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Introduction



• Many successes of string theory: supplying quantum gravity amplitudes 
that are well behaved in the UV (along with other achievements like BH 
microstate counting, unification of forces, etc.)


• Open question: Can string theory can be bootstrapped? Lots of effort in 
investigating this question, especially in the last couple years!


• Many theories we know and love can indeed be constructed by simply 
imposing nice constraints on the S-matrix (GR, gauge theory, …).


• What is the math question to which string amplitudes are the answer?      
Are strings the only game in town?


          


The amplitudes bootstrap

Cheung, GR, Sciotti, Tarquini [2508.09246]; 

Cheung, GR [2505.05553, 2308.03833, 2302.12263, 2210.12163];

Arkani-Hamed, Figueiredo, GR [2412.20639]; Basile, GR, Staudt [2603.04485];

Arkani-Hamed, Cheung, Figueiredo, GR [2312.07652]; 

Cheung, Hillman, GR [2408.03362, 2406.02665];

Maldacena, GR [2207.06426]; GR,  Huang [2203.00696];

Caron-Huot, Komargodski, Sever, Zhiboedov [1607.04253]; Häring, Zhiboedov [2311.13631]; 

Albert, Knop, Rastelli [2406.12959]; Boisvert, Knop, Rastelli [2606.09980];

Elvang, Herderschee, Morales [2601.11705]



Plan of Proof



• Define a “Regge trajectory”       , 
which just describes the large-   
behavior of the amplitude, also 
without loss of generality:


• Define unknown spectra of masses squared and spins:          and 


• The level    is an integer, and         is strictly monotonic, without loss of 
generality.


String amplitudes

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

<latexit sha1_base64="feJrSzcuQC3ZHVHRVixWyHHx9+0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx7dxvP1FtmJIPdpLQUOChZDEj2Dqp1RNpWV72iyW/4i+A1kmQkRJkaPSLX72BIqmg0hKOjekGfmLDKdaWEU5nhV5qaILJGA9p11GJBTXhdHHtDF04ZYBipV1Jixbq74kpFsZMROQ6BbYjs+rNxf+8bmrjWjhlMkktlWS5KE45sgrNX0cDpimxfOIIJpq5WxEZYY2JdQEVXAjB6svrpHVVCaqV6v11qV7L4sjDGZxDGQK4gTrcQQOaQOARnuEV3jzlvXjv3seyNedlM6fwB97nD/KvjrQ=</latexit>

µ(n)
<latexit sha1_base64="CuXAuTp6PdmEJpMaiPEc4b/r8Aw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqvysthueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExM2/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNq9fqD9eVZiOPowhncA5V8OAGmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fMvmNrA==</latexit>

J(n)

<latexit sha1_base64="feJrSzcuQC3ZHVHRVixWyHHx9+0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx7dxvP1FtmJIPdpLQUOChZDEj2Dqp1RNpWV72iyW/4i+A1kmQkRJkaPSLX72BIqmg0hKOjekGfmLDKdaWEU5nhV5qaILJGA9p11GJBTXhdHHtDF04ZYBipV1Jixbq74kpFsZMROQ6BbYjs+rNxf+8bmrjWjhlMkktlWS5KE45sgrNX0cDpimxfOIIJpq5WxEZYY2JdQEVXAjB6svrpHVVCaqV6v11qV7L4sjDGZxDGQK4gTrcQQOaQOARnuEV3jzlvXjv3seyNedlM6fwB97nD/KvjrQ=</latexit>

µ(n)<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

<latexit sha1_base64="kYHj+U5nv7ClPnLAokcwoKGOyqM=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4Gno0K3gICOIxgWyQCaGn00ma9Cx014hhyG948aCIV3/Gm39jZxFU9EHB470qqup5kRQaCPmwUmvrG5tb6e3Mzu7e/kH28Kilw1gx3mShDFXHo5pLEfAmCJC8EylOfU/ytje5nvvtO660CIMGTCPe8+koEEPBKBjJdYHfg/KT+k1j1s/miE2KeVIpYGIXiFO+dJakUiphxyYL5NAKtX723R2ELPZ5AExSrbsOiaCXUAWCST7LuLHmEWUTOuJdQwPqc91LFjfP8JlRBngYKlMB4IX6fSKhvtZT3zOdPoWx/u3Nxb+8bgzDci8RQRQDD9hy0TCWGEI8DwAPhOIM5NQQypQwt2I2pooyMDFlTAhfn+L/SevCdop2sZ7PVa9WcaTRCTpF58hBJVRFt6iGmoihCD2gJ/Rsxdaj9WK9LltT1mrmGP2A9fYJst+SIQ==</latexit>

QFT

<latexit sha1_base64="7bO5g4ShqcBIbNSGtW+/l5UMNsQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjaWEcyHJEeY2+wlS/b2jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ781tPTGkeywczTpgf4UDykFM0VnrsokiGWDbnvWLJrbhzkFXiZaQEGeq94le3H9M0YtJQgVp3PDcx/gSV4VSwaaGbapYgHeGAdSyVGDHtT+YHT8mZVfokjJUtachc/T0xwUjrcRTYzgjNUC97M/E/r5Oa8NqfcJmkhkm6WBSmgpiYzL4nfa4YNWJsCVLF7a2EDlEhNTajgg3BW355lTQvKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHBlCI4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAusZAA</latexit>

↵(t)

<latexit sha1_base64="0rlIKmm1/sSTwjM89Y+oDDIfk1w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi9Zs7d37M4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopQb2S2W34s5BVomXkzLkqPdLX71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetVTRiBs/mx86JedWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ12QgNGcoJ5ZQpoW9lbAR1ZShzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDDg8wyu8OY/Oi/PufCxa15x85gT+wPn8AeHtjP0=</latexit>

t

<latexit sha1_base64="V+BeRBfHnADDG5itzD7fLtELWIE=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWSKrS24KLhxWcE+oC0lk6ZtaCYzJHfEOvRL3LhQxK2f4s6/MX0IKnrgcg/n3EtuThBLYYCQD2dldW19YzOzld3e2d3LufsHDRMlmvE6i2SkWwE1XArF6yBA8lasOQ0DyZvB+HLmN2+5NiJSNzCJeTekQyUGglGwUs/NdYDfgQ5TA1qo4bTn5olHCuUiqWDiFWwrFC0pEr9SqmDfI3Pk0RK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn2Y7ieExZWM65G1LFQ256abzw6f4xCp9PIi0LQV4rn7fSGlozCQM7GRIYWR+ezPxL6+dwKDcTYWKE+CKLR4aJBJDhGcp4L7QnIGcWEKZFvZWzEZUUwY2q6wN4eun+H/SKHh+yStdn+WrF8s4MugIHaNT5KNzVEVXqIbqiKEEPaAn9OzcO4/Oi/O6GF1xljuH6Aect0885JQi</latexit>

string
<latexit sha1_base64="zMnQCM5DPaDweNhG2DTTOWSLcFM=">AAAB+HicdVBNSwMxEM36WetHqx69BIvgackWWy14ELx4rGBVaJeSTadtaPaDZFZcl/4SLx4U8epP8ea/Ma0VVPTBMI/3ZsjkBYmSBhl7d+bmFxaXlgsrxdW19Y1SeXPr0sSpFtASsYr1dcANKBlBCyUquE408DBQcBWMTif+1Q1oI+PoArME/JAPItmXgqOVuuVSB+EWdZjjEGKdjbvlCnNZ9ajGGpS5VduqNUtqzGvUG9Rz2RQVMkOzW37r9GKRhhChUNyYtscS9HOuUQoF42InNZBwMeIDaFsa8RCMn08PH9M9q/RoP9a2IqRT9ftGzkNjsjCwkyHHofntTcS/vHaK/SM/l1GSIkTi86F+qijGdJIC7UkNAlVmCRda2lupGHLNBdqsijaEr5/S/8ll1fXqbv38oHJyPIujQHbILtknHjkkJ+SMNEmLCJKSe/JInpw758F5dl4+R+ec2c42+QHn9QNCtpQm</latexit>

theory

<latexit sha1_base64="NdQUIx9W8zuebyUxU4AdSIHmSRg=">AAAB+nicdZBNSwMxEIaz9avWr6pHL8EieLFki209eBC8eKxgVWiXks1ONTT7YTKrlrU/xYsHRbz6S7z5b0zrCir6QmB43hlm8vqJkgYZe3cKU9Mzs3PF+dLC4tLySnl17dTEqRbQFrGK9bnPDSgZQRslKjhPNPDQV3DmDw7H/tk1aCPj6ASHCXghv4hkXwqOFvXKq1ddhFvMdgLoxzqEYNQrV1i1ztxak1FWZRPRMak16oy6OamQXK1e+a0bxCINIUKhuDEdlyXoZVyjFApGpW5qIOFiwC+gY8uIh2C8bHL6iG5ZElC72r4I6YR+n8h4aMww9G1nyPHS/PbG8C+vk2J/z8tklKQIkfhc1E8VxZiOc6CB1CBQDW3BhZb2ViouueYCbVolG8LXT+n/xWmt6jaqjePdysF+HkeRbJBNsk1c0iQH5Ii0SJsIckPuySN5cu6cB+fZeflsLTj5zDr5Ief1A/i+lHg=</latexit>

q-deformed

Cheung, GR, Sciotti, Tarquini [2508.09246]

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s



• Regge zeros: 

We will show that all amplitudes that are:

• Lorentz invariant

• Crossing-symmetric

• Tree-level

• Unitary


have residues that vanish when 

crosses certain negative integers. 

• Define a “Regge trajectory”       , 
which just describes the large-   
behavior of the amplitude, also 
without loss of generality:


• Define unknown spectra of masses squared and spins:          and 


• The level    is an integer, and         is strictly monotonic, without loss of 
generality.


String amplitudes

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

<latexit sha1_base64="feJrSzcuQC3ZHVHRVixWyHHx9+0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx7dxvP1FtmJIPdpLQUOChZDEj2Dqp1RNpWV72iyW/4i+A1kmQkRJkaPSLX72BIqmg0hKOjekGfmLDKdaWEU5nhV5qaILJGA9p11GJBTXhdHHtDF04ZYBipV1Jixbq74kpFsZMROQ6BbYjs+rNxf+8bmrjWjhlMkktlWS5KE45sgrNX0cDpimxfOIIJpq5WxEZYY2JdQEVXAjB6svrpHVVCaqV6v11qV7L4sjDGZxDGQK4gTrcQQOaQOARnuEV3jzlvXjv3seyNedlM6fwB97nD/KvjrQ=</latexit>

µ(n)
<latexit sha1_base64="CuXAuTp6PdmEJpMaiPEc4b/r8Aw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqvysthueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExM2/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNq9fqD9eVZiOPowhncA5V8OAGmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fMvmNrA==</latexit>

J(n)

<latexit sha1_base64="feJrSzcuQC3ZHVHRVixWyHHx9+0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx7dxvP1FtmJIPdpLQUOChZDEj2Dqp1RNpWV72iyW/4i+A1kmQkRJkaPSLX72BIqmg0hKOjekGfmLDKdaWEU5nhV5qaILJGA9p11GJBTXhdHHtDF04ZYBipV1Jixbq74kpFsZMROQ6BbYjs+rNxf+8bmrjWjhlMkktlWS5KE45sgrNX0cDpimxfOIIJpq5WxEZYY2JdQEVXAjB6svrpHVVCaqV6v11qV7L4sjDGZxDGQK4gTrcQQOaQOARnuEV3jzlvXjv3seyNedlM6fwB97nD/KvjrQ=</latexit>

µ(n)<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

<latexit sha1_base64="kYHj+U5nv7ClPnLAokcwoKGOyqM=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4Gno0K3gICOIxgWyQCaGn00ma9Cx014hhyG948aCIV3/Gm39jZxFU9EHB470qqup5kRQaCPmwUmvrG5tb6e3Mzu7e/kH28Kilw1gx3mShDFXHo5pLEfAmCJC8EylOfU/ytje5nvvtO660CIMGTCPe8+koEEPBKBjJdYHfg/KT+k1j1s/miE2KeVIpYGIXiFO+dJakUiphxyYL5NAKtX723R2ELPZ5AExSrbsOiaCXUAWCST7LuLHmEWUTOuJdQwPqc91LFjfP8JlRBngYKlMB4IX6fSKhvtZT3zOdPoWx/u3Nxb+8bgzDci8RQRQDD9hy0TCWGEI8DwAPhOIM5NQQypQwt2I2pooyMDFlTAhfn+L/SevCdop2sZ7PVa9WcaTRCTpF58hBJVRFt6iGmoihCD2gJ/Rsxdaj9WK9LltT1mrmGP2A9fYJst+SIQ==</latexit>

QFT

<latexit sha1_base64="7bO5g4ShqcBIbNSGtW+/l5UMNsQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjaWEcyHJEeY2+wlS/b2jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ781tPTGkeywczTpgf4UDykFM0VnrsokiGWDbnvWLJrbhzkFXiZaQEGeq94le3H9M0YtJQgVp3PDcx/gSV4VSwaaGbapYgHeGAdSyVGDHtT+YHT8mZVfokjJUtachc/T0xwUjrcRTYzgjNUC97M/E/r5Oa8NqfcJmkhkm6WBSmgpiYzL4nfa4YNWJsCVLF7a2EDlEhNTajgg3BW355lTQvKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHBlCI4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAusZAA</latexit>

↵(t)

<latexit sha1_base64="0rlIKmm1/sSTwjM89Y+oDDIfk1w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi9Zs7d37M4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopQb2S2W34s5BVomXkzLkqPdLX71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetVTRiBs/mx86JedWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ12QgNGcoJ5ZQpoW9lbAR1ZShzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDDg8wyu8OY/Oi/PufCxa15x85gT+wPn8AeHtjP0=</latexit>

t

<latexit sha1_base64="V+BeRBfHnADDG5itzD7fLtELWIE=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWSKrS24KLhxWcE+oC0lk6ZtaCYzJHfEOvRL3LhQxK2f4s6/MX0IKnrgcg/n3EtuThBLYYCQD2dldW19YzOzld3e2d3LufsHDRMlmvE6i2SkWwE1XArF6yBA8lasOQ0DyZvB+HLmN2+5NiJSNzCJeTekQyUGglGwUs/NdYDfgQ5TA1qo4bTn5olHCuUiqWDiFWwrFC0pEr9SqmDfI3Pk0RK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn2Y7ieExZWM65G1LFQ256abzw6f4xCp9PIi0LQV4rn7fSGlozCQM7GRIYWR+ezPxL6+dwKDcTYWKE+CKLR4aJBJDhGcp4L7QnIGcWEKZFvZWzEZUUwY2q6wN4eun+H/SKHh+yStdn+WrF8s4MugIHaNT5KNzVEVXqIbqiKEEPaAn9OzcO4/Oi/O6GF1xljuH6Aect0885JQi</latexit>

string
<latexit sha1_base64="zMnQCM5DPaDweNhG2DTTOWSLcFM=">AAAB+HicdVBNSwMxEM36WetHqx69BIvgackWWy14ELx4rGBVaJeSTadtaPaDZFZcl/4SLx4U8epP8ea/Ma0VVPTBMI/3ZsjkBYmSBhl7d+bmFxaXlgsrxdW19Y1SeXPr0sSpFtASsYr1dcANKBlBCyUquE408DBQcBWMTif+1Q1oI+PoArME/JAPItmXgqOVuuVSB+EWdZjjEGKdjbvlCnNZ9ajGGpS5VduqNUtqzGvUG9Rz2RQVMkOzW37r9GKRhhChUNyYtscS9HOuUQoF42InNZBwMeIDaFsa8RCMn08PH9M9q/RoP9a2IqRT9ftGzkNjsjCwkyHHofntTcS/vHaK/SM/l1GSIkTi86F+qijGdJIC7UkNAlVmCRda2lupGHLNBdqsijaEr5/S/8ll1fXqbv38oHJyPIujQHbILtknHjkkJ+SMNEmLCJKSe/JInpw758F5dl4+R+ec2c42+QHn9QNCtpQm</latexit>

theory

<latexit sha1_base64="NdQUIx9W8zuebyUxU4AdSIHmSRg=">AAAB+nicdZBNSwMxEIaz9avWr6pHL8EieLFki209eBC8eKxgVWiXks1ONTT7YTKrlrU/xYsHRbz6S7z5b0zrCir6QmB43hlm8vqJkgYZe3cKU9Mzs3PF+dLC4tLySnl17dTEqRbQFrGK9bnPDSgZQRslKjhPNPDQV3DmDw7H/tk1aCPj6ASHCXghv4hkXwqOFvXKq1ddhFvMdgLoxzqEYNQrV1i1ztxak1FWZRPRMak16oy6OamQXK1e+a0bxCINIUKhuDEdlyXoZVyjFApGpW5qIOFiwC+gY8uIh2C8bHL6iG5ZElC72r4I6YR+n8h4aMww9G1nyPHS/PbG8C+vk2J/z8tklKQIkfhc1E8VxZiOc6CB1CBQDW3BhZb2ViouueYCbVolG8LXT+n/xWmt6jaqjePdysF+HkeRbJBNsk1c0iQH5Ii0SJsIckPuySN5cu6cB+fZeflsLTj5zDr5Ief1A/i+lHg=</latexit>

q-deformed

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



• General plan of proof:


• Generalizations:


String amplitudes

Regge zeros Uniqueness  
of residues Level truncation

Uniqueness of  
4-point open string  

amplitude 
 (Veneziano)

Uniqueness of  
4-point closed string  

amplitude 
(Virasoro-Shapiro)

Uniqueness of  
5-point open string  

amplitude

Cheung, GR, Sciotti, Tarquini [2508.09246]



String amplitudes

• Just two assumptions:


Cheung, GR, Sciotti, Tarquini [2508.09246]



i) Ultrasoftness. 
The Regge trajectory        is increasing and 

bijective for          .


String amplitudes

Exhibited by string theory, but not QFT 
(where softness is bounded                          ), 
nor by   -deformations, cf. 

