X ı
42 InspireNotesTool X X ı

Unit tools

43 NaturalUnitsConverter ı X X
44 MetricPrefixConverter ı X

Emphasis on toolkit: 3+ harnesses, 60+ tools, prompts, skills



Agents to the rescue
• HEPTAPOD (HEP Toolkit for Agentic Planning, Orchestration & Deployment) 

Menzo, Roman, KM, Gleyzer, Fleming, Hoche, Mrenna, Shyamsundar 2025

2512.15867 [hep-ph]



How does the agent work?
HEPTAPOD: A HEP-focused toolkit for
agentic programming that integrates
LLMs into HEP workflows spanning
theoretical calculations, simulation, and
data analysis.

• Define workflows at the level of 
physics intent, not scripts

• Query particle properties, literature, 
and unit conversions

• Execute multi-stage pipelines using 
run-cards and filesystem tools

• Equipped with tools like to-do lists 
and terminal access

• Approval hooks preventing 
misbehavior 

• Fully reproducible, auditable logs
• Built on the Orchestral AI engine 

[Roman&Roman 2601.02577]
Menzo, Roman, KM, Gleyzer, Fleming, Hoche, Mrenna, Shyamsundar 2025



Pictures from the agent in action 
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Summary and Outlook
• AI (LLMs) is now ubiquitous in science and in everyday life.
• There is still (lots of) room for narrow AI applications in HEP
• Where do we go next? Three questions:

– Can we teach AI routine research tasks?
– Can we teach AI high-level thinking? What is the           for HEP theory?
– How do we integrate AI and quantum?

• Mark your calendars:
Knipfer,Roman,Gleyzer,KM,Matcheva (2026)

ML4Jets2028 @ The University of Alabama

Community tool repository?



BACKUP SLIDES



Symmetry in science 
• Math: “the term symmetry is used to refer to an object that 

is invariant under some transformations” (Wikipedia) 
– Key concepts: object, transformation, invariance

• Physics: “it is only slightly overstating the case to say that 
physics is the study of symmetry” (P. Anderson 1972)
– Noether’s theorem: every continuous symmetry of the action of 

a conservative system has a corresponding conservation law.

E. Noether

Symmetry      Conservation law           

Rotation

Space translation

Time translation

Angular momentum           

Momentum           

Energy           



Group Theory: Basics
• Math definition: A group is a set of elements G with a 

binary operation “.” obeying:
– Closure: c=a.b belongs to G for all a,b in G.
– Unit element: e: e.a=a.e=a for all a in G.
– Inverse element: a-1: a.a-1 = a-1.a=e for all a in G.
– Associativity: (a.b).c=a.(b.c) for all a,b,c in G.

• Less rigorous definitions often used in physics:
– Define the transformations explicitly. For example, “U(3) is 

the group of transformations represented with 3x3 unitary 
matrices”.

– Define the invariant quantity explicitly. For example, “O(3) 
is the group of transformations preserving the length of a 
3-vector”. This will be our approach here.



Oracle Zoo 

II. METHOD

We begin by briefly summarizing the symmetry finding procedure outlined in Ref. [15].

The classical groups are the linear groups of transformations over the reals R, the complex

numbers C, and quaternions H. Therefore, a symmetry transformation acts on a feature

vector x ⌘ {x(1)
, x

(2)
, . . . , x

(n)}, where x 2 R
n and x 2 C

n in our SO(n) and SU(n)

examples, respectively. In order to capture the e↵ect of a group transformation on R
n or

C
n, we consider a representative set of m points {x} ⌘ {x1,x2, . . . ,xm} sampled from some

finite domain. The choice of a sampling distribution and/or the size and location of the

domain is inconsequential. For definiteness we use a standard normal distribution with

m = 100.

The classical groups are defined in terms of polynomial invariants over their respective

fields. For example, O(n) preserves the values of the polynomial oracle

'O(x) ⌘ |x|2 =
nX

j=1

[x(j)]2, x
(j) 2 R, (1)

the Lorentz group in n = 4 dimensions preserves

'L(x) ⌘
�
x
(1)
�2 �

�
x
(2)
�2 �

�
x
(3)
�2 �

�
x
(4)
�2
, x

(j) 2 R, (2)

while U(n) preserves

'U(x) ⌘
nX

j=1

�
x
(j)
�⇤
x
(j)
, x

(j) 2 C. (3)

A symmetry transformation f is a map x0 = f(x) which preserves the respective oracle

(1-3) everywhere, or in our case, for each of the sampled m points:

'(x0
i
) ⌘ '(f(xi)) = '(xi), 8i = 1, 2, . . . ,m . (4)

In order to focus on the generators of the group of symmetry transformations, f is linearized

by considering infinitesimal transformations �f in the vicinity of the identity transformation

I:

�f ⌘ I+ "G , (5)

where " is an infinitesimal parameter and G is a n ⇥ n matrix. Upon training with a

suitable loss function L(G, {x}), the components of G are driven to their trained values,
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Figure 3: Fano plane illustrating the multiplication rules for the
imaginary unit octonions e1, . . . , e7 in our conventions. For each triple
ei, e j and ek connected by a solid line, the result of the multiplication
eie j is equal to +ek (�ek) when going along (against) the arrows. The
dashed lines have been added to guide the eye in following each triplet
cycle.

consider three of the five exceptional Lie groups: G2 in
this section, F4 in Section 5, and E6 in Section 6. These
exceptional Lie groups have found various applications
in high energy physics in the context of gauge theories
and model building [8, 14, 16, 33–39]. Given the
significant mathematical complexity of these groups,
our ability to successfully derive their algebras attests
to the robustness and generality of our ML techniques.

The smallest exceptional Lie group is the G2 group,
which has rank 2 and dimension 14. This group emerges
as the automorphism group of the octonion algebra [40].
An octonion o is a linear combination

o =

7X

i=0

x
(i)

ei (10)

of the unit octonions ei with real coe�cients x
(i). Here

e0 is the real element which obeys e
2
0 = +1 and can

be identified with the real number 1. The remaining
e1, . . . , e7 are the seven imaginary unit octonions which
obey e

2
i
= �1. Their multiplication rules can be

visualized in the Fano plane of Figure 3. The figure
shows only one of 480 possible definitions for octonion
multiplication with e0 = 1; the other definitions are
isomorphic and can be obtained by permuting and/or
changing the signs of the imaginary basis elements.

