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Introduction:

King linearity
and

King non-linearity
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King linearity
• For an atomic transition i there is a difference in frequency between
two isotopes A and A′: νAA

′
i = νAi − νA

′
i . Two main sources:

1) Mass shift mA ̸= mA′

For hydrogen-like system

EA
n = − 1

2n2
(Zα)2

memA

me +mA
≈ − 1

2n2
me(Zα)

2

(
1− me

mA

)
2) Field shift: ⟨r2A⟩ ̸= ⟨r2A′⟩

For hydrogen-like system

∆En =
4πα

6
|ϕ(0)|2⟨r2⟩ = 4πα

6

(meZα)
3

πn3
⟨r2⟩

• Two sources with a different electronic dependence
and a different nuclear dependence

• Two sources ⇒ linear relation between νAA
′

i ’s ⇒ King linearity
[W. H. King, J. Opt. Soc. Am. 53 638 (1963)]
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King linearity
• Two sources ⇒ linear relation between νAA

′
i ’s ⇒ King linearity

Image from [Counts et al., PRL 125 123002 (2020)]

• New interactions, e.g., coupling to e and n, can introduce 3rd source

leading to non-linearity Vϕ(r) = −(−1)syeyn(A− Z )e−mϕr/4πr

[Berengut, et al. Phys. Rev. Lett. 120, 091801 (2018)]
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King non-linearity

• Such a non-linearity was recently found in experiments
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Image from [Counts et al., PRL 125 123002 (2020)]

• Is it new physics?

• Nuclear effects such as ⟨r4⟩ or ⟨r2⟩2 also lead to non-linearity!

reminder:
[
⟨rk⟩ ≡

∫
d3r rk ρ(r)

]

Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity 6



King non-linearity

• Such a non-linearity was recently found in experiments

-10 0 10 -10 0 10 -10 0 10 -10 0 10

-10

0

10

-10

0

10

-10

0

10

-10

0

10

 106

+ 2.3048133 + 2.3642476 + 2.9848891 + 3.1079503  1013

106

+
 2

.3
43

13
2

+
 2

.4
03

24
63

+
 3

.0
30

96
67

+
 3

.1
55

43
45

1013

ji 
/

ji
 (Hz u)

ji 
/

ji (
H

z
u)

(174,176)

(172,174)
(170,172)

(168,170)

2.4 2.6 2.8 3

1013

2.4

2.6

2.8

3

3.2
1013

(a)

Image from [Counts et al., PRL 125 123002 (2020)]

• Is it new physics?

• Nuclear effects such as ⟨r4⟩ or ⟨r2⟩2 also lead to non-linearity!

reminder:
[
⟨rk⟩ ≡

∫
d3r rk ρ(r)

]
Gil Paz (Wayne State University) Effective Field Theory Perspective On King Non-linearity 6



Experimental results

Journal Atom # of σ New nuclear effects

PRL 125 123002 (2020) Yb 3σ ⟨r2⟩2
PRX 12 021033 (2022) Yb 3σ ⟨r2⟩2 and ⟨r4⟩
PRL 128 163201 (2022) Yb 41σ ⟨r2⟩2 and ⟨r4⟩
PRL 134 063002 (2025) Yb ⟨r2⟩2 and ⟨r4⟩
PRL 134 233002 (2025) Ca ∼ 103σ mass and polarizability

• King non-linearity was observed with a large number of σ’s

• Is it new physics?

• Are these all the possible nuclear effects?
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EFT Perspective on King Non-linearity
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Why EFT?

