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Introduction

Quantum anomalies: classical symmetries may break upon quantization

0 — ~~, gauge-anomaly cancellation, index theorem

Adler '69; Bell, Jackiw '69; Bouchiat, lliopoulos, Meyer '72; Gross, Jackiw '72; Atiyah, Singer '68

> Weyl anomaly =- Hawking radiation, Casimir effect, holography

Capper, Duff '74; Christensen, Fulling '77; Setare, Rezaeian '00; Polyakov '81; Henningson, Skenderis '98

» Chiral anomaly = =«

» constrained by Wess—Zumino consistency conditions / cohomology
Wess, Zumino '71; Becchi, Rouet, Stora '75; Bonora, Cotta-Ramusino, Reina '83, Dubois-Violette, Talon, Viallet '85
P> gauge anomaly indirectly via 4pt and 5pt amplitudes:
tension between locality & unitarity/collinear factorization
Huang, McGady '13, + Chen '14; Accettulli Huber, De Angelis '21; Alviani, Falkowski '25

» no direct on-shell characterization

This talk: bootstrap anomalies directly on shell at 3 pts,
derive chiral/gauge, diffeomorphism, Lorentz, & Weyl/trace anomalies

(no explicit Lagrangian, cohomological complex, or regularization)
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Anomalies “from almost nothing”

cf Grant Remmen'’s talk

Assumptions:
) bootstrap only anomalies of already-classical symmetries
) effective action I' fully encodes quantum dynamics
) CPT and (global) Lorentz invariance of I'
(CP) C, P invariance unless classically broken
) anomalies expressible in covariant form (vs “consistent anomalies”)
)

nontrivial on-shell anomalies are polynomial in helicity spinors

Results: chiral/gauge, diffeomorphism, Lorentz, Weyl/trace anomalies
(up to real prefactors such as 16%)
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Chiral /gauge anomaly
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3-point on-shell bootstrap

2 complex branches:

MHV : [1] o |2] o< |3] MHV : [1) o [2) o |3)

2 possible expressions for fixed helicities: Benincasa, Cachazo '07
MHV:  (12)"s="1=h2 93y =he=hs (31)h2=hs=

MHV : [12]h1+h2—h3 [23]h2+h3—h1 [31]h3+h1 —hso

Finiteness on real MHV N MHV kin. 4+ (POL)
= pick polynomial branch, h; + hy + hg = 0 ruled out McGady, Rodina '13
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Gauge-anomaly definitions
Linearized gauge transformation + variation:
GEAL = 0,8% — gf ™Ay, = DIV, 0Fpo =gty

or . or
1A — d4 Dadj a | ca nar
55 [ aSO] / x|:5AZ o g +19§ (555 r¥
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Gauge-anomaly definitions
Linearized gauge transformation + variation:
5?"4/(11 _ aué-a _ fabcgbAc — Dadjga ()fp _ i,(]&('ff'p

or oT
g _ 4 dj ca a
6¢T[A, ¢ —/d {5 ~DiFE +ige 5 v’

Gauge-anomaly functional:

(gL [A, ¢]) g0 oT
c — _ padj . c 0
A (Z)[A7(/O] T 650(2) Du (5AC []5&/
AabC( ) — 62AC(Z)[A7 SO] _ 87 53F[A30]
D= GA N 2)d AP (y) | 4= pg T 02Y AN ()5 AP(y)SAS(2) | 4y
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Gauge-anomaly definitions
Linearized gauge transformation + variation:
5?"4/&1 —_ aﬂfa _ fabcgbAc — Dadjga ()fp _ i,(]&"?‘f;

6T T
g — 4 adj¢a ca®t
OET[A, ¢] /d {5 -Daig 1 ige 5 ta

Gauge-anomaly functional:

(gL [A, ¢]) g 60 or
c . _ padj . c 0
A°(2)[A, ¢] = e Dy 5A% O
gy PACIAA [ 0 sl
T AN (2)§ Abr(y) A=p=0 T 02Y AN ()5 AP(y)SAS(2) | 4y

3pt gauge-anomaly amplitude:

d°T'[A, 0]
3—1 , i . abc 1h1 2h2 — A v ’
0" (p1t+patps) A(1M, 272 3) = —ieteypy 5 A (p1) 6 AbH (pg) S A (ps)

mass dimension 2, spins (1, 1,0)

A=0, p2=0
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Bootstrapping color + kinematics