The group G2 has a fundamental representation of
dimension 7, hence in this section x 2 R

7. The
components of the feature vector x will be identified

Figure 4: A pictorial visualization of the rank three tensor Di jk

defined in Eq. (12). Each plane represents a slice at a fixed i =
0, 1, . . . , 7 (from left to right). The blue, red and grey boxes indicate
coe�cient values of +1, �1 and 0, respectively.

with the coe�cients x
(i), i = 1, . . . , 7, of the imaginary

unit octonions in (10). Correspondingly, the generators
{J} will be real 7 ⇥ 7 matrices.

In general, the exceptional groups preserve K

vector oracles '(1), . . . ,'(K), where each component
'(i) represents an invariant polynomial characteristic
of the group. The group G2 preserves K = 2 such
polynomials. The first one is the norm of a purely
imaginary octonion,

'(1)
G2

(x) =
7X

i=1

�
x

(i)�2. (11)

To define the second oracle, we need to introduce the
real part of the product of three octonions o1, o2 and o3

Re
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o1o2o3

�
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7X

i, j,k=0

Di jk x
(i)
1 x

( j)
2 x

(k)
3 . (12)

Using the multiplication rules from Figure 3, the
components of the rank three tensor Di jk can be easily
derived and are shown in Figure 4. The group G2
preserves the real component of the product of three
purely imaginary octonions, hence the second G2 oracle
is (note that the sums start from 1 instead of 0)

'(2)
G2

(x1, x2, x3) =
7X

i, j,k=1

Di jk x
(i)
1 x

( j)
2 x

(k)
3 . (13)

For the training of the G2 generators, we use m =
900 samples (7-dimensional vectors in R

7) and fix " =
10�3. For the computation of the second oracle (13) we
split the sample into three equally sized groups of 300,
from which we draw the three vectors x1, x2 and x3.
The training was done with the Adam optimizer [41] for
1,000 epochs and with learning rate of 2.5 ⇥ 10�2.

Our results for the learned G2 generators are shown in
Figure 5. The panels in the top two rows depict the 14
generators found by the greedy algorithm (as expected,
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FIG. 21. The same as Fig. 17, but showing an example of
an SL(2,R) subalgebra (52).

A representative training example is shown in Fig-
ure 21, from which we recognize the found three
generators as

J1 ⇡ K1 � L3, (53a)

J2 ⇡ �L3, (53b)

J3 ⇡ K2. (53c)

It is easy to verify that their structure constants
given in the lower panel of Figure 21 are consistent
with Eq. (52).

C. Four Generator Subalgebras

The only four-dimensional subalgebra is generated by
{X1,X2,X3,X4}. A representative example is shown in
Figure 22. The four found generators are given by

J1 ⇡ L3 = X4, (54a)

J2 ⇡ K2 + L1 = X2, (54b)

J3 ⇡ �K1 + L2 = �X1, (54c)

J4 ⇡ �K3 = �X3. (54d)

The lower panel of Figure 22 illustrates the corresponding
structure constants. The results are consistent with Ta-
ble I. For example, J1 and J4 commute because [X3,X4] =
[K3,L3] = 0. Similarly, J2 and J3 commute due to
[X1,X2] = 0. The results shown in the remaining rows in
the lower panel of Figure 22 can be analogously verified
with the help of Table I.

FIG. 22. Top row: the successfully learned generators for
the n = 4, Ng = 4 exercise considered in Section VIC, using
the pseudo-Euclidean oracle (36). Bottom panel: the corre-
sponding structure constants.

D. Six Generator Algebras

Our method is capable of finding the full six-
dimensional algebra as well. The result is shown in Fig-
ure 23, and can be roughly identified as

J1 ⇡ �L1, J2 ⇡ �K2, J3 ⇡ �L3, (55a)

J4 ⇡ +K1, J5 ⇡ �K3, J6 ⇡ �L2. (55b)

The corresponding structure constants are shown in the
lower panel of Figure 23.

Figure 24 summarizes the results for the value of the
overall loss function obtained in typical training runs, as
a function of the requested number of generatorsNg. The
green circles represent the cases when a closed subalgebra
was successfully found, and the loss is essentially machine
zero. The remaining cases in Figure 24 correspond to
unsuccessful trainings, i.e., no closed algebra with that
many generators was found. In those cases, the total
loss remained relatively large, due to tension with either
the orthogonality condition (red crosses) or the closure
condition (magenta diamonds).

VII. SQUEEZE MAPPING IN TWO
DIMENSIONS

Consider again two dimensions, but now let the oracle
return the product of the two input features:

'(x) = x
(1)

x
(2)

. (56)

Squeeze map
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(27), o3 =

7X

i=0

x
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ei. (16c)

The group F4 preserves K = 3 di↵erent oracles
(invariant polynomials), which can be expressed in
terms of the variables (16) as follows:

'(1)
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(x) = Tr h3 =
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ra = x
(1) + x

(18) + x
(27), (17)
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27X
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X

i2{1,18,27}
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⌘2
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26X
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17X
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i, j,k=0

Di jk x
(19+i)

x
(10+ j)

x
(2+k) (2� j,10 � 1),

(19)

where the tensor Di jk was defined in Eq. (12) and
pictorially illustrated in Figure 4. The additional factor
of (2� j,10 � 1) in the last line flips the sign of the
x

(11), x(12), . . . , x(17) factors in the sum and thus accounts
for the conjugation of o2 in the triple product o3o

⇤
2o1.

The results from the training of 52 F4 generators with
the greedy algorithm and with the oracles (17-19) are
shown in Figure 6. We used m = 900 samples of the
n = 27 input features x

(i), organized as in (16). The
training ran over up to 26,000 epochs with the Adam
optimizer, " = 10�4 and learning rate of 5 ⇥ 10�4. A
53rd generator was not found after more than 250,000
epochs.

