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Inflation needs a beginning and an end
I’m focused on the end

3

CMB mysteries Slow-roll inflation BBN

?



 :  inflaton,   and  :  scalar and fermion we want to produce 
 

Tree-level decay rates       ,    

Bose enhancement:    ,   Instant reheating:    

 
I will focus on populating  through the  coupling

Vintrc = σϕχ2 + g2ϕ2 χ2 + hϕϕψ̄ψ + hχ χψ̄ψ

ϕ χ ψ

Γϕ→χχ =
σ2

8πmϕ
Γb→ψψ̄ =

h2
b mb

8π

nχ ∼ exp( πσ |ϕ |
2mϕ

t) Γχ→ψψ̄ =
h2

χ g |ϕ |

8π

χ σ

Perturbative description is incomplete
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Relation to Baryogenesis
Resonance processes are non-thermal and ubiquitous
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 can coherently (classically) oscillate around the 

minimum 
 

   around quadratic minimum 
 
Clearly Feynman diagrams alone won’t work 
 
EOM of -modes   

ϕ

ϕ(t) ≈ Φ(t)cos(mϕt)

χ ··χk + (k2 + m2
χ + 2σϕ(t)) χk = 0

so reheating is necessarily non-perturbative anyway

7

Discontinuous tunneling transition ruled out



Exponentially forced oscillator solution

EOM:     
 

Redefinitions:     

 
Floquet’s theorem:   

periodic basis solutions  with exponentially changing coefficients

Growth rate    defines solution

··χk + (k2 + m2
χ + 2σϕ(t)) χk = 0 ↔ χ′￼′￼k + (A + 2qPT(τ)) χk = 0

A =
4(k2 + m2

χ )
m2

ϕ
, q =

4σΦ
m2

ϕ
, τ =

mϕt
2

, T = π

χk(τ) = c1 eμkτ uT1(τ) + c2 e−μkτ uT2(τ)
u

γk ≡ ℜ(μk)

AKA “Hill’s equation”
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Floquet’s theorem reminder:    
 

Solution for each period :    
 

Impose continuity:    

 
Transfer matrix  has eigenvalues , 

 are the diagonal solutions

χk(t) = c1 eμkt uT1(t) + c2 e−μkt uT2(t)

n xn(t) = αnxT1(t) + βnxT2(t)

(xT1(T) xT2(T)
·xT1(T) ·xT2(T)) (αn

βn) ≡ 𝕄 (αn

βn) = (αn+1

βn+1)
𝕄 λ 1/λ

uTi(t)

xn(T) = c1 λn uT1(0) + c2 λ−n uT2(0) = c1 enμT uT1(T) + c2 e−nμT uT2(T) ⇒ μ =
ln λ
T

9

Exponentially forced oscillator solution
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Exponentially forced oscillator solution



“Mathieu’s equation” is a special case of “Hill’s” with   PT (τ) = cos(2τ)

Map of growth rate for Mathieu’s equation

10

Exponentially forced oscillator solution
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Exponentially forced oscillator solution



“Stochastic” preheating

Growth rate has two parts,   

 
Second term (local average) dominates for high :

Top line is a good approximation

(Eigenvalues of ∏
n

𝕄n) ≠ ∏
n

(Eigenvalues of 𝕄n)
γN = γR +

1
N

N

∑
n

γn

q0

Multiplying random matrices
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Growth rate has two parts,   

 
First term dominates for regions with 

R for “random walk”

(Eigenvalues of ∏
n

𝕄n) ≠ ∏
n

(Eigenvalues of 𝕄n)
γN = γR +

1
N

N

∑
n

γn

γnoiseless = 0

Growth rate randomly walks away from zero
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“Stochastic” preheating



Add a bunch of little scalars    with  

Inflaton EOM becomes  

 

 
  turns out to be normally distributed when sampled at 

each period,  .

ψi Vintrc =
Λ
2

L

∑
i

gi ϕ2 ψi

··ϕ + m2
ϕ (1 + ξ) ϕ = 0 where ξ =

Λ
mϕ

L

∑
i

gi
ψi

mϕ

ξ
⟨ξ⟩ = 0

Fluctuations through adding scalars

13

“Stochastic” preheating



Inflaton effective mass becomes  

So oscillation frequency becomes random
-mode EOM: 

Equivalently, change time variable to  

m2
eff = (1 + ξ)m2

ϕ

χ
··χk + (k2 + m2

χ + 2σΦ0 cos ( 1 + ξ mϕt)) χk = 0

τ = 1 + ξ t

χ′￼′￼k + (k2 + m2
χ

1 + ξ
+

2σΦ0

1 + ξ
cos(mϕτ))χk = 0

Fluctuations through adding scalars

14

“Stochastic” preheating



Slices through stability maps

15

“Stochastic” preheating

                                                                                                      q0 = 0.1 q0 = 4
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Coming soon 26xx.xxxxx (Sinha, LP)
Application to cosmological moduli and swampland conjectures



Summary

 
Reheating must have occurred, likely through resonant particle production 
 
Stochasticity is helpful to increase efficiency from zero 
 
This is particularly applicable when considering UV completions of inflation 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Thank you



Extra slides



Reheating is phenomenologically successful, but:

