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King linearity
e For an atomic transition i there is a difference in frequency between

. !/ / .
two isotopes A and A’: V,AA = ViA — V,-A . Two main sources:

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity



King linearity
e For an atomic transition / there is a difference in frequency between
two isotopes A and A’: V,-AA/ = ViA — V,-A/. Two main sources:
1) Mass shift ma # ma
For hydrogen-like system

1
2 Mema_ 1 (7a) (1 _ me)

2n2( @) Me + Mgy 2n

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity



King linearity
e For an atomic transition / there is a difference in frequency between
two isotopes A and A’: V,-AA/ = ViA — V,-A/. Two main sources:
1) Mass shift ma # ma
For hydrogen-like system

1
2 Mema_ 1 (7a) (1 _ me)

2n2( @) Me + Mgy 2n

2) Field shift: (r3) # (r2,)
For hydrogen-like system

T T m Ck3
ng, = g0y (2 = 4T 20N o)

6 wn3

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity



King linearity
e For an atomic transition / there is a difference in frequency between
two isotopes A and A’: V,-AA/ = ViA — V,-A/. Two main sources:
1) Mass shift ma # ma
For hydrogen-like system

1
2 Mema_ 1 (7a) (1 _ me)

2n2( @) Me + Mgy 2n

2) Field shift: (r3) # (r2,)
For hydrogen-like system

T T m a3
ng, = g0y (2 = 4T 20N o)

6 wn3

e Two sources with a different electronic dependence
and a different nuclear dependence
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King linearity
e For an atomic transition / there is a difference in frequency between
two isotopes A and A’: V,-AA/ = ViA — V,-A/. Two main sources:
1) Mass shift ma # ma
For hydrogen-like system

1
2 Mema_ 1 (7a) (1 _ me)

2n2( @) Me + Mgy 2n

2) Field shift: (r3) # (r2,)
For hydrogen-like system

T T m Ck3
ng, = g0y (2 = 4T 20N o)

e Two sources with a different electronic dependence
and a different nuclear dependence

e Two sources = linear relation between v*"'s = King linearity

[W. H. King, J. Opt. Soc. Am. 53 638 (1963)]
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King linearity

. . /
e Two sources = linear relation between /A

's = King linearity
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Image from [Counts et al., PRL 125 123002 (2020)]
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King linearity

. . /
e Two sources = linear relation between /A

's = King linearity
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Image from [Counts et al., PRL 125 123002 (2020)]

e New interactions, e.g., coupling to e and n, can introduce 3" source
leading to non-linearity Vy(r) = —(—=1)°yeyn(A— Z)e="¢" /4nr
[Berengut, et al. Phys. Rev. Lett. 120, 091801 (2018)]
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King linearity
e Two sources = linear relation between V,AA 's = King linearity
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e New interactions, e.g., coupling to e and n, can introduce 3" source
leading to non-linearity Vy(r) = —(—=1)°yeyn(A— Z)e="¢" /4nr
[Berengut, et al. Phys. Rev. Lett. 120, 091801 (2018)]
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King non-linearity

e Such a non-linearity was recently found in experiments
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e |s it new physics?
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e |s it new physics?

o Nuclear effects such as (r*) or (r?)? also lead to non-linearity!
reminder:  [(r¥) = [ d3r rk p(r)]
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Experimental results

Journal Atom | # of o New nuclear effects
PRL 125 123002 (2020) | Yb 30 (r?)?
PRX 12 021033 (2022) | Yb 30 (r?)2 and (r%)
PRL 128 163201 (2022) | Yb 41o (r?)2 and (r*)
PRL 134 063002 (2025) | Yb (r?)2 and (r%)
PRL 134 233002 (2025) | Ca | ~ 1030 | mass and polarizability

e King non-linearity was observed with a large number of ¢'s

e Is it new physics?

e Are these all the possible nuclear effects?
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EFT Perspective on King Non-linearity
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Why EFT?

e Interested in nuclear physics effects size of ry ~ 107° m

on atomic physics systems size of a ~ 10710 m
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Why EFT?