• Interested in nuclear physics effects size of rN ∼ 10−15 m

on atomic physics systems size of a ∼ 10−10 m

• Since ϵ = rN/a≪ 1 we can consider effects by their scaling in ϵ

- For Ca ϵ ∼ 10−3

- For Yb ϵ ∼ 10−2

• The tool for that is an effective field theory

• In hydrogen-like bound states the electron velocity is ∼ α≪ 1

• We will use Non Relativistic QED (NRQED)
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Game plan

• Step 1: Match SM onto NRQED:

Find the possible operators and their Wilson coefficients

• Step 2: Match NRQED onto Quantum Mechanics (QM)

Calculate NRQED amplitudes and find the QM potentials

• Step 3: Use the QM potentials to find ∆E = h∆ν
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Step 1: Match SM onto NRQED
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NRQED Lagrangian
• The NRQED Lagrangian up to dimension 8

[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]

LNRQED = χ†
{
iDt +

D2

2M
+ cFg

σ · B
2M

+ cDg
[∂ · E ]

8M2
+ icSg

σ · (D × E − E × D)

8M2

+
D4

8M3
+ cW 1g

{D2,σ · B}
8M3

− cW 2g
D iσ · BD i

4M3
+ icMg

{D i , [∂ × B]i}
8M3

+cp′pg
σ · DB · D + D · Bσ · D

8M3
+ cA1g

2

(
B2 − E 2

)
8M3

− cA2g
2 E 2

16M3

+cX1g
[D2,D · E + E · D]

M4
+ cX2g

{D2, [∂ · E ]}
M4

+ cX3g
[∂2∂ · E ]

M4

+icX4g
2 {D i , [E × B]i}

M4
+ icX5g

D iσ · (D × E − E × D)D i

M4

+icX6g
ϵijkσiD j [∂ · E ]Dk

M4
+ cX7g

2σ · B[∂ · E ]

M4
+ cX8g

2 [E · ∂σ · B]

M4

+cX9g
2 [B · ∂σ · E ]

M4
+ cX10g

2 [E
iσ · ∂B i ]

M4
+ cX11g

2 [B
iσ · ∂E i ]

M4

+cX10g
2 [E

iσ · ∂B i ]

M4
+ cX11g

2 [B
iσ · ∂E i ]

M4
+ cX12g

2σ · E × [∂tE − ∂ × B]

M4

}
χ
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NRQED Lagrangian

• 1st simplification: King NL experiments are done with spin-zero nuclei
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NRQED Lagrangian
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• Only 5 operators remain out of the 24
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• NRQED Lagrangian
• NRQED Lagrangian up to dim. 8 [Hill, Lee, GP, Solon, PRD 87 053017 (2013)]
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Scalar NRQED Lagrangian in the M →∞ limit

• Changing χ→ S , the scalar NRQED Lagrangian in the M →∞ limit

takes the simple form

LS = S†
{
iDt +

c⟨r2⟩

Λ2
N

(∇·E ) +
cE2

Λ3
N

E 2 +
cB2

Λ3
N

B2 +
c⟨r4⟩

Λ4
N

∇2(∇·E )

}
S

• To determine the Wilson coefficients we perform matching and get

LS = S†
{
iDt + eZ

⟨r2⟩
6

(∇·E ) +
αE

2
E 2 +

βM
2

B2 + eZ
⟨r4⟩
120

∇2(∇·E )

}
S

• If the nuclear charge density is ρ(r), ⟨rk⟩ ≡
∫
d3r rk ρ(r)

• αE is the electric polarizability and βM the magnetic polarizability
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Four-fields operators Lagrangian

• At dimension 8 we have many more operators

Lorentz invariance implies relations between Wilson coefficients

[Hill, Lee, GP, Solon, PRD 87 053017 (2013)]

keeping only those which are not 1/M suppressed we have

LSψe =
d2me

Λ3
N

S†Sψ†
eψe +

d3
Λ4
N

S†D i
+Sψ

†
eD

i
+ψe +

d6
meΛ3

N

S†Sψ†
e(D

2 +
←−
D 2)ψe

+
gd10
Λ4
N

S†S ψ†
eσ · Bψe +

id11
meΛ3

N

ϵijkS†Dk
+S ψ†

eσ
iD j

−ψe ,

where D± = D ±
←−
D

• Matching is yet to be done for d>2

• We treat them as non-perturbative nuclear parameters
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Step 2: Match NRQED onto QM
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Example: V1-photon(r)

