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Plan for the talk

• Overview of the amplituhedron

• Facets of the amplituhedron and the sign flip conjecture

• Tiles and tilings of the amplituhedron

• What we can say about tilings for m = 6

• r -fold tilings of the amplituhedron and the magic number

• Signed seeds for cluster quivers

• Generalized positive parts: a conjecture on amplituhedron tiles
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The positive Grassmannian

The Grassmannian Grk,n is the space of k-dimensional subspaces of an n-dimensional
vector space;

A point of Grk,n is represented by a full-rank k × n matrix C .

Plücker coordinates

For I = {i1 < · · · < ik} in
(
[n]
k

)
, the Plücker coordinate pI (C) is

pI (C) = det(C{i1,...,ik}).

Positive Grassmannian (Lusztig; Postnikov)

Gr≥0
k,n := {C in Grk,n(R) : pI (C) ≥ 0 for all I}.

If we decompose it into pieces based on which Plucker coordinates are positive, we
obtain the positroid cell decomposition

Gr≥0
k,n =

⊔
SM.
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, the Plücker coordinate pI (C) is

pI (C) = det(C{i1,...,ik}).

Positive Grassmannian (Lusztig; Postnikov)

Gr≥0
k,n := {C in Grk,n(R) : pI (C) ≥ 0 for all I}.

If we decompose it into pieces based on which Plucker coordinates are positive, we
obtain the positroid cell decomposition

Gr≥0
k,n =

⊔
SM.

Lauren K. Williams (Harvard) Conjectures and counterexamples 3 / 24



The positive Grassmannian

The Grassmannian Grk,n is the space of k-dimensional subspaces of an n-dimensional
vector space;
A point of Grk,n is represented by a full-rank k × n matrix C .
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The amplituhedron

Fix n, k,m with k +m ≤ n and a matrix Z inMat>0
n,k+m, i.e. all maximal

minors of Z are positive.

Definition (Arkani-Hamed–Trnka)

The amplituhedron map is

Z̃ : Gr≥0k,n −→ Grk,k+m, C 7−→ CZ .

The amplituhedron is its image:

An,k,m(Z ) := Z̃ (Gr≥0k,n) ⊂ Grk,k+m .

Gr≥0k,n An,k,m(Z ) ⊂ Grk,k+m
Z̃
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Twistor coordinates and the sign-flip picture

Let Y in Grk,k+m be represented by a matrix with rows y1, . . . , yk ; and let Z1, . . . ,Zn be
the rows of Z .

Twistor coordinate

For I = {i1 < · · · < im} ⊂ [n], we define the twistor coordinate

⟨⟨YZI ⟩⟩ := det(y1, . . . , yk ,Zi1 , . . . ,Zim ).

Sign-flip conjecture (Arkani-Hamed–Thomas–Trnka)

For even m, An,k,m(Z) should be cut out inside Grk,k+m by:

• prescribed signs of certain twistor coordinates;

• exactly k sign changes in the sequence

⟨⟨YZ1 · · ·Zm−1Zm⟩⟩, ⟨⟨YZ1 · · ·Zm−1Zm+1⟩⟩, . . . , ⟨⟨YZ1 · · ·Zm−1Zn⟩⟩.

This is true for m = 2 (Parisi–ShermanBennett–W) and m = 4 (Galashin). The
conjecture would imply that the boundary is cut out by twistor coordinates.
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First surprise for m ≥ 6: nonlinear facets

Theorem (AH-EZ-L-P-SB-T-W)

For even m ≥ 6, n sufficiently large, and k ̸= 1, the amplituhedron An,k,m

has algebraic facets cut out by polynomials of degree

m

2
− 1

in the twistor coordinates. In particular this holds for

n ≥ k +
3m

2
− 1.

Consequence

The sign-flip conjecture is false in general: sign conditions on twistor
coordinates cannot detect these nonlinear boundary components.
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Tiles and tilings

Let S ⊂ Gr≥0
k,n be a positroid cell.

Tile

ZS := Z̃ (S) is called a tile for An,k,m if

dim S = km and Z̃ |S is injective.

Tiling

A tiling is a collection C of km-dimensional positroid cells such that Z̃ is injective
on each cell and every generic point of An,k,m(Z ) has exactly one preimage in C.
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Known families of tilings

• k = 1: the amplituhedron is a cyclic polytope.

• m = 1: boundex complex of cyclic hyperplane arrangement (Karp–W)

• m = 2: tilings from positroid subdivisions of the hypersimplex
(Parisi–ShermanBennett–W.)

• m = 4: BCFW tilings (EvenZohar–Lakrec–Tessler,
EvenZohar–Lakrec–Parisi–ShermanBennett–Tessler–W, Galashin)

• Parity duality relates tilings of An,k,m and An,n−k−m,m

(Lam–Galashin).
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m = 6, k = 2: conjectural “BCFW” tilings

We give a generalized BCFW-style recursive collection C(n, 2, 6) of
positroid cells.