Polynomials only for (F1,F1,0): unique (12)? & [12]2

C—(12)2, hy = hy = —1,
A%e(1M,272,3) = gPdi* x $ CH[12]%,  hy = hy = +1,
0, otherwise

» Bose symmetry 1 <+2 = color factor oc d?*° (symmetric), not fa

1h1a 2h2b 1}1,1(1 2hzb

> d%¢ £0 < complex representation
= matter (not gauge bosons) in the loop

3¢ 3¢
» C invariance: purely vectorial case is forbidden (generalized Furry's theorem)
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Chiral fermions & L/R gauging
» spin-0, spin-1 matter cannot produce this anomaly; need fermions for C invariance
> vector + axial gauging via 5 = independent “left” & “right” currents

Dty = [0 — igl L"t7]x
D) = (0%~ igr R 42

» mass term obstructs double gauging = only massless chiral fermions contribute
» mixed-chirality anomalies vanish e.g. AﬁbLCR =0

» vectorlike Dirac case: 0 = C'\j/EVV = CE_LLL + C%RR

DFU = [ — igVH — ig'AFrys] <i~§f§)

9/27



Chiral fermions & L/R gauging

» spin-0, spin-1 matter cannot produce this anomaly; need fermions for C invariance
> vector + axial gauging via 5 = independent “left” & “right” currents
= [0/ — ig L"t}]x
DI = [0~ igr R 12)7
» mass term obstructs double gauging = only massless chiral fermions contribute
. . . . . b
mixed-chirality anomalies vanish e.g. AﬁLCR 0
> vectorlike Dirac case: 0 = C’ W = CLLL + CRRR

DFU = [ — igVH — ig'AFrys] <i~§3)

v

|| C (unitary)| P (unicary)| T (antiunimry)| CPT

| ve | AL | LE | R 9| Ol A A A I
c 73 E YN T [P)a || Pa (v P (vl ~lpls
=V | +45 e i o i ‘,: - [P || 1p]* (inv.) —Ip)a ~lpla —”

P +V#17 _A;Lij +9L Rl“] +9R LHlJ +0 —5 " P! (inv.) Pu Pu P! (inv.)
T ||+ Viiz|+Auiz| +Luiz | +Ruiz |[—0"| +7 €p.t 5g,i (inv.) € i s
CPT||—Vi | -Al | —Lf | =Ry |=0u|+7% i i vy [ i v —i —4

abc (1+ o+ _ jpabe +
> CPTALL (1525 3) = A (1F,2%,3) = (CHL)* = Cll (Cagr)™ = Cirr
abc (14+ o+ _ 9. pabc — =

> PANS (1%2%3) = ﬁARRR(ﬁa 2%,3) = O = Cwr = +iC, CeR
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Final gauge anomaly

abc (1h1 9ha 2 § : 3 jabc
'ALLL(l 72 73) =1C gxdrx X
left Weyl
fermions x

—[12]2, hi=ha=+1,
0, otherwise

{ (12)2, hi=ha=—1,

—(12)2, hi=ha=—1,
A (1M 2723) =i 3 gldrtex { A Ay
right Weyl 0, otherwise
fermions 7

Uplifts to the familiar covariant form

C Nz Iz
OfT = - / d'o/Igl| 3 gh v (PR FE) = 3 gdtr, (6RFR L)
X € left n € right

1

7-(-2
Fujikawa, Suzuki '04

> relative sign between helicities encodes F'- F' vs F-F; matches C =

> make ¢ /g constant = global/singlet/abelian chiral anomaly
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Mixed gauge-gravitational anomaly
§3Tg, A, 0]
P g ()64 (52)3 4 ()

; 5Tg, A, 0]
54 (p1+patps) AS, (1M, 282 3) := —ik2el" 8% py ’
C (/)l P2 IH) gg( ’ ’ ) 1 €2 P3 5g“”(p1)5g””(p2)5Ac>‘(p3)

mass dimension 2, spins (2,1 or 2 ())

54 (p1+p2+ps) AZ(;‘ (1M1, 252 3) = —ik et

g=n, A=0,p;=0

=n, A=0, p?=0

Pure-gravity sector: double copy of pure-gauge = A7, (12)* & [12]*
Single colored leg = abelian only; same C, P, CPT logic gives
(12)4, h1 ho=—2,
Agg (171202 3) = iCx? ZQX { [12]4, hi=ha=+2,

X € left otherwise

h1 ha=—2,
Aggr(1M2M23) = iCOx? Z Q7 { [12]%, hi=ha=+2,

7] € right 0, otherwise

Covariantly: 6?1“ =C d4m\/HR,\Wp§’\Wp [&_ZQX - fRZ Qi)