The numerically derived generators in Figure 6 can
be compared against explicit analytical constructions of
the F4 generators in the literature. For example, we
have verified that the set of generators in Figure 6 is
isomorphic (in the sense that the matrix O relating the

two sets as in (8) is orthogonal) to the set of fifty two
27 ⇥ 27 matrices C↵ listed in Appendix C of [42]. This
comparison is rather nontrivial in light of the following
di↵erences between the two studies:

• Octonion multiplication table. The multiplication
rules satisfied by the imaginary unit octonions e

0
i

in
[42] are di↵erent from those of Figure 3. The two
bases are related as e

0
1 = e1, e

0
2 = e2, e

0
3 = e4,

e
0
4 = e3, e

0
5 = e6, e

0
6 = �e7, e

0
7 = e5. As a

result, the two sets of generators appear visually
di↵erent, as the non-vanishing components of the
respective matrices are located in di↵erent rows
and/or columns. As it turns out, the conventions
of Figure 3 happen to produce an aesthetically
more pleasing result — note how all non-vanishing
entries in Figure 6 are nicely lined up diagonally,
while the corresponding patterns in Appendix C of
[42] appear more scattered and chaotic.

• Normalization. The F4 generators C↵ in [42] are
normalized as Tr(C↵C�) = � 6 �↵�, while those in
Figure 6 are normalized as Tr(J↵JT

� ) = �↵� as per
(A.2) and (A.3).

• Basis of R
27

. Since the first oracle (17) is linear
in x, one can apply an orthogonal rotation to r1,
r2 and r3, so that one of the coordinates in the
new basis, say the last one, is directly proportional
to '(1)

F4
[42]. This choice has the advantage that

the last row and the last column of each generator
matrix are filled with zeros, as in [42], confirming
that the fundamental representation of F4 is 26-
dimensional. If we apply the same rotation to
the learned generators in Figure 6, the resulting
matrices all have zeros in their last rows and
columns as well.

6. The Exceptional Group E6

The exceptional group E6 is of rank 6 and dimension
78. Following [43], we work in the real case, which
results in the split form of the E6 algebra, with signature
(52, 26). (By multiplying the 26 added generators by i,
the algebra remains real, and the Killing form becomes
the compact one. For details, we refer the interested
reader to [43].) The relevant 27 variables are those in
(16). In this case, we require invariance with respect
to only the last oracle, (19), but not the first two, (17)
and (18). This allows for the presence of 78 � 52 =
26 additional generators beyond those of Fig. 6. Our
goal in this section will be to derive those additional 26

7
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0
5 = e6, e

0
6 = �e7, e

0
7 = e5. As a

result, the two sets of generators appear visually
di↵erent, as the non-vanishing components of the
respective matrices are located in di↵erent rows
and/or columns. As it turns out, the conventions
of Figure 3 happen to produce an aesthetically
more pleasing result — note how all non-vanishing
entries in Figure 6 are nicely lined up diagonally,
while the corresponding patterns in Appendix C of
[42] appear more scattered and chaotic.

• Normalization. The F4 generators C↵ in [42] are
normalized as Tr(C↵C�) = � 6 �↵�, while those in
Figure 6 are normalized as Tr(J↵JT

� ) = �↵� as per
(A.2) and (A.3).

• Basis of R
27

. Since the first oracle (17) is linear
in x, one can apply an orthogonal rotation to r1,
r2 and r3, so that one of the coordinates in the
new basis, say the last one, is directly proportional
to '(1)

F4
[42]. This choice has the advantage that

the last row and the last column of each generator
matrix are filled with zeros, as in [42], confirming
that the fundamental representation of F4 is 26-
dimensional. If we apply the same rotation to
the learned generators in Figure 6, the resulting
matrices all have zeros in their last rows and
columns as well.

6. The Exceptional Group E6

The exceptional group E6 is of rank 6 and dimension
78. Following [43], we work in the real case, which
results in the split form of the E6 algebra, with signature
(52, 26). (By multiplying the 26 added generators by i,
the algebra remains real, and the Killing form becomes
the compact one. For details, we refer the interested
reader to [43].) The relevant 27 variables are those in
(16). In this case, we require invariance with respect
to only the last oracle, (19), but not the first two, (17)
and (18). This allows for the presence of 78 � 52 =
26 additional generators beyond those of Fig. 6. Our
goal in this section will be to derive those additional 26

7
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• Our loss function will contain several contributions, one for each 
desired symmetry property
– Invariance (the transformation preserves the oracle)
– Normalization (the transformation is non-trivial)
– Orthogonality (the found symmetries are different from each other)
– Closure (the found symmetries form a group)
– Sparsity (the representations are simple and easy to interpret)

Loss Functions 
• Question: How does the machine learn?
• Answer: by minimizing the loss function! The loss computes the 

difference b/n the current and the expected outputs of an algorithm
• We can easily incorporate constraints into the loss function

Constraint
A(p)=B

Loss function
[A(p)-B]2



First Toy Example: 2D Rotations  
• Oracle: L2 norm of a vector
• n=2 dimensions; Ng=1 generator 

• n=2 dimensions; Ng=2 generators 

fail

success

Orthogonal matrices 
are anti-symmetric!



Rotations in 3D 
• The training is successful for Ng=1 or Ng=3 generators

fail

success

3

always — see Section VIII for counterexamples) can ac-
complish similar objectives. Each of the remaining sec-
tions contains a separate completely worked-out exam-
ple illustrating our method. The examples are distin-
guished by the choice of oracle and the dimensionality of
the feature space. In Section V we choose an oracle that
returns the Euclidean distance in feature space, whose
dimensionality, in turn, is chosen to be n = 2 in Sec-
tion VA, n = 3 in Section VB, and n = 4 in Section VC.
In Section VI we focus on the Lorentz group, i.e., the
oracle computes the pseudo-Euclidean distance in four-
dimensional Minkowski space-time. In Section VII we
consider the squeeze transformations in n = 2 dimen-
sions whereby the oracle returns the product of the two
features. To demonstrate the universal applicability of
our technique, in Section VIII we show two examples of
discontinuous oracles. We summarize and conclude in
Section IX.

II. SETUP AND NOTATIONS

Our starting point is a labeled dataset containing m

samples of n features and a target label y:

m samples

8
>>>><

>>>>:

x
(1)
1 , x

(2)
1 , . . . , x

(n)
1 ; y1

x
(1)
2 , x

(2)
2 , . . . , x

(n)
2 ; y2

...
...

