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• I’ll show some surprising results for “extremal 
couplings” (maximum interaction strengths) 
for scalar 2-to-2 scattering in massive QFTs 
as a function of spacetime dimension 


d = 3, 3.5, 4, 4.5, …,12


• In collaboration with two fantastic postdocs:  
Mehmet A. Gumus, Simon Metayer 

• Briefly open up on the status of a rigorous 
approach w/ S. Zhiboedov + D. Leflot and 
M. A. Gumus which could in principle give a 
way to understand these surprising results 
better

Summary
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[arXiv:2512.24474]  
Tracking S-matrix bounds across dimensions 
M. A. Gumus, S. Metayer, P. Tourkine

https://arxiv.org/abs/2512.24474
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• I’ll show some surprising results for “extremal 
couplings” (maximum interaction strengths) 
for scalar 2-to-2 scattering in massive QFTs 
as a function of spacetime dimension 
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Mehmet A. Gumus, Simon Metayer 
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approach w/ S. Zhiboedov + D. Leflot and 
M. A. Gumus which could in principle give a 
way to understand these surprising results 
better
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• Question to you: do you expect scattering to be stronger or 
weaker in higher dimensions?
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• What is non-perturbative S-matrix.


• What is non-perturbative S-matrix in higher dimensions?


• Bootstrap


• Results


• Conclusion & perspectives

Plan
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• Weakly coupled theories: amplitudes 
methods


• Strong coupling: standard perturbation 
theory not expected to converge. 
Integrability and large-N sometimes 
allow to connect weak to strong 
coupling.


• How to study generic strongly 
coupled, non-perturbative scattering?


• “analytic S-matrix methods” -  first 
principle, bootstraps.


• Regge theory.

S-matrix

0

10

20

30

40

50

60

70

80

90

100

110

120

130

140

σ
el

(g
re

en
),

σ
in

el
(b

lu
e)

an
d

σ
to

t
(r

ed
)

(m
b
)

101 102 103 104 105
√

s (GeV)

0.
54

6
Te

V

0.
9

Te
V

1.
8

Te
V

2.
76

Te
V

7
Te

V
8

Te
V

13
Te

V

σtot

σinel

σel

p̄p (PDG 2010)

pp (PDG 2010)

Auger (+ Glauber)

ALICE

ATLAS, ATLAS-ALFA

CMS

LHCb

TOTEM

σtot fits by COMPETE

(pre-LHC model RRPnfL2u)

σel fit by TOTEM

(11.84 − 1.617 ln s + 0.1359 ln2
s)

 cross-sectionpp, pp̄

QCD: soft hadronic interactions

Quantum gravity and string theory

Where is M-theory ? Guerrieri, Murali, Penedones, Vieira



S-matrix

1

2

3

4
θ

cos(θ) = 1 +
2t

s − 4m2







s = (p1 + p2)2

t = (p1 − p3)2

u = (p1 − p4)2

Physical region for s-channel 

scattering: 

s ≥ 4m2 t, u ≤ 0

E2
c.o.m. = s/4

Similar for t- and u-channels

s + t + u = 4m2

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t, u)
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• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:
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• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)

S-matrix

cos(θ) = 1 +
2t

s − 4m2

t, u ≤ 0

E2
c.o.m. = s/4

s + t + u = 4m2
9



• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)

S-matrix

• Analyticity: reflects causality. 
Assumption (unproven): maximal analyticity

10

no bound states (no poles)



S-matrix

• Crossing:

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)

11



S-matrix

• Crossing:  
 

 
 
very technical proof from first principles, Bros-Epstein-Glaser ‘60s

T(s, t) = T(t, s)

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)
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S-matrix

• Unitarity:

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)
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S-matrix

• Unitarity: 2-particle unitarity

+

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)
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S-matrix

• Unitarity: 2-particle unitarity

+

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)

15

Tourkine Zhiboedov, +Leflot Gumus 2021 2023 2024 2026



S-matrix

• Unitarity: Partial wave basis / decomposition into harmonics 
 
Yields a convex (semidefinite) problem, amenable to “easy” 
numerical solving

• Non-perturbative S-matrix here means: a function  that 
satisfies the axioms of:


• Analyticity, Crossing symmetry, Unitarity

T(s, t)

16

Paulos, Penedones, Toledo, van Rees, Vieira 2016, 2017



Partial wave unitarity

fJ(s) ∼ ∫
1

−1
P(d)

J (cos(θ))T(s, t)d cos(θ)

SJ(s) = 1 + i (s − 4)(d−3)/2

s
fJ(s)