e Interested in nuclear physics effects size of ry ~ 10715 m

on atomic physics systems size of a ~ 10710 m
e Since € = ry/a < 1 we can consider effects by their scaling in €
- ForCa e~1073
- ForYb €~ 1072
e The tool for that is an effective field theory

e In hydrogen-like bound states the electron velocity is ~ o < 1

e We will use Non Relativistic QED (NRQED)
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Game plan

e Step 1: Match SM onto NRQED:
Find the possible operators and their Wilson coefficients
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Game plan

e Step 1: Match SM onto NRQED:
Find the possible operators and their Wilson coefficients

e Step 2: Match NRQED onto Quantum Mechanics (QM)
Calculate NRQED amplitudes and find the QM potentials

e Step 3: Use the QM potentials to find AE = h Av
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Step 1: Match SM onto NRQED
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NRQED Lagrangian

e The NRQED Lagrangian up to dimension 8
[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]
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NRQED Lagrangian

e The NRQED Lagrangian up to dimension 8

[Hill, Lee, GP, Solon,

D?
LNRQED = X {'Dr+ M

4

PRD 87 053017 (2013)]

‘e L [0 - E]+ic o-(DxE—-ExD)
F87; oM T PE g s& 8M?2
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NRQED Lagrangian

e 15t simplification: King NL experiments are done with spin-zero nuclei
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NRQED Lagrangian

e 15t simplification: King NL experiments are done with spin-zero nuclei

D? [@-E]
_ )
LNRQED = X {'Dr+m + g gin
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[D?,D-E +E - D] {D?[8-E]} [8°8 - E]
+cx18 Ve + cx28 M + CX3ET
. D' [E x B]'
+ICX4527{ [I\/I4 I}

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity

14



NRQED Lagrangian

e 2" simplification: 1/ry < M, since 1/ry ~ A~Y/3/r, and M ~ Am,

_ il [0 - E]
LNRQED = X {lDr + g g
_|_
2 2 2
, (B> — E?) , E
tems ey R IRTIVE
(8% - E]
+ Cx3gT

e Only 5 operators remain out of the 24
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o NRQED Lagrangian
e NRQED Lagrangian up to dim. 8 [Hill, Lee, GP, Solon, PRD 87 053017 (2013)]

r ID+D aeZ B (8- E]Jrl.c o-(DxE—ExD)
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Scalar NRQED Lagrangian in the M — oo limit

e Changing x — S, the scalar NRQED Lagrangian in the M — oo limit

takes the simple form

55—51“{

&2 CE2 2 4 Cp2 2, St o2
V-E E B V4(V-E
/\N ( )+ A3 /\4 ( )}5
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Scalar NRQED Lagrangian in the M — oo limit

e Changing x — S, the scalar NRQED Lagrangian in the M — oo limit

takes the simple form

zs—sT{

&2 CE2 2 4 Cp2 2, St o2
V-E E B V4(V-E
/\N ( )+ /\3 /\4 ( )}5

e To determine the Wilson coefficients we perform matching and get

Bm

55:5*{,'Dt+ez<r62>(VE)+E2 B? + ez ") >V2(VE)}5

120
o If the nuclear charge density is p(r), (rk) = [ d®r rk p(r)

e «af is the electric polarizability and [y the magnetic polarizability
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Four-fields operators Lagrangian

e At dimension 8 we have many more operators
Lorentz invariance implies relations between Wilson coefficients
[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]
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Four-fields operators Lagrangian

e At dimension 8 we have many more operators
Lorentz invariance implies relations between Wilson coefficients
[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]

keeping only those which are not 1/M suppressed we have

Lsy, = dj\mesfswwe 3 SIDLSULD e + %1 STSul(D? + D2y
N N me/\N
d id’
1+ E0051S ylo - B + —L ik SIDES plo' Dy,
/\ me/\N

where Dy = Di<5
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Four-fields operators Lagrangian

e At dimension 8 we have many more operators
Lorentz invariance implies relations between Wilson coefficients
[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]

keeping only those which are not 1/M suppressed we have

Lsy, = dzmesfsw*we 9 i DL SytD e + —2 - STSyi(D? + D2)y,
/\N /\N me N
d id
1+ E0051S ylo - B + —L ik SIDES plo' Dy,
/\ me/\N

where Dy = Di<5

e Matching is yet to be done for d<»

e We treat them as non-perturbative nuclear parameters
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Step 2: Match NRQED onto QM
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Example: Vi_photon(r)