Motivation: superpolynomial boundedness

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="kYHj+U5nv7ClPnLAokcwoKGOyqM=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4Gno0K3gICOIxgWyQCaGn00ma9Cx014hhyG948aCIV3/Gm39jZxFU9EHB470qqup5kRQaCPmwUmvrG5tb6e3Mzu7e/kH28Kilw1gx3mShDFXHo5pLEfAmCJC8EylOfU/ytje5nvvtO660CIMGTCPe8+koEEPBKBjJdYHfg/KT+k1j1s/miE2KeVIpYGIXiFO+dJakUiphxyYL5NAKtX723R2ELPZ5AExSrbsOiaCXUAWCST7LuLHmEWUTOuJdQwPqc91LFjfP8JlRBngYKlMB4IX6fSKhvtZT3zOdPoWx/u3Nxb+8bgzDci8RQRQDD9hy0TCWGEI8DwAPhOIM5NQQypQwt2I2pooyMDFlTAhfn+L/SevCdop2sZ7PVa9WcaTRCTpF58hBJVRFt6iGmoihCD2gJ/Rsxdaj9WK9LltT1mrmGP2A9fYJst+SIQ==</latexit>

QFT

<latexit sha1_base64="7bO5g4ShqcBIbNSGtW+/l5UMNsQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjaWEcyHJEeY2+wlS/b2jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ781tPTGkeywczTpgf4UDykFM0VnrsokiGWDbnvWLJrbhzkFXiZaQEGeq94le3H9M0YtJQgVp3PDcx/gSV4VSwaaGbapYgHeGAdSyVGDHtT+YHT8mZVfokjJUtachc/T0xwUjrcRTYzgjNUC97M/E/r5Oa8NqfcJmkhkm6WBSmgpiYzL4nfa4YNWJsCVLF7a2EDlEhNTajgg3BW355lTQvKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHBlCI4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAusZAA</latexit>

↵(t)

<latexit sha1_base64="0rlIKmm1/sSTwjM89Y+oDDIfk1w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi9Zs7d37M4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopQb2S2W34s5BVomXkzLkqPdLX71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetVTRiBs/mx86JedWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ12QgNGcoJ5ZQpoW9lbAR1ZShzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDDg8wyu8OY/Oi/PufCxa15x85gT+wPn8AeHtjP0=</latexit>

t

<latexit sha1_base64="V+BeRBfHnADDG5itzD7fLtELWIE=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWSKrS24KLhxWcE+oC0lk6ZtaCYzJHfEOvRL3LhQxK2f4s6/MX0IKnrgcg/n3EtuThBLYYCQD2dldW19YzOzld3e2d3LufsHDRMlmvE6i2SkWwE1XArF6yBA8lasOQ0DyZvB+HLmN2+5NiJSNzCJeTekQyUGglGwUs/NdYDfgQ5TA1qo4bTn5olHCuUiqWDiFWwrFC0pEr9SqmDfI3Pk0RK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn2Y7ieExZWM65G1LFQ256abzw6f4xCp9PIi0LQV4rn7fSGlozCQM7GRIYWR+ezPxL6+dwKDcTYWKE+CKLR4aJBJDhGcp4L7QnIGcWEKZFvZWzEZUUwY2q6wN4eun+H/SKHh+yStdn+WrF8s4MugIHaNT5KNzVEVXqIbqiKEEPaAn9OzcO4/Oi/O6GF1xljuH6Aect0885JQi</latexit>

string
<latexit sha1_base64="zMnQCM5DPaDweNhG2DTTOWSLcFM=">AAAB+HicdVBNSwMxEM36WetHqx69BIvgackWWy14ELx4rGBVaJeSTadtaPaDZFZcl/4SLx4U8epP8ea/Ma0VVPTBMI/3ZsjkBYmSBhl7d+bmFxaXlgsrxdW19Y1SeXPr0sSpFtASsYr1dcANKBlBCyUquE408DBQcBWMTif+1Q1oI+PoArME/JAPItmXgqOVuuVSB+EWdZjjEGKdjbvlCnNZ9ajGGpS5VduqNUtqzGvUG9Rz2RQVMkOzW37r9GKRhhChUNyYtscS9HOuUQoF42InNZBwMeIDaFsa8RCMn08PH9M9q/RoP9a2IqRT9ftGzkNjsjCwkyHHofntTcS/vHaK/SM/l1GSIkTi86F+qijGdJIC7UkNAlVmCRda2lupGHLNBdqsijaEr5/S/8ll1fXqbv38oHJyPIujQHbILtknHjkkJ+SMNEmLCJKSe/JInpw758F5dl4+R+ec2c42+QHn9QNCtpQm</latexit>

theory

<latexit sha1_base64="NdQUIx9W8zuebyUxU4AdSIHmSRg=">AAAB+nicdZBNSwMxEIaz9avWr6pHL8EieLFki209eBC8eKxgVWiXks1ONTT7YTKrlrU/xYsHRbz6S7z5b0zrCir6QmB43hlm8vqJkgYZe3cKU9Mzs3PF+dLC4tLySnl17dTEqRbQFrGK9bnPDSgZQRslKjhPNPDQV3DmDw7H/tk1aCPj6ASHCXghv4hkXwqOFvXKq1ddhFvMdgLoxzqEYNQrV1i1ztxak1FWZRPRMak16oy6OamQXK1e+a0bxCINIUKhuDEdlyXoZVyjFApGpW5qIOFiwC+gY8uIh2C8bHL6iG5ZElC72r4I6YR+n8h4aMww9G1nyPHS/PbG8C+vk2J/z8tklKQIkfhc1E8VxZiOc6CB1CBQDW3BhZb2ViouueYCbVolG8LXT+n/xWmt6jaqjePdysF+HkeRbJBNsk1c0iQH5Ii0SJsIckPuySN5cu6cB+fZeflsLTj5zDr5Ief1A/i+lHg=</latexit>

q-deformed

<latexit sha1_base64="YzQX8JygUys10M2yJko3YsflxHk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxCIo8ENmR2aGBkdnadmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSTvzTRGP6QjyYecUWOlxmO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANwtjPY=</latexit>q
Cerulus, Martin (1964)

Coon (1969); GR, Maldacena [2207.06426]

Häring, Zhiboedov [2311.13631]

• Just two assumptions:


Cheung, GR, Sciotti, Tarquini [2508.09246]



i) Ultrasoftness. 
The Regge trajectory        is increasing and 

bijective for          .


ii) Minimal Zeros. 
Every zero of a residue is a Regge zero 

mandated by self consistency.


This is a minimality condition: residues could have extra zeros without obvious 
physical inconsistency, but these go beyond what is required.


String amplitudes

Exhibited by string theory, but not QFT 
(where softness is bounded                          ), 
nor by   -deformations, cf. 

Motivation: superpolynomial boundedness

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="kYHj+U5nv7ClPnLAokcwoKGOyqM=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4Gno0K3gICOIxgWyQCaGn00ma9Cx014hhyG948aCIV3/Gm39jZxFU9EHB470qqup5kRQaCPmwUmvrG5tb6e3Mzu7e/kH28Kilw1gx3mShDFXHo5pLEfAmCJC8EylOfU/ytje5nvvtO660CIMGTCPe8+koEEPBKBjJdYHfg/KT+k1j1s/miE2KeVIpYGIXiFO+dJakUiphxyYL5NAKtX723R2ELPZ5AExSrbsOiaCXUAWCST7LuLHmEWUTOuJdQwPqc91LFjfP8JlRBngYKlMB4IX6fSKhvtZT3zOdPoWx/u3Nxb+8bgzDci8RQRQDD9hy0TCWGEI8DwAPhOIM5NQQypQwt2I2pooyMDFlTAhfn+L/SevCdop2sZ7PVa9WcaTRCTpF58hBJVRFt6iGmoihCD2gJ/Rsxdaj9WK9LltT1mrmGP2A9fYJst+SIQ==</latexit>

QFT

<latexit sha1_base64="7bO5g4ShqcBIbNSGtW+/l5UMNsQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjaWEcyHJEeY2+wlS/b2jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ781tPTGkeywczTpgf4UDykFM0VnrsokiGWDbnvWLJrbhzkFXiZaQEGeq94le3H9M0YtJQgVp3PDcx/gSV4VSwaaGbapYgHeGAdSyVGDHtT+YHT8mZVfokjJUtachc/T0xwUjrcRTYzgjNUC97M/E/r5Oa8NqfcJmkhkm6WBSmgpiYzL4nfa4YNWJsCVLF7a2EDlEhNTajgg3BW355lTQvKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHBlCI4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAusZAA</latexit>

↵(t)

<latexit sha1_base64="0rlIKmm1/sSTwjM89Y+oDDIfk1w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi9Zs7d37M4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopQb2S2W34s5BVomXkzLkqPdLX71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetVTRiBs/mx86JedWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ12QgNGcoJ5ZQpoW9lbAR1ZShzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDDg8wyu8OY/Oi/PufCxa15x85gT+wPn8AeHtjP0=</latexit>

t

<latexit sha1_base64="V+BeRBfHnADDG5itzD7fLtELWIE=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWSKrS24KLhxWcE+oC0lk6ZtaCYzJHfEOvRL3LhQxK2f4s6/MX0IKnrgcg/n3EtuThBLYYCQD2dldW19YzOzld3e2d3LufsHDRMlmvE6i2SkWwE1XArF6yBA8lasOQ0DyZvB+HLmN2+5NiJSNzCJeTekQyUGglGwUs/NdYDfgQ5TA1qo4bTn5olHCuUiqWDiFWwrFC0pEr9SqmDfI3Pk0RK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn2Y7ieExZWM65G1LFQ256abzw6f4xCp9PIi0LQV4rn7fSGlozCQM7GRIYWR+ezPxL6+dwKDcTYWKE+CKLR4aJBJDhGcp4L7QnIGcWEKZFvZWzEZUUwY2q6wN4eun+H/SKHh+yStdn+WrF8s4MugIHaNT5KNzVEVXqIbqiKEEPaAn9OzcO4/Oi/O6GF1xljuH6Aect0885JQi</latexit>

string
<latexit sha1_base64="zMnQCM5DPaDweNhG2DTTOWSLcFM=">AAAB+HicdVBNSwMxEM36WetHqx69BIvgackWWy14ELx4rGBVaJeSTadtaPaDZFZcl/4SLx4U8epP8ea/Ma0VVPTBMI/3ZsjkBYmSBhl7d+bmFxaXlgsrxdW19Y1SeXPr0sSpFtASsYr1dcANKBlBCyUquE408DBQcBWMTif+1Q1oI+PoArME/JAPItmXgqOVuuVSB+EWdZjjEGKdjbvlCnNZ9ajGGpS5VduqNUtqzGvUG9Rz2RQVMkOzW37r9GKRhhChUNyYtscS9HOuUQoF42InNZBwMeIDaFsa8RCMn08PH9M9q/RoP9a2IqRT9ftGzkNjsjCwkyHHofntTcS/vHaK/SM/l1GSIkTi86F+qijGdJIC7UkNAlVmCRda2lupGHLNBdqsijaEr5/S/8ll1fXqbv38oHJyPIujQHbILtknHjkkJ+SMNEmLCJKSe/JInpw758F5dl4+R+ec2c42+QHn9QNCtpQm</latexit>

theory

<latexit sha1_base64="NdQUIx9W8zuebyUxU4AdSIHmSRg=">AAAB+nicdZBNSwMxEIaz9avWr6pHL8EieLFki209eBC8eKxgVWiXks1ONTT7YTKrlrU/xYsHRbz6S7z5b0zrCir6QmB43hlm8vqJkgYZe3cKU9Mzs3PF+dLC4tLySnl17dTEqRbQFrGK9bnPDSgZQRslKjhPNPDQV3DmDw7H/tk1aCPj6ASHCXghv4hkXwqOFvXKq1ddhFvMdgLoxzqEYNQrV1i1ztxak1FWZRPRMak16oy6OamQXK1e+a0bxCINIUKhuDEdlyXoZVyjFApGpW5qIOFiwC+gY8uIh2C8bHL6iG5ZElC72r4I6YR+n8h4aMww9G1nyPHS/PbG8C+vk2J/z8tklKQIkfhc1E8VxZiOc6CB1CBQDW3BhZb2ViouueYCbVolG8LXT+n/xWmt6jaqjePdysF+HkeRbJBNsk1c0iQH5Ii0SJsIckPuySN5cu6cB+fZeflsLTj5zDr5Ief1A/i+lHg=</latexit>

q-deformed

<latexit sha1_base64="YzQX8JygUys10M2yJko3YsflxHk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxCIo8ENmR2aGBkdnadmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSTvzTRGP6QjyYecUWOlxmO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANwtjPY=</latexit>q
Cerulus, Martin (1964)

Coon (1969); GR, Maldacena [2207.06426]

Häring, Zhiboedov [2311.13631]

• Just two assumptions:


Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge Zeros



Four-point planar scattering

• Amplitude           , crossing symmetric 


• External states: identical color-ordered scalars


• Regge trajectory


• Residues:


<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)
<latexit sha1_base64="/B6/SgjeQTT00GzEVoUwDFVVSeI=">AAAB9HicbVBNS8NAEN34WetX1aOXxSK0UEoiUnsRWrx4rGA/oA1ls920SzebuDsplNDf4cWDIl79Md78N27bHLT1wcDjvRlm5nmR4Bps+9va2Nza3tnN7GX3Dw6PjnMnpy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3vhu7rcnTGkeykeYRswNyFByn1MCRnLrBV2C4m29ACVd7OfydtleAK8TJyV5lKLRz331BiGNAyaBCqJ117EjcBOigFPBZtlerFlE6JgMWddQSQKm3WRx9AxfGmWA/VCZkoAX6u+JhARaTwPPdAYERnrVm4v/ed0Y/KqbcBnFwCRdLvJjgSHE8wTwgCtGQUwNIVRxcyumI6IIBZNT1oTgrL68TlpXZadSrjxc52vVNI4MOkcXqIAcdINq6B41UBNR9ISe0St6sybWi/VufSxbN6x05gz9gfX5A1opkIQ=</latexit>

A(s, t) = A(t, s)

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

  -channel 
   -channel 
<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="HG+MgHKmTJXqc4R4wXikPAyMwqg=">AAACHnicbVDLSgMxFM3UV62vqks3wSJMQcuMaO1GqLhxqWKt0Cklk6ZtaJIZkjtKGfolbvwVNy4UEVzp35g+Fr4OBA7nnMvNPWEsuAHP+3QyM7Nz8wvZxdzS8srqWn5949pEiaasRiMR6ZuQGCa4YjXgINhNrBmRoWD1sH868uu3TBseqSsYxKwpSVfxDqcErNTKH166aheK+BgHgstWagLNuz0gWkd3gUxcVRxid0L2TPHENeNwK1/wSt4Y+C/xp6SApjhv5d+DdkQTyRRQQYxp+F4MzZRo4FSwYS5IDIsJ7ZMua1iqiGSmmY7PG+Idq7RxJ9L2KcBj9ftESqQxAxnapCTQM7+9kfif10igU2mmXMUJMEUnizqJwBDhUVe4zTWjIAaWEKq5/SumPaIJBdtozpbg/z75L7neL/nlUvnioFCtTOvIoi20jVzkoyNURWfoHNUQRffoET2jF+fBeXJenbdJNONMZzbRDzgfXzwyoAY=</latexit>

R(n, t) = lim
s!µ(n)

(µ(n)� s)A(s, t) =

<latexit sha1_base64="CuXAuTp6PdmEJpMaiPEc4b/r8Aw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqvysthueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExM2/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNq9fqD9eVZiOPowhncA5V8OAGmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fMvmNrA==</latexit>

J(n)polynomial of degree<latexit sha1_base64="8RO26jlZi42IdQqfWUhfPwbxC1Y=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqXHbL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZVv2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUq2axZGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH41djMI=</latexit>=

<latexit sha1_base64="j2yQMIoOapVaaG0QOf3afpkeP3g=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4MVjFfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38z89hPThiv5AJOY+REZSh5ySsBKrfuyvIDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvbsq1WtZHHl0gk5RGXnoGtXRLWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4AfjKOaA==</latexit>

R(n, t)
<latexit sha1_base64="3A287zdmOcuB0yop15T6QIBKg4s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkdpjwYvHKvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKBzOJqR/hoWAhI9hYqXVfFhf6vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTFjzUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpalxWvWqneXZXqtSyOPJzAKZTBg2uowy00oAkEHuEZXuHNkc6L8+58LFpzTjZzDH/gfP4AfK2OZw==</latexit>

R(n, s)



Four-point planar scattering

• Amplitude           , crossing symmetric 


• External states: identical color-ordered scalars


• Regge trajectory


• Residues:


• Mass-spin relation (holds by definition of the Regge trajectory):

                           at large   , with poles at               with residues of degree


                                                       for all integers          .  