...
...

...

x
(1)
m , x

(2)
m , . . . , x

(n)
m ; ym

. (1)

In ML parlance, the dataset (1) is an m ⇥ n dataframe
with n features and m samples. In what follows, we use
the sample index a lot more often than the feature index,
thus we use an explicit subscript for the sample index and
hide the feature index in the boldface vector notation x:

x ⌘ {x(1)
, x

(2)
, . . . , x

(n)}. (2)

This allows us to write the input features in a compact
form as

{xi} ⌘ {x1,x2, . . . ,xm} . (3)

In order to study the symmetries of the data (1), we
need to know the function y(x), which can be given ana-
lytically or numerically in terms of an oracle ' : Rn ! R

capable of computing the corresponding output target
labels y1, y2, . . . , ym:

yi = '(xi) , i = 1, 2, . . . ,m . (4)

This leads to two basic scenarios:

• The function y(x) is known analytically, and that
same function has been used as in (4) to compute
the labels in (1) exactly. This case is of interest to
theorists, and this is the approach adopted in this

paper as well — for each of our examples below, we
specify the relevant analytic oracle '(x) and pro-
ceed to study the resulting symmetries. Note, how-
ever, that we never take advantage of the knowl-
edge of the analytical form of the oracle, e.g., we
do not di↵erentiate or symbolically manipulate in
any other way the function '(x). For our purposes,
we only use the oracle numerically — our method
treats it simply as a black box, which, given the
values of x, can produce the numerical value of the
label y.

• The functional dependence y(x) is a priori unknown
and the dataset (1) is all that is available to us.
This is the typical case encountered by data scien-
tists. Now, one needs to go through a preliminary
step of first creating the oracle ' (usually in the
form of a neural network trained on the dataset
(1)), which is capable of computing and reporting
the values of y = '(x) to us. This is a standard
regression task which is of no interest here since it
can be accomplished using one of the many estab-
lished ML regression techniques. We can therefore
safely assume that this preliminary step has already
been completed and we have such a numerical ora-
cle y = '(x) already available.

Since we are only using the oracle numerically, from our
point of view there is no real di↵erence between the above
two cases. In what follows the oracle '(x) will be used
in the exact same way, regardless of its origin.

Given this general setup, our main task is to derive the
symmetry transformation f : Rn ! R

n

x0 = f(x) , (5)

which preserves the '-induced labels of our dataset (1).
In other words, we want to find the function f(x) for
which

'(x0
i) ⌘ '(f(xi)) = '(xi), 8i = 1, 2, . . . ,m . (6)

The particular instantiation of the symmetry f(x) will
depend on the initialization of our parameters, so by re-
peating the procedure with di↵erent initializations, we
will in principle obtain a whole family of symmetry trans-
formations.

Next, we focus on infinitesimal symmetry transforma-
tions and proceed to study the corresponding set of gener-
ators {J↵}, with ↵ = 1, 2, . . . , Ng, where we use lowercase
Greek letters to label the generators of symmetry trans-
formations. A given set of generators {J↵} forms a Lie
algebra if the closure condition is satisfied, i.e., if all Lie
brackets

⇥
. , .

⇤
can be represented as linear combinations

of the generators in the set:

⇥
J↵,J�

⇤
=

NgX

�=1

a[↵�]�J� . (7)Beginning of training End of training



fail

success

Rotations in 4D 
• The training is successful 

for Ng=1,2,3,4,6 generators
• The full symmetry group 

SO(4) is rank 2
– There exists an Abelian 

(Cartan) subalgebra with 
Ng=2 generators



Rotations in 4D: other subalgebras  
• The training is successful for Ng=3 generators
– SO(3) is a subgroup of SO(4)

• The training is successful for Ng=4 generators
– SO(3)xSO(2) is a subgroup of SO(4)



Rotations in 4D: full so(4) algebra  
• Ng=6 is the maximum number of 

generators which
– are symmetries
– are orthonormal
– form a closed algebra



SO(n) Summary 
• Heat map of the Log-Loss for 
– different number of dimensions n (y-axis) 
– different number of generators Ng (x-axis)

• Low values of the loss (blue squares) imply valid algebras

Log(Loss Function)



Lorentz Group
• Oracle: the Minkowski metric t2-x2-y2-z2
• The Lorentz group is the cornerstone of relativity
• Being SO(1,3), it resembles SO(4), but has richer subalgebra structure  

– Ng=2: both an Abelian and a non-Abelian subalgebra
– Ng=3: five different types of non-Abelian subalgebras
– Ng=4: one subalgebra
– Ng=6: the full Lorentz algebra

• All those results were confirmed with our method
Ng

0

1

2

3

4

6
Source: wikipedia



Example: the full Lorentz algebra 
• The Ng=6 generators describe:

– Boosts: symmetric matrix, non-zero 
entries in 0i position, i=1,2,3

– Rotations: anti-symmetric matrix, non-
zero entries in ij position

• The learned generators are generic 
mixtures of those canonical generators



Learning Sparse Representations 
• To find the canonical sparse form of the symmetry generators, 

include the following additional term to the loss function  
growth in computational resources, have facilitated
progress in this area. However, when dealing
with highly complex and multidimensional problems,
training machine-learning models remains a significant
bottleneck. This paper introduces two novel algorithms
that greatly accelerate the symmetry discovery process.
The new methods were rigorously tested and showcased
using examples of symmetries from the exceptional
groups G2, F4, and E6. Remarkably, the symmetry
generators were learned accurately and in a nicer
form than the conventional representations found in
textbooks. With these groundbreaking techniques at
our disposal, we can now confidently tackle even more
intricate and challenging problems in mathematical
physics, particle phenomenology, and data analysis.

Acknowledgements. We are greatly indebted to
P. Ramond for setting us on this exceptional path by
suggesting this project. We thank S. Gleyzer, R. Houtz,
K. Kong, S. Mrenna, H. Prosper and P. Shyamsundar
for useful discussions. This work is supported in part
by US Department of Energy award DE-SC0022148.