Recursive ingredients for building cells from plabic graphs

• Base cases: empty for n ≤ 7; one top cell for n = 8.

• Soft factor: insert a new minimal index 1 into C(n − 1, 2, 6).

• Linear promotions: we decorate a distinguished k = 1 plabic graph
(“core”) with a k = 1 blob, and a bridge between 1 and n.

• Quadratic promotions: we modify a distinguished k = 2 plabic graph
(“core”) and add a bridge.

Conjectural result: C(n, 2, 6) gives all-Z tilings of An,2,6.
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Contrast between low m and higher m

Conjecture (AH-EZ-L-P-SB-T-W)

There is no tiling of An,k,m unless one of the following holds:

• k = 1 or n − k −m = 1;

• m = 1, 2, or 4;

• m = 6 and either k = 2 or n − k −m = 2.

First unresolved cases become counterexamples

Linear programs rule out “good” tilings of

A12,3,6 and A12,2,8.

(A “good” tiling has the property that when tiles meet, they meet along common
facets. So we can search for good tilings by requiring that each facet of a tile is
either a facet of another tile or meets the boundary of the amplituhedron.)

These are the first cases not covered by known families of tilings (or parity duals).
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Relaxing the notion of tiling: r -fold tilings

By trying to generalize the BCFW recurrence for higher m, we found collections
of cells which aren’t quite tilings – but are close.

Definition

An r -fold tiling is a multiset of km-dimensional positroid cells whose images
contain open km-dimensional sets and such that every generic point of An,k,m(Z )
has exactly r preimages in the multiset.

New examples

We produce conjectural 2-fold tilings of

A12,2,8 and A12,3,6

For A12,2,8, the BCFW-like recursion leads to 102 cells which give tiles.
We also add in 3 cells with intersection number 2!
We get a 2-fold tiling by using: the 102 cells giving tiles; a rotated copy of these
102 cells; the 3 cells of int number 2.
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The magic number conjecture

Magic Number Conjecture (Karp–Williams–Zhang)

Every tiling of An,k,m consists of

M
(
k , n − k −m,

m

2

)
=

k∏
i=1

n−k−m∏
j=1

m/2∏
ℓ=1

i + j + ℓ− 1

i + j + ℓ− 2

tiles.

Here M(a, b, c) is the number of plane partitions in an a× b × c box.

A plane partition can be viewed as a rhombic
tiling of a hexagon.
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Modified magic number conjecture

Modified Magic Number Conjecture

In every r -fold tiling T of An,k,m,

1

r

∑
S in T

ιm(S) = M
(
k, n − k −m,

m

2

)
,

where ιm(S) is the intersection number under the amplituhedron map.

In case of A12,2,8, where we used 102 + 102 cells of intersection number 1,
and 3 cells of intersection number 2, this count gives

1

2
· (102 ∗ 1 + 102 ∗ 1 + 3 ∗ 2) = 105, and

105 =
2∏

i=1

12−2−8∏
j=1

4∏
ℓ=1

i + j + ℓ− 1

i + j + ℓ− 2
.

Thus the “magic number” remains relevant if we keep track of intersection
number when we count!
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Summary for higher m

1. For m = 1, 2, 4 and k = 1, tilings and boundaries are well-behaved.

2. For even m ≥ 6, new nonlinear algebraic facets appear.

3. These facets disprove the sign-flip conjecture in general.

4. Ordinary tilings seem to exist only in a narrow list of cases.

5. r -fold tilings offer a replacement in the first non-tileable examples,
and the Magic Number Conjecture appears to still hold when we take
intersection number into account.

Next ... brief discussion of signed seeds and amplituhedron tiles.

Lauren K. Williams (Harvard) Conjectures and counterexamples 14 / 24
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Cluster algebras from quivers

Let Q̃ be an ice quiver: mutable vertices 1, . . . , r and frozen vertices r + 1, . . . , s.

1 2

3

mutable: blue; frozen: gray

A seed is

Σ = (Q̃, (x1, . . . , xs)).

Mutation at a mutable vertex k

Quiver mutation at k is an operation obtained by: adding new arrows based on
2-paths through k; reversing arrows incident to k; cancelling opposite arrows in
pairs. The cluster variables mutate by

xkx
′
k =

∏
i→k

xi +
∏
k→j

xj .

The cluster algebra is the polynomial ring (over the polynomial ring in
coefficients) generated by the cluster variables obtained by applying all possible
sequences of mutations.
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The Grassmannian GrK ,N for K ≥ 2

Theorem (Scott): GrK ,N has a cluster algebra structure.
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• The rectangles seed (encoded in two ways above for Gr3,7) gives a
cluster structure on GrK ,N .
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Signed seeds for cluster algebras

• The TP (totally positive) part of the Grassmannian can be defined as
the subset where all cluster variables are positive.