�p
k k′

q

p′

S

e−

S

e−

�p
k k′

q

p′

S

e−

S

e−

�p
k k′

q

p′

S

e−

S

e−

• Procedure: calculateM, use Ṽ (q) = −M, take Fourier transform

iMZ =
c

q2
⇒ ṼZ (q) =

−Ze2

q 2
⇒ VZ (r) = −Zα

r
,

iM⟨r2⟩ = −c⟨r 2⟩
6q2

q2 ⇒ Ṽ⟨r2⟩(q) =
Ze2

6
⟨r 2⟩ ⇒ V⟨r2⟩(r) =

4πZα

6
⟨r 2⟩ δ3(r),

iM⟨r4⟩ =
c⟨r 4⟩
120q2

(q2)2 ⇒ Ṽ⟨r4⟩(q) = −Ze2

120
⟨r 4⟩q2 ⇒ V⟨r4⟩(r) =

4πZα

120
⟨r 4⟩∇2

[
δ3(r)

]

• Coulomb potential, VZ (r), is solved exactly

while V⟨r2⟩ and V⟨r4⟩ are treated as perturbations
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q2 ⇒ Ṽ⟨r2⟩(q) =
Ze2

6
⟨r 2⟩ ⇒ V⟨r2⟩(r) =

4πZα

6
⟨r 2⟩ δ3(r),

iM⟨r4⟩ =
c⟨r 4⟩
120q2
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⇒ ṼZ (q) =

−Ze2

q 2
⇒ VZ (r) = −Zα

r
,

iM⟨r2⟩ = −c⟨r 2⟩
6q2
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Step 3: Use QM potentials to find ∆E
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List of potentials

• Atomic scale: a nuclear scale: rN . Classify potentials by ϵ = rN/a
This is a rough scaling powers of Z are also important

Order ϵ2 : V⟨r2⟩(r) =
4πZα

6
⟨r2⟩ δ3(r) ,

Order ϵ3 : Vd2(r) = −
d2me

Λ3
N

δ3(r)

Vpol.(r) = −
α

8π

αE

r4

Vd6(r) = −
d6

meΛ3
N

[←−
∇2δ3(r) + δ3(r)∇2

]
Order ϵ4 : V⟨r4⟩(r) =

4πZα

120
⟨r4⟩∇2

[
δ3(r)

]
Vd3(r) =

d3
Λ4
N

∇2
[
δ3(r)

]
• Current level of experimental precision is ϵ4

⇒ Use 1st and 2nd order PT for V⟨r2⟩ and 1st order for all others
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Phenomenological implications
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List of potentials by interaction
• Use 1st and 2nd order PT for V⟨r2⟩ and 1st order for all others

- δ3(r)⇒ Fi ⟨r2⟩,G (2)
i ⟨r2⟩2

V⟨r2⟩(r) =
4πZα

6
⟨r2⟩ δ3(r)

Vd2(r) = −d2me

Λ3
N

δ3(r)

- ∇2
[
δ3(r)

]
⇒ G

(4)
i ⟨r4⟩

V⟨r4⟩(r) =
4πZα

120
⟨r4⟩∇2

[
δ3(r)

]
Vd3(r) =

d3
Λ4
N

∇2
[
δ3(r)

]
- 1/r4 ⇒ PiαE

Vpol.(r) = − α

8π

αE

r4

• The contribution proportional to d6 is left for a future work

Vd6(r) = −
d6

meΛ3
N

[←−
∇2δ3(r) + δ3(r)∇2

]
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4πZα

6
⟨r2⟩ δ3(r)

Vd2(r) = −d2me

Λ3
N

δ3(r)

- ∇2
[
δ3(r)

]
⇒ G

(4)
i ⟨r4⟩

V⟨r4⟩(r) =
4πZα

120
⟨r4⟩∇2

[
δ3(r)

]
Vd3(r) =

d3
Λ4
N

∇2
[
δ3(r)

]
- 1/r4 ⇒ PiαE

Vpol.(r) = − α

8π

αE

r4

• The contribution proportional to d6 is left for a future work

Vd6(r) = −
d6

meΛ3
N

[←−
∇2δ3(r) + δ3(r)∇2

]
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King NL: Nuclear parameters