Appendix A. Loss function

In this appendix we adapt the loss functions from
[29, 31] to the case where we train a single generator
G. The loss function is chosen to ensure that G has the
following properties:

Invariance: preserving the values of a vector oracle
~'(x) for all sampled datapoints {x} under a given
candidate transformation G:

Linv
�
G, {x}�= 1

m"2

mX

i=1

h
~'
�
xi + "G · xi

� � ~'(xi)
i2
, (A.1)

where “·” denotes ordinary tensor multiplication and the
arrow vector notation implies summation over the K

oracle components.

Normalization: ensuring that the transformation G

is not trivial and normalized to 1:

Lnorm
�
G
�
=
h
Tr
⇣
G ·GT

⌘
� 1
i2
. (A.2)

Orthogonality. This condition is used if we already
have some existing orthonormalized generators {J} and
want to find an additional generator G. It guarantees
that the transformation G is not in the set {J}:

Lortho
�
G, {J}� =

X

↵

h
Tr
�
G · JT

↵

�i2
. (A.3)

Sparsity: an additional loss term designed to
encourage sparsity was introduced in Ref. [31] :

Lsp
�
G
�
=

nX

j,k=1

nX

j
0,k0=1

���G( jk)
G

( j
0
k
0)
���
⇣
1 � � j j0�kk0

⌘
, (A.4)

where G
( jk) denotes the jk-component of G.

In this study, the total loss function was formed as a
plain sum of the relevant individual terms (A.1-A.4).
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• It encourages learning a sparser form of the generators 
– Example: the Lorentz group algebra found earlier
Before adding the sparsity loss After adding the sparsity loss



No sparsity loss term 

Learning Sparse Representations 
• The relative contribution of the sparsity loss term needs to 

be just right, otherwise it is too much of a good thing.
– Example: the Ng=4 subgroup of the Lorentz group

Sparsity loss dominates

Negligible sparsity loss term  

Just the right amount



Discontinuous oracles – example I 
• Discontinuous oracle functions lead to nonlinear transformations

– require parametrization of the symmetry with a deep neural network

18

FIG. 26. The symmetry generated by the oracle (59) with a
shallow method with no hidden layers and no bias (top panel)
or a deep method with three hidden layers and bias (bottom
panel).

VIII. DISCONTINUOUS ORACLES

A. Piecewise Linear Oracle

Our setup is not limited to only continuous oracle func-
tions like the ones discussed so far in the preceeding sec-
tions. Our method can also work with piecewise-defined
functions like

'(x) =

(
�x

(2)
, for x(1)

< 0,

+x
(1)

, for x(1) � 0.
(59)

The resulting oracle function is illustrated with the
color map in Figure 26. Since the oracle is now a function
which is not continuously di↵erentiable, our parametriza-
tion of the symmetry transformation needs to be properly
generalized.

The advantage of using a neural network as a universal
function approximator is highlighted in Figure 26. In the

top panel we use no hidden layers, while in the bottom
panel we use a deep learning architecture with three hid-
den layers. The found symmetry transformation in each
case is then shown with the vector field and superimposed
on the oracle color map. The results are noticeably dif-
ferent, particularly near the locations of discontinuity in
the oracle function. The deep-learning approach in the
bottom panel correctly identifies a transformation which
preserves the oracle values everywhere within the consid-
ered domain. In contrast, the shallow approach in the
top panel is unable to adjust the transformation near the
discontinuity, which leads to locations near the boundary
x
(1) = 0 where the arrows run across the equipotential

contours, violating the conservation law.

B. Manhattan Distance Oracle

In this subsection we consider one more example of an
oracle in two dimensions (n = 2), which, while continu-
ous, is not continuously di↵erentiable:

'(x) = |x(1)|+ |x(2)|. (60)

The results from our procedure are shown in Figure 27
in complete analogy to Figure 26. In the top panel we
use no hidden layers, while in the bottom panel we use a
deep learning architecture with three hidden layers and
bias. We observe that the deep-learning approach can
again correctly handle the discontinuities, always gener-
ating transformations along, but never across, the con-
tours of equal oracle function values.

IX. CONCLUSIONS

In this paper, we studied a fundamental problem in
data science which is commonly encountered in many
fields: what is the symmetry of a labeled dataset, and
how to identify its group structure? For this purpose,
we designed a deep-learning method which models the
generic symmetry transformation and its generators with
a fully connected neural network. We then constructed
suitable loss functions which ensure that the applied
transformations are symmetries and that the correspond-
ing set of generators forms a closed (sub)algebra. An
important advantage of our approach is that we do not
require any advance knowledge of what symmetries can
be expected in the data, i.e., instead of testing for sym-
metries from a predefined list of possibilities, we learn
the symmetry directly.

Our procedure is very general and is universally ap-
plicable in a wide variety of situations (see, e.g., [54]).
The centerpiece of our analysis is an oracle '(x) which
defines the conserved quantity. The oracle can be com-
pletely general, as illustrated with several examples in

Shallow network
(no hidden layers)

Deep network
(3 hidden layers)

Arrows aligned with contours 😀Arrows cross contours ☹



• Another example: Manhattan (L1) distance oracle
– Continuous, but not continuously differentiable

Discontinuous oracles – example II 

18

FIG. 26. The symmetry generated by the oracle (59) with a
shallow method with no hidden layers and no bias (top panel)
or a deep method with three hidden layers and bias (bottom
panel).

VIII. DISCONTINUOUS ORACLES

A. Piecewise Linear Oracle

Our setup is not limited to only continuous oracle func-
tions like the ones discussed so far in the preceeding sec-
tions. Our method can also work with piecewise-defined
functions like

'(x) =

(
�x

(2)
, for x(1)

< 0,

+x
(1)

, for x(1) � 0.
(59)

The resulting oracle function is illustrated with the
color map in Figure 26. Since the oracle is now a function
which is not continuously di↵erentiable, our parametriza-
tion of the symmetry transformation needs to be properly
generalized.

The advantage of using a neural network as a universal
function approximator is highlighted in Figure 26. In the

top panel we use no hidden layers, while in the bottom
panel we use a deep learning architecture with three hid-
den layers. The found symmetry transformation in each
case is then shown with the vector field and superimposed
on the oracle color map. The results are noticeably dif-
ferent, particularly near the locations of discontinuity in
the oracle function. The deep-learning approach in the
bottom panel correctly identifies a transformation which
preserves the oracle values everywhere within the consid-
ered domain. In contrast, the shallow approach in the
top panel is unable to adjust the transformation near the
discontinuity, which leads to locations near the boundary
x
(1) = 0 where the arrows run across the equipotential

contours, violating the conservation law.