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)
<latexit sha1_base64="/B6/SgjeQTT00GzEVoUwDFVVSeI=">AAAB9HicbVBNS8NAEN34WetX1aOXxSK0UEoiUnsRWrx4rGA/oA1ls920SzebuDsplNDf4cWDIl79Md78N27bHLT1wcDjvRlm5nmR4Bps+9va2Nza3tnN7GX3Dw6PjnMnpy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3vhu7rcnTGkeykeYRswNyFByn1MCRnLrBV2C4m29ACVd7OfydtleAK8TJyV5lKLRz331BiGNAyaBCqJ117EjcBOigFPBZtlerFlE6JgMWddQSQKm3WRx9AxfGmWA/VCZkoAX6u+JhARaTwPPdAYERnrVm4v/ed0Y/KqbcBnFwCRdLvJjgSHE8wTwgCtGQUwNIVRxcyumI6IIBZNT1oTgrL68TlpXZadSrjxc52vVNI4MOkcXqIAcdINq6B41UBNR9ISe0St6sybWi/VufSxbN6x05gz9gfX5A1opkIQ=</latexit>

A(s, t) = A(t, s)

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

  -channel 
   -channel 
<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="HG+MgHKmTJXqc4R4wXikPAyMwqg=">AAACHnicbVDLSgMxFM3UV62vqks3wSJMQcuMaO1GqLhxqWKt0Cklk6ZtaJIZkjtKGfolbvwVNy4UEVzp35g+Fr4OBA7nnMvNPWEsuAHP+3QyM7Nz8wvZxdzS8srqWn5949pEiaasRiMR6ZuQGCa4YjXgINhNrBmRoWD1sH868uu3TBseqSsYxKwpSVfxDqcErNTKH166aheK+BgHgstWagLNuz0gWkd3gUxcVRxid0L2TPHENeNwK1/wSt4Y+C/xp6SApjhv5d+DdkQTyRRQQYxp+F4MzZRo4FSwYS5IDIsJ7ZMua1iqiGSmmY7PG+Idq7RxJ9L2KcBj9ftESqQxAxnapCTQM7+9kfif10igU2mmXMUJMEUnizqJwBDhUVe4zTWjIAaWEKq5/SumPaIJBdtozpbg/z75L7neL/nlUvnioFCtTOvIoi20jVzkoyNURWfoHNUQRffoET2jF+fBeXJenbdJNONMZzbRDzgfXzwyoAY=</latexit>

R(n, t) = lim
s!µ(n)

(µ(n)� s)A(s, t) =

<latexit sha1_base64="CuXAuTp6PdmEJpMaiPEc4b/r8Aw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqvysthueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExM2/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNq9fqD9eVZiOPowhncA5V8OAGmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fMvmNrA==</latexit>

J(n)polynomial of degree<latexit sha1_base64="8RO26jlZi42IdQqfWUhfPwbxC1Y=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqXHbL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZVv2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUq2axZGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH41djMI=</latexit>=

<latexit sha1_base64="j2yQMIoOapVaaG0QOf3afpkeP3g=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4MVjFfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38z89hPThiv5AJOY+REZSh5ySsBKrfuyvIDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvbsq1WtZHHl0gk5RGXnoGtXRLWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4AfjKOaA==</latexit>

R(n, t)
<latexit sha1_base64="3A287zdmOcuB0yop15T6QIBKg4s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkdpjwYvHKvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKBzOJqR/hoWAhI9hYqXVfFhf6vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTFjzUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpalxWvWqneXZXqtSyOPJzAKZTBg2uowy00oAkEHuEZXuHNkc6L8+58LFpzTjZzDH/gfP4AfK2OZw==</latexit>

R(n, s)

<latexit sha1_base64="YI2kNw9Z9GmkR+VF0LNwc8vRnms=">AAACAnicbVDJSgNBEO2JWxK3US+Kl8YgJCBhxkPMMerFYwSzQDKGnk4nadKz0F0jxCHowV/x4kFRr36FN8GPsbMcNPFBweO9KqrquaHgCizry0gsLC4tryRT6dW19Y1Nc2u7qoJIUlahgQhk3SWKCe6zCnAQrB5KRjxXsJrbPx/5tRsmFQ/8KxiEzPFI1+cdTgloqWXunWbVEeRwU3EPw3XcJCLskazKDVtmxspbY+B5Yk9JprR7+526fzsrt8zPZjugkcd8oIIo1bCtEJyYSOBUsGG6GSkWEtonXdbQ1CceU048fmGID7XSxp1A6vIBj9XfEzHxlBp4ru70CPTUrDcS//MaEXSKTsz9MALm08miTiQwBHiUB25zySiIgSaESq5vxbRHJKGgU0vrEOzZl+dJ9ThvF/KFSztTKqIJkmgfHaAsstEJKqELVEYVRNEdekTP6MV4MJ6MV+N90powpjM76A+Mjx+ciplI</latexit>

A(s, t) ⇠ t↵(s)
<latexit sha1_base64="G46cIVPG0TCZto5uw8+9iJJ127Q=">AAAB73icbZDLSgMxFIbPeG3rrepGcBMsQt2UGRe1G6HoxmUFe4F2KJk0bUOTzJhkhDoUfAY3LhRx69ZHcSf4MKaXhbb+EPj4/3PIOSeIONPGdb+cpeWV1bX1VDqzsbm1vZPd3avpMFaEVknIQ9UIsKacSVo1zHDaiBTFIuC0Hgwux3n9jirNQnljhhH1Be5J1mUEG2s19HlLxHl50s7m3II7EVoEbwa58sH9d/rh46LSzn62OiGJBZWGcKx103Mj4ydYGUY4HWVasaYRJgPco02LEguq/WQy7wgdW6eDuqGyTxo0cX93JFhoPRSBrRTY9PV8Njb/y5qx6Zb8hMkoNlSS6UfdmCMTovHyqMMUJYYPLWCimJ0VkT5WmBh7oow9gje/8iLUTgtesVC89nLlEkyVgkM4gjx4cAZluIIKVIEAh0d4hhfn1nlyXp23aemSM+vZhz9y3n8AjYCSoA==</latexit>

s = µ(n)
<latexit sha1_base64="I6h4azVfXaqOiImXzRlVHhWghi8=">AAAB63icbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLioXRbdiKsK9gLtUDJppg1NMkOSEepQ8AncuFDErS/go7gTfBhn2i609YfAx/+fQ845XsiZNrb9ZWVWVtfWN7K5/ObW9s5uYW+/qYNIEdogAQ9U28OaciZpwzDDaTtUFAuP05Y3ukzz1h1VmgXy1oxD6go8kMxnBJvUui7J016haJftqdAyOHMo1g7vv3MPHxf1XuGz2w9IJKg0hGOtO44dGjfGyjDC6STfjTQNMRnhAe0kKLGg2o2ns07QSeL0kR+o5EmDpu7vjhgLrcfCSyoFNkO9mKXmf1knMn7VjZkMI0MlmX3kRxyZAKWLoz5TlBg+TgATxZJZERlihYlJzpNPjuAsrrwMzbOyUylXbpxirQozZeEIjqEEDpxDDa6gDg0gMIRHeIYXS1hP1qv1NivNWPOeA/gj6/0HdHuQ1A==</latexit>

J(n)
<latexit sha1_base64="L1Ow+HRhiGKVnlZOZPLCmu+vUdQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FjGdARvLBMwFkiXMTs4mY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo9IeBj/8/hznn+DFnSjvOp5VZWV1b38hu5ra2d3b38vsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPr6Z58w6lYpG40aMYvZD0BQsYJdpYNd3NF5yiM5P9F9wFFC7fJ7Wv++NJtZv/6PQimoQoNOVEqbbrxNpLidSMchznOonCmNAh6WPboCAhKi+dDTq2T43Ts4NImie0PXN/dqQkVGoU+qYyJHqglrOp+V/WTnRQ9lIm4kSjoPOPgoTbOrKnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzBHc5ZX/QuO86JaKpZpbqJRhriwcwQmcgQsXUIFrqEIdKCA8wBM8W7fWo/Vivc5LM9ai5xB+yXr7BqhRkUI=</latexit>

t

<latexit sha1_base64="deSfaRbJZO9Kvv/40JsfOiEIAN4=">AAACDnicbVDLSgMxFM3UV1tfo24EN8FSaDdlxkUtiFB0I64q2Ad0SsmkaRuaZIYkI9RScO/GX9GFC0XcunYn+DFm2i609YSQwzn3cnOPHzKqtON8WYml5ZXVtWQqvb6xubVt7+zWVBBJTKo4YIFs+EgRRgWpaqoZaYSSIO4zUvcH57FfvyFS0UBc62FIWhz1BO1SjLSR2nbWo9zMIQp6J/GBHmJhH+U8HuVEPg9P4aV523bGKTgTwEXizkimvH/7nbp7Oqu07U+vE+CIE6ExQ0o1XSfUrRGSmmJGxmkvUiREeIB6pGmoQJyo1miyzhhmjdKB3UCaKzScqL87RogrNeS+qeRI99W8F4v/ec1Id0utERVhpInA00HdiEEdwDgb2KGSYM2GhiAsqfkrxH0kEdYmwbQJwZ1feZHUjgpusVC8cjPlEpgiCQ7AIcgBFxyDMrgAFVAFGNyDR/ACXq0H69l6s96npQlr1rMH/sD6+AGDxpzQ</latexit>

=) ↵(µ(n)) = J(n)
<latexit sha1_base64="oa2Bj7idzi9VxLAsQA/gDDuLJBA=">AAAB7nicbZC7SgNBFIbPxltMvMRYphkMglXYtYgpAzaWEcwFkiXMTs4mQ2Zn15lZIYQ8hI2FIrY+j51PIlg5uRSa+MPAx/+fw5xzgkRwbVz308lsbe/s7mX3c/mDw6PjwkmxpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9TxvP6DSPJZ3ZpKgH9Gh5CFn1FirLXtDvCduv1B2K+5CZBO8FZTr+cJ356tYavQLH71BzNIIpWGCat313MT4U6oMZwJnuV6qMaFsTIfYtShphNqfLsadkXPrDEgYK/ukIQv3d8eURlpPosBWRtSM9Ho2N//LuqkJa/6UyyQ1KNnyozAVxMRkvjsZcIXMiIkFyhS3sxI2oooyYy+Us0fw1lfehNZlxatWqrdeuV6DpbJQgjO4AA+uoA430IAmMBjDIzzDi5M4T86r87YszTirnlP4I+f9B2uXkeY=</latexit>

n � 0

Cheung, GR, Sciotti, Tarquini [2508.09246]



Big arc integral

• Compute a contour integral around a big circle of radius    :
<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)

<latexit sha1_base64="6dE0KtNa0wwsXdZwASu4NZMHG4w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWKmrb/oiKcvLQbHkVtwF0DrxMlKCDM1B8as/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaTxf3ztCFVYYojJQtadBC/T2RYqH1VAS2U2Az1qveXPzP6yUmrPspk3FiqCTLRWHCkYnQ/Hk0ZIoSw6eWYKKYvRWRMVaYGBtRwYbgrb68TtpXFa9Wqd1XS416FkcezuAcyuDBNTTgDprQAgIcnuEV3pxH58V5dz6WrTknmzmFP3A+fwBL/o94</latexit>

s = µ(n) poles

<latexit sha1_base64="MmRiRI56Kb7pKIiX2XslTAHCPPs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiBLCrkjMMeLFYwTzgGwMs5PZZMjs7DLTK4Q1B3/FiwdFvPob3vwbJ4+DRgsaiqpuurv8WHANjvNlZZaWV1bXsuu5jc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9eTfzmPVOaR/IWRjHrhKQvecApASN17QMv4hLuUt09HeOe9oqXBV2Ek66dd0rOFPgvceckj+aode1PrxfRJGQSqCBat10nhk5KFHAq2DjnJZrFhA5Jn7UNlSRkupNO7x/jY6P0cBApUxLwVP05kZJQ61Hom86QwEAvehPxP6+dQFDppFzGCTBJZ4uCRGCI8CQM3OOKURAjQwhV3NyK6YAoQsFEljMhuIsv/yWNs5JbLpVvzvPVyjyOLDpER6iAXHSBquga1VAdUfSAntALerUerWfrzXqftWas+cw++gXr4xt5zpUU</latexit>I s⇤

dsA(s, t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Big arc integral

• Compute a contour integral around a big circle of radius    :


• By direct calculation from Regge limit definition,


    we have 


<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)

<latexit sha1_base64="6dE0KtNa0wwsXdZwASu4NZMHG4w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWKmrb/oiKcvLQbHkVtwF0DrxMlKCDM1B8as/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaTxf3ztCFVYYojJQtadBC/T2RYqH1VAS2U2Az1qveXPzP6yUmrPspk3FiqCTLRWHCkYnQ/Hk0ZIoSw6eWYKKYvRWRMVaYGBtRwYbgrb68TtpXFa9Wqd1XS416FkcezuAcyuDBNTTgDprQAgIcnuEV3pxH58V5dz6WrTknmzmFP3A+fwBL/o94</latexit>

s = µ(n) poles

<latexit sha1_base64="MmRiRI56Kb7pKIiX2XslTAHCPPs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiBLCrkjMMeLFYwTzgGwMs5PZZMjs7DLTK4Q1B3/FiwdFvPob3vwbJ4+DRgsaiqpuurv8WHANjvNlZZaWV1bXsuu5jc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9eTfzmPVOaR/IWRjHrhKQvecApASN17QMv4hLuUt09HeOe9oqXBV2Ek66dd0rOFPgvceckj+aode1PrxfRJGQSqCBat10nhk5KFHAq2DjnJZrFhA5Jn7UNlSRkupNO7x/jY6P0cBApUxLwVP05kZJQ61Hom86QwEAvehPxP6+dQFDppFzGCTBJZ4uCRGCI8CQM3OOKURAjQwhV3NyK6YAoQsFEljMhuIsv/yWNs5JbLpVvzvPVyjyOLDpER6iAXHSBquga1VAdUfSAntALerUerWfrzXqftWas+cw++gXr4xt5zpUU</latexit>I s⇤

dsA(s, t)

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

<latexit sha1_base64="CwpCDl1tbtmmVXKHD41dVnIacsk="></latexit>I s⇤

dsA(s, t) ⇠ f(t)s↵(t)+1
⇤

sin⇡↵(t)

↵(t) + 1

Cheung, GR, Sciotti, Tarquini [2508.09246]



Big arc integral

• Compute a contour integral around a big circle of radius    :


• By direct calculation from Regge limit definition,


    we have 


    Note that for integer       , this integral is

    independent of     :

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)

<latexit sha1_base64="6dE0KtNa0wwsXdZwASu4NZMHG4w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWKmrb/oiKcvLQbHkVtwF0DrxMlKCDM1B8as/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaTxf3ztCFVYYojJQtadBC/T2RYqH1VAS2U2Az1qveXPzP6yUmrPspk3FiqCTLRWHCkYnQ/Hk0ZIoSw6eWYKKYvRWRMVaYGBtRwYbgrb68TtpXFa9Wqd1XS416FkcezuAcyuDBNTTgDprQAgIcnuEV3pxH58V5dz6WrTknmzmFP3A+fwBL/o94</latexit>

s = µ(n) poles

<latexit sha1_base64="MmRiRI56Kb7pKIiX2XslTAHCPPs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiBLCrkjMMeLFYwTzgGwMs5PZZMjs7DLTK4Q1B3/FiwdFvPob3vwbJ4+DRgsaiqpuurv8WHANjvNlZZaWV1bXsuu5jc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9eTfzmPVOaR/IWRjHrhKQvecApASN17QMv4hLuUt09HeOe9oqXBV2Ek66dd0rOFPgvceckj+aode1PrxfRJGQSqCBat10nhk5KFHAq2DjnJZrFhA5Jn7UNlSRkupNO7x/jY6P0cBApUxLwVP05kZJQ61Hom86QwEAvehPxP6+dQFDppFzGCTBJZ4uCRGCI8CQM3OOKURAjQwhV3NyK6YAoQsFEljMhuIsv/yWNs5JbLpVvzvPVyjyOLDpER6iAXHSBquga1VAdUfSAntALerUerWfrzXqftWas+cw++gXr4xt5zpUU</latexit>I s⇤

dsA(s, t)

<latexit sha1_base64="gOjgyeY+TqCrn4IQ5YXyF0ymX0I="></latexit>

A(s, t)
s!1⇠ f(t)(�s)↵(t)

<latexit sha1_base64="CwpCDl1tbtmmVXKHD41dVnIacsk="></latexit>I s⇤

dsA(s, t) ⇠ f(t)s↵(t)+1
⇤

sin⇡↵(t)

↵(t) + 1

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

<latexit sha1_base64="qXyQDEBR0cfhH4gpAe9h3JC+GaU="></latexit>

↵(t) = �1 =)
I s⇤

dsA(s, t) = 1

↵(t) 2 Z 6= �1 =)
I s⇤

dsA(s, t) = 0

<latexit sha1_base64="qXyQDEBR0cfhH4gpAe9h3JC+GaU="></latexit>

↵(t) = �1 =)
I s⇤

dsA(s, t) = 1

↵(t) 2 Z 6= �1 =)
I s⇤

dsA(s, t) = 0

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤
<latexit sha1_base64="mz1m+C/5++/o4j0YMVedTAvXxXg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0gmVGpHYjFNy4rGAf0JmWTJq2oZnMkNwRytAPcOOvuHGhiFs/wJ1/Y9rOQqsHAodzzuXmHj8SXINtf1mZldW19Y3sZm5re2d3L79/0NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlj69nfuueKc1DeQeTiHkBGUo+4JSAkXr5ghtyCd1E906nuK9x8UyXuolLRDQiRShN8RV2TMou23Pgv8RJSQGlqPfyn24/pHHAJFBBtO44dgReQhRwKtg058aaRYSOyZB1DJUkYNpL5sdM8YlR+ngQKvMk4Ln6cyIhgdaTwDfJgMBIL3sz8T+vE8Og6iVcRjEwSReLBrHAEOJZM7jPFaMgJoYQqrj5K6YjoggF01/OlOAsn/yXNM/LTqVcub0o1KppHVl0hI5RETnoEtXQDaqjBqLoAT2hF/RqPVrP1pv1vohmrHTmEP2C9fENAruZpQ==</latexit>I s⇤

ds(�s)↵(t) = 1
<latexit sha1_base64="xbhAUfL7oz44NlyrrZ9A5ntKcHE=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0gmVGpHYjFNy4rGAf0JmWTJq2oZnMkNwRytAPcOOvuHGhiFs/wJ1/Y9rOQqsHAodzzuXmHj8SXINtf1mZldW19Y3sZm5re2d3L79/0NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlj69nfuueKc1DeQeTiHkBGUo+4JSAkXr5ghtyCd1E906nuK9x8UyXuolLRDQiRShN8RW2Tcou23Pgv8RJSQGlqPfyn24/pHHAJFBBtO44dgReQhRwKtg058aaRYSOyZB1DJUkYNpL5sdM8YlR+ngQKvMk4Ln6cyIhgdaTwDfJgMBIL3sz8T+vE8Og6iVcRjEwSReLBrHAEOJZM7jPFaMgJoYQqrj5K6YjoggF01/OlOAsn/yXNM/LTqVcub0o1KppHVl0hI5RETnoEtXQDaqjBqLoAT2hF/RqPVrP1pv1vohmrHTmEP2C9fENATeZpA==</latexit>I s⇤

ds(�s)↵(t) = 0

Cheung, GR, Sciotti, Tarquini [2508.09246]



• Compute a contour integral around a big circle of radius    :