X € left 7 € right
Delbourgo, Salam '72; Eguchi, Freund '76
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Diffeomorphism anomaly
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Diffeo-anomaly setup

Linearized diffeomorphism + variation:

or
5gguv = V& + Vi, 52AZ ="V AL+ AUV Y 19T ) = 25(],1,1/
or N or
T =/d4x{£” MgWNTw —VIglASA° + F;,,M + [0t — (6 AYigtse] 5 }
\IJ
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Diffeo-anomaly setup

Linearized diffeomorphism + variation:

a v a a v 3 (5r
889 = Vb + Viép, SEAS = 'V, AL + ALV € 9T ) = 2(;(],“/
or N N e 100
ser /d4 {gﬂ Mg IVMTau) —V/Ig|ASAC + FS, SAC } + [68p — (g./r);,g/;;p};}
‘\K
Diffeo-anomaly functional:
3(5¢T[g, A, ¢]) 6T
A*(2)]g, A, = DI oy = gl VAT (2) + ...
(2)lg. 4,¢] R e VISTTAT) (2)
3pt diffeo-anomaly on-shell currents: mass dimension 3, spins (1or 2, 1or2,0), vector
dT'g, A, 0]

54([)l+p>+p;).,4ab“(1h1 oh2 3) = —2ie1,€2pP3

0 AL (p1)d AL (p2)dgau(ps)
dT(g, A, 0]

69up(P1)0A5 (P2)gau(p3)
0T'[g,0,0]

691 (p1)0907(p2)0gru(P3)

g=n, A=0, p?=0

5—1 ([,)1 +[,)2+[):g> Agi(1h17 2h27 3) = —2iKk €1Vp€20p3)\

g=n, A=0,p;=0

5t (p1tpotps) Ay (171,22 3) = —2ik%e1, pe207pan

g=n,p;=0
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Pure-gauge & -gravity sectors vanish

Vector ansatz in terms of available vectors:

A%R(17,27,3) = 6% (Chpl + Cophy) (12)?

Al (1F,2%,3) = k2 (Cuplf + Cophy)[12]*

> Bose symmetry = C; =C> = Ajbz o pi +ph = —ph
> graviton transversality Ay, — hyu, +20(,€,)/k forces p3-&(ps3) =0 on shell, so

g,u-AabM = gu

No nontrivial pure-gauge or pure-gravity diffeomorphism anomaly
Alvarez-Gaume, Witten '83
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Mixed sector: nontrivial result

May bootstrap A" as bispinor A77 := A*577 = My|1]7(1]" + Ma|2]7 (2
= Mu|1]7(2]" + M [2]7 (1]
AV(172 278 8) = ke tr el C_ (1]0"|2] (12)°
AY(172 27 3) = & trtd O [1]57]2) [12)°  easy to miss!

> trt #£0 + (CP) = abelian axial gauge field
» on-shell parity PAZ = —A(ga) (for Dirac case) forces C € R

Uplifts to ~
5= ~4V2C [l /lg (VeI Ry B Y @,

matter ¢
Nieh '84; Larue, Quevillon, Zwicky '23
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Lorentz anomaly
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Lorentz-anomaly setup

Linearized (local) Lorentz transformation + variation:
. N - ., O
L Gy i
dee,, = &€, &ij =& VIgl(T") = e 57
5

6'§T[e A, ] / { Vgl &5(T) —OEY
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Lorentz-anomaly setup
Linearized (local) Lorentz transformation + variation:

i i3 PN s ip OF
55L€M = &€l &ig = =5 lg(T") =€ /'W
3

G¢Tle, A, o] / { Vgl &;(T7) *OILY

Lorentz-anomaly functional:
BOLTle Ag)) L oT

A[iﬁ](z) _ —e = — ‘((/‘<T[zj]><z)+___
3&3;5(2) dej(z)
3pt on-shell Lorentz anomalies: mass dimension 2, spins (1or2,1or2,0), 2-form
0T'[e, A, 0]

5 (prtpotps) AGaT (1M, 2",3) = e1,ea060 (ps)

5AZ(p1)6A2(p2)56%(p3) e=eg, A=0, p?=0
- 75 . i 5F[€ A 0}
5%(p +1)2+11;5)Ab[ j](lhl, 2M2 3) == K e1,,60 el (p3) L
94 S 09uv (p1)0 A (p2)6€3(D3) | e— ey, =0, p2—0
0T'[e, 0,0]