B. Manhattan Distance Oracle

In this subsection we consider one more example of an
oracle in two dimensions (n = 2), which, while continu-
ous, is not continuously di↵erentiable:

'(x) = |x(1)|+ |x(2)|. (60)

The results from our procedure are shown in Figure 27
in complete analogy to Figure 26. In the top panel we
use no hidden layers, while in the bottom panel we use a
deep learning architecture with three hidden layers and
bias. We observe that the deep-learning approach can
again correctly handle the discontinuities, always gener-
ating transformations along, but never across, the con-
tours of equal oracle function values.

IX. CONCLUSIONS

In this paper, we studied a fundamental problem in
data science which is commonly encountered in many
fields: what is the symmetry of a labeled dataset, and
how to identify its group structure? For this purpose,
we designed a deep-learning method which models the
generic symmetry transformation and its generators with
a fully connected neural network. We then constructed
suitable loss functions which ensure that the applied
transformations are symmetries and that the correspond-
ing set of generators forms a closed (sub)algebra. An
important advantage of our approach is that we do not
require any advance knowledge of what symmetries can
be expected in the data, i.e., instead of testing for sym-
metries from a predefined list of possibilities, we learn
the symmetry directly.

Our procedure is very general and is universally ap-
plicable in a wide variety of situations (see, e.g., [54]).
The centerpiece of our analysis is an oracle '(x) which
defines the conserved quantity. The oracle can be com-
pletely general, as illustrated with several examples in

Shallow network
(no hidden layers)

Deep network
(3 hidden layers)

Arrows cross contours ☹ Arrows aligned with contours 😀



Unitary groups: subgroup structure  

• The value of the trained loss function is an indicator 
of the presence or absence of a valid sub-algebra



The subalgebra 
structure of u(4)

• Color code:
– Green: valid decomposition
– Orange: no such decomposition

• Different rows represent 
different (nonisomorphic) 
algebras

• Only up to 4 factors are 
possible
– The rank is 4

• The circled examples are 
illustrated on the next slide

Number of subalgebra factors h

Nh 1 2 3 4

1 u1 — — —

2 u
2
1 u1 � u1 — —

3
u

3
1 u

2
1 � u1 u1 � u1 � u1 —

su2

4
u

4
1 u

3
1 � u1 u

2
1 � u1 � u1 u1 � u1 � u1 � u1

u2 su2 � u1

5 ! u2 � u1 su2 � u1 � u1

6
! ! u2 � u1 � u1 su2 � u1 � u1 � u1

so4 su2 � su2

7 ! u2 � su2 su2 � su2 � u1

8
! u2 � u2 u2 � su2 � u1 su2 � su2 � u1 � u1

su3

9 u3 su3 � u1

10
! u3 � u1 su3 � u1 � u1

sp4

11

12

13

14

15 su4

16 u4 su4 � u1

Table 2: The subalgebra decomposition results for the case of u(4)
presented in analogy to Table 1. The viable partitions are only up to
h = 4, which is the rank of the full algebra. Green (yellow) boxes
indicate the existence (the absence) of a valid decomposition. Results
appearing on the same row are isomorphic to each other, while results
with the same Nh, but on di↵erent rows represent di↵erent (non-
isomorphic) subalgebras.

as soon as Ng hits 5 or higher, the loss remains large,
indicating that there is no valid abelian subalgebra of
that size. We therefore conclude that the rank of the
16-dimensional full algebra discovered in the previous
step is 4, which is precisely the result expected from Lie
group theory.

Finally, we apply the technique of Section 2.3.3 to
obtain the decompositions (9) of the valid subalgebras
found in Fig. 1. The results are summarized in Table 2,
and depend on the value of the number of generators Nh

in the subalgebra, and the number of subalgebra groups
h. For compactness, in Table 2 we use Slansky notation
[31], where subscripts denote the dimensionality n, i.e.,
u4 ⌘ u(4), su4 ⌘ su(4), sp4 ⌘ sp(4), etc. Green
(yellow) boxes in the table indicate the existence (the
absence) of a valid decomposition. For example, we
confirm the result from Fig. 1 that there are no closed

subalgebras with Nh = 11, 12, 13 or 14 generators.
In the remaining cases, we do find valid subalgebras,
which, as a rule, can themselves be further decomposed
into factors (the only exceptions being the cases of
Nh = 1 and Nh = 15).

Note that sometimes there are two di↵erent non-
isomorphic subalgebras for the same values of Nh and
h. Such cases appear as separate entries on di↵erent
rows in the corresponding box in the table. For example,
consider Nh = 6 and h = 2. There are three viable
subalgebra decompositions into two groups: i) 3 + 3,
which is the case of su2� su2; ii) 4+2, which is the case
of u2 � (u1 � u1); and iii) 5 + 1, which is isomorphic to
the previous case and is given by (u2 � u1) � u1.

A particularly interesting case occurs for Nh = 10
and h = 1. We obtain two di↵erent subalgebras,
the rank 4 subalgebra su3 � u1 � u1, which can be
decomposed further into three factors, and the rank 2
subalgebra sp4 ⇠ so5, which is simple and cannot be
decomposed further. Figures 3 and 4 show the learned
sparse generators in those two cases, respectively. In
Fig. 3, the su3 factor consists of J1, J2, J3, J4, J8, J9,
and two traceless linear combinations of J6, J7, and J10.
In order to demonstrate that the learned generators of
Fig. 4 form an so5 algebra, we can map them explicitly
to the ten so5 generators (A.2) discussed in Appendix
A as follows

J1 = �
1p
2

(L34 � L15) , (14a)

J2 = �
1p
2

(L34 + L15) , (14b)

J3 = �
1p
2

(L45 + L13) , (14c)

J4 = �
1p
2

(L14 � L35) , (14d)

J5 = �
1p
2

(L45 � L13) , (14e)

J6 = �
1p
2

(L23 � L24) , (14f)

J7 = �
1p
2

(L14 + L35) , (14g)

J8 = �
1p
2

(L23 + L24) , (14h)

J9 = �
1p
2

(L25 + L12) , (14i)

J10 = �
1p
2

(L25 � L12) , (14j)

where Li j are given in the representation (A.6).
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terms in the loss function. Furthermore, the invariance
loss term is also not needed at this stage, since {J}
are symmetry generators and any linear combination
of them represents a symmetry as well. Therefore, the
training for O is done with a loss function which only
enforces closure (and optionally sparsity).