• By Cauchy’s theorem, we can deform the contour

    inward to encircle each pole:


    where


Big arc integral

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤
<latexit sha1_base64="MmRiRI56Kb7pKIiX2XslTAHCPPs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiBLCrkjMMeLFYwTzgGwMs5PZZMjs7DLTK4Q1B3/FiwdFvPob3vwbJ4+DRgsaiqpuurv8WHANjvNlZZaWV1bXsuu5jc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9eTfzmPVOaR/IWRjHrhKQvecApASN17QMv4hLuUt09HeOe9oqXBV2Ek66dd0rOFPgvceckj+aode1PrxfRJGQSqCBat10nhk5KFHAq2DjnJZrFhA5Jn7UNlSRkupNO7x/jY6P0cBApUxLwVP05kZJQ61Hom86QwEAvehPxP6+dQFDppFzGCTBJZ4uCRGCI8CQM3OOKURAjQwhV3NyK6YAoQsFEljMhuIsv/yWNs5JbLpVvzvPVyjyOLDpER6iAXHSBquga1VAdUfSAntALerUerWfrzXqftWas+cw++gXr4xt5zpUU</latexit>I s⇤

dsA(s, t)

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)

<latexit sha1_base64="6dE0KtNa0wwsXdZwASu4NZMHG4w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWKmrb/oiKcvLQbHkVtwF0DrxMlKCDM1B8as/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaTxf3ztCFVYYojJQtadBC/T2RYqH1VAS2U2Az1qveXPzP6yUmrPspk3FiqCTLRWHCkYnQ/Hk0ZIoSw6eWYKKYvRWRMVaYGBtRwYbgrb68TtpXFa9Wqd1XS416FkcezuAcyuDBNTTgDprQAgIcnuEV3pxH58V5dz6WrTknmzmFP3A+fwBL/o94</latexit>

s = µ(n) poles
<latexit sha1_base64="jlVzFepgeo8OUTdSz579BY2n5hI=">AAACF3icbVDLSgMxFM3Ud31VXboJFqGKlBmR2qXixqWKfUBnHDKZ1IYmmSG5I5Shf+HGX3HjQhG3uvNvTGsXWj1wL4dz7iW5J0oFN+C6n05hZnZufmFxqbi8srq2XtrYbJok05Q1aCIS3Y6IYYIr1gAOgrVTzYiMBGtF/bOR37pj2vBEXcMgZYEkt4p3OSVgpbBU9ROu4CY34f4wNv7BacUcwB72DZe2ZTJUN7myHr6qKGuEpbJbdcfAf4k3IWU0wUVY+vDjhGaSKaCCGNPx3BSCnGjgVLBh0c8MSwntk1vWsVQRyUyQj+8a4l2rxLibaFsK8Fj9uZETacxARnZSEuiZaW8k/ud1MujWg5yrNAOm6PdD3UxgSPAoJBxzzSiIgSWEam7/immPaELBRlm0IXjTJ/8lzcOqV6vWLo/KJ/VJHItoG+2gCvLQMTpB5+gCNRBF9+gRPaMX58F5cl6dt+/RgjPZ2UK/4Lx/AcpxnmU=</latexit>I s⇤

dsA(s, t) ⇠
n⇤X

n

R(n, t)

<latexit sha1_base64="Q7wOadX25GcMuTIAJfqVQEmSl6o=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQuyiJSO2y4MZlBfuAJoTJdNIOnZmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bYKG5tb2zvF3dLe/sHhkV0+7qo4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTm7mfu+BSEVjca+nCfE5GgkaUYy0kQK7rIIa9BTl0ONpVQS1i8CuOHVnAbhO3JxUQI52YH95wxinnAiNGVJq4DqJ9jMkNcWMzEpeqkiC8ASNyMBQgThRfrY4fQbPjTKEUSxNCQ0X6u+JDHGlpjw0nRzpsVr15uJ/3iDVUdPPqEhSTQReLopSBnUM5znAIZUEazY1BGFJza0Qj5FEWJu0SiYEd/XlddK9rLuNeuPuqtJq5nEUwSk4A1XggmvQAregDToAg0fwDF7Bm/VkvVjv1seytWDlMyfgD6zPH1XXkr0=</latexit>

s⇤ ⇠ µ(n⇤)

Cheung, GR, Sciotti, Tarquini [2508.09246]



• Compute a contour integral around a big circle of radius    :


• By Cauchy’s theorem, we can deform the contour

    inward to encircle each pole:


    where


• Since this must be    -independent when               , 

    we can differentiate by      and set the derivative to zero.

    Making the approximation                   , or equivalently 

    subtracting two concentric big arc integrals, we have:


    The approximation holds when                  and                      .

Big arc integral

<latexit sha1_base64="mjsyQ94FRRS+RWJjkF+SUyhINwQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3ev+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/5942V</latexit>s⇤
<latexit sha1_base64="MmRiRI56Kb7pKIiX2XslTAHCPPs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiBLCrkjMMeLFYwTzgGwMs5PZZMjs7DLTK4Q1B3/FiwdFvPob3vwbJ4+DRgsaiqpuurv8WHANjvNlZZaWV1bXsuu5jc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9eTfzmPVOaR/IWRjHrhKQvecApASN17QMv4hLuUt09HeOe9oqXBV2Ek66dd0rOFPgvceckj+aode1PrxfRJGQSqCBat10nhk5KFHAq2DjnJZrFhA5Jn7UNlSRkupNO7x/jY6P0cBApUxLwVP05kZJQ61Hom86QwEAvehPxP6+dQFDppFzGCTBJZ4uCRGCI8CQM3OOKURAjQwhV3NyK6YAoQsFEljMhuIsv/yWNs5JbLpVvzvPVyjyOLDpER6iAXHSBquga1VAdUfSAntALerUerWfrzXqftWas+cw++gXr4xt5zpUU</latexit>I s⇤

dsA(s, t)

<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="dqLLq/b3cXKxNSxL58fubOZTlMw=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4sVjBfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38789hPThiv5AJOY+REZSh5ySsBKrZuyuYDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvb8q1WtZHHl0gk5RGXnoGtXRHWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4Aa7yOXA==</latexit>

A(s, t)

<latexit sha1_base64="6dE0KtNa0wwsXdZwASu4NZMHG4w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWKmrb/oiKcvLQbHkVtwF0DrxMlKCDM1B8as/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaTxf3ztCFVYYojJQtadBC/T2RYqH1VAS2U2Az1qveXPzP6yUmrPspk3FiqCTLRWHCkYnQ/Hk0ZIoSw6eWYKKYvRWRMVaYGBtRwYbgrb68TtpXFa9Wqd1XS416FkcezuAcyuDBNTTgDprQAgIcnuEV3pxH58V5dz6WrTknmzmFP3A+fwBL/o94</latexit>

s = µ(n) poles
<latexit sha1_base64="jlVzFepgeo8OUTdSz579BY2n5hI=">AAACF3icbVDLSgMxFM3Ud31VXboJFqGKlBmR2qXixqWKfUBnHDKZ1IYmmSG5I5Shf+HGX3HjQhG3uvNvTGsXWj1wL4dz7iW5J0oFN+C6n05hZnZufmFxqbi8srq2XtrYbJok05Q1aCIS3Y6IYYIr1gAOgrVTzYiMBGtF/bOR37pj2vBEXcMgZYEkt4p3OSVgpbBU9ROu4CY34f4wNv7BacUcwB72DZe2ZTJUN7myHr6qKGuEpbJbdcfAf4k3IWU0wUVY+vDjhGaSKaCCGNPx3BSCnGjgVLBh0c8MSwntk1vWsVQRyUyQj+8a4l2rxLibaFsK8Fj9uZETacxARnZSEuiZaW8k/ud1MujWg5yrNAOm6PdD3UxgSPAoJBxzzSiIgSWEam7/immPaELBRlm0IXjTJ/8lzcOqV6vWLo/KJ/VJHItoG+2gCvLQMTpB5+gCNRBF9+gRPaMX58F5cl6dt+/RgjPZ2UK/4Lx/AcpxnmU=</latexit>I s⇤

dsA(s, t) ⇠
n⇤X

n

R(n, t)

<latexit sha1_base64="Q7wOadX25GcMuTIAJfqVQEmSl6o=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQuyiJSO2y4MZlBfuAJoTJdNIOnZmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bYKG5tb2zvF3dLe/sHhkV0+7qo4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTm7mfu+BSEVjca+nCfE5GgkaUYy0kQK7rIIa9BTl0ONpVQS1i8CuOHVnAbhO3JxUQI52YH95wxinnAiNGVJq4DqJ9jMkNcWMzEpeqkiC8ASNyMBQgThRfrY4fQbPjTKEUSxNCQ0X6u+JDHGlpjw0nRzpsVr15uJ/3iDVUdPPqEhSTQReLopSBnUM5znAIZUEazY1BGFJza0Qj5FEWJu0SiYEd/XlddK9rLuNeuPuqtJq5nEUwSk4A1XggmvQAregDToAg0fwDF7Bm/VkvVjv1seytWDlMyfgD6zPH1XXkr0=</latexit>

s⇤ ⇠ µ(n⇤)

<latexit sha1_base64="SF7KLd2sQEkPj+Y4c33W8yOioY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3cv+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/yWY2Q</latexit>n⇤
<latexit sha1_base64="YEM0h1NUS8IzwxaLQ0CEvo/CA3Q=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksQr2URKT2WPDisYL9wCaUzXbbLt1swu5GKKEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJkXxJwp7TjfVmFtfWNzq7hd2tnd2z+wD4/aKkokoS0S8Uh2A6woZ4K2NNOcdmNJcRhw2gkmN5nfeaRSsUjc62lM/RCPBBsygrWR+vaJh3k8xhV94TGBvBDrcRCkD7O+XXaqzhxolbg5KUOOZt/+8gYRSUIqNOFYqZ7rxNpPsdSMcDoreYmiMSYTPKI9QwUOqfLT+QMzdG6UARpG0pTQaK7+nkhxqNQ0DExndqFa9jLxP6+X6GHdT5mIE00FWSwaJhzpCGVpoAGTlGg+NQQTycytiIyxxESbzEomBHf55VXSvqy6tWrt7qrcqOdxFOEUzqACLlxDA26hCS0gMINneIU368l6sd6tj0VrwcpnjuEPrM8fNtaWKA==</latexit>

↵(t) 2 Z
<latexit sha1_base64="SF7KLd2sQEkPj+Y4c33W8yOioY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpPZY8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3cv+Rb9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVWt3V5VGPY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/yWY2Q</latexit>n⇤

<latexit sha1_base64="6LKsrq/BzTYUu6zotwAbTEkNqHQ=">AAACA3icbVC7SgNBFJ31GeMraucDBoNgFXZTxJQBG8sIbhLIhjA7O5sMmccyM6uENWDjr9hYKGLrP4idf+PkUWjigQuHc+7l3nvChFFtXPfbWVpeWV1bz23kN7e2d3YLe/sNLVOFiY8lk6oVIk0YFcQ31DDSShRBPGSkGQ4ux37zlihNpbgxw4R0OOoJGlOMjJW6hcNAp7wrYKBor2+QUvIOBlQYGFmz6JbcCeAi8WakWDv59Mvo/rjeLXwFkcQpJ8JghrRue25iOhlShmJGRvkg1SRBeIB6pG2pQJzoTjb5YQTPrBLBWCpbdv1E/T2RIa71kIe2kyPT1/PeWPzPa6cmrnYyKpLUEIGni+KUQSPhOBAYUUWwYUNLEFbU3gpxHymEjY0tb0Pw5l9eJI1yyauUKtdesVYFU+TAETgF58ADF6AGrkAd+ACDB/AEXsCr8+g8O2/O+7R1yZnNHIA/cD5+AIHwmlY=</latexit>P
n !

R
dn

<latexit sha1_base64="50v3HkHh2FVd/Ia8ti8eO+v5JKM="></latexit>

R(n, t) ⇠ f(t)µ0(n)µ(n)↵(t) sin⇡↵(t)

<latexit sha1_base64="XWVTkCgEV+Kqg7tJCTahAXaL5rU=">AAAB9HicbVC7SgNBFJ31mcRX1EawGQxCbMKuRUwZtLGMYB6QXcLsZJIMmZ1dZ+4G4ibgX9hYKGJr4afYCX6Mk0ehiQcuHM65l3vv8SPBNdj2l7Wyura+sZlKZ7a2d3b3svsHNR3GirIqDUWoGj7RTHDJqsBBsEakGAl8wep+/2ri1wdMaR7KWxhGzAtIV/IOpwSM5I1g5AqB3SDOy7NWNmcX7CnwMnHmJFc+uv9OP3xcVlrZT7cd0jhgEqggWjcdOwIvIQo4FWyccWPNIkL7pMuahkoSMO0l06PH+NQobdwJlSkJeKr+nkhIoPUw8E1nQKCnF72J+J/XjKFT8hIuoxiYpLNFnVhgCPEkAdzmilEQQ0MIVdzcimmPKELB5JQxITiLLy+T2nnBKRaKN06uXEIzpNAxOkF55KALVEbXqIKqiKI79Iie0Ys1sJ6sV+tt1rpizWcO0R9Y7z98K5Ti</latexit>

|t| ⌧ µ(n)
<latexit sha1_base64="oV1z3+NdyyMhFCnUsmsJlqra8/0=">AAAB+3icbZDLSgMxFIYz9dbW21g3gptgEeumzLioXRbduKxgL9AZSibNtKFJZkgyYh0KPokbF4q4EnwRd4IPY3pZaOsPgY//nMM5+YOYUaUd58vKrKyurW9kc/nNre2dXXuv0FRRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5O6q1bIhWNxI0excTnqC9oSDHSxuraBY8nJyVxCj3GoGGDXbvolJ2p4DK4cyjWDu6/cw/vF/Wu/en1IpxwIjRmSKmO68TaT5HUFDMyznuJIjHCQ9QnHYMCcaL8dHr7GB4bpwfDSJonNJy6vydSxJUa8cB0cqQHarE2Mf+rdRIdVv2UijjRRODZojBhUEdwEgTsUUmwZiMDCEtqboV4gCTC2sSVNyG4i19ehuZZ2a2UK9dusVYFM2XBITgCJeCCc1ADV6AOGgCDO/AInsGLNbaerFfrbdaaseYz++CPrI8fBUKWHQ==</latexit>

µ0(n) ⌧ µ(n)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros

• The factor of                implies the Regge zeros:

                                         for integer   


• Two caveats:

1. Since       has poles at                for any integer           , this can 

cancel against the              . A genuine Regge zero requires 
integer        for   off resonance, i.e.,             .


2. Unitarity                                                                 for


                


     

                             


<latexit sha1_base64="B61AwKoepawsUmqouczbM9cvwuk=">AAAB8XicbZDLSgMxFIbP1Ftbb1U3gptgESpImXFRuxGKblxWsRdsh5JJM21oJjMkGaEOBR/CjQtF3LrzUdwJPozpZaHVHwIf/38OOed4EWdK2/anlVpYXFpeSWeyq2vrG5u5re26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB+Thv3FKpWCiu9TCiboB7gvmMYG2sm6uCONKH6BTZnVzeLtoTob/gzCBf2b37yty/n1U7uY92NyRxQIUmHCvVcuxIuwmWmhFOR9l2rGiEyQD3aMugwAFVbjKZeIQOjNNFfijNExpN3J8dCQ6UGgaeqQyw7qv5bGz+l7Vi7ZfdhIko1lSQ6Ud+zJEO0Xh91GWSEs2HBjCRzMyKSB9LTLQ5UtYcwZlf+S/Uj4tOqVi6dPKVMkyVhj3YhwI4cAIVuIAq1ICAgAd4gmdLWY/Wi/U6LU1Zs54d+CXr7RthiJJl</latexit>

R(n, t) = 0
<latexit sha1_base64="8sYGFYbz/lfstZOmTE0w/+SHvzI=">AAAB8HicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLioXRbduKxgL9IOJZOmbWiSGZKMUIeC7+DGhSJuXfoo7gQfxvSy0NYfAh//fw455wQRZ9q47peTWlldW99IZ7KbW9s7u7m9/boOY0VojYQ8VM0Aa8qZpDXDDKfNSFEsAk4bwfBykjfuqNIslDdmFFFf4L5kPUawsdZtG/NogAvmtJPLu0V3KrQM3hzylcP778zDx0W1k/tsd0MSCyoN4VjrludGxk+wMoxwOs62Y00jTIa4T1sWJRZU+8l04DE6sU4X9UJlnzRo6v7uSLDQeiQCWymwGejFbGL+l7Vi0yv7CZNRbKgks496MUcmRJPtUZcpSgwfWcBEMTsrIgOsMDH2Rll7BG9x5WWonxW9UrF07eUrZZgpDUdwDAXw4BwqcAVVqAEBAY/wDC+Ocp6cV+dtVppy5j0H8EfO+w9u/5Mk</latexit>

↵(t)

<latexit sha1_base64="MS34uknOM7rK1Ei5zpCohidsceE=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEC9h10PMMejFYwTzgOwSZieTZMjs7DLTG4hLwA/x4kERj/on3gQ/xsnjoIkFDUVVN91dQSy4Bsf5sjJr6xubW9lcfntnd2/fPjhs6ChRlNVpJCLVCohmgktWBw6CtWLFSBgI1gyG11O/OWJK80jewThmfkj6kvc4JWCkjm17mksv5h4R8YAU4bxjF5ySMwNeJe6CFKrH99+5h/erWsf+9LoRTUImgQqiddt1YvBTooBTwSZ5L9EsJnRI+qxtqCQh0346u3yCz4zSxb1ImZKAZ+rviZSEWo/DwHSGBAZ62ZuK/3ntBHoVP+UyToBJOl/USwSGCE9jwF2uGAUxNoRQxc2tmA6IIhRMWHkTgrv88ippXJTccql86xaqFTRHFp2gU1RELrpEVXSDaqiOKBqhR/SMXqzUerJerbd5a8ZazByhP7A+fgBgH5Z2</latexit>

sin⇡↵(t)