 
Typically happens instantly then thermalizes 
 
Embedding reheating in a higher-energy theory 
presents issues: EFTs, QG models, cosmological 
moduli 
 
It’s worth trying to make reheating more efficient

19

PhysRevD.96.123524



Stable regions now have hope

20

“Stochastic” preheating
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“Stochastic” preheating
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A =
4(k2

0 /a2 + m2
χ )

m2
ϕ

, q =
4σ
m2

ϕ

Φ0

a3/2

Expansion leads to changing A and q
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A =
4(k2

0 /a2 + m2
χ )

m2
ϕ

, q =
4σ
m2

ϕ

Φ0

a3/2



Quadratic + quartic oscillation solution

Energy conservation   

Incomplete elliptical integral of the first kind,  ,

with exact solution elliptic cosine,  

 

1
2

·̃
ϕ2 =

1
2

m2
ϕ +

1
4

λΦ2 −
1
2

m2
ϕϕ̃2 −

1
4

λΦ2ϕ̃4

t =
2k

λΦ ∫
θ

0

dθ′￼

1 − k2 sin2 θ′￼

, where k2 =
1
2 (1 +

m2
ϕ

λΦ2 )
−1

, θ = cos−1 ϕ̃

t =
2k

λΦ
F (θ, k2)

ϕ̃ = cos θ = cn( λΦt

2k
, k2)

ϕ̃ ≈ cos(ωt)[1 − ϵ sin2(ωt)] , where ω =
(m2 + λΦ2)3/2

m2 + 9
8 λΦ2

, ϵ =
1
8

λΦ2

m2 + 9
8 λΦ2

Split into amplitude and periodic   and solve for ϕ = Φϕ̃ ϕ̃

23



Roles of other  conformal interaction terms

: Bounds potential from below; if too large can 
act as a strong restoring force

: Ordinary forcing term that results in linear growth in 

: Only interesting one, turns out to result in  growth 
compared to   (see right)

: Double exponential growth, not numerically tractable

V(ϕ, χ) =
λϕ

4
ϕ4 +

λχ

4
χ4 + g1ϕ3χ + g2ϕ2 χ2 + g3ϕχ3

λχ > 2σ2/m2
ϕ

g1 nχ

g2 ≲
V ⊃ σϕχ2

g3

and excluding most of them

24
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Lattice results for quartic potential

Model A:   ,  Model B:  

Red:   ,  Black:  

λ = 10−14 mϕ = 5 × 10−7mpl

σ = 5 × 1013 σ = 5 × 1012

Field variances show growth of nonzero modes

25
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Comparing growth and expansion rates
For real efficiency we need  γ/H ≳ 1
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Correspondence between the two types of randomness

through these expressions containing stochastic integrals: 
 

 

 

where    

d2y
dt2

+ (A0 + 2q0PT(t))y(τ) = ϵ ↔
d2y
dt2

+ ((A0 + ℓn) + 2(q0 + pn)PT(t))y(τ) = 0

ℓn =
J2Ξ1 − J1Ξ2

I1J2 − I2J1
, pn =

I1Ξ2 − I2Ξ1

I1J2 − I2J1

Ii = ∫
T

0
u2

i (t)dt , Ji = ∫
T

0
P(t)u2

i (t)dt , Ξi = ∫
T

0
ϵui(t)dt

Stochastic DEs versus cycle-to-cycle variation
Avoiding actually evaluating stochastic integrals
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Cosmological moduli problem

 
Light scalar fields    (“moduli”) are a generic prediction of higher dimensions

Tree level decay rate is tiny, e.g.    for   

 
Early matter domination threatens BBN success 

 
Moduli also generically oscillate in a potential well: hope?

ϕ

Γϕ→aa =
1

48π
m3

ϕ

m2
pl

ℒ ⊃
ϕ

mpl
∂μa∂μa

Similar setup to reheating, slightly different issue
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Attractor-tracker solution to overshoot

For a potential   ,  there are two generic phases: 
 
1) Kination: opposite of potential energy domination,  ,  so

        energy could possibly dilute fast enough to become less than height of barrier 
 
2)  If there’s any background radiation with , an attractor solution might be reached:

V(ϕ) ≈ V0 e−λϕ/Mpl + (small barrier)

wkin = + 1

w

ΩKE =
3
2

(1 + w)2

λ2
, ΩPE =

3
2

1 − w2

λ2
, Ωw = 1 − 3

1 + w
λ2

Sets initial energy conditions for cosmological moduli
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From presentation by Severin Lüst

Dine-Seiberg problem
“When corrections can be computed, they are not important, and when 

they are important they cannot be computed.”
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KKLT and LVS

Last equation of Wess and Bagger:  

Scalar potential from superpotential  and Kahler potential  

 is modulus whose potential we want to change 

1) Classical flux additions
2) Quantum corrections
     LVS: perturbative corrections to 

     KKLT: nonperturbative corrections to 

3) Uplift, usually with anti-brane, to get a de Sitter vacuum for our  (still finely-tuned)

V = eKKijDiW DjW

W K = − 3 ln(T + T) + . . .
T

K
W

Λ

Two ways around Dine-Seiberg problem
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