2.3. Loss Function Modifications

2.3.1. Finding the full symmetry algebra

The first order of business is to find the full symmetry
algebra s, i.e., the largest possible closed set of
generators {J}. As discussed in [22, 25], this is a
relatively straightforward exercise. In the one-shot
approach of Section 2.1, the number of generators Ng in
the closure loss (5) is treated as a hyperparameter which
is continually being incremented. Some values of Ng

result in successful training, others do not. Whenever
a valid closed set of symmetry generators is found
during this process, this guarantees the existence of a
subalgebra h with Nh = Ng generators. The maximum
obtained value, Ns ⌘ max{Nh}, of Nh, is the dimension
of the full symmetry algebra s. In the sequential
approach of Section 2.2 the idea is very similar —
one keeps trying to learn a new non-trivial symmetry
generator which is orthogonal to the set found so far.
When no such new generator can be found, the number
of existing generators found by then is precisely Ns.

Note that both approaches (the one-shot learning
from Section 2.1 and the sequential learning from
Section 2.2) result in the same outcome. The only
di↵erence is that in the former case, the loss functions
are written in terms of the generator matrices G↵, whose
components are the learnable parameters, while in the
latter case, the loss functions are written in terms of the
rotated generators J̃↵(O), and the learnable parameters
are the components of the rotation matrix O. In what
follows we shall use the notation of Section 2.1 and
write our loss functions in terms of G↵. It should be
understood that in the case of the sequential approach
of Section 2.2, the same loss functions can be used, but
with the replacement G↵ ! J̃↵(O).

2.3.2. Identifying the rank

Next, we would like to find the rank of the thus found
algebra s. The rank of a Lie algebra is the dimension of
its Cartan subalgebra (the maximal Abelian subalgebra).
In other words, we are looking for the largest subalgebra
hc whose elements all commute with each other. In
order to find hc, we can repeat the previous exercise
from Section 2.3.1, only this time we set all structure

Number of subalgebra factors h

Nh 1 2 3 4

1 h(1)
1 — — —

2 h(2)
1 h(1)

1 � h
(1)
2 — —

3 h(3)
1 h(2)

1 � h
(1)
2 h(1)

1 � h
(1)
2 � h

(1)
3 —

4 h(4)
1

h(3)
1 � h

(1)
2 h(2)

1 � h
(1)
2 � h

(1)
3 h(1)

1 � h
(1)
2 � h

(1)
3 � h

(1)
4

h(2)
1 � h

(2)
2

...
...

Table 1: The setup for the subalgebra search discussed in
Section 2.3.3. For each possible integer value Nh of the total number
of generators in a subalgebra h, we consider all possible partitions into
h  Nh distinct subgroups, each subgroup being a closed subalgebra

h
(Nhi )
i

with Nhi generators.

constants a
�
↵� in (6) to zero, resulting in

C↵�
�{G}� = ⇥G↵,G�

⇤
. (8)

Under those conditions, the maximal allowed value for
the hyperparameter Ng will give the dimension Nhc of
the Cartan subalgebra.

2.3.3. Testing the subalgebra structure

The procedure outlined in Section 2.3.1 already
singles out the allowed values for the number of
generators Nh in the allowed subalgebras of s. As
depicted in Table 1, we can now further probe the
structure of these subalgebras h, by looking for factor
decompositions. Specifically, we conjecture a partition
of any sublgebra h into a direct sum of h subalgebras
h1, h2, . . . , hh:

h = h1 � h2 � · · · � hh . (9)

We shall label the number of generators in each
subalgebra hi with Nhi (in Table 1 this value is listed
as a parentheses-enclosed superscript). Therefore, the
decomposition (9) implies

Nh = Nh1 + Nh2 + . . . + Nhh . (10)

In the special case when h represents the full algebra,
this procedure will give its decomposition, s = h1 � h2 �
· · · � hh. Note that often there are several inequivalent
ways to partition Nh generators into h groups. Table 1
shows one such example already at Nh = 4 and h = 2:
we can split the 4 generators into groups of 3+1 or 2+2.
In our numerical experiments in the next two sections,
we consider all possible such partitions.

The decomposition (9) implies that i) generators
belonging to two di↵erent subalgebras hi and h j with

3



Speeding up the learning process
• A: learning all symmetry generators at once

– pro: we can ensure closure
– con: slow in high dimensions or for many 

symmetries
• B: learn one symmetry generator at a Qme

– pro: much faster 
– con: delay the study of group properaes to a post-

processing stage
• Timing tests for SU(n):

Algorithm 1: The greedy algorithm.
1 Parameters: �, Lmin,Nepochs;
2 {J} [];
3 W  Winitial ⇠ N ;
4 for i from 1 to Nepochs do

5 L Lgreedy(G(W), {J}, x) ;
6 if L < Lmin then

7 append G(W) to {J};
8 goto 3;
9 end

10 W W � �rWLgreedy;
11 end

12 stop

function, Eq. (A.4), which encourages the learning of
sparse generators in the canonical textbook form.

3. Iterative Constructions of Symmetry Generators

The advantage of learning Ng symmetry generators
in one go is that one can impose the closure condition
in the loss function and thus guarantee that the learned
set {J↵} is closed. However, there are drawbacks to
this approach as well. First, due to the large number
of trainable parameters (⇠ n

2 ⇥ Ng), the training is
challenging and becomes prohibitively slow for large
groups (large Ng) and/or high dimensions (large n). For
this reason, in Section 3.1 we explore an alternative
“greedy” approach, which trains one generator at a time.
Secondly, a closed algebra of generators only exists
for certain values of Ng, which are a priori unknown,
and with the previous algorithms, would have to be
guessed by trial and error. In contrast, the greedy
approach automatically finds the largest possible closed
set of generators. Furthermore, we can use the closure
condition to find additional generators directly, without
any training. We refer to this last method as the “Lie
bracket trick” (LBT), which is described in Section 3.2.
In principle, both of the two new methods could
accommodate the sparsity condition (A.4). However,
we find that the training is more e�cient when we
look for nonsparse generators, therefore we postpone
their sparsification to a postprocessing step which we
describe in Section 3.3.