• Using the EFT results we can find the contributions to King NL

2πνAA
′

i =Ki µAA′ + Fi
(
⟨r2A⟩eff − ⟨r2A′⟩eff

)
+ G

(2)
i

(
⟨r2A⟩2 − ⟨r2A′⟩2

)
+ G

(4)
i

(
⟨r4A⟩eff − ⟨r4A′⟩eff

)
+ Pi

(
αE ,A − αE ,A′

)
+ · · · ,

• µAA′ = 1/MA − 1/MA′ ,

• We have redefined ⟨r2⟩ and ⟨r4⟩

⟨r2⟩eff =⟨r2⟩ − 3me

2πZα

d2
Λ3
N

+ ⟨r2⟩2
(
2πZα

3

)2

G̃n-indep.
Z +

+ (meZeffα)
2

[
3

10
⟨r4⟩ − 9

πα

d3
Λ4
N

]

⟨r4⟩eff = ⟨r4⟩+ 30

πZα

d3
Λ4
N

.

• The contribution proportional to d6 is left for a future work
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King NL: electronic coefficient

• Using the EFT results we can find the contributions to King NL

2πνAA
′

i =Ki µAA′ + Fi
(
⟨r2A⟩eff − ⟨r2A′⟩eff

)
+ G

(2)
i

(
⟨r2A⟩2 − ⟨r2A′⟩2

)
+ G

(4)
i

(
⟨r4A⟩eff − ⟨r4A′⟩eff

)
+ Pi

(
αE ,A − αE ,A′

)
+ · · · ,

- Ki is the electronic coefficient multiplying the mass shift

- Fi = Fn,ℓ − Fn′,ℓ′ ,G
(2/4)
i = G

(2/4)
n,ℓ − G

(2/4)
n′,ℓ′ , and Pi = Pn,ℓ − Pn′,ℓ′

• For V (r) = Zeff α/r we have ϕ′n,0(0) = −meZeff αϕn,0(0) so that

Fn,ℓ =
4πZα

6
|ϕn,ℓ(0)|2 δℓ0,

G
(2)
n,ℓ =

(
4πZα

6

)2

G̃ n-dep.
Zeff

(0, 0,En) |ϕn,ℓ(0)|2 δℓ0,

G
(4)
n,ℓ =


4πZα

20
ϕn,0(0)ϕ

′′
n,0(0), ℓ = 0,

4πZα

80π
[R ′

n1(0)]
2
, ℓ = 1,

0, ℓ > 1
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Comparison to treatment of ⟨r 2⟩2 in literature

• Recall that G
(2)
i , the electronic coefficient of ⟨r2⟩2 depend on

the entire spectrum of the Hamiltonian. Very hard to calculate.

• Approximate treatments were used in the literature:

- [Counts et al., PRL 125 123002 (2020)]

- [Hur et al., PRL 128 163201 (2022)]

• For hydrogen-like systems we can test these approximations

- These approximations are highly dependent on how the other
moments of classical nuclear charge density are treated

- One approximation is off by 20%, since it includes terms that can be
absorbed into Fi

- Another approximation has the right magnitude but the opposite sign

• Conclusion: current treatment of ⟨r2⟩2 term needs to be reconsidered
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Conclusions and outlook
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Conclusions

• Isotope shift is used to look for new physics via King Non-linearity

• Allows to go beyond the charge radius and study nuclei structure at
unprecedented precision

• Such non-linearity was observed in experiments

but its interpretation is obscured by SM effects

• Presented an EFT approach:

- Match SM onto NRQED

- Match NRQED onto QM

- Use QM potentials to find energy-level shifts

• Applied this to find a general expression for King NL

and compare and test other more phenomenological approaches
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Future directions

• Incorporate EFT approach in multi-electron effects

• Systematic discussion of renormalization

• Matching of d6

• Extend the formalism to 1/M

• More work to do

Thank you!
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