- k K - - k % - - k %
q q q
P P’ P P’ P P’
S S S S S
e Procedure: calculate M, use V(q) = —M, take Fourier transform
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Example: Vi_photon(r)

- k K - - k % - - k % -
q q q
P P’ P P’ P P’
S S S = o S S S
e Procedure: calculate M, use \7(q) = — M, take Fourier transform
. c ~ —Ze? Zo
IMZ: ? = Vz(q): q2 = \/Z(I‘):—T7
. c(r? ~ Ze? AnZ«
My = =900 = U@ =20 = V() = T2 8,
. cl(r ~ Ze? A
Moty = SEL@Y = Vi (a) =~ 2o ()0 = Vi (1) = 2722 1) 92 [0

20
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Example: Vi_photon(r)

e k K e e k K e e k K e
q q q
P P’ P P’ P P’
S S S o S S S
e Procedure: calculate M, use \7(q) = — M, take Fourier transform
. c ~ —Ze? Zo
IMZ: ? = Vz(q): q2 = \/Z(I‘):—T7
. c(r? ~ Ze? AnZ«
My = =900 = U@ =20 = V() = T2 8,
. cl(r ~ Ze? dnZa
Moty = SEL@Y = Vi (a) =~ 2o ()0 = Vi (1) = 2722 1) 92 [0

12042

e Coulomb potential, Vz(r), is solved exactly
while V2 and V/,4) are treated as perturbations
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Step 3: Use QM potentials to find AE
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List of potentials

e Atomic scale: a nuclear scale: ry. Classify potentials by € = ry/a

This is a rough scaling powers of Z are also important
_AnZa

Order €2 : Vipy(r) = 5 (r?y83(r),
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List of potentials

e Atomic scale: a nuclear scale: ry. Classify potentials by € = ry/a
This is a rough scaling powers of Z are also important

_AnZa

Order ¢ : Vipy(r) = 5 (r?)y 83(r),
Order €3 : Vi, (r) = — d2;ne 53(r)
Ay
a o
Vool () *grff
d
Vi) = =2 [V253(r) + 83(r)V?]
e\

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity 22



List of potentials

e Atomic scale: a nuclear scale: ry. Classify potentials by € = ry/a
This is a rough scaling powers of Z are also important

Order & Vi) (r) = 4”620‘ () 53(r),
Order €3 : Vi, (r) = — d2;ne 53(r)
/\N
o
Vool (r) *grff
d
Vi) = =2 [V253(r) + 83(r)V?]
el\y
dnlo
Order ¢* : Vipay(r) = 10 (r*y v2 [63(r)]
d
Vay(r) = 22 V2 [0°(r)]
N

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity

22



List of potentials

e Atomic scale: a nuclear scale: ry. Classify potentials by € = ry/a
This is a rough scaling powers of Z are also important

_AnZa

Order €2 : Vipy(r) = 5 (r?y83(r),
Order €3 : Vg, (r) = — dzgne 53(r)
/\N
o
Vool (1) *grff
d
Vi) = =2 [V253(r) + 83(r)V?]
el\y
Order ¢*:  Viuy(r) = 47;2200‘ (r*) V2 [53(r)]
d
Vay(r) = 22 V2 [0°(r)]
N

e Current level of experimental precision is e*

= Use 1% and 2" order PT for V(2y and 1% order for all others
Effective Field Theory Perspective On King Non-linearity
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Phenomenological implications
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List of potentials by interaction
e Use 1% and 2" order PT for V(,2y and 1°* order for all others

3 7,2 (2)/,2\2
- (r) = Fitr), 624) i ze

Vin(r) = 2002 50
Valr) = S5 5(0)
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List of potentials by interaction
e Use 1% and 2" order PT for V(,2y and 1°* order for all others
- 8(r) = Fitr). 642

V() = 22 5(0)
Valr) = S5 5(0)
- V2[5%(r)] = 6/ (r)
Veo(r) = 2204 92[%(r)
Va(r) = 7[R0
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List of potentials by interaction
Use 15t and 2" order PT for V(,2y and 1°* order for all others

3 7,2 (2)/,2\2
5(r) = Fi(2), 62(?) i ze

Vin(r) = 2002 50
Valr) = S5 5(0)
v2[5%(r)] = 6{(r*)
Veo(r) = 2204 92[%(r)
Va(r) = 7[R0
- 1/r* = Pag Vo (1) _%%
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List of potentials by interaction

Use 15t and 2" order PT for V(,2y and 1°* order for all others
(r) = Filr), 67(r)

Il

Viy(r) = —— (r?) 8%(r)
d2me
Va,(r) = A 8(r)
N
-V [53(r)] = G (r")
AnZa
Vinlr) = 20 V2 [8(0)]
d3
Va(r) = A—4v2 [63(r)]
N
- 1/r4 = P,'OzE a o
Vpol-(r) = _8775
T r
e The contribution proportional to d6 is left for a future work

Vig(r) = —— [(6263 +63(r)V?]