<latexit sha1_base64="d8Cj+5pgUM2itI0aCa/7B6mv3RM=">AAAB83icbVC7SgNBFJ31mcRX1EawGQxibMKuRUwZtLGMYB6QXcLsZDYZMjO7zkOIS8CvsLFQxNbGT7ET/Bgnj0ITD1w4nHMv994TJowq7bpfztLyyuraeiab29jc2t7J7+41VGwkJnUcs1i2QqQIo4LUNdWMtBJJEA8ZaYaDy7HfvCNS0Vjc6GFCAo56gkYUI20l3xfkFvrcFMXJaSdfcEvuBHCReDNSqB7cf2cfPi5qnfyn342x4URozJBSbc9NdJAiqSlmZJTzjSIJwgPUI21LBeJEBenk5hE8tkoXRrG0JTScqL8nUsSVGvLQdnKk+2reG4v/eW2jo0qQUpEYTQSeLooMgzqG4wBgl0qCNRtagrCk9laI+0girG1MORuCN//yImmclbxyqXztFaoVMEUGHIIjUAQeOAdVcAVqoA4wSMAjeAYvjnGenFfnbdq65Mxm9sEfOO8/BnqT/w==</latexit>

6= µ(n0)

<latexit sha1_base64="zBC0E/UI7IA/bN3MukHpDSSR2wk=">AAAB63icbZDLSgMxFIbPeG3rrepGcBMsQt2UGRe1y6IblxXsBdqhZNJMG5pkhiQj1FLwCdy4UMStL+CjuBN8GDNtF9r6Q+Dj/88h55wg5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8SvPmHVWaRfLWjGLqC9yXLGQEm9QKi+asmy+4JXcqtAzeHArVo/vv7MPHZa2b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmrPhjJuPEUElmH4UJRyZC6eKoxxQlho8sYKKYnRWRAVaYGHuenD2Ct7jyMjTOS165VL7xCtUKzJSBYziBInhwAVW4hhrUgcAAHuEZXhzhPDmvztusdMWZ9xzCHznvP6hdkPY=</latexit>

f(t)
<latexit sha1_base64="2KicEW34fglZZ2DR5srw53RQScY=">AAAB8HicbZC7SgNBFIbPxlsSb1EbwWYxiLEJuxYxjRC0sYxgLpIsYXYymwyZmV1mZoW4BHwHGwtFbC19FDvBh3FyKTTxh4GP/z+HOef4EaNKO86XlVpaXlldS2ey6xubW9u5nd26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gcpw37ohUNBQ3ehgRj6OeoAHFSBvrVp+3eVwQxyedXN4pOhPZi+DOIF/Zv//OPHxcVDu5z3Y3xDEnQmOGlGq5TqS9BElNMSOjbDtWJEJ4gHqkZVAgTpSXTAYe2UfG6dpBKM0T2p64vzsSxJUact9UcqT7aj4bm/9lrVgHZS+hIoo1EXj6URAzW4f2eHu7SyXBmg0NICypmdXGfSQR1uZGWXMEd37lRaifFt1SsXTt5itlmCoNB3AIBXDhDCpwBVWoAQYOj/AML5a0nqxX621amrJmPXvwR9b7D/HFktI=</latexit>

t = µ(n0)
<latexit sha1_base64="VinXJA0EyGno9u4yXA+nL+AM/Co=">AAAB73icbZC7TgJBFIbP4g3By4olzURitCK7FkhJYmOJicAmsCGzwyxMmJ1dZmZNyIaXsLHQGFtfx84nMbFyuBQK/skkX/7/nMw5J0g4U9pxPq3c1vbO7l5+v1A8ODw6tk9KbRWnktAWiXksvQArypmgLc00p14iKY4CTjvB+Gaedx6oVCwW93qaUD/CQ8FCRrA2licuekM6QU7frjhVZyG0Ce4KKo2i/e19lcrNvv3RG8QkjajQhGOluq6TaD/DUjPC6azQSxVNMBnjIe0aFDiiys8W887QuXEGKIyleUKjhfu7I8ORUtMoMJUR1iO1ns3N/7JuqsO6nzGRpJoKsvwoTDnSMZovjwZMUqL51AAmkplZERlhiYk2JyqYI7jrK29C+6rq1qq1O7fSqMNSeSjDGVyCC9fQgFtoQgsIcHiEZ3ixJtaT9Wq9LUtz1qrnFP7Iev8BzPuSFw==</latexit>

n0 � 0
<latexit sha1_base64="MS34uknOM7rK1Ei5zpCohidsceE=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEC9h10PMMejFYwTzgOwSZieTZMjs7DLTG4hLwA/x4kERj/on3gQ/xsnjoIkFDUVVN91dQSy4Bsf5sjJr6xubW9lcfntnd2/fPjhs6ChRlNVpJCLVCohmgktWBw6CtWLFSBgI1gyG11O/OWJK80jewThmfkj6kvc4JWCkjm17mksv5h4R8YAU4bxjF5ySMwNeJe6CFKrH99+5h/erWsf+9LoRTUImgQqiddt1YvBTooBTwSZ5L9EsJnRI+qxtqCQh0346u3yCz4zSxb1ImZKAZ+rviZSEWo/DwHSGBAZ62ZuK/3ntBHoVP+UyToBJOl/USwSGCE9jwF2uGAUxNoRQxc2tmA6IIhRMWHkTgrv88ippXJTccql86xaqFTRHFp2gU1RELrpEVXSDaqiOKBqhR/SMXqzUerJerbd5a8ZazByhP7A+fgBgH5Z2</latexit>

sin⇡↵(t)
<latexit sha1_base64="8sYGFYbz/lfstZOmTE0w/+SHvzI=">AAAB8HicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLioXRbduKxgL9IOJZOmbWiSGZKMUIeC7+DGhSJuXfoo7gQfxvSy0NYfAh//fw455wQRZ9q47peTWlldW99IZ7KbW9s7u7m9/boOY0VojYQ8VM0Aa8qZpDXDDKfNSFEsAk4bwfBykjfuqNIslDdmFFFf4L5kPUawsdZtG/NogAvmtJPLu0V3KrQM3hzylcP778zDx0W1k/tsd0MSCyoN4VjrludGxk+wMoxwOs62Y00jTIa4T1sWJRZU+8l04DE6sU4X9UJlnzRo6v7uSLDQeiQCWymwGejFbGL+l7Vi0yv7CZNRbKgks496MUcmRJPtUZcpSgwfWcBEMTsrIgOsMDH2Rll7BG9x5WWonxW9UrF07eUrZZgpDUdwDAXw4BwqcAVVqAEBAY/wDC+Ocp6cV+dtVppy5j0H8EfO+w9u/5Mk</latexit>

↵(t)
<latexit sha1_base64="L1Ow+HRhiGKVnlZOZPLCmu+vUdQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FjGdARvLBMwFkiXMTs4mY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo9IeBj/8/hznn+DFnSjvOp5VZWV1b38hu5ra2d3b38vsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPr6Z58w6lYpG40aMYvZD0BQsYJdpYNd3NF5yiM5P9F9wFFC7fJ7Wv++NJtZv/6PQimoQoNOVEqbbrxNpLidSMchznOonCmNAh6WPboCAhKi+dDTq2T43Ts4NImie0PXN/dqQkVGoU+qYyJHqglrOp+V/WTnRQ9lIm4kSjoPOPgoTbOrKnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzBHc5ZX/QuO86JaKpZpbqJRhriwcwQmcgQsXUIFrqEIdKCA8wBM8W7fWo/Vivc5LM9ai5xB+yXr7BqhRkUI=</latexit>

t
<latexit sha1_base64="A36M22oiBLQyoJ0uI/d0r+bawxc="></latexit>

=) R(n, t)
P1

`=0 an,` G
(D)
`

⇣
1 + 2t

µ(n)

⌘
<latexit sha1_base64="hk9hC60Nmpi8w2NKNhJnOTj8y+o=">AAAB+nicbVC7TgJBFJ3FBwg+QEuaicTEwpBdC6Qk2lhiIo8ENmR2uAsTZmfXmVkNWfkDf8HGQmNs/RI7f8PawuFRKHiSm5ycc2/uvceLOFPatj+t1Nr6xmY6s5XNbe/s7uUL+00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljS6mfusWpGKhuNbjCNyADATzGSXaSL18gfQScdIFzie4O4AbbPfyJbtsz4BXibMgpVrx6zyde/iu9/If3X5I4wCEppwo1XHsSLsJkZpRDpNsN1YQEToiA+gYKkgAyk1mp0/wkVH62A+lKaHxTP09kZBAqXHgmc6A6KFa9qbif14n1n7VTZiIYg2Czhf5Mcc6xNMccJ9JoJqPDSFUMnMrpkMiCdUmrawJwVl+eZU0T8tOpVy5ckq1Kpojg4roEB0jB52hGrpEddRAFN2hR/SMXqx768l6td7mrSlrMXOA/sB6/wFvK5Zw</latexit>

an,` � 0

<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`
<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`

<latexit sha1_base64="zMPKJ2iNwpZLeI0QLx7lweOfS1c=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwISUpol0W3LisYB/QxjCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8ZpG0RbD1w4c869zL0nSDhT2nG+rKXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk381j2VisXiVo8S6kW4L1jICNZG8u0j7GfirEs5H6OuYhHq/7zvKr5dcsrOFGiRuDkpQY66b392ezFJIyo04Vipjusk2suw1IxwOi52U0UTTIa4TzuGChxR5WXTK8boxCg9FMbSlNBoqv6eyHCk1CgKTGeE9UDNexPxP6+T6rDqZUwkqaaCzD4KU450jCaRoB6TlGg+MgQTycyuiAywxESb4IomBHf+5EXSrJTdi7J7c16qVfM4CnAIx3AKLlxCDa6hDg0g8ABP8AKv1qP1bL1Z77PWJSufOYA/sD6+Ab/TmBA=</latexit>

an,` ⇠ g2n,`

spin-  intermediate state <latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="6vzN5TlSBFwtQ2dEf87CKZkneTY="></latexit>

R(n, t) =
P1

`=0 an,` G
(D)
`

⇣
1 + 2t

µ(n)

⌘

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros

• The factor of                implies the Regge zeros:

                                         for integer   


• Two caveats:

1. Since       has poles at                for any integer           , this can 

cancel against the              . A genuine Regge zero requires 
integer        for   off resonance, i.e.,             .


2. Unitarity                                                                 for


                


        

                                                                    for

                             


<latexit sha1_base64="B61AwKoepawsUmqouczbM9cvwuk=">AAAB8XicbZDLSgMxFIbP1Ftbb1U3gptgESpImXFRuxGKblxWsRdsh5JJM21oJjMkGaEOBR/CjQtF3LrzUdwJPozpZaHVHwIf/38OOed4EWdK2/anlVpYXFpeSWeyq2vrG5u5re26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB+Thv3FKpWCiu9TCiboB7gvmMYG2sm6uCONKH6BTZnVzeLtoTob/gzCBf2b37yty/n1U7uY92NyRxQIUmHCvVcuxIuwmWmhFOR9l2rGiEyQD3aMugwAFVbjKZeIQOjNNFfijNExpN3J8dCQ6UGgaeqQyw7qv5bGz+l7Vi7ZfdhIko1lSQ6Ud+zJEO0Xh91GWSEs2HBjCRzMyKSB9LTLQ5UtYcwZlf+S/Uj4tOqVi6dPKVMkyVhj3YhwI4cAIVuIAq1ICAgAd4gmdLWY/Wi/U6LU1Zs54d+CXr7RthiJJl</latexit>

R(n, t) = 0
<latexit sha1_base64="8sYGFYbz/lfstZOmTE0w/+SHvzI=">AAAB8HicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLioXRbduKxgL9IOJZOmbWiSGZKMUIeC7+DGhSJuXfoo7gQfxvSy0NYfAh//fw455wQRZ9q47peTWlldW99IZ7KbW9s7u7m9/boOY0VojYQ8VM0Aa8qZpDXDDKfNSFEsAk4bwfBykjfuqNIslDdmFFFf4L5kPUawsdZtG/NogAvmtJPLu0V3KrQM3hzylcP778zDx0W1k/tsd0MSCyoN4VjrludGxk+wMoxwOs62Y00jTIa4T1sWJRZU+8l04DE6sU4X9UJlnzRo6v7uSLDQeiQCWymwGejFbGL+l7Vi0yv7CZNRbKgks496MUcmRJPtUZcpSgwfWcBEMTsrIgOsMDH2Rll7BG9x5WWonxW9UrF07eUrZZgpDUdwDAXw4BwqcAVVqAEBAY/wDC+Ocp6cV+dtVppy5j0H8EfO+w9u/5Mk</latexit>

↵(t)

<latexit sha1_base64="MS34uknOM7rK1Ei5zpCohidsceE=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEC9h10PMMejFYwTzgOwSZieTZMjs7DLTG4hLwA/x4kERj/on3gQ/xsnjoIkFDUVVN91dQSy4Bsf5sjJr6xubW9lcfntnd2/fPjhs6ChRlNVpJCLVCohmgktWBw6CtWLFSBgI1gyG11O/OWJK80jewThmfkj6kvc4JWCkjm17mksv5h4R8YAU4bxjF5ySMwNeJe6CFKrH99+5h/erWsf+9LoRTUImgQqiddt1YvBTooBTwSZ5L9EsJnRI+qxtqCQh0346u3yCz4zSxb1ImZKAZ+rviZSEWo/DwHSGBAZ62ZuK/3ntBHoVP+UyToBJOl/USwSGCE9jwF2uGAUxNoRQxc2tmA6IIhRMWHkTgrv88ippXJTccql86xaqFTRHFp2gU1RELrpEVXSDaqiOKBqhR/SMXqzUerJerbd5a8ZazByhP7A+fgBgH5Z2</latexit>

sin⇡↵(t)

<latexit sha1_base64="d8Cj+5pgUM2itI0aCa/7B6mv3RM=">AAAB83icbVC7SgNBFJ31mcRX1EawGQxibMKuRUwZtLGMYB6QXcLsZDYZMjO7zkOIS8CvsLFQxNbGT7ET/Bgnj0ITD1w4nHMv994TJowq7bpfztLyyuraeiab29jc2t7J7+41VGwkJnUcs1i2QqQIo4LUNdWMtBJJEA8ZaYaDy7HfvCNS0Vjc6GFCAo56gkYUI20l3xfkFvrcFMXJaSdfcEvuBHCReDNSqB7cf2cfPi5qnfyn342x4URozJBSbc9NdJAiqSlmZJTzjSIJwgPUI21LBeJEBenk5hE8tkoXRrG0JTScqL8nUsSVGvLQdnKk+2reG4v/eW2jo0qQUpEYTQSeLooMgzqG4wBgl0qCNRtagrCk9laI+0girG1MORuCN//yImmclbxyqXztFaoVMEUGHIIjUAQeOAdVcAVqoA4wSMAjeAYvjnGenFfnbdq65Mxm9sEfOO8/BnqT/w==</latexit>

6= µ(n0)

<latexit sha1_base64="zBC0E/UI7IA/bN3MukHpDSSR2wk=">AAAB63icbZDLSgMxFIbPeG3rrepGcBMsQt2UGRe1y6IblxXsBdqhZNJMG5pkhiQj1FLwCdy4UMStL+CjuBN8GDNtF9r6Q+Dj/88h55wg5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8SvPmHVWaRfLWjGLqC9yXLGQEm9QKi+asmy+4JXcqtAzeHArVo/vv7MPHZa2b/+z0IpIIKg3hWOu258bGH2NlGOF0kuskmsaYDHGfti1KLKj2x9NZJ+jUOj0URso+adDU/d0xxkLrkQhspcBmoBez1PwvaycmrPhjJuPEUElmH4UJRyZC6eKoxxQlho8sYKKYnRWRAVaYGHuenD2Ct7jyMjTOS165VL7xCtUKzJSBYziBInhwAVW4hhrUgcAAHuEZXhzhPDmvztusdMWZ9xzCHznvP6hdkPY=</latexit>

f(t)
<latexit sha1_base64="2KicEW34fglZZ2DR5srw53RQScY=">AAAB8HicbZC7SgNBFIbPxlsSb1EbwWYxiLEJuxYxjRC0sYxgLpIsYXYymwyZmV1mZoW4BHwHGwtFbC19FDvBh3FyKTTxh4GP/z+HOef4EaNKO86XlVpaXlldS2ey6xubW9u5nd26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gcpw37ohUNBQ3ehgRj6OeoAHFSBvrVp+3eVwQxyedXN4pOhPZi+DOIF/Zv//OPHxcVDu5z3Y3xDEnQmOGlGq5TqS9BElNMSOjbDtWJEJ4gHqkZVAgTpSXTAYe2UfG6dpBKM0T2p64vzsSxJUact9UcqT7aj4bm/9lrVgHZS+hIoo1EXj6URAzW4f2eHu7SyXBmg0NICypmdXGfSQR1uZGWXMEd37lRaifFt1SsXTt5itlmCoNB3AIBXDhDCpwBVWoAQYOj/AML5a0nqxX621amrJmPXvwR9b7D/HFktI=</latexit>

t = µ(n0)
<latexit sha1_base64="VinXJA0EyGno9u4yXA+nL+AM/Co=">AAAB73icbZC7TgJBFIbP4g3By4olzURitCK7FkhJYmOJicAmsCGzwyxMmJ1dZmZNyIaXsLHQGFtfx84nMbFyuBQK/skkX/7/nMw5J0g4U9pxPq3c1vbO7l5+v1A8ODw6tk9KbRWnktAWiXksvQArypmgLc00p14iKY4CTjvB+Gaedx6oVCwW93qaUD/CQ8FCRrA2licuekM6QU7frjhVZyG0Ce4KKo2i/e19lcrNvv3RG8QkjajQhGOluq6TaD/DUjPC6azQSxVNMBnjIe0aFDiiys8W887QuXEGKIyleUKjhfu7I8ORUtMoMJUR1iO1ns3N/7JuqsO6nzGRpJoKsvwoTDnSMZovjwZMUqL51AAmkplZERlhiYk2JyqYI7jrK29C+6rq1qq1O7fSqMNSeSjDGVyCC9fQgFtoQgsIcHiEZ3ixJtaT9Wq9LUtz1qrnFP7Iev8BzPuSFw==</latexit>

n0 � 0
<latexit sha1_base64="MS34uknOM7rK1Ei5zpCohidsceE=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEC9h10PMMejFYwTzgOwSZieTZMjs7DLTG4hLwA/x4kERj/on3gQ/xsnjoIkFDUVVN91dQSy4Bsf5sjJr6xubW9lcfntnd2/fPjhs6ChRlNVpJCLVCohmgktWBw6CtWLFSBgI1gyG11O/OWJK80jewThmfkj6kvc4JWCkjm17mksv5h4R8YAU4bxjF5ySMwNeJe6CFKrH99+5h/erWsf+9LoRTUImgQqiddt1YvBTooBTwSZ5L9EsJnRI+qxtqCQh0346u3yCz4zSxb1ImZKAZ+rviZSEWo/DwHSGBAZ62ZuK/3ntBHoVP+UyToBJOl/USwSGCE9jwF2uGAUxNoRQxc2tmA6IIhRMWHkTgrv88ippXJTccql86xaqFTRHFp2gU1RELrpEVXSDaqiOKBqhR/SMXqzUerJerbd5a8ZazByhP7A+fgBgH5Z2</latexit>

sin⇡↵(t)
<latexit sha1_base64="8sYGFYbz/lfstZOmTE0w/+SHvzI=">AAAB8HicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLioXRbduKxgL9IOJZOmbWiSGZKMUIeC7+DGhSJuXfoo7gQfxvSy0NYfAh//fw455wQRZ9q47peTWlldW99IZ7KbW9s7u7m9/boOY0VojYQ8VM0Aa8qZpDXDDKfNSFEsAk4bwfBykjfuqNIslDdmFFFf4L5kPUawsdZtG/NogAvmtJPLu0V3KrQM3hzylcP778zDx0W1k/tsd0MSCyoN4VjrludGxk+wMoxwOs62Y00jTIa4T1sWJRZU+8l04DE6sU4X9UJlnzRo6v7uSLDQeiQCWymwGejFbGL+l7Vi0yv7CZNRbKgks496MUcmRJPtUZcpSgwfWcBEMTsrIgOsMDH2Rll7BG9x5WWonxW9UrF07eUrZZgpDUdwDAXw4BwqcAVVqAEBAY/wDC+Ocp6cV+dtVppy5j0H8EfO+w9u/5Mk</latexit>

