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Motivation
©0000000

The Core-Cusp Problem

The standard NCDM model is incredibly successful at large scales.

The Discrepancy

There is a significant tension between Cold Dark Matter (CDM) simulations and
observations of dwarf galaxies at small scales (< a few kpc).

Simulations Predict: Observations Show:
* NFW Profile: p(r) oc r=' (As r — 0) * Flat density profiles: p ~ const (As
* Divergent density profile at center r—0)
(Cusp) * finite density (Core)
° Vo r CvVuxr
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Observational Evidence 1: Density Profiles

Density profiles of dwarf galaxies 4 JL
from the THINGS survey indicate that L \ | EQ |
these galaxies favor a cored dark A
matter distribution. S 3
wee NFW (< 110 kms™")
* CDM Prediction: Divergent e 256 0 53
density at center W o
 Data: Flat density profile at e R}OR BT

center
Figure: NFW Predictions vs. Observations(Oh et al.

2011)
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Observational Evidence 2: Velocity Curves

This discrepancy manifests in the rotation
curves as well.

V/Vos

The Cusp The Core P (i
% It

Density pocr! p ~ const m}ﬁ o
0 0.5 r/rnz 1 1.5
Mass / r2(r-)dror? /rz(c)drocr3 .
Figure: While some rotation curves scale as
the square root of r, which is consistent with

. / /3
Velocity(,/GMm/n =r r =r the NFW cusp, others show a linear rise
indicating a core.(Hayashi and Navarro 2006)
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Attempts to Resolve within CDM

Various solutions have been proposed to resolve this discrepancy, typically involving
either Baryonic Feedback or alternative dark matter models like WDM and SIDM.

Baryonic Feedback Warm Dark Matter Self-Interacting DM

Supernovae bursts "blow | Particles with higher SIDM scatter off each
out” gas, fluctuating the thermal velocities wash other, transferring heat
potential and smoothing | out small structures. and puffing up the core.
the DM core. Issue: Solves "Satellites” but not Issue: If the self-interaction is too
Issue: Requires fine-tuning; “Cusps” effectively. strong,it can recreate the cusp.
hard to verify. |
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Fuzzy dark matter

Fuzzy Dark Matter is an ultralight boson with mass m~ 1022 eV
At this extreme low mass, quantum effects (fuzziness) manifest on galactic scales.

102%eV peV neV peV  meV eV keV MeV  Gev  TeV M, Freeze !! Why
You,cany £Wo Y’ Thats my \
|||___,||||||||||||||||||I |||||||||,,..|I 1 Ientity cards ¥ waveparticle
duality . | am
T pre-infl. QCD axion general thermal WIMP
post-infl. sterile
fuzzy DM CD axion neutrino ADM
“classical”
QCD axion non-thermal WIMP (FIMP)
—l
QCD axion standard

thermal WiMpP
(e.g. SUSY neutralino)

Figure: The Range of Dark Matter Model (Billard et al. 2022)
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De Broglie Wavelength of FDM

Key Assumption:
Quantum Wave Scale (\4g) ~ Galactic Core Scale (r;)

—22
)\dB:@% 12 kpc 10 eV) (10km/s>

mv N—— m 4
Dwarf Galaxy ™ ~~ 7\ ~~ o
Coreradius  Target Mass Dwarf Galaxy

Velocity dispersion

When both the velocity dispersion and core size are constrained by observations,
the boson mass is uniquely determined to be approximately 10-2% eV

The formation of a central cusp is naturally prevented, as particles cannot be confined
within a region smaller than their de Broglie wavelength (\gg).
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Missing Satellites Problem

Simulations predict that large galaxies should be orbited by an abundance of small
satellite galaxies. However, observations reveal far fewer than predicted.

Figure: Left: FDM washes out the smallest scales due to wave interference. Right: CDM
produces many small, dense substructures.(Schive, Chiueh, and Broadhurst 2014)
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e FDM solves the small-scale crisis not by adding complexity, but by adding
fundamental physics.

Sunhaeng Hur Questions of Fuzzy Dark Matter Pheno 2026 9/26



Theory
©0000

Schrodinger-Poisson equation

FDM is modeled as a scalar field of ultralight bosons, governed by the
Schrodinger-Poisson equation.

Governing Equations

N
ihap = =5 V2 + mey (1)
V20 = 47 G|y[? (2)

* The kinetic term (—V?¢) manifests as a Quantum Pressure. This pressure
opposes gravitational collapse (a consequence of the Uncertainty Principle).

* This balance results in a stable, cored ground state known as the Soliton.
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Soliton solution

Soliton Solution
w(tag)

L rla
30 40 50 ©

Figure: This represents the soliton ground state of the Schrddinger-Poisson equation, scaled
by the gravitational Bohr radius.
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The Gravitational Bohr Radius ag

* Solving the Schrddinger-Poisson equation reveals that the size of the soliton core
is fundamentally determined by the Gravitational Bohr Radius (ag), analogous
to the hydrogen atom:

h2

= 2GMm?2 (3)

ag

e This introduces a crucial relation: the more massive the dark matter core, the
smaller its radius.
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Is the Soliton Model Sufficient?

The Scaling Problem: The central issue lies in the relation between Core Density (pc),
Core Radius (r;), and Core Mass (M,).