• To test for membership in the TP part, it is enough to test the signs
of the cluster variables in one cluster (see previous slide).

xkx
′
k =

∏
j←k

xj +
∏
j→k

xj

• If all cluster variables in an initial cluster are positive, the mutation
rule implies that the positivity propagates to other cluster variables.

• What if we make an arbitrary assignment of signs to an initial set of
cluster variables? Can we determine the signs of the rest of the
cluster variables?

• In general NO.
• – BUT if we choose signs on initial cluster carefully so that they are

”balanced” – i.e. both terms on the RHS of the exchange relation
have the same sign – the answer is yes.
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Signed seeds for cluster algebras

Let Q be a quiver on s vertices v1, . . . , vs together with a choice of signs
σ1, . . . σs in{−1, 1}s .

If vi mutable, let

inQσ (vi ) =
∏
vj→vi

σj and outQσ (vi ) =
∏
vi→vj

σj .

Then (Q, (σ1, . . . , σs)) is a signed seed if for each mutable vi we have

inQσ (vi ) = outQσ (vi ) (balancing condition)

Proposition (EZ-L-P-SB-T-W)

If (Q, (σ1, . . . , σs)) is a signed seed, then each time we mutate, there is a
well-defined choice of sign for each new cluster variable.

That is, the mutation of a signed seed is a signed seed.
If X is the set of all cluster variables, this gives a grading σ : X → {−1, 1}
on the set of cluster variables.

Lauren K. Williams (Harvard) Conjectures and counterexamples 18 / 24
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Signed seeds for cluster algebras: example

(Q, (σ1, . . . , σs)) is a signed seed if for each mutable vi we have

inQσ (vi ) = outQσ (vi ).
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Signed cells from cluster algebras

Let V be an affine cluster variety whose coordinate ring is a cluster algebra
with cluster variables X . Given a signed seed Σ̃ with grading
σ : X → {−1, 1}, we define the signed cell to be:

V σ
>0 := {v inV (R) | σ(x)x(v) > 0 for all x inX}.

E.g. there is a signed cell of Gr3,6 whose Plücker coords have signs below.
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Signed cells from cluster algebras

Theorem (W–Yan)

Let V be an affine cluster variety whose coordinate ring is a cluster algebra
with cluster variables X . Let σ be a grading from a signed seed Σ̃0.

Then the signed cell V σ
>0 is homeomorphic to an open ball of dimension s,

where s is the size of any extended cluster.

Moreover, every signed seed which is mutation equivalent to Σ̃0 provides a
finite “test for membership” for whether a given element v lies in V σ

>0.

Note: if σ is the function which takes 1 on all cluster variables, the signed
cell V σ

>0 recovers the totally positive (TP) part of the cluster variety.

A signed cell is a kind of “generalized positive part.”
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Mapping twistor coordinates to Plücker coordinates

Recall: if Y in Grk,k+m is represented by a matrix with rows y1, . . . , yk , and Z has
rows Z1, . . . ,Zn, we define:

Twistor coordinate

For I = {i1 < · · · < im} ⊂ [n], we define the twistor coordinate

⟨⟨YZI ⟩⟩ := det(y1, . . . , yk ,Zi1 , . . . ,Zim).

Substitution

Let us identify each twistor coordinate ⟨⟨YZI ⟩⟩ for Grk,k+m with the Plücker
coordinate PI for Grm,n, and polynomials in twistors with polynomials in Plückers.

If xi is a cluster variable for Grm,n, we will write xi (Y ) for the corresponding
polynomial in twistor coordinates.

This gives a bridge between:
tiles in An,k,m(Z ) ⊂ Grk,k+m and signed seeds for Grm,n.
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coordinate PI for Grm,n, and polynomials in twistors with polynomials in Plückers.

If xi is a cluster variable for Grm,n, we will write xi (Y ) for the corresponding
polynomial in twistor coordinates.

This gives a bridge between:
tiles in An,k,m(Z ) ⊂ Grk,k+m and signed seeds for Grm,n.

Lauren K. Williams (Harvard) Conjectures and counterexamples 22 / 24



Mapping twistor coordinates to Plücker coordinates
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Amplituhedron tiles are conjecturally signed cells

Fix n, k,m; Z inMat>0
n,k+m; and let Z ◦S be an open tile for An,k,m(Z ).

Conjecture (EZ-L-P-SB-T-W, Williams-Yan)

Let s = m(n −m) + 1. There is a seed

(x̃ = (x1, . . . , xs),Q)

for Grm,n and signs σi in{±1} such that

Z ◦S = {Y in Grk,k+m : σi xi (Y ) > 0 for all xi in x̃}.

Moreover, there is a subset of cluster variables which we should freeze,
which correspond to facets of the tile; after freezing these variables, the
seed together with the signs is a signed seed.

Evidence/Results. It is true for:
m = 2 tiles via bicolored subdivisions (Parisi-ShermanBennett-W, and W-Yan)
m = 4 BCFW tiles (EvanZohar-Lakrec-Parisi-ShermanBennett-Tessler-W).
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