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity

24



King NL: Nuclear parameters

e Using the EFT results we can find the contributions to King NL

2mf Y =K; pian + Fi ((ra)esr — (ri)er) + G-(z) (r2)* — (ra)?)
+ G ((rett — (ri)ee) + Pi(aga—aga) + -+,
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King NL: Nuclear parameters
e Using the EFT results we can find the contributions to King NL
2mvf =K pan + Fi (e = (F)en) + 62 ()7 = (r)?)
G( ) ((raett — (ra)eff) + Pi(aga—aga) +-- -,
o tipn =1/Ma—1/Mpy,
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King NL: Nuclear parameters
e Using the EFT results we can find the contributions to King NL
2 =K pan + Fi ((rB)esr — (r3)err) + G ((r2)2 — (r3)?)
G( ) ((raett — (ra)eff) + Pi(aga—aga) +-- -,

o piaa =1/Ma—1/Ma,
e We have redefined (r?) and (r#)
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King NL: Nuclear parameters
e Using the EFT results we can find the contributions to King NL
2mvf =K pan + Fi (e = (F)en) + 62 ()7 = (r)?)
+ G (et — (ri)err) + Pi(aga — ag ) +--
o tipn =1/Ma—1/Mpy,
e We have redefined (r?) and (r#)

(r)er =(r%)

_ 3me dp (r2)2 <27rZa
27rZoz/\‘;’V
3 9 d3]

+ (MeZer)? [<r4) -
e 10 T Ay,

2
) Gg—indep._’_

30 ds
4 _ 4 oYY M5
(e = () + =1 AL
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King NL: Nuclear parameters
e Using the EFT results we can find the contributions to King NL
210/ =K; pan + Fi ((rR)ett = (FR)etr) + G2 ({F2) = (12)?)
+ G (et — (ri)err) + Pi(aga — ag ) +--

o Lipp = 1/MA — 1/MA/,
e We have redefined (r?) and (r*)
3m. d onZa\? ~,.
2 2 e 2 2\2 n-indep.
et =(r7) — e 2 G
Plan =) = g+ (2 (5 ) 6o

23,49 d

+ (MeZesrat) [10<f> —
30 ds

4 _ 4 oYY M5
(e = () + =1 AL

e The contribution proportional to dg is left for a future work
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King NL: electronic coefficient
e Using the EFT results we can find the contributions to King NL

2mvf =K paw + Fi ((r)es — (r3)efr) + G,-(z) ((ra)* = (ra

+ G,-(4) ((ra)ett — (ra)et) + Pi(aga—apa) + -
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King NL: electronic coefficient
e Using the EFT results we can find the contributions to King NL
210 =K; pan + Fi ((rR)esr = (ri)er) + G2 ((r3)2 = (r3)2)
+ G (et — (ri)err) + Pi(aga — aga) +--

- K is the electronic coefficient multiplying the mass shift
- Fi=Fag— Fo, G2 = GEY — G and Py = Py — Po g
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King NL: electronic coefficient

Using the EFT results we can find the contributions to King NL
/ 2
21/ =Kipian + Fi ((rR)etr = (rider) + G ((r2) = (r2)?)

+ G( ) ((ra)ett — (ra)eff) + Pi(aga—aga) +-- -,
K; is the electronic coefficient multiplying the mass shift
- F,' = Fn’g — Fn/7gl, Gi(2/4) = Gr(r2€/4) — G(2/4), and P,' = Pn,g — Pn/’g/

n 0

For V(r) = Zera/r we have ¢, 5(0) = —meZefr o $5,0(0) so that

47rZa
Fne=———|¢ne(0 0)? o,

47rZa -
6 = (29) €52 0.0.8) ona(O)F o0

47rZa
—5q %n, 0(0) Z,O(O)’ =0,

G(42 _ 47rZa
n, 0 (=1
T2 Ru(O)F ,
0, {>1
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Comparison to treatment of (r?)2 in literature

e Recall that Gi(z), the electronic coefficient of (r?)2 depend on
the entire spectrum of the Hamiltonian. Very hard to calculate.
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the entire spectrum of the Hamiltonian. Very hard to calculate.

Approximate treatments were used in the literature:
[Counts et al., PRL 125 123002 (2020)]
[Hur et al., PRL 128 163201 (2022)]

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity

27



Comparison to treatment of (r?)2 in literature

Recall that Gi(z), the electronic coefficient of (r?)? depend on

the entire spectrum of the Hamiltonian. Very hard to calculate.

e Approximate treatments were used in the literature:
[Counts et al., PRL 125 123002 (2020)]
[Hur et al., PRL 128 163201 (2022)]
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moments of classical nuclear charge density are treated
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Comparison to treatment of (r?)2 in literature

e Recall that Gi(z), the electronic coefficient of (r?)2 depend on
the entire spectrum of the Hamiltonian. Very hard to calculate.

e Approximate treatments were used in the literature:
- [Counts et al., PRL 125 123002 (2020)]
- [Hur et al., PRL 128 163201 (2022)]

e For hydrogen-like systems we can test these approximations

- These approximations are highly dependent on how the other
moments of classical nuclear charge density are treated

- One approximation is off by 20%, since it includes terms that can be
absorbed into F;
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Comparison to treatment of (r?)2 in literature

e Recall that Gi(z), the electronic coefficient of (r?)2 depend on
the entire spectrum of the Hamiltonian. Very hard to calculate.

e Approximate treatments were used in the literature:
- [Counts et al., PRL 125 123002 (2020)]
- [Hur et al., PRL 128 163201 (2022)]

e For hydrogen-like systems we can test these approximations

- These approximations are highly dependent on how the other
moments of classical nuclear charge density are treated

- One approximation is off by 20%, since it includes terms that can be
absorbed into F;

- Another approximation has the right magnitude but the opposite sign
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Comparison to treatment of (r?)2 in literature

e Recall that Gi(z), the electronic coefficient of (r?)2 depend on
the entire spectrum of the Hamiltonian. Very hard to calculate.

e Approximate treatments were used in the literature:
- [Counts et al., PRL 125 123002 (2020)]
- [Hur et al., PRL 128 163201 (2022)]

e For hydrogen-like systems we can test these approximations

- These approximations are highly dependent on how the other
moments of classical nuclear charge density are treated

- One approximation is off by 20%, since it includes terms that can be
absorbed into F;

- Another approximation has the right magnitude but the opposite sign

e Conclusion: current treatment of (r?)? term needs to be reconsidered
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Conclusions and outlook
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Conclusions

e Isotope shift is used to look for new physics via King Non-linearity
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but its interpretation is obscured by SM effects
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Conclusions
e Isotope shift is used to look for new physics via King Non-linearity

e Allows to go beyond the charge radius and study nuclei structure at
unprecedented precision

e Such non-linearity was observed in experiments
but its interpretation is obscured by SM effects

e Presented an EFT approach:
- Match SM onto NRQED
- Match NRQED onto QM

- Use QM potentials to find energy-level shifts
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Conclusions

Isotope shift is used to look for new physics via King Non-linearity

Allows to go beyond the charge radius and study nuclei structure at
unprecedented precision

Such non-linearity was observed in experiments
but its interpretation is obscured by SM effects

Presented an EFT approach:
Match SM onto NRQED
Match NRQED onto QM

Use QM potentials to find energy-level shifts

Applied this to find a general expression for King NL
and compare and test other more phenomenological approaches
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Future directions

e Incorporate EFT approach in multi-electron effects
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Future directions

e Incorporate EFT approach in multi-electron effects

Matching of dg

Systematic discussion of renormalization

e Extend the formalism to 1/M
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Future directions

e Incorporate EFT approach in multi-electron effects

Matching of dg

Systematic discussion of renormalization

e Extend the formalism to 1/M

More work to do

Gil Paz (Wayne State University)

Thank you!

Effective Field Theory Perspective On King Non-linearity

30