T(s, t) =
∞

∑
J=0

n(d)
J fJ(s) P(d)

J (cos(θ))

 : Gegenbauer (orthogonal) polynomialsP(d)
J

 : normalisationn(d)
J

 : partial wavesfJ(s) T(s, t) ↔ fJ(s)

17

cos(θ) = 1 +
2t

s − 4m2



Partial wave unitarity

• 


• Straightforward to check by partial wave projection: 
 

 

|SJ(s) |2 ≤ 1, s ≥ 4m2

fJ(s) ∝ ∫
1

−1
Kd(z) P(d)

J (z) T(s, t(z)) dz

fJ(s) ∼ ∫
1

−1
P(d)

J (cos(θ))T(s, t)d cos(θ)

SJ(s) = 1 + i (s − 4)(d−3)/2

s
fJ(s)

18

SJ(s) = 1 + i (s − 4)(d−3)/2

s
fJ(s)  diagonalise unitarity:the partial waves:

∑ |SJ,2→n |2 = 1

T(s, t) =
∞

∑
J=0

n(d)
J fJ(s) P(d)

J (cos(θ))

z = cos(θ)

cos(θ) = 1 +
2t

s − 4m2



Partial wave unitarity

• 


• Straightforward to check by partial wave projection: 
 

|SJ(s) |2 ≤ 1, s ∈ [16m2; + ∞[

fJ(s) ∝ ∫
1

−1
Kd(z) P(d)

J (z) T(s, t(z)) dz

fJ(s) ∼ ∫
1

−1
P(d)

J (cos(θ))T(s, t)d cos(θ)

SJ(s) = 1 + i (s − 4)(d−3)/2

s
fJ(s)

19

SJ(s) = 1 + i (s − 4)(d−3)/2

s
fJ(s)  diagonalise unitarity:the partial waves:

∑ |SJ,2→n |2 = 1

T(s, t) =
∞

∑
J=0

n(d)
J fJ(s) P(d)

J (cos(θ))

z = cos(θ)

d appears analytically everywhere

cos(θ) = 1 +
2t

s − 4m2



• Bound low energy observables


• Techniques from Elias-Miro, Guerrieri, Gumus 2022


• We will use bootstrap numerical methods in 


• See Chen Fitzpatrick Karateev 2022 for 


• Main difference with our study: inclusion of all terms allowed by 
unitarity (threshold divergences) gives a complete picture.

d = 3 → 12

d = 2.5 → 4

20



• What is non-perturbative scattering?


• In  : Yang-Mills  is dimensionless : confinement in the 
IR, mass gap.  
Spectrum of resonances (glueballs), measured on lattice.


• In ,  non-gravitational UV-complete QFTs exist: the 
superconformal field theories (5-brane worldvolumes)


• In , no non-gravitational solutions are known to exist (7d 
Yang-Mills discussed)


• “string universality”?

d = 4 gYM

d = 5,6

d ≥ 7

Microscopic picture?

21

[arXiv:2312.00127]  Phys.Rev.D 112 (2025) 094023 
Constraining Glueball Couplings 
A. L. Guerrieri, A. Hebbar, B. C. van Rees

https://arxiv.org/abs/2312.00127
spires-open-journal://
spires-search://a%20guerrieri,%20andrea%20l.
spires-search://a%20hebbar,%20aditya
spires-search://a%20van%20rees,%20balt%20c.


• What is non-perturbative scattering?


• In  : Yang-Mills  is dimensionless : confinement in the 
IR, mass gap.  
Spectrum of resonances (glueballs), measured on lattice.


• In ,  non-gravitational UV-complete QFTs exist: the 
superconformal field theories (5-brane worldvolumes)


• In , no non-gravitational solutions are known to exist (7d 
Yang-Mills discussed)


• “string universality”?

d = 4 gYM

d = 5,6

d ≥ 7

Microscopic picture?