5 (p1+p2+ps) .Agig](l’“, 2M2 3) =k 51,“,82,,060[ (p3)

09 (P1)0gpe (P2)3€5 (p3)

e=eq, p?=0 17/27



Bispinor decomposition & pure sectors

Note: unlike diffeo, &; need not be transverse on shell = no free cancellation
Antisymmetry in flat Minkowski indices 7,j =- decompose into left/right bispinors:

51538 Al = A09) 16 . f(3) o
MHV basis: (1]7(1]%, (27(2]%, (1|7(2|%); pure-gauge sector gives
ab(y8) 11— o— a
AP (17, 27,3) = 6 {0 UBER (1P (1 4 €, 0% o0 21 + 0 12) (1721 }

Aab(vé (17,27,3) = Cy 69 (12)3]1] 712]
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Bispinor decomposition & pure sectors

Note: unlike diffeo, &; need not be transverse on shell = no free cancellation
Antisymmetry in flat Minkowski indices 7,j =- decompose into left/right bispinors:

51538 Al = A09) 16 . f(3) o
MHV basis: (1]7(1]%, (2|7(2/°, <1|(7<2|‘5); pure-gauge sector gives
ab(y8) 11— o— a
AL (17, 27,8) = o { O HBER (1P (1 + 2R (a2 + Gy (12121}

Aab(vé (15,27,3) = G4 69 (12)? |1] 712]

» all other helicity conf. > denominators on all basis bispinors = (POL) kills them
» (POL) also kills C; = Cy = 0 (denominators on (1[(1]| & (2[(2| terms)
> Bose symmetry 1 <+ 2 forces U3 = Cy =0
Pure-gauge & pure-gravity Lorentz anomalies are trivial (may be renormalized away)
Bertlmann '96
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Mixed sector: what survives
Full MHV ansatz in the cross-sector (spins (—2, —1,0) with [&;] = 0):
AP (17227 3) = w tr e { C1 (122 (117 (11° + Co B 2] (2P + 3280 (1021}
Ag<g5)(1—2, 271 3) = k Cy trtb (12)4[2]7]2)°

» (POL) kills Co = C5 = 0; MHV branch is analogous
> trt? #0 + (CP) = abelian axial gauge field (as for diffeo)
> Cy term: requires [Cy] = —2 = higher-dim.; explicit local counterterm
Jd*z w? Ry po (c3VPFY + E3VPFY7) = trivial anomaly Bertlmann '96

Only dim.-2 terms survive, one per branch:
AGY(172 271 3) = k@O (12)2 (1 (1)°
A (17224 3) = wQ'Cy [122)1]71)°
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Final Lorentz anomaly
CPT & P act on the bispinor anomaly as (using spinor parity rules from CPT table):

CPTAGY = —AGD PpALD — —eies, A
> CPT: kQ'C_(12)2(1)(1] L kQ'c* 12211
|

> P kQIC_(12)2(1|(1] -2 kQ'C_[12]2]1
> together: £CL = C € R

] = ¢ =-c
[1| = c_ = —C+

By one-loop additivity & covariant uplift:

6§F_ \[C/dél*x\/ 9] 5%]R13HVFMV Z QSD

matter ¢

Companion to the diffeomorphism result: same abelian axial coupling

4 A
55r_—4\fc/d 2\/lgl (V") Ry, ERP D> QL
matter ¢
Leutwyler '84, '85; Nieh '84; Caneschi, Valtancoli '85; Yajima, Kimura '86; Larue, Quevillon, Zwicky
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Weyl /trace anomaly
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Weyl-anomaly setup

Linearized Weyl transformation + variation:
89 = 26G,u0, 5A% =0, 50 = EALp

ol
32rlg 4.l = [ d4x5[—\/g|<m> + Ao
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Weyl-anomaly setup

Linearized Weyl transformation + variation:
89 = 26G,u0, 5A% =0, 50 = EALp
or
5¢'T[g, A, ¢] =/d4w§[—\/g|<T“u> + Awp&p}

Weyl-anomaly functional: (make Weyl local for Noether currents)