↵(t)
<latexit sha1_base64="L1Ow+HRhiGKVnlZOZPLCmu+vUdQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FjGdARvLBMwFkiXMTs4mY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo9IeBj/8/hznn+DFnSjvOp5VZWV1b38hu5ra2d3b38vsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPr6Z58w6lYpG40aMYvZD0BQsYJdpYNd3NF5yiM5P9F9wFFC7fJ7Wv++NJtZv/6PQimoQoNOVEqbbrxNpLidSMchznOonCmNAh6WPboCAhKi+dDTq2T43Ts4NImie0PXN/dqQkVGoU+qYyJHqglrOp+V/WTnRQ9lIm4kSjoPOPgoTbOrKnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzBHc5ZX/QuO86JaKpZpbqJRhriwcwQmcgQsXUIFrqEIdKCA8wBM8W7fWo/Vivc5LM9ai5xB+yXr7BqhRkUI=</latexit>

t

<latexit sha1_base64="HbyobBvYwrC81m2zYB9rVo7Hz7k=">AAAB/HicbZDLSsNAFIYn9dbWW7Qbwc1gESpISVzUrqToxmUVe4E2lMl00g6dTMLMRIih4pu4caGIGxc+iDvBh3HSdqGtPwx8/OcczpnfDRmVyrK+jMzS8srqWjaXX9/Y3No2d3abMogEJg0csEC0XSQJo5w0FFWMtENBkO8y0nJHF2m9dUuEpAG/UXFIHB8NOPUoRkpbPbNwXeLH6giewRSsFKyeWbTK1kRwEewZFGt7d9+5h/fzes/87PYDHPmEK8yQlB3bCpWTIKEoZmSc70aShAiP0IB0NHLkE+kkk+PH8FA7fegFQj+u4MT9PZEgX8rYd3Wnj9RQztdS879aJ1Je1UkoDyNFOJ4u8iIGVQDTJGCfCoIVizUgLKi+FeIhEggrnVdeh2DPf3kRmidlu1KuXNnFWhVMlQX74ACUgA1OQQ1cgjpoAAxi8AiewYtxbzwZr8bbtDVjzGYK4I+Mjx8vB5Tc</latexit>

R(n, t) > R(n, 0) > 0
<latexit sha1_base64="CKOldJjlHocMX8oBWhXCwki5Hqw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQrMKuRQwIGrCxjGgukCxhdjKbDJmdXWbOCiEEfAEbC0VsfRd7O99BxMbeyaXQxB8GPv7/HOac48eCa3Scdyu1sLi0vJJezaytb2xuZbd3qjpKFGUVGolI1X2imeCSVZCjYPVYMRL6gtX83vkor90wpXkkr7EfMy8kHckDTgka6wpPnVY25+Sdsex5cKeQO/v6/P64fT0pt7JvzXZEk5BJpIJo3XCdGL0BUcipYMNMM9EsJrRHOqxhUJKQaW8wHnVoHxinbQeRMk+iPXZ/dwxIqHU/9E1lSLCrZ7OR+V/WSDAoegMu4wSZpJOPgkTYGNmjve02V4yi6BsgVHEzq027RBGK5joZcwR3duV5qB7l3UK+cOnmSkWYKA17sA+H4MIxlOACylABCh24gwd4tIR1bz1Zz5PSlDXt2YU/sl5+ADnWkvg=</latexit>

t > 0

<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`
<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`

<latexit sha1_base64="zMPKJ2iNwpZLeI0QLx7lweOfS1c=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwISUpol0W3LisYB/QxjCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8ZpG0RbD1w4c869zL0nSDhT2nG+rKXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk381j2VisXiVo8S6kW4L1jICNZG8u0j7GfirEs5H6OuYhHq/7zvKr5dcsrOFGiRuDkpQY66b392ezFJIyo04Vipjusk2suw1IxwOi52U0UTTIa4TzuGChxR5WXTK8boxCg9FMbSlNBoqv6eyHCk1CgKTGeE9UDNexPxP6+T6rDqZUwkqaaCzD4KU450jCaRoB6TlGg+MgQTycyuiAywxESb4IomBHf+5EXSrJTdi7J7c16qVfM4CnAIx3AKLlxCDa6hDg0g8ABP8AKv1qP1bL1Z77PWJSufOYA/sD6+Ab/TmBA=</latexit>

an,` ⇠ g2n,`

spin-  intermediate state <latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="A36M22oiBLQyoJ0uI/d0r+bawxc="></latexit>

=) R(n, t)
P1

`=0 an,` G
(D)
`

⇣
1 + 2t

µ(n)

⌘
<latexit sha1_base64="hk9hC60Nmpi8w2NKNhJnOTj8y+o=">AAAB+nicbVC7TgJBFJ3FBwg+QEuaicTEwpBdC6Qk2lhiIo8ENmR2uAsTZmfXmVkNWfkDf8HGQmNs/RI7f8PawuFRKHiSm5ycc2/uvceLOFPatj+t1Nr6xmY6s5XNbe/s7uUL+00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljS6mfusWpGKhuNbjCNyADATzGSXaSL18gfQScdIFzie4O4AbbPfyJbtsz4BXibMgpVrx6zyde/iu9/If3X5I4wCEppwo1XHsSLsJkZpRDpNsN1YQEToiA+gYKkgAyk1mp0/wkVH62A+lKaHxTP09kZBAqXHgmc6A6KFa9qbif14n1n7VTZiIYg2Czhf5Mcc6xNMccJ9JoJqPDSFUMnMrpkMiCdUmrawJwVl+eZU0T8tOpVy5ckq1Kpojg4roEB0jB52hGrpEddRAFN2hR/SMXqx768l6td7mrSlrMXOA/sB6/wFvK5Zw</latexit>

an,` � 0
<latexit sha1_base64="6vzN5TlSBFwtQ2dEf87CKZkneTY="></latexit>

R(n, t) =
P1

`=0 an,` G
(D)
`

⇣
1 + 2t

µ(n)

⌘

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=→

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros

Summary: 


In the Regge limit of                 , we have


on the Regge zeros, defined to be where


for integer   , for which the real roots satisfy          and                for any integer        

          .


<latexit sha1_base64="XWVTkCgEV+Kqg7tJCTahAXaL5rU=">AAAB9HicbVC7SgNBFJ31mcRX1EawGQxCbMKuRUwZtLGMYB6QXcLsZJIMmZ1dZ+4G4ibgX9hYKGJr4afYCX6Mk0ehiQcuHM65l3vv8SPBNdj2l7Wyura+sZlKZ7a2d3b3svsHNR3GirIqDUWoGj7RTHDJqsBBsEakGAl8wep+/2ri1wdMaR7KWxhGzAtIV/IOpwSM5I1g5AqB3SDOy7NWNmcX7CnwMnHmJFc+uv9OP3xcVlrZT7cd0jhgEqggWjcdOwIvIQo4FWyccWPNIkL7pMuahkoSMO0l06PH+NQobdwJlSkJeKr+nkhIoPUw8E1nQKCnF72J+J/XjKFT8hIuoxiYpLNFnVhgCPEkAdzmilEQQ0MIVdzcimmPKELB5JQxITiLLy+T2nnBKRaKN06uXEIzpNAxOkF55KALVEbXqIKqiKI79Iie0Ys1sJ6sV+tt1rpizWcO0R9Y7z98K5Ti</latexit>

|t| ⌧ µ(n)
<latexit sha1_base64="B61AwKoepawsUmqouczbM9cvwuk=">AAAB8XicbZDLSgMxFIbP1Ftbb1U3gptgESpImXFRuxGKblxWsRdsh5JJM21oJjMkGaEOBR/CjQtF3LrzUdwJPozpZaHVHwIf/38OOed4EWdK2/anlVpYXFpeSWeyq2vrG5u5re26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB+Thv3FKpWCiu9TCiboB7gvmMYG2sm6uCONKH6BTZnVzeLtoTob/gzCBf2b37yty/n1U7uY92NyRxQIUmHCvVcuxIuwmWmhFOR9l2rGiEyQD3aMugwAFVbjKZeIQOjNNFfijNExpN3J8dCQ6UGgaeqQyw7qv5bGz+l7Vi7ZfdhIko1lSQ6Ud+zJEO0Xh91GWSEs2HBjCRzMyKSB9LTLQ5UtYcwZlf+S/Uj4tOqVi6dPKVMkyVhj3YhwI4cAIVuIAq1ICAgAd4gmdLWY/Wi/U6LU1Zs54d+CXr7RthiJJl</latexit>

R(n, t) = 0

<latexit sha1_base64="C6othAqpwZP3gCKFuSRhPQZJJsw=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FjGdARvLBMwFkiXMTs4mY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo9IeBj/8/hznn+DFnSjvOp5VZWV1b38hu5ra2d3b38vsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPr6Z58w6lYpG40aMYvZD0BQsYJdpYNdnNF5yiM5P9F9wFFC7fJ7Wv++NJtZv/6PQimoQoNOVEqbbrxNpLidSMchznOonCmNAh6WPboCAhKi+dDTq2T43Ts4NImie0PXN/dqQkVGoU+qYyJHqglrOp+V/WTnRQ9lIm4kSjoPOPgoTbOrKnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzBHc5ZX/QuO86JaKpZpbqJRhriwcwQmcgQsXUIFrqEIdKCA8wBM8W7fWo/Vivc5LM9ai5xB+yXr7BqVJkUA=</latexit>r
<latexit sha1_base64="VinXJA0EyGno9u4yXA+nL+AM/Co=">AAAB73icbZC7TgJBFIbP4g3By4olzURitCK7FkhJYmOJicAmsCGzwyxMmJ1dZmZNyIaXsLHQGFtfx84nMbFyuBQK/skkX/7/nMw5J0g4U9pxPq3c1vbO7l5+v1A8ODw6tk9KbRWnktAWiXksvQArypmgLc00p14iKY4CTjvB+Gaedx6oVCwW93qaUD/CQ8FCRrA2licuekM6QU7frjhVZyG0Ce4KKo2i/e19lcrNvv3RG8QkjajQhGOluq6TaD/DUjPC6azQSxVNMBnjIe0aFDiiys8W887QuXEGKIyleUKjhfu7I8ORUtMoMJUR1iO1ns3N/7JuqsO6nzGRpJoKsvwoTDnSMZovjwZMUqL51AAmkplZERlhiYk2JyqYI7jrK29C+6rq1qq1O7fSqMNSeSjDGVyCC9fQgFtoQgsIcHiEZ3ixJtaT9Wq9LUtz1qrnFP7Iev8BzPuSFw==</latexit>

n0 � 0

<latexit sha1_base64="d6ARVWW54kI5+ydtdFr7aVXB5dw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQrMKuRQwoGLCxjGgukCxhdjKbDJmdXWbOCiEEfAEbC0VsfRd7O99BxMbeyaXQxB8GPv7/HOac48eCa3Scdyu1sLi0vJJezaytb2xuZbd3qjpKFGUVGolI1X2imeCSVZCjYPVYMRL6gtX83vkor90wpXkkr7EfMy8kHckDTgka6wpPnVY25+Sdsex5cKeQO/v6/P64fT0pt7JvzXZEk5BJpIJo3XCdGL0BUcipYMNMM9EsJrRHOqxhUJKQaW8wHnVoHxinbQeRMk+iPXZ/dwxIqHU/9E1lSLCrZ7OR+V/WSDAoegMu4wSZpJOPgkTYGNmjve02V4yi6BsgVHEzq027RBGK5joZcwR3duV5qB7l3UK+cOnmSkWYKA17sA+H4MIxlOACylABCh24gwd4tIR1bz1Zz5PSlDXt2YU/sl5+ADbMkvY=</latexit>

t < 0
<latexit sha1_base64="6qko6a3SNoKp8AZWoEJ90ZmRj5k=">AAAB9HicbVC7SgNBFL3rM4mvqI1gMxjE2IRdi5gyaGMZwTwgWcLsZDYZMju7mZkNxCXgX9hYKGJr4afYCX6Mk0ehiQcuHM65l3vv8SLOlLbtL2tldW19YzOVzmxt7+zuZfcPaiqMJaFVEvJQNjysKGeCVjXTnDYiSXHgcVr3+tcTvz6kUrFQ3OlRRN0AdwXzGcHaSK5uCTpArSDOi7PzdjZnF+wp0DJx5iRXPrr/Tj98XFXa2c9WJyRxQIUmHCvVdOxIuwmWmhFOx5lWrGiESR93adNQgQOq3GR69BidGqWD/FCaEhpN1d8TCQ6UGgWe6Qyw7qlFbyL+5zVj7ZfchIko1lSQ2SI/5kiHaJIA6jBJieYjQzCRzNyKSA9LTLTJKWNCcBZfXia1i4JTLBRvnVy5BDOk4BhOIA8OXEIZbqACVSAwgEd4hhdraD1Zr9bbrHXFms8cwh9Y7z/gtJR9</latexit>

t 6= µ(n0)

<latexit sha1_base64="hBHvX1cfUOuLCb+2t5YIFtDXyIk=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEBHCroeYixD04jGCeUCyhNnJJBkyO7vM9AbiEvBDvHhQxKP+iTfBj3HyOGhiQUNR1U13lx8JrsFxvqzUyura+kY6k93c2t7Ztff2azqMFWVVGopQNXyimeCSVYGDYI1IMRL4gtX9wfXErw+Z0jyUdzCKmBeQnuRdTgkYqW3bLSKiPsnD6RlW+BI7bTvnFJwp8DJx5yRXPrz/zjy8X1Xa9merE9I4YBKoIFo3XScCLyEKOBVsnG3FmkWEDkiPNQ2VJGDaS6aXj/GJUTq4GypTEvBU/T2RkEDrUeCbzoBAXy96E/E/rxlDt+QlXEYxMElni7qxwBDiSQy4wxWjIEaGEKq4uRXTPlGEggkra0JwF19eJrXzglssFG/dXLmEZkijI3SM8shFF6iMblAFVRFFQ/SIntGLlVhP1qv1NmtNWfOZA/QH1scPKQKVBQ==</latexit>

↵(t) + r = 0

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros

Summary:  

In the Regge limit of                 , we have


on the Regge zeros, defined to be where


for integer   , for which the real roots satisfy          and                for any integer        

          .


Required by consistency for any unitary, tree-level, color-ordered, four-point 
amplitude. 


Regge zeros nest: A Regge zero of            is also a Regge zero of             for 
any           .

<latexit sha1_base64="XWVTkCgEV+Kqg7tJCTahAXaL5rU=">AAAB9HicbVC7SgNBFJ31mcRX1EawGQxCbMKuRUwZtLGMYB6QXcLsZJIMmZ1dZ+4G4ibgX9hYKGJr4afYCX6Mk0ehiQcuHM65l3vv8SPBNdj2l7Wyura+sZlKZ7a2d3b3svsHNR3GirIqDUWoGj7RTHDJqsBBsEakGAl8wep+/2ri1wdMaR7KWxhGzAtIV/IOpwSM5I1g5AqB3SDOy7NWNmcX7CnwMnHmJFc+uv9OP3xcVlrZT7cd0jhgEqggWjcdOwIvIQo4FWyccWPNIkL7pMuahkoSMO0l06PH+NQobdwJlSkJeKr+nkhIoPUw8E1nQKCnF72J+J/XjKFT8hIuoxiYpLNFnVhgCPEkAdzmilEQQ0MIVdzcimmPKELB5JQxITiLLy+T2nnBKRaKN06uXEIzpNAxOkF55KALVEbXqIKqiKI79Iie0Ys1sJ6sV+tt1rpizWcO0R9Y7z98K5Ti</latexit>

|t| ⌧ µ(n)
<latexit sha1_base64="B61AwKoepawsUmqouczbM9cvwuk=">AAAB8XicbZDLSgMxFIbP1Ftbb1U3gptgESpImXFRuxGKblxWsRdsh5JJM21oJjMkGaEOBR/CjQtF3LrzUdwJPozpZaHVHwIf/38OOed4EWdK2/anlVpYXFpeSWeyq2vrG5u5re26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB+Thv3FKpWCiu9TCiboB7gvmMYG2sm6uCONKH6BTZnVzeLtoTob/gzCBf2b37yty/n1U7uY92NyRxQIUmHCvVcuxIuwmWmhFOR9l2rGiEyQD3aMugwAFVbjKZeIQOjNNFfijNExpN3J8dCQ6UGgaeqQyw7qv5bGz+l7Vi7ZfdhIko1lSQ6Ud+zJEO0Xh91GWSEs2HBjCRzMyKSB9LTLQ5UtYcwZlf+S/Uj4tOqVi6dPKVMkyVhj3YhwI4cAIVuIAq1ICAgAd4gmdLWY/Wi/U6LU1Zs54d+CXr7RthiJJl</latexit>

R(n, t) = 0

<latexit sha1_base64="C6othAqpwZP3gCKFuSRhPQZJJsw=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FjGdARvLBMwFkiXMTs4mY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo9IeBj/8/hznn+DFnSjvOp5VZWV1b38hu5ra2d3b38vsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPr6Z58w6lYpG40aMYvZD0BQsYJdpYNdnNF5yiM5P9F9wFFC7fJ7Wv++NJtZv/6PQimoQoNOVEqbbrxNpLidSMchznOonCmNAh6WPboCAhKi+dDTq2T43Ts4NImie0PXN/dqQkVGoU+qYyJHqglrOp+V/WTnRQ9lIm4kSjoPOPgoTbOrKnW9s9JpFqPjJAqGRmVpsOiCRUm9vkzBHc5ZX/QuO86JaKpZpbqJRhriwcwQmcgQsXUIFrqEIdKCA8wBM8W7fWo/Vivc5LM9ai5xB+yXr7BqVJkUA=</latexit>r
<latexit sha1_base64="VinXJA0EyGno9u4yXA+nL+AM/Co=">AAAB73icbZC7TgJBFIbP4g3By4olzURitCK7FkhJYmOJicAmsCGzwyxMmJ1dZmZNyIaXsLHQGFtfx84nMbFyuBQK/skkX/7/nMw5J0g4U9pxPq3c1vbO7l5+v1A8ODw6tk9KbRWnktAWiXksvQArypmgLc00p14iKY4CTjvB+Gaedx6oVCwW93qaUD/CQ8FCRrA2licuekM6QU7frjhVZyG0Ce4KKo2i/e19lcrNvv3RG8QkjajQhGOluq6TaD/DUjPC6azQSxVNMBnjIe0aFDiiys8W887QuXEGKIyleUKjhfu7I8ORUtMoMJUR1iO1ns3N/7JuqsO6nzGRpJoKsvwoTDnSMZovjwZMUqL51AAmkplZERlhiYk2JyqYI7jrK29C+6rq1qq1O7fSqMNSeSjDGVyCC9fQgFtoQgsIcHiEZ3ixJtaT9Wq9LUtz1qrnFP7Iev8BzPuSFw==</latexit>

n0 � 0

<latexit sha1_base64="d6ARVWW54kI5+ydtdFr7aVXB5dw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWIQrMKuRQwoGLCxjGgukCxhdjKbDJmdXWbOCiEEfAEbC0VsfRd7O99BxMbeyaXQxB8GPv7/HOac48eCa3Scdyu1sLi0vJJezaytb2xuZbd3qjpKFGUVGolI1X2imeCSVZCjYPVYMRL6gtX83vkor90wpXkkr7EfMy8kHckDTgka6wpPnVY25+Sdsex5cKeQO/v6/P64fT0pt7JvzXZEk5BJpIJo3XCdGL0BUcipYMNMM9EsJrRHOqxhUJKQaW8wHnVoHxinbQeRMk+iPXZ/dwxIqHU/9E1lSLCrZ7OR+V/WSDAoegMu4wSZpJOPgkTYGNmjve02V4yi6BsgVHEzq027RBGK5joZcwR3duV5qB7l3UK+cOnmSkWYKA17sA+H4MIxlOACylABCh24gwd4tIR1bz1Zz5PSlDXt2YU/sl5+ADbMkvY=</latexit>

t < 0

<latexit sha1_base64="hBHvX1cfUOuLCb+2t5YIFtDXyIk=">AAAB+XicbVDLSgNBEJyNryS+Vr0IXgaDEBHCroeYixD04jGCeUCyhNnJJBkyO7vM9AbiEvBDvHhQxKP+iTfBj3HyOGhiQUNR1U13lx8JrsFxvqzUyura+kY6k93c2t7Ztff2azqMFWVVGopQNXyimeCSVYGDYI1IMRL4gtX9wfXErw+Z0jyUdzCKmBeQnuRdTgkYqW3bLSKiPsnD6RlW+BI7bTvnFJwp8DJx5yRXPrz/zjy8X1Xa9merE9I4YBKoIFo3XScCLyEKOBVsnG3FmkWEDkiPNQ2VJGDaS6aXj/GJUTq4GypTEvBU/T2RkEDrUeCbzoBAXy96E/E/rxlDt+QlXEYxMElni7qxwBDiSQy4wxWjIEaGEKq4uRXTPlGEggkra0JwF19eJrXzglssFG/dXLmEZkijI3SM8shFF6iMblAFVRFFQ/SIntGLlVhP1qv1NmtNWfOZA/QH1scPKQKVBQ==</latexit>

↵(t) + r = 0

<latexit sha1_base64="0HELYLDks2P5HQTjsVK9K9eRDro=">AAAB7XicbZDLSgMxFIbP1Ftbb1U3gpvBIlSQMuOidll047KKvUA7lEyaaWMzyZBkhDoUfAQ3LhRx695HcSf4MKaXhbb+EPj4/3PIOcePGFXacb6s1NLyyupaOpNd39jc2s7t7NaViCUmNSyYkE0fKcIoJzVNNSPNSBIU+ow0/MHFOG/cEamo4Dd6GBEvRD1OA4qRNlb9usBP9HEnl3eKzkT2IrgzyFf2778zDx/n1U7us90VOA4J15ghpVquE2kvQVJTzMgo244ViRAeoB5pGeQoJMpLJtOO7CPjdO1ASPO4tifu744EhUoNQ99Uhkj31Xw2Nv/LWrEOyl5CeRRrwvH0oyBmthb2eHW7SyXBmg0NICypmdXGfSQR1uZAWXMEd37lRaifFt1SsXTl5itlmCoNB3AIBXDhDCpwCVWoAYZbeIRneLGE9WS9Wm/T0pQ169mDP7LefwC/tJGQ</latexit>

R(n, t)
<latexit sha1_base64="DQr8c6phV6EaRA1ZhAnRkYba7OA=">AAAB7nicbZDLSgMxFIbP1Ftbb1U3gptgEStImXFRuyy6cVnFXqAdSibNtKGZzJBkhDoUfAU3LhRx69pHcSf4MKaXhbb+EPj4/3PIOceLOFPatr+s1NLyyupaOpNd39jc2s7t7NZVGEtCayTkoWx6WFHOBK1ppjltRpLiwOO04Q0ux3njjkrFQnGrhxF1A9wTzGcEa2M1bgri+FSfdHJ5u2hPhBbBmUG+sn//nXn4uKh2cp/tbkjigApNOFaq5diRdhMsNSOcjrLtWNEIkwHu0ZZBgQOq3GQy7ggdGaeL/FCaJzSauL87EhwoNQw8Uxlg3Vfz2dj8L2vF2i+7CRNRrKkg04/8mCMdovHuqMskJZoPDWAimZkVkT6WmGhzoaw5gjO/8iLUz4pOqVi6dvKVMkyVhgM4hAI4cA4VuIIq1IDAAB7hGV6syHqyXq23aWnKmvXswR9Z7z8hKpHB</latexit>

R(n0, t)
<latexit sha1_base64="ZHVFqgvt2Pre0GtyedlZs/5FVW8=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQrcKuRQwIGrCxjGAukCxhdjKbDJmdXWZmhbAEfAIbC0VsfRZ7O99BxMbe2SSFJv4w8PH/5zDnHC/iTGnbfrcyC4tLyyvZ1dza+sbmVn57p67CWBJaIyEPZdPDinImaE0zzWkzkhQHHqcNb3CR5o0bKhULxbUeRtQNcE8wnxGsU0scnolOvmAX7bHQPDhTKJx/fX5/3L6eVjv5t3Y3JHFAhSYcK9Vy7Ei7CZaaEU5HuXasaITJAPdoy6DAAVVuMp51hA6M00V+KM0TGo3d3x0JDpQaBp6pDLDuq9ksNf/LWrH2y27CRBRrKsjkIz/mSIcoXRx1maRE86EBTCQzsyLSxxITbc6TM0dwZleeh/px0SkVS1dOoVKGibKwB/twBA6cQAUuoQo1INCHO3iARyuw7q0n63lSmrGmPbvwR9bLD+9qk2E=</latexit>

n0 > n

<latexit sha1_base64="6qko6a3SNoKp8AZWoEJ90ZmRj5k=">AAAB9HicbVC7SgNBFL3rM4mvqI1gMxjE2IRdi5gyaGMZwTwgWcLsZDYZMju7mZkNxCXgX9hYKGJr4afYCX6Mk0ehiQcuHM65l3vv8SLOlLbtL2tldW19YzOVzmxt7+zuZfcPaiqMJaFVEvJQNjysKGeCVjXTnDYiSXHgcVr3+tcTvz6kUrFQ3OlRRN0AdwXzGcHaSK5uCTpArSDOi7PzdjZnF+wp0DJx5iRXPrr/Tj98XFXa2c9WJyRxQIUmHCvVdOxIuwmWmhFOx5lWrGiESR93adNQgQOq3GR69BidGqWD/FCaEhpN1d8TCQ6UGgWe6Qyw7qlFbyL+5zVj7ZfchIko1lSQ2SI/5kiHaJIA6jBJieYjQzCRzNyKSA9LTLTJKWNCcBZfXia1i4JTLBRvnVy5BDOk4BhOIA8OXEIZbqACVSAwgEd4hhdraD1Zr9bbrHXFms8cwh9Y7z/gtJR9</latexit>

t 6= µ(n0)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros: examples

Softer behavior                 crosses more negative integers 

                                  more Regge zeros among the residues


Let’s see how this works in various examples.


• Veneziano amplitude:


    Expected Regge zeros at                 are indeed present in the residues:

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="YdBUAhyYZIvKVUWL3onY4eOYwNU="></latexit>

Astr(s, t) =
�(�s)�(�t)

�(�s� t)
s!1⇠ st

<latexit sha1_base64="c0bxJvNhJysLnXjkn1Yi9sUmUqQ="></latexit>

Rstr =
1

n!

nY

r=1

(t+ r) ⇠ nt

<latexit sha1_base64="vZhA4RPqboz9kjtTMumHLCJBL90=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUnsRCl48VrC20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK7XwQt+4/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bHTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPuZUEmKXLHFojCVBGMy+5wMhOYM5cQSyrSwtxI2opoytPmUbAje8sur5PGy6tWqtfurSqOex1GEEziFc/DgGhpwB01oAQMBz/AKb45yXpx352PRWnDymWP4A+fzBwscjis=</latexit>

t+ r = 0

ultrasoft 

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros: examples

Softer behavior                 crosses more negative integers 

                                  more Regge zeros among the residues


Let’s see how this works in various examples.


• Deformed worldsheet amplitudes of               . Example: 

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

Gross (1969)
<latexit sha1_base64="RX0BPtLrcOWUUTd5VOVGr8tGmZw="></latexit>

A(s, t) =

Z 1

0
u�s�1(1� u)�t�1egu(1�u)du = Astr(s, t)⇥ 2F2


�s,�t

� s+t
2 , 1�s�t

2

; g
4

�

ultrasoft, so expect infinitely 
many Regge zeros 

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros: examples

Softer behavior                 crosses more negative integers 

                                  more Regge zeros among the residues


Let’s see how this works in various examples.


• Deformed worldsheet amplitudes of               . Example: 

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

Gross (1969)
<latexit sha1_base64="XrTAz+LUekWTRJFQSHLA+Hkn/s8="></latexit>

R(n, t) = Rstr(n, t)⇥ 2F2


�n,�t

�n+t
2 , 1�n�t

2

; g
4

�

ultrasoft, so expect infinitely 
many Regge zeros 

<latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n <latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n<latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n

<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t
<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t
<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t

<latexit sha1_base64="dA3JxqzF4NxCvZ7MFjuLA5gz+VA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6kUoePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5aCYJ+hEdSh5yRo2V2kNyS7zLar9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+7pScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCyxaIwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLQheMsvr5JWteLVKrWHq3LdzeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9H644v</latexit>

g = 1/2
<latexit sha1_base64="vQV1EHw0GMLzdmnCrCNwTut0Wkk=">AAACCnicbVDNSsNAGNzUv1r/oh69rBahhdImWqoXoeDFYwVbC20Im82mXbrZhN2NUErPXnwVLx4U8eoTePNt3LQ5aOvAB8PMN+x+48WMSmVZ30ZuZXVtfSO/Wdja3tndM/cPOjJKBCZtHLFIdD0kCaOctBVVjHRjQVDoMXLvja5T//6BCEkjfqfGMXFCNOA0oBgpLbnmcQm7VgW7dqXPdMpHZXgFS3btvGLX6umUXbNoVa0Z4DKxM1IEGVqu+dX3I5yEhCvMkJQ924qVM0FCUczItNBPJIkRHqEB6WnKUUikM5mdMoWnWvFhEAk9XMGZ+jsxQaGU49DTmyFSQ7nopeJ/Xi9RwaUzoTxOFOF4/lCQMKgimPYCfSoIVmysCcKC6r9CPEQCYaXbK+gS7MWTl0nnrGo3qo3berFpZXXkwRE4ASVggwvQBDegBdoAg0fwDF7Bm/FkvBjvxsd8NWdkmUPwB8bnDz5Rlho=</latexit>

(c0, c1,�) = (1/3, 1/4, 1/4)
<latexit sha1_base64="6AtTLQEp0MvycgAh071qj4g6m6o=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKVC9CwYvHCvYD0lA2m027dLMbdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpgKbsB1v53SxubW9k55t7K3f3B4VD0+6RqVaco6VAml+yExTHDJOsBBsH6qGUlCwXrh5G7u956YNlzJR5imLEjISPKYUwJW8gcRE0DwLW64w2rNrbsL4HXiFaSGCrSH1a9BpGiWMAlUEGN8z00hyIkGTgWbVQaZYSmhEzJivqWSJMwE+eLkGb6wSoRjpW1JwAv190ROEmOmSWg7EwJjs+rNxf88P4P4Jsi5TDNgki4XxZnAoPD8fxxxzSiIqSWEam5vxXRMNKFgU6rYELzVl9dJt1H3mvXmw1Wt5RZxlNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/L1pJTzJyiP3A+fwCoL5Am</latexit>

� = 20

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros: examples

Softer behavior                 crosses more negative integers 

                                  more Regge zeros among the residues


Let’s see how this works in various examples.


• Three-parameter amplitudes of                                    :                 

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

Häring, Zhiboedov [2311.13631]

ultrasoft, so expect infinitely 
many Regge zeros 

<latexit sha1_base64="MU9owdcBM5NuxSPV53MLAE4/dyI="></latexit>

A(s, t) = Astr(s, t)⇥ 3F2


�s,�t,�c0 � c1(s+ t)

� s+t
2 , 1�s�t

2

;�

�

Cheung, GR, Sciotti, Tarquini [2508.09246]



Regge zeros: examples

Softer behavior                 crosses more negative integers 

                                  more Regge zeros among the residues


Let’s see how this works in various examples.


• Three-parameter amplitudes of                                    :                 

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

Häring, Zhiboedov [2311.13631]

ultrasoft, so expect infinitely 
many Regge zeros 

<latexit sha1_base64="RqMtCmaOpHtLEOrVog6YgXbC9XM="></latexit>

R(n, t) = Rstr(n, t)⇥ 3F2


�n,�t,�c0 � c1(n+ t)

�n+t
2 , 1�n�t

2

;�

�

<latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n <latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n<latexit sha1_base64="al6VkbWjW+bCjnSoh+b+ffwHWrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1TmM6w==</latexit>n

<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t
<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t
<latexit sha1_base64="/bNRc/wNfALy4EF4Opn7/14SySg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryt1N4+jCGdwDpfgwQ3U4R4a0AIGHJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3lGM8Q==</latexit>

t

<latexit sha1_base64="dA3JxqzF4NxCvZ7MFjuLA5gz+VA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6kUoePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5aCYJ+hEdSh5yRo2V2kNyS7zLar9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+7pScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCyxaIwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLQheMsvr5JWteLVKrWHq3LdzeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9H644v</latexit>

g = 1/2
<latexit sha1_base64="vQV1EHw0GMLzdmnCrCNwTut0Wkk=">AAACCnicbVDNSsNAGNzUv1r/oh69rBahhdImWqoXoeDFYwVbC20Im82mXbrZhN2NUErPXnwVLx4U8eoTePNt3LQ5aOvAB8PMN+x+48WMSmVZ30ZuZXVtfSO/Wdja3tndM/cPOjJKBCZtHLFIdD0kCaOctBVVjHRjQVDoMXLvja5T//6BCEkjfqfGMXFCNOA0oBgpLbnmcQm7VgW7dqXPdMpHZXgFS3btvGLX6umUXbNoVa0Z4DKxM1IEGVqu+dX3I5yEhCvMkJQ924qVM0FCUczItNBPJIkRHqEB6WnKUUikM5mdMoWnWvFhEAk9XMGZ+jsxQaGU49DTmyFSQ7nopeJ/Xi9RwaUzoTxOFOF4/lCQMKgimPYCfSoIVmysCcKC6r9CPEQCYaXbK+gS7MWTl0nnrGo3qo3berFpZXXkwRE4ASVggwvQBDegBdoAg0fwDF7Bm/FkvBjvxsd8NWdkmUPwB8bnDz5Rlho=</latexit>

(c0, c1,�) = (1/3, 1/4, 1/4)
<latexit sha1_base64="6AtTLQEp0MvycgAh071qj4g6m6o=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKVC9CwYvHCvYD0lA2m027dLMbdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpgKbsB1v53SxubW9k55t7K3f3B4VD0+6RqVaco6VAml+yExTHDJOsBBsH6qGUlCwXrh5G7u956YNlzJR5imLEjISPKYUwJW8gcRE0DwLW64w2rNrbsL4HXiFaSGCrSH1a9BpGiWMAlUEGN8z00hyIkGTgWbVQaZYSmhEzJivqWSJMwE+eLkGb6wSoRjpW1JwAv190ROEmOmSWg7EwJjs+rNxf88P4P4Jsi5TDNgki4XxZnAoPD8fxxxzSiIqSWEam5vxXRMNKFgU6rYELzVl9dJt1H3mvXmw1Wt5RZxlNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/L1pJTzJyiP3A+fwCoL5Am</latexit>

� = 20

Cheung, GR, Sciotti, Tarquini [2508.09246]



Uniqueness of Strings



Asymptotic trajectories

So far, we have just used our ultrasoftness assumption i) to find an infinite 
collection of Regge zeros. 


Let us now use assumption ii), i.e., minimality: The only zeros of the residues 
are the Regge zeros.       

Cheung, GR, Sciotti, Tarquini [2508.09246]



Asymptotic trajectories

So far, we have just used our ultrasoftness assumption i) to find an infinite 
collection of Regge zeros. 


Let us now use assumption ii), i.e., minimality: The only zeros of the residues 
are the Regge zeros.       


Regge zeros nest: zeros of            are zeros of             for           .

(level truncation in                                      )


Let us use this fact to bound the type of function        can be. We start with our 
result from the big arc integral:

<latexit sha1_base64="50v3HkHh2FVd/Ia8ti8eO+v5JKM="></latexit>

R(n, t) ⇠ f(t)µ0(n)µ(n)↵(t) sin⇡↵(t)

<latexit sha1_base64="j2yQMIoOapVaaG0QOf3afpkeP3g=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4MVjFfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38z89hPThiv5AJOY+REZSh5ySsBKrfuyvIDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvbsq1WtZHHl0gk5RGXnoGtXRLWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4AfjKOaA==</latexit>

R(n, t)
<latexit sha1_base64="Yotjigs1rtdjI9Iaqb2/l1CCh3g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BItYQUoiUnssePFYxX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTeQoWCdWjIS+YG1/fDvz209MaR7JR5zEzAvJUPKAU4JGaj+U5fklXvSLJafizGGvEjcjJcjQ6Be/eoOIJiGTSAXRuus6MXopUcipYNNCL9EsJnRMhqxrqCQh0146P3dqnxllYAeRMiXRnqu/J1ISaj0JfdMZEhzpZW8m/ud1EwxqXsplnCCTdLEoSISNkT373R5wxSiKiSGEKm5utemIKELRJFQwIbjLL6+S1lXFrVaq99elei2LIw8ncAplcOEG6nAHDWgChTE8wyu8WbH1Yr1bH4vWnJXNHMMfWJ8/35mOmQ==</latexit>

R(n0, t)
<latexit sha1_base64="s37X9YkCQxhVzQfChGyVLkb5h2Y=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mVUnuSghePFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk+TlrRyWK27VXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MWHDT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXFe9erX+UKs0G3kcRTiDc7gCD26gCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBiBON5A==</latexit>

n0 > n
Cheung, Hillman, GR [2406.02665]

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Asymptotic trajectories

So far, we have just used our ultrasoftness assumption i) to find an infinite 
collection of Regge zeros. 


Let us now use assumption ii), i.e., minimality: The only zeros of the residues 
are the Regge zeros.       


Regge zeros nest: zeros of            are zeros of             for           .

(level truncation in                                      )


Let us use this fact to bound the type of function        can be. We start with our 
result from the big arc integral, and take its log derivative in   :


so                            , where                                               is polynomial in  .


Write                                      .

<latexit sha1_base64="j2yQMIoOapVaaG0QOf3afpkeP3g=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSO2x4MVjFfsB7VKyabaNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JyCGCS5ZEzgI1ok1I1EgWDsY38z89hPThiv5AJOY+REZSh5ySsBKrfuyvIDzfrHkVtw58CrxMlJCGRr94ldvoGgSMQlUEGO6nhuDnxINnAo2LfQSw2JCx2TIupZKEjHjp/Nrp/jMKgMcKm1LAp6rvydSEhkziQLbGREYmWVvJv7ndRMIa37KZZwAk3SxKEwEBoVnr+MB14yCmFhCqOb2VkxHRBMKNqCCDcFbfnmVtC4rXrVSvbsq1WtZHHl0gk5RGXnoGtXRLWqgJqLoET2jV/TmKOfFeXc+Fq05J5s5Rn/gfP4AfjKOaA==</latexit>

R(n, t)
<latexit sha1_base64="Yotjigs1rtdjI9Iaqb2/l1CCh3g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BItYQUoiUnssePFYxX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTeQoWCdWjIS+YG1/fDvz209MaR7JR5zEzAvJUPKAU4JGaj+U5fklXvSLJafizGGvEjcjJcjQ6Be/eoOIJiGTSAXRuus6MXopUcipYNNCL9EsJnRMhqxrqCQh0146P3dqnxllYAeRMiXRnqu/J1ISaj0JfdMZEhzpZW8m/ud1EwxqXsplnCCTdLEoSISNkT373R5wxSiKiSGEKm5utemIKELRJFQwIbjLL6+S1lXFrVaq99elei2LIw8ncAplcOEG6nAHDWgChTE8wyu8WbH1Yr1bH4vWnJXNHMMfWJ8/35mOmQ==</latexit>

R(n0, t)
<latexit sha1_base64="s37X9YkCQxhVzQfChGyVLkb5h2Y=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mVUnuSghePFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk+TlrRyWK27VXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MWHDT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXFe9erX+UKs0G3kcRTiDc7gCD26gCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBiBON5A==</latexit>

n0 > n
Cheung, Hillman, GR [2406.02665]

<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)
<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

<latexit sha1_base64="0wxvC7h1yaEyQ2h45eZccP/QRNk="></latexit>

↵(t)
µ0(n)

µ(n)
+

µ00(n)

µ0(n)
⇠ d logR(n, t)

dn
⇠ log

R(n, t)

R(n� 1, t)

<latexit sha1_base64="lkJprMbwrGKsjWw4ibgBNBL9x6U=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEFqQkIrXHghePFewHNKFsttt26WYTdidCCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVm5tfWNzK79d2Nnd2z+wD49aOkoUZU0aiUh1AqKZ4JI1gYNgnVgxEgaCtYPxzcxvPzCleSTvYRIzPyRDyQecEjBSzz7xiIhHpARl7GkeYk9EQ9woyQso9+yiU3HmwKvEzUgRZWj07C+vH9EkZBKoIFp3XScGPyUKOBVsWvASzWJCx2TIuoZKEjLtp/MfpvjcKH08iJQpCXiu/p5ISaj1JAxMZ0hgpJe9mfif101gUPNTLuMEmKSLRYNEYIjwLBDc54pREBNDCFXc3IrpiChCwcRWMCG4yy+vktZlxa1WqndXxXotiyOPTtEZKiEXXaM6ukUN1EQUPaJn9IrerCfrxXq3PhatOSubOUZ/YH3+AI6Blik=</latexit>

↵(t) ⇠ logP (n, t)
<latexit sha1_base64="PboLtxlPdPHo0YTfpqoxXS1nyns=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApaZ0RqN0LBjcsq9gLtUDJpWkMzmSE5I5RSN76KGxeKuPUt3Pk2ptNZaOuBkI//P4fk/H4kuAbH+bYyC4tLyyvZ1dza+sbmlr29U9dhrCir0VCEqukTzQSXrAYcBGtGipHAF6zhD64mfuOBKc1DeQfDiHkB6Uve45SAkTr2XrUgj+EIX+LbBE7NdeIa6Nh5p+gkhefBTSGP0qp27K92N6RxwCRQQbRuuU4E3ogo4FSwca4daxYROiB91jIoScC0N0o2GONDo3RxL1TmSMCJ+ntiRAKth4FvOgMC93rWm4j/ea0YemVvxGUUA5N0+lAvFhhCPIkDd7liFMTQAKGKm79iek8UoWBCy5kQ3NmV56F+VnRLxdLNeb5STuPIon10gArIRReogq5RFdUQRY/oGb2iN+vJerHerY9pa8ZKZ3bRn7I+fwCEppO3</latexit>

P (n, t) = R(n, t)/R(n� 1, t)
<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t
<latexit sha1_base64="CuKvXQl+W2at196gliHscl31EuU=">AAACHHicbVDLSgMxFM34rPVVdekmWISKUmZUapeCG5cVrC10SsmktzWYZIbkjlCG+RA3/oobF4q4cSH4N6a1C18HAodzzuXmniiRwqLvf3gzs3PzC4uFpeLyyuraemlj88rGqeHQ5LGMTTtiFqTQ0ESBEtqJAaYiCa3o5mzst27BWBHrSxwl0FVsqMVAcIZO6pWOGhV9gHs0tMj4jQGZZaFRVDIzhDw80HkWWqHyRsVl9mnI+zHaXqnsV/0J6F8STEmZTNHold7CfsxTBRq5ZNZ2Aj/BbsYMCi4hL4aphcStZ0PoOKqZAtvNJsfldNcpfTqIjXsa6UT9PpExZe1IRS6pGF7b395Y/M/rpDiodzOhkxRB869Fg1RSjOm4KdoXBjjKkSOMG+H+Svk1M4yj67PoSgh+n/yXXB1Wg1q1dnFcPq1P6yiQbbJDKiQgJ+SUnJMGaRJO7sgDeSLP3r336L14r1/RGW86s0V+wHv/BJocoRA=</latexit>

P (n, t)
largen⇠ P (t) + · · ·

Cheung, GR, Sciotti, Tarquini [2508.09246]



Asymptotic trajectories

Either        is constant or it’s not.


Non-constant        :                       for some


         logarithmic Regge trajectory


<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t)

<latexit sha1_base64="K/dS9zuiZYEkfrIAEZFkU6hz+RI=">AAACEHicbVBNS8NAEN34WetX1KOXxSIqSElEqkfBi8cKthWaWDbbaV26m4TdiVBCfoIX/4oXD4p49ejNf+P24+DXg4HHezPMzItSKQx63qczMzs3v7BYWiovr6yurbsbm02TZJpDgycy0dcRMyBFDA0UKOE61cBUJKEVDc5HfusOtBFJfIXDFELF+rHoCc7QSh13r76PB4FBxgcaZJ4HWlHJdB+K4BCLPDBCFRRvBh234lW9Mehf4k9JhUxR77gfQTfhmYIYuWTGtH0vxTBnGgWXUJSDzEBqt7I+tC2NmQIT5uOHCrprlS7tJdpWjHSsfp/ImTJmqCLbqRjemt/eSPzPa2fYOw1zEacZQswni3qZpJjQUTq0KzRwlENLGNfC3kr5LdOMo82wbEPwf7/8lzSPqn6tWrs8rpydTuMokW2yQ/aJT07IGbkgddIgnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gUia51I</latexit>

P (t)
large t⇠ tk

<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t)
<latexit sha1_base64="fS3SGiqmxDJN1HDFKXyGY+YpdEY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEak9S8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3Y+v3X654lbdOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJqz7GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LHi6pXq9buLiuNeh5HEU7gFM7BgytowC00oQUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AxLqNcg==</latexit>

k > 0

<latexit sha1_base64="gBqpQt+vNtCojsXbIkEuS1TmG3M=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgxCbcicSUARvLCOYDckfY22ySJbu3x+6cEI40/hUbC0Vs/Rl2/hs3yRWa+GDg8d4MM/OiRHADnvftrK1vbG5tF3aKu3v7B4fu0XHLqFRT1qRKKN2JiGGCx6wJHATrJJoRGQnWjsa3M7/9yLThKn6AScJCSYYxH3BKwEo99zQgIhmRMlziwHCJxzgQaoih55a8ijcHXiV+TkooR6PnfgV9RVPJYqCCGNP1vQTCjGjgVLBpMUgNSwgdkyHrWhoTyUyYzR+Y4gur9PFAaVsx4Ln6eyIj0piJjGynJDAyy95M/M/rpjCohRmPkxRYTBeLBqnAoPAsDdznmlEQE0sI1dzeiumIaELBZla0IfjLL6+S1lXFr1aq99elei2Po4DO0DkqIx/doDq6Qw3URBRN0TN6RW/Ok/PivDsfi9Y1J585QX/gfP4A+52VWw==</latexit>

↵(t) ⇠ k log t
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Asymptotic trajectories

Either        is constant or it’s not.


Non-constant        :                       for some


         logarithmic Regge trajectory


         From the mass-spin relation we found earlier,                         , we have  


         This is precisely the   -deformed spectrum of the Coon amplitude               , 

         see also                                 . This Regge trajectory is not ultrasoft for         ,

         violating our assumption i), so we drop it:

<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t)

<latexit sha1_base64="K/dS9zuiZYEkfrIAEZFkU6hz+RI=">AAACEHicbVBNS8NAEN34WetX1KOXxSIqSElEqkfBi8cKthWaWDbbaV26m4TdiVBCfoIX/4oXD4p49ejNf+P24+DXg4HHezPMzItSKQx63qczMzs3v7BYWiovr6yurbsbm02TZJpDgycy0dcRMyBFDA0UKOE61cBUJKEVDc5HfusOtBFJfIXDFELF+rHoCc7QSh13r76PB4FBxgcaZJ4HWlHJdB+K4BCLPDBCFRRvBh234lW9Mehf4k9JhUxR77gfQTfhmYIYuWTGtH0vxTBnGgWXUJSDzEBqt7I+tC2NmQIT5uOHCrprlS7tJdpWjHSsfp/ImTJmqCLbqRjemt/eSPzPa2fYOw1zEacZQswni3qZpJjQUTq0KzRwlENLGNfC3kr5LdOMo82wbEPwf7/8lzSPqn6tWrs8rpydTuMokW2yQ/aJT07IGbkgddIgnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gUia51I</latexit>

P (t)
large t⇠ tk

<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t)
<latexit sha1_base64="fS3SGiqmxDJN1HDFKXyGY+YpdEY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEak9S8OKxorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3Y+v3X654lbdOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJqz7GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LHi6pXq9buLiuNeh5HEU7gFM7BgytowC00oQUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AxLqNcg==</latexit>

k > 0

<latexit sha1_base64="gBqpQt+vNtCojsXbIkEuS1TmG3M=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgxCbcicSUARvLCOYDckfY22ySJbu3x+6cEI40/hUbC0Vs/Rl2/hs3yRWa+GDg8d4MM/OiRHADnvftrK1vbG5tF3aKu3v7B4fu0XHLqFRT1qRKKN2JiGGCx6wJHATrJJoRGQnWjsa3M7/9yLThKn6AScJCSYYxH3BKwEo99zQgIhmRMlziwHCJxzgQaoih55a8ijcHXiV+TkooR6PnfgV9RVPJYqCCGNP1vQTCjGjgVLBpMUgNSwgdkyHrWhoTyUyYzR+Y4gur9PFAaVsx4Ln6eyIj0piJjGynJDAyy95M/M/rpjCohRmPkxRYTBeLBqnAoPAsDdznmlEQE0sI1dzeiumIaELBZla0IfjLL6+S1lXFr1aq99elei2Po4DO0DkqIx/doDq6Qw3URBRN0TN6RW/Ok/PivDsfi9Y1J585QX/gfP4A+52VWw==</latexit>

↵(t) ⇠ k log t
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="deSfaRbJZO9Kvv/40JsfOiEIAN4=">AAACDnicbVDLSgMxFM3UV1tfo24EN8FSaDdlxkUtiFB0I64q2Ad0SsmkaRuaZIYkI9RScO/GX9GFC0XcunYn+DFm2i609YSQwzn3cnOPHzKqtON8WYml5ZXVtWQqvb6xubVt7+zWVBBJTKo4YIFs+EgRRgWpaqoZaYSSIO4zUvcH57FfvyFS0UBc62FIWhz1BO1SjLSR2nbWo9zMIQp6J/GBHmJhH+U8HuVEPg9P4aV523bGKTgTwEXizkimvH/7nbp7Oqu07U+vE+CIE6ExQ0o1XSfUrRGSmmJGxmkvUiREeIB6pGmoQJyo1miyzhhmjdKB3UCaKzScqL87RogrNeS+qeRI99W8F4v/ec1Id0utERVhpInA00HdiEEdwDgb2KGSYM2GhiAsqfkrxH0kEdYmwbQJwZ1feZHUjgpusVC8cjPlEpgiCQ7AIcgBFxyDMrgAFVAFGNyDR/ACXq0H69l6s96npQlr1rMH/sD6+AGDxpzQ</latexit>

=) ↵(µ(n)) = J(n)
<latexit sha1_base64="5lGgrm17m2amiRi7WpMszXZcxaE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqJs6I1K7LLgRVxXsAzq1ZNK0DU0yQ5IRytiFv+LGhSJu/Q13/o3pY6HVAxdOzrmX3HvCmDNtPO/LySwtr6yuZddzG5tb2zvu7l5dR4kitEYiHqlmiDXlTNKaYYbTZqwoFiGnjXB4OfEb91RpFslbM4ppW+C+ZD1GsLFSxz0IRFKQJyjQTCB6l17bx+lw3HHzXtGbAv0l/pzkYY5qx/0MuhFJBJWGcKx1y/di006xMoxwOs4FiaYxJkPcpy1LJRZUt9Pp/mN0bJUu6kXKljRoqv6cSLHQeiRC2ymwGehFbyL+57US0yu3UybjxFBJZh/1Eo5MhCZhoC5TlBg+sgQTxeyuiAywwsTYyHI2BH/x5L+kflb0S8XSzXm+Up7HkYVDOIIC+HABFbiCKtSAwAM8wQu8Oo/Os/PmvM9aM858Zh9+wfn4BvwClMg=</latexit>

µ(n) ⇠ eJ(n)/k

Coon (1969)<latexit sha1_base64="YzQX8JygUys10M2yJko3YsflxHk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxCIo8ENmR2aGBkdnadmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSTvzTRGP6QjyYecUWOlxmO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANwtjPY=</latexit>q
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="7bO5g4ShqcBIbNSGtW+/l5UMNsQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjaWEcyHJEeY2+wlS/b2jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ781tPTGkeywczTpgf4UDykFM0VnrsokiGWDbnvWLJrbhzkFXiZaQEGeq94le3H9M0YtJQgVp3PDcx/gSV4VSwaaGbapYgHeGAdSyVGDHtT+YHT8mZVfokjJUtachc/T0xwUjrcRTYzgjNUC97M/E/r5Oa8NqfcJmkhkm6WBSmgpiYzL4nