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Formation of strings
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Spontaneous symmetry breaking

U(1) global symmetry and a complex scalar φ(x) = ρ(x)√
2
eiϕ/fa .

Spontaneous symmetry breaking at scale fa

ϕ is a pseudo Nambu-Goldstone boson

V (ϕ) ≈ 1

2
m2

a(T )ϕ
2

ma(T ) ∼ T−n

φRE
φIM



Formation of strings

ϕ

∆θ = 2π

Figure 1: By Carlo Contaldi

String network collapse

ma(am) = H(am)



Evolution of Nambu-Goldstone bosons

am aNR aeq a0

relativistic non-relativistic

A cosmological footprint

1 What are the density fluctuations and the associated power spectrum of these
axions?

2 Can we constrain the axion’s mass and the symmetry breaking scale from
cosmological observables?



Correlation functions
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Treatment of the Scalar Field

N(k) = f(k) d3x d3k
(2π)3

Boddy et al; 2025

Foster et al; 2018

Klein-Gordon equation

ϕ̈k +
(
k2 +m2

a

)︸ ︷︷ ︸
ω2
k

ϕk = 0

ϕk = ϕ0(k)

N(k)∑
j=1

cos(ωkt− k · x+ δk,j)

Sum over plane waves

ϕ(t,x) =
∑
k

√
f(k) d3k

(2π)3ωk
αk cos[ωkt− k · x+ δk]



From a Distribution to Correlations

Distribution

=⇒

Field

Mapping momentum-space information to real-space correlations



Energy Density of the Scalar Field

Velocity Distribution

f(v) =
n

(2πv20)
3/2

e−v2/(2v20) ⇒ δk ∼ mv0
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Slow mode

Slow mode

⟨ρϕ(t,x)ρϕ(t′,x′)⟩− = ρ̄2ϕ

exp

[
− (mv0∆x)2

1+(mv20∆t)
2

]
(
1 +

(
mv20∆t

)2)3/2



Slow mode

Slow mode

⟨ρϕ(t,x)ρϕ(t′,x′)⟩− = ρ̄2ϕ

exp

[
− (mv0∆x)2

1+(mv20∆t)
2

]
(
1 +

(
mv20∆t

)2)3/2

Equal time Power spectrum

P−(k, t) ≃
(

ρ̄ϕ
ρ̄DM

)2( 1

mv0

)3

︸ ︷︷ ︸
k−3
⋆

exp

[
−
(

k

2mv0

)2
]

︸ ︷︷ ︸
T
(

k
k⋆

)
1 Suppression for k ≫ k⋆
2 Constant for k ≪ k⋆



Slow mode against data



Cosmic string network



Cosmic strings

Effective tension

µ =
Energy

Length
≃ πf2

a log
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Cosmic strings

f−1
a

f−1
a

H−1

Effective tension

µ =
Energy

Length
≃ πf2

a log

(
fa
H

)

Number of strings per Hubble volume (Gorghetto et al; 2018)

ξ(t)
Scaling regime−−−−−−−−−→ α log

(
fa
H

)



Spectrum of Nambu-Goldstone modes

Energy density

ρs(t) =
ξ(t)µ

t2



Spectrum of Nambu-Goldstone modes

Energy density

ρs(t) =
ξ(t)µ

t2

Rate of emission of Nambu-Goldstone modes

For “free” strings → ξ(t) =
t

t0
,

ρfrees =
µ

tt0
,

Γ = ρ̇frees (t0)− ρ̇s(t0)
log≫1−−−−→ 2Hρs



Spectrum of Nambu-Goldstone modes (cont.)

Energy density of the NB modes

1

a4(t)
∂t

(
a4(t)ρϕ(t)

)
= Γ(t)

ρϕ(t) =
1

a4(t)

∫ t

dt′a4(t′)Γ(t′)



Spectrum of Nambu-Goldstone modes (cont.)

Energy density of the NB modes

1

a4(t)
∂t

(
a4(t)ρϕ(t)

)
= Γ(t)

ρϕ(t) =
1

a4(t)

∫ t

dt′a4(t′)Γ(t′)

Differential rate

Γ(t) =

∫
dk

∂Γ

∂k
=

∫
dk

Γ(t)

H(t)
F

[
k

H
,
fa
H

]

F [x, y] =
N

xq
, xIR︸︷︷︸

O(10)

< x < y

xIRH︸ ︷︷ ︸
kIR

< k < fa





Shape of spectrum



Shape of spectrum

q(t) = 0.51 + 0.053 log
(

fa
H(t)

)
(Gorghetto et al; 2020)



Energy spectra

The spectrum over comoving momenta

∂ρϕ
∂k

=
1

a4

∫ a

da′(a′)2
Γ(a′)

H(a′)
F

[
k

a′H(a′)
,

fa
H(a′)

]



Energy spectra

The spectrum over comoving momenta

∂ρϕ
∂k

=
1

a4

∫ a

da′(a′)2
Γ(a′)

H(a′)
F

[
k

a′H(a′)
,

fa
H(a′)

]

Characteristic momentum

k⋆ ≃ kIR = xIRamH(am)



Characteristic momentum

Ultra-light particles

m(T ) = ma

(
Tc

T

)n

, Tc =
√

mafa

k⋆(n = 0) ≃ 1Mpc−1
( ma

10−25eV

)1/2



The spectrum



The power spectrum



General form

Adiabatic + Isocurvature

P (a0, k) = Padi(a0, k) +D2
iso(a0, k)Piso(k)



Determining the power spectrum

Step 1

⟨ρϕ(x)ρϕ(x′)⟩− =
m2

NR

a6NR

∫
d3kd3k′

(2π)6
f(k)f(k′) cos (∆x ·∆k)
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Determining the power spectrum

Step 1

⟨ρϕ(x)ρϕ(x′)⟩− =
m2

NR

a6NR

∫
d3kd3k′

(2π)6
f(k)f(k′) cos (∆x ·∆k)

Step 2

f(k) =
2π2a4mρc(am)

k4
Ωϕ(k, am)

Step 3

P−(k, aNR) =

∫
d3xe−ik·x ⟨ρϕ(x)ρϕ(0)⟩−

ρ̄2DM(aNR)



The power spectrum

Power spectrum today

P−(k, a0) = D2(a0, k)

(
ρ̄ϕ(a0)

ρ̄DM(a0)

)2

k−3
⋆ T

(
k

k⋆

)



The power spectrum

Power spectrum today

P−(k, a0) = D2(a0, k)

(
ρ̄ϕ(a0)

ρ̄DM(a0)

)2

k−3
⋆ T

(
k

k⋆

)
Growth factor (Amin et al; 2025)

D2(k, a0) ≈


(

a

aeq

)2

k < kJ(aeq)

kJ(aeq)

k

(
a

aeq

)2

k > kJ(aeq)

kJ(a) =

√
3ΩDM

2

H0ma

k⋆
a1/2

kJ(aeq)

k⋆
≃ 3× 10−3

(
10

xIR

)2



The power spectrum

Relic density

ρ̄ϕ(a0) = a4NRρc(aNR)mNR

∫ ∞

kIR

dk

k2
Ωϕ(k)



The power spectrum

Relic density

ρ̄ϕ(a0) = a4NRρc(aNR)mNR

∫ ∞

kIR

dk

k2
Ωϕ(k)

Transfer function

T (k) =
1

2kN

∫ ∞

kIR

dp

p3
Ωϕ(p)

∫ k+p

|k−p|

dℓ

ℓ3
Ωϕ(ℓ), T (k → 0) = 1



Analytic approximations

Assumption

Ωϕ(k, am) =

{
0 k < kIR

const. k ≥ kIR



The power spectrum against data



Constraints



Likelihood method

The likelihood function

LS+B ∝ exp

[
−
∑
i

(Pdata(ki)− PCDM(ki)− Pϕ(ki))
2

2σ(ki)2

]

PCDM(k) =
18π2

25
AΦ

(
aeq

H2
0ΩM

)2

k T 2
CDM(k)

(
k

k∗

)ns−1

Condition for constraint

2 log

(
LS+B

LB

)
> 2.71



Constraints for n = 0



Constraints for n = 0

λfs(k, t) =
∫ t dt

v(a) PCDM(k)T 2
fs(k, a) Tfs =

ρ̄ϕ
ρ̄DM

sinc (kλfs(k, a)) Amin et al; 2024



Constraints for n = 0

kQ ≃ 7Mpc−1
(

ma
10−22eV

)1/2
Kobayashi et al ; 2017



Constraints for n = 0

∆Neff =
8

7

(
11

4

) 4
3 ρ̄ϕ
ρ̄γ
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Summary and future directions

Summary

Cosmic strings emit pseudo Nambu–Goldstone bosons

These can contribute a sub-component of dark matter after becoming non-relativistic

Described by a scalar field with spectrum peaked at kIR

Power spectrum: white noise for k ≪ kIR, decays as k
−4 for k ≫ kIR

Constraints on the (ma, fa) plane from cosmological observables.
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Summary
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Future directions

Dedicated statistical analysis for each observable

Relativistic evolution for ma ≲ 7× 10−26 eV (n = 0)

Temperature-dependent mass evolution for ac > aeq

Constraints for am > aeq including CMB anisotropies



Scalar in expanding space

Klein-Gordon

ϕ̈k + 3Hϕ̇k + ϕk

(
m2 +

|k|2

a2

)
= 0,

Frequency

ωk(t) =

√
m2(t) +

k2

a2(t)

WKB solution

ϕk(x) =
ϕk,0

a3/2

Nk∑
j=1

cos

[∫ t

ωk(t
′) dt′ − k·x+ φk,j

]
,



Scalar in expanding space cont.

Perform sum

ϕk(x) =

√
Nk

2a3(t)
ϕk,0 αk cos

[∫ t

ωk(t
′) dt′ − k·x+ φk

]
,

αk sampled from Rayleigh distribution

P (αk) = αke
−α2

k/2

Fix amplitude by ⟨ρϕ,k⟩ = ωkNk
d3xa3

⟨ρϕ,k⟩ =
〈
1

2

(
ϕ̇2
k +m2ϕ2

k +
(∇ϕk)

2

a2

)〉
=

Nk

2a3
ϕ2
k,0 ω

2
k.



Final Result

Amplitude

ϕk,0 =

√
2

d3xωk(t)
.

Scalar field

ϕk(x) =

√
f(k) d3k

(2π)3a3ωk
αk cos

[∫ t

ωk(t
′) dt′ − k·x+ δk

]
.

Sum over plane waves

ϕ(x) =
∑
k

ϕk(x)



Correlation functions

Fk =
f(k)√

a3(t)ωk(t) a3(t′)ωk(t′)

Correlations

⟨ϕ̇ϕ′⟩ = −
∫

d3k
(2π)3

Fk ωk(t) sin
[∫ t

t′ ωk − k ·∆x
]

⟨ϕ∇ϕ′⟩ = −
∫

d3k
(2π)3

Fk k sin
[∫ t

t′ ωk − k ·∆x
]

⟨ϕ̇ϕ̇′⟩ =
∫

d3k
(2π)3

Fk ωk(t)ωk(t
′) cos

[∫ t

t′ ωk − k ·∆x
]

⟨ϕ̇∇ϕ′⟩ = −
∫

d3k
(2π)3

Fk ωk(t)k cos
[∫ t

t′ ωk − k ·∆x
]

⟨∂iϕ∂jϕ
′⟩ =

∫
d3k

(2π)3
Fk kikj cos

[∫ t

t′ ωk − k ·∆x
]



Slow and fast modes

Slow and fast modes

⟨ρρ′⟩± =
1

4

∫
d3k d3k′

(2π)6
FkFk′A±

kk′

× cos
[ ∫ t

t′
(ωk ± ωk′)− (k± k′) ·∆x

]
Approximation

A+
kk′ ≃

|k+ k′|4

4 a2(t)a2(t′)

A−
kk′ ≃ 4m2(t)m2(t′)



Slow and fast modes: coefficients

Coefficients

A±
kk′ =m2(t)m2(t′) + ωk(t)ωk(t

′)ωk′ (t)ωk′ (t′)

∓m2(t′)ωk(t)ωk′ (t)∓m2(t)ωk(t
′)ωk′ (t′)

+ k·k′

[
ωk(t)ωk′ (t)∓m2(t)

a2(t′)
+

ωk(t
′)ωk′ (t′)∓m2(t′)

a2(t)

]

+
(k · k′)2

a2(t)a2(t′)



Maxwell-Boltzmann constraints



Slow mode details

Correlations in terms of Ωϕ

⟨ρϕ(x)ρϕ(x′)⟩ = 4m2
NRa

2
NRρ

2
c(aNR)

[ ∫
dk

k2
Ωϕ(k) sinc(k|∆x|)

]2
Identity for power spectrum calculation∫ ∞

0
dxx2 sinc(kx) sinc(ℓx) sinc(px) =

π

4kpℓ
θ(p− |k − ℓ|)θ(k + ℓ− p).

Power spectrum

Pϕ(k, aNR) = 8π2

(
ρ̄ϕ(a0)

ρ̄DM(a0)

)2

k−3
⋆ T (k)



Transfer function analytic approxmation

k < 2kIR

T (y) ≃ 5

8y5(1 + y)

[
y5 + y4 − 2y3 + 6y2

+ 12y(1− log(1 + y))− 12 log(1 + y)

]

k > 2kIR

T (y) ≃ −5

4y5

[
12y−8y3

y2 − 1
+3 log

[
y + 1

y − 1

2y + 1

2y − 1

2y2 + y − 1

2y2 − y − 1

]]



Analytical density fraction

Ωϕ = const for k > kIR

ρ̄ϕ
ρ̄DM

= 6.8× 10−3

(
fa

1015GeV

)2 ( ma

10−25eV

)1/2
(

10

xIR

)



Growth factor suppression

Dynamical time scale

tD ∼ H−1 ∼ 1√
Hρ̄

Time for field to change by O(1)

∆t ∼ k−1

va

Number of field oscillations

N =
tD
∆t

Amplitude that gravity probes suppressed by
√
N

fDMδϕ√
N

∼ 1√
k



k⋆



Quantum pressure

Density fractions

δm = Fδϕ + (1− F )δc

Evolution of perturbations

δ̈ϕk + 2Hδϕk +
c2sk

2

a2
δϕk − 3

2
H2δmk = 0, c2s =

k2

4a2m2

δ̈ck + 2Hδck − 3

2
H2δmk = 0

F = 1

δmk ∝ e2icsk/aH

for k > kQ

0 < F < 1

δmk ∝ an+

for k > kQ, n+ =
−1 +

√
25− 24F

4



Comparison to literature

Piso(k) = 2π2Aiso

k30

1, k < k0(
k0
k

)3
, k > k0



All the constraints for n = 0



All the contstraints for n = 1
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