8(6¢'T(g, A, ¢]) oT
Alz g,A,(p::—g—:—QgA —— =g T ) (2) + .
( )[ ] 55(2,) “59AM(2) ‘ />
3pt Weyl-anomaly amplitudes: mass dimension 2, spins (1or2,1or2,0)
&4 a ) e 5F[g7 Aa 0]
0t (p1+patps) ALa(1M,2"23) i= —2e1,62,mas 0AL(p1)d AL (p2)dgau(p3) A=0, p2=0
v p g=n, A=0,p?=
. oI'[g, A, 0]
54 (pr4patps) A8 4 (1M, 272 3) := —2k €1, ,€95m —
(Pr-tp2tpa) Agal ) T 59 (p1) 0 AL (92)0 g0 (P3) | gy a0, p2—0
) ol'g,0,0
0 (p1+p2tps) Agg (17,22, 3) = —2k2€1, p€207 s 5g (pl)ég[g (p2)]59/\ (p3) )
vp aT H g=n, p;=0
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Weyl anomaly: kinematic bootstrap

A%, AgA, Agq are Lorentz scalars of dimension 2
= identical kinematic bootstrap to gauge anomaly

» mixed sector .AgA = 0 ruled out by (POL), e.g. AZA(1_2,2_1, 3) x K

P pure-gauge sector:

(12)3(31)
(23)

[ V)
—
|

|

AL (17,27,3) = %6 x { T, 11
P pure-gravity sector:

Cy(12)* (—,—
Agg(17,27,3) = w% x {022*<[12]>4 E+,+)
> CPT symmetry implies (CF)* = CF, (C5)* = C5f
» P symmetry implies C~ =CT = (1, C; =Cf = C, €R

» key difference from gauge anomaly:
any massless particle may contribute; no chirality required
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Parity fixes C™ = C'~ (contrast with gauge anomaly)

Consider Dirac fermion with vector & axial gauging:
> Cinvariance: CAM = % A2 = CF = o (vs CF = —C.. for gauge)
LL = g2'RR LL — YRR LLL = —URRR TOr gaug

» P relation: ,
PAL (1F,2%,3) = %A&%(ﬁ 2%3) = CL=CRkr=Ci€eR

Significance: on-shell field strengths f)" = —Qip[“eg]i give

vp  _ [—(12)* (=)
F-F o~ 77/\v77#pf LTI pe, T T {—[12]2 (4+,4)

~ +i(12)2 (—,—
FF o~ %eAuupf szF {—i<[12]>2 E+7+§

same signs CT =C~ = F-Fvs opp. signs C* = —C~ (gauge anomaly) = F.F
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Final Weyl anomaly: no Pontryagin density
By one-loop additivity and covariant uplift:

#r=e fateVi| G| ek bt + S AL )+ S b )|
¢
—Cy Rauwp R/\HVP}

where C’g = Z%’ C5 sums over all massless particles
3pt bootstrap is insensitive to k%, R,,, R*/, D>R (vanish on shell)
» Equal-sign constraint C* = C~ rules out both Pontryagin densities:

Flwﬁ’“’ absent and R,\Wpé)““’p absent

» New model- and regularization-independent proof,
resting only on P invariance not broken unless classically
» Note: CT = C~ derived even before invoking CPT, so P alone is sufficient

Bonora, Giaccari, Lima de Souza '14; Bonora, Duarte Pereira, Lima de Souza'l5; Bastianelli, Martelli '16;
Bonora, Cvitan, Dominis Prester, Duarte Pereira, Giaccari, Pauligi¢, gtemberga '17-'18, Bastianelli, Broccoli '19; Frob, Zahn '19; Bonora '22;
Abdallah, Franchino-Vifias, Frob '21,'23; Larue, Quevillon, Zwicky '23,'24; Alvarez, Alvarez-Gaume, Anero, Martin '26 25 /27



Summary

P 3pt on-shell bootstrap, using only Lorentz invariance, discrete symmetries, residual
gauge freedom, and polynomial ansatz

P reproduces gauge-anomaly cancellation conditions, mixed gauge-gravitational,
diffeomorphism, and Lorentz anomalies, each up real constants

» no nontrivial pure-gauge or pure-gravity diffeomorphism/Lorentz anomalies in 4d

> new model- and regularization-independent proof:
Weyl anomaly contains no Pontryagin densities

Anomalies as consequences of on-shell consistency rather than explicit loop calculations
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Outlook

VVvVvVvyVvYVvyvyYy

Understand (POL) < triviality relationship better

Derive one-loop exactness directly within bootstrap, w/o regularization
Systematics of trivial anomalies and their nonpolynomial on-shell realization
Consider matter on external legs

3pt global-anomaly amplitudes as seeds for on-shell recursion to higher pts

Combine with on-shell methods for Goldstone-boson amplitudes coupling to
anomalous current (e.g. axion coupling to Lorentz)

Thank you!
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