Itzhaki, Maldacena, Sonnenschein, Yankielowicz ‘98
and many many more

22



back to bootstrap



• Low-energy data at the crossing-symmetric point (pure convention) 
 
                                  


• 


• Main observables: normalised couplings 

•
 (~ quartic coupling),   


• where  at large 

s0 = t0 = u0 = 4
3 m2

T(s, t) = c0 + c2 ((s − s0)2 + (t − t0)2 + (u − u0)2) + …

c̄0 =
Nd

2
T(s0, t0), c̄2 =

Nd

8
∂2

∂s2
T (s, t0)

s=s0

Nd ∼
1

Γ(d/2))
≪ 1 d

What are we bounding?
Observables

24



Ansatz

The machinery



• 


• basis functions: 


• Builds in crossing and analytic structure (cuts)


• Optimize low-energy couplings over  ’s


• Enforce partial wave-unitarity  up to 

TN(s, t) =
N

∑
i,j,k

αi,j,k ρ(s, σi)i ρ(t, σj) j ρ(u, σk)k

s → ρ(s, σ) =
σ − 4m2 − 4m2 − s

σ − 4m2 + 4m2 − s

α

|SJ(s) |2 ≤ 1 Jmax

Ansatz  : size of ansatzN

 : spin cutofJmax

take double limit N, Jmax → ∞



• Remark: Clean semidefinite problem ( ) 

1. Use 


2. Since linear in 

|SJ(s) |2 ≤ 1

α2 + β2 ≤ 1 ⇔ det (1 + α β
β 1 − α) ≥ 0

SJ(s) ∼ ∫ T(s, t(z)) PJ(z) dz ⟹ SJ(s) ∼ αi,j,k

Optimization

Simons Duffin, +Landry

27

 : size of ansatzN

 : spin cutofJmax

Paulos, Penedones, 
Toledo, van Rees, Vieira 
2016, 2017



Threshold behaviour, s → 4m2
One last (essential) piece

28



• Essential part of our whole 
construction.


• Near the 2-part. threshold, the 
partial waves can be large — pure 
quantum effect.


• Unitarity dictates the worst possible 
behaviour:


• f0(s) ∼
1

(s − 4m2)(d−3)/2
+ less singular + regular

Threshold behaviour, s → 4m2
One last (essential) piece

[arXiv:2006.08221]  JHEP 03 (2021) 
An Analytical Toolkit for the S-matrix Bootstrap 
M. Correia, A. Sever, A. Zhiboedov

29

https://arxiv.org/abs/2006.08221
spires-search://a%20correia,%20miguel
spires-search://a%20sever,%20amit
spires-search://a%20zhiboedov,%20alexander


Threshold behaviour

• In spirit of EFT, everything that is allowed by constraints should be included in ansatz


• For instance, in :


• 


• with log corrections in odd dimensions


• Only  is fixed by unitarity to 0 (regular) or 1 (singular), not the other coefficients


• Include in ansatz.


• Modifying the ansatz to allow for these terms proved a very difficult task, absolutely 
essential to achieve numerical convergence.


d = 6

f0(s) =
c

(s − 4m2)3/2
+

#
s − 4m2

+
#

s − 4m2
+ cst + # s − 4m2 + …

c

30



• Strong threshold if singularities with  with 


• Mild threshold if singularities with  with 


• Crucial to explain the results.


• Remark: any threshold with  implies a loss of positivity.


• Positivity in higher dimensions becomes subtle

1
(s − 4m2)n

n > 1

1
(s − 4m2)n

n ≤ 1

n ≥ 1

Strong/mild threshold

31



Results

32



Results

33

Develop an entire automatized pipeline to do robust and scalable 
numerics in all d, with SQL database 
 
SDPBWrapper (in mathematica) to be made public eventually 
(Simon Metayer) 

~ 100,000 CPU hours

Supercomputer

Local cluster



Extremal bounds
preliminary
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Extremal bounds
preliminary
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Extremal bounds
preliminary
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How to explain?

Sharp kinks at  and d = 5 d = 7



Extremal bounds
preliminary
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Sharp kinks at  and d = 5 d = 7

How to explain?

No microscopic origin, but clear amplitude structure 



• Repeat the analysis by 
maximizing / minimizing also 

. Find similar kinks.


• Pattern: 


• before kink, mild threshold, 
even if strong is allowed by 
unitarity


• After kink: strong threshold

c2

Organising principle for branches: threshold behaviour

T(s, t) ∼
1

(s − 4m2)n

n > 1

n ≤ 1

f0(s) =
c

(s − 4m2)3/2
+

#
s − 4m2

+
#

s − 4m2
+ cst + # s − 4m2 + …e.g. d=6:



• Repeat the analysis by 
maximizing / minimizing also 

. Find similar kinks.