3.1. Greedy Algorithm

The basic idea of the greedy algorithm is illustrated
in Figure 1 and the corresponding pseudocode is shown

in Algorithm 1. We use Eq. (6) to train one generator
G(W) at a time, where W denotes the trainable
parameters of the matrix G. The generator G is required
to i) preserve the oracle, ii) be normalized, and iii) be
orthogonal to the set of generators {J↵} already found
so far. Therefore, the loss function is

Lgreedy(G(W), {J}, {x}) = Linv + Lnorm + Lortho, (7)

where Linv, Lnorm and Lortho are defined in (A.1), (A.2)
and (A.3), respectively.

As shown in Figure 1, at the start of the algorithm
the learned set {J} is empty (i = 0). At this point,
the orthogonality loss Lortho is not applicable and is
turned o↵. The minimization in Eq. (6) will yield a
single new symmetry generator Jnew = J1, the first to be
added to the learned set {J}. Now the orthogonality loss
Lortho is turned on and the process continues until the
algorithm fails to find a new valid symmetry generator
Jnew. The resulting set {J1, . . . , JNg

} is the largest
orthogonal set of nontrivial symmetry generators. For
the orthogonal groups O(n) with the oracle (1), this
procedure terminates when Ng = n(n � 1)/2, while for
the unitary groups U(n) with the oracle (3), it stops at
Ng = n

2.

3.2. Lie Bracket Trick

Algorithm 2 shows the pseudocode for the Lie
bracket trick algorithm, which leverages the existing
group structure among the symmetry generators. As
shown with the left side branch in Figure 1, the LBT
can be (optionally) applied in conjunction with the
greedy algorithm, once two orthogonal generators, J1
and J2, have been found. At that point, one can
compute their commutator (Lie bracket) [J1, J2], with
three possible outcomes. First, if the commutator is
zero, we gain nothing from the LBT and must return
to the greedy algorithm. If, however, the chosen pair
does not commute, the result may include a component
outside the span of the generators discovered so far,
which would lead to a new valid symmetry generator
that we can extract for free. To isolate this component,
we employ Gram-Schmidt orthogonalization (line 11 in
Algorithm 2). If the result is zero, we are again out of
luck and must return to the greedy method. However,
if the out-of-span component is nonzero, it becomes
(after the normalization in line 13) a new generator
which can be added to the set {J}. This process can be
repeated for every pair of known generators, including
the newly found ones via the LBT method. The LBT
algorithm terminates when all possible Lie brackets

3

Algorithm 2: The Lie bracket trick (LBT) algorithm.
1 Input: {J1, . . . , Ji}: known algebra; Ji+1: new

generator;
2 append Ji+1 to G;
3 repeat

4 k  |G|;
5 i |J|;
6 append G to J;
7 clear G;
8 for p from 1 to i do

9 for q from i+1 to i+k do

10 C JpJq � JqJp;
11 C C �Pg2J

g

||g|| ⇥ (C · g);
12 if ||C|| , 0 then

13 C C
||C|| ;

14 if Linv(C, x) < Lmin then

15 append C to G;
16 end

17 end

18 end

19 end

20 until |G| = 0;

close in the current set {J}. We note that when using
the two algorithms 1 and 2 together, one should choose
judiciously the respective values of the loss thresholds
Lmin.

3.3. Sparsification

Suppose we have already found a set of Ng generators
J↵, ↵ = 1, 2, . . . ,Ng. We can transform them to a new
sparse basis, J̃↵, by rotating with an orthogonal Ng ⇥ Ng

matrix O,
J̃↵(O) = O↵�J�. (8)

In analogy to (A.4), the loss function for the
sparsification of the generators can be defined as

Lsp(O) =
NgX

↵=1

nX

j, j0=1
k,k0=1

����J̃( jk)
↵ (O)J̃

( j
0
k
0)

↵ (O)
����
⇣
1 � � j j0�kk0

⌘
. (9)

It takes into account all possible pairs of entries in each
transformed generator J̃↵. We minimize over this loss
to obtain the desired orthogonal transformation O, and
subsequently, apply this transformation to the original
generators J↵ to find the sparse generators J̃↵ as in (8).

n

Figure 2: Comparison of the running times of the di↵erent algorithms
in finding the full algebras of the U(n) family: the standard algorithm
[31] (blue squares), the greedy algorithm 1 (orange diamonds) and the
Lie bracket trick algorithm 2 (green circles).

3.4. Timing tests

The main advantage of the two new algorithms is
that they significantly speed up the training procedure.
To quantify this improvement, in Figure 2 we present
the results from timing tests on a personal laptop
for di↵erent U(n) groups, using the three approaches
discussed earlier: the standard algorithm [31] (blue
squares), the greedy algorithm 1 (orange diamonds) and
the LBT algorithm 2 (green circles). The plot shows the
time in seconds that it took to learn all n

2 generators for
the U(n) group, as a function of the dimension n, at a
learning rate 2.5 ⇥ 10�2. The generators were found in
sparse form by applying the post-processing step from
Section 3.3, whose duration was included in the total
time shown in Figure 2. We observe that for small n the
performance of all three methods is comparable, but for
large n the new methods o↵er significant improvement.
In particular, for n ⇠ 10 the standard method would
require training for days, while the new methods reduce
the training time to less than a minute.

4. The Exceptional Group G2

The ML approach described in the previous two
sections can be used to discover the orthogonal groups
O(n) [29] and the unitary groups U(n) [31]. The method
can also be generalized to the case of vector (i.e.,
multicomponent) oracles [30]. We shall now apply it
to exceptional (non-classical) Lie algebras, which have
relatively large number of generators, and would benefit
from the speed-up o↵ered by the new algorithms. We

4

n
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Example 3: leptonic W-pair events
• Feed the MET vector (net transverse momentum of 

the two C’s) and the momentum of the two leptons 
(b’s), ask the machine to guess if the event came from 
the pair production of resonances A with a mass MA
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