FDM Soliton Prediction

e The radius is inversely proportional * Data suggests a shallow density
to the mass: ro x M profile: pe o rz !

e This implies a steep density ¢ This implies a positive mass-radius
dependence: p; rg4 correlation: rg < /M,

* Heavier cores must be smaller. | * Heavier cores are larger. )
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Discrepancy between FDM model and observational data

Romol© o+ ur s 010

Core Radius R; [kpc] 0.001

* In the left figure(Deng et al. 2018), the orange dashed curve shows that the core
density is roughly inversely proportional to the core radius.(pc o r; ')

* The right figure demonstrates the discrepancy between the theoretical
prediction (blue) and the observed behavior (orange).

* Resolving this fundamental discrepancy is the primary motivation for my work.
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Key Research Questions

* Core Stability: Is the soliton core robust against thermal perturbations?

* Thermal Expansion: Do finite temperature effects induce core expansion?
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Eigenvalues in the Soliton Core

State (n) e,
0 -0.0814
1 -0.0351
2 -0.0188
3 -0.0116
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Figure: The first few s-state eigenfunctions
with the potential fixed by the ground state

density.
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Energy Scaling Coefficient

The dimensional energy in SP equation is given by:

h2
En= —— 4
n 2maé€n ( )
Parameters:
* FDM Mass: m ~ 10722eV/¢?
* ag~1.3x10""m or~ 426pc
Coefficient Calculation:

K2 (6.582x 109 eV.5)(1.05 x 103¢] . )

2maz o ey
¢ zx(m)x(tsxmwm)z

1eV
1.60218 x 10-19]

~1.8x 1074 x

~10 ¥ev
Questions of Fuzzy Dark Matter Pheno 2026 171/26

Sunhaeng Hur



Questions
00000

Excited Energy Levels

State (n) ¢, Result (E,)
0 -0.0814 ~ -9x10730eV
1 -0.0351 ~ —4 x1030eV
2 -0.0188 ~ -2x10"30ev
3 -0.0116 ~ —1.3 x10730eV

Because these gaps are so small, FDM can be excited easily.
= By considering excited states, we might be able to reproduce the larger core sizes seen
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in observations.
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Grand Canonical Ensemble

To accurately model the system, we employ the Grand Canonical Ensemble, as the
structure exchanges both energy and particles with the surrounding reservoir.

High-Temperature Limit Approximation

In thermal equilibrium, assuming large occupation numbers (N, > 1), the
Bose-Einstein distribution simplifies to:

1 1

Noi = B =1~ BB~ 1) ©)

Where g = 1/(kgT) and p is the chemical potential.
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The Hartree Approximation
The Hartree Approximation is a mean-field theory effective for many-body system. It

simplifies the system by assuming each particle moves independently in an average
potential V generated by the density of all particles.

v K(ﬂ i 1) - énﬁ] I:?nﬁ(?)

VERu(t) = [V(?) + = (6)

(7)

e/N. However, naively summing over all states to determine the total

where ¢,y = N,
particle number N results in a UV divergence:

N = ZNne Z £
5( n _M)

(8)
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Chemical Potential

The Role of Chemical Potential y(T)

To regularize this divergence, we must explicitly impose the chemical potential as a
constraint on the total particle number N. We can estimate its asymptotic behavior:
* Low T (T <« 1): Particles condense (BEC).

u— Eo  (Ground State Energy)

e High T (T > 1): The chemical potential dominates the energy (—u > E)).
Assuming n available states:

n

*Exact u(T) for intermediate temperatures requires numerical calculation.
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Parameter Reduction: The N Scaling

Since N and 3 are not independent in this regime, we treat the product N3 as a
single parameter:

NI=Y ©

By fixing the coupled parameter Ng, we can numerically invert the constraint
equation to determine the chemical potential 4 for a finite basis of n states. This
allows us to observe the thermal evolution of the potential.
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Numerical Results: 4-State System (n = 4)

Key Observations ’ "~

@ A sharp transition in the potential
profile occurs in the regime;
102 < N3 < 108

@ Coinciding with this transition, the
energy between n and the ground
state (Ep) begins not to align. T T e "

Ground state energy of 4 states system

© As the potential becomes shallower, . -
the ground state energy decreases. -« -

@ The numerical results for p are ) =
consistent with our prediction: © e wd g
° HighT(NB=1)ip~ —g5 = —4
® Low-T(NB>1):pu— Ey
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Sharpening of the Phase Transition (n = 3 vs n = 4)

n=3 n=4

0.15 0.15
— Np=10° — NpB=10°
— Np=10* — Np=10*

0.10 0.10+
— Np=10° — Ng=10°
— NB=10? — NB=10%

0.05 0.05H
— NB=10 ~— NB=10
— NB=1 — NB=1

i 100 200 300 a00 500 100 200 300 400 500

Both systems transition within 102 < N3 < 109,
However, the transition for n = 4 is significantly more abrupt than for n = 3.
This trend intensifies as we include more states.
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Physical Implication: Evaporation Instability

Implication

e This implies that in the limit of large state occupancy, the density drops below
the background threshold (pyniy) Once the critical temperature is reached,
triggering evaporation.

Sunhaeng Hur Questions of Fuzzy Dark Matter Pheno 2026 25/26



Conclusion
°

Conclusion

* We are currently working to define the UV cutoff required to regularize the
partition function and calculate the critical temperature (7).

* This approach can resolve the density profile discrepancy while simultaneously
explaining the suppression of low-mass halos.
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