• Pattern: 


• before kink, mild threshold, 
even if strong is allowed by 
unitarity


• After kink: strong threshold

c2

Organising principle for branches: threshold behaviour

T(s, t) ∼
1

(s − 4m2)n

n > 1

n ≤ 1

What is the meaning of this? Sign of stringiness? Quantum 
non-relativistic effects?



d=4
Extremal spaces
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[arXiv:2506.04313]  
Cross-Section Bootstrap: Unveiling the Froissart Amplitude 
M. Correia, A. Georgoudis, A. L. Guerrieri

[arXiv:2210.01502]  JHEP 05 (2023) 001 
Bridging Positivity and S-matrix Bootstrap Bounds 
J. Elias Miro, A. Guerrieri, M. A. Gumus

https://arxiv.org/abs/2506.04313
spires-search://a%20correia,%20miguel
spires-search://a%20georgoudis,%20alessandro
spires-search://a%20guerrieri,%20andrea%20l.
https://arxiv.org/abs/2210.01502
spires-open-journal://
spires-search://a%20elias%20miro,%20joan
spires-search://a%20guerrieri,%20andrea
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d=4.5
Extremal spaces
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d=5
Extremal spaces
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d=5.5
Extremal spaces
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d=6
Extremal spaces
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d=6.5
Extremal spaces
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d=7
Extremal spaces

-20 -10 0 10 20
-1.0

-0.5

0.0

0.5

1.0

1.5

c0

c2

Almond c2[c0]

d=6.+1, lmax=16, Nmax=20 (232 α's), smax=300, improv={TH, subTH, ftTH, SPC}

-11.1

2.93

-0.571

0.148

46



d=7.5
Extremal spaces
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d=8
Extremal spaces
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d=8
Extremal spaces
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⚠  preliminary 
region of slide 34
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Extremal spaces
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d=6 min
Amplitudes

spin J=2

J

spin J=0



d=8 max
Amplitudes

J

spin J=2

spin J=0



• Subject of on-going work in 
progress using a completely 
different approach w/ S. 
Zhiboedov, +Gumus, Leflot


• Solve directly all spins 



• Generates realistic particle 
production


• UV complete amplitudes


• Numerical convergence more 
tedious

J ∈ ℂ, Re(J) > 0

UV completion? Particle production?
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NN solution
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• Higher dimensional scattering is very rich.


• Clear, smooth structure in  with Regge/Froissart-like scattering and 
a new, not-yet-characterised type of scattering / UV completion in 
higher dimension.


• Microscopic realisation of IR gapped theories in d=5,6 ?


• Theories at the kink?


• Local QFT-like theory in  ?


• A lot of exciting possibilities to probe string universality and non-
perturbative scattering in the clean arena of massive, gapped scalar 
scattering.

d

d = 7

Conclusion
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extras
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• What is non-perturbative scattering?


• In  : Yang-Mills  is dimensionless : confinement in the 
IR, mass gap.  
Spectrum of resonances (glueballs), measured on lattice.


• In ,  non-gravitational UV-complete QFTs exist: the 
superconformal field theories (5-brane worldvolumes)


• In , no non-gravitational solutions are known to exist (7d 
Yang-Mills discussed)


• “string universality”?

d = 4 gYM

d = 5,6

d ≥ 7

Microscopic picture?
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• What is non-perturbative scattering?


• In  : Yang-Mills  is dimensionless : confinement in the 
IR, mass gap.  
Spectrum of resonances (glueballs), measured on lattice.


• In ,  non-gravitational UV-complete QFTs exist: the 
superconformal field theories (5-brane worldvolumes)


• In , no non-gravitational solutions are known to exist (7d 
Yang-Mills discussed)


• “string universality”?

d = 4 gYM

d = 5,6

d ≥ 7

Microscopic picture?

Itzhaki, Maldacena, Sonnenschein, Yankielowicz ‘98
and many many more
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This is not a kink (or is it?)

The Mount Everest of “maybe do not believe what you see”

3 4 5 6 7 8 9 10
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30

PRELIMINARY
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Threshold terms



Positivity (loss)

c+
2 ≡ c2 = ∫

∞

4

ds′￼

π

ℑT(s′￼, 4
3 )

(s′￼− 4
3 )3

≥ 0

c+
4 ≡ c2−

128
9 c4 = ∫

∞

4

ds′￼

π

(s′￼+ 4
3 )

(s′￼− 4
3 )5

(s′￼− 4)ℑT(s′￼, 4
3 ) ≥ 0.

4m2

s

IR keyhole

A(s, t) =
1

2iπ ∮s
ds′￼K(s, s′￼, t) A(s′￼, t) , K(s, s′￼, t) =

1
s′￼− s [ s − s0

s′￼− s0

s − 4 + s0 + t
s′￼− 4 + s0 + t ]

D − 2
2

[ s′￼− 4
s − 4

s′￼+ t
s + t ]

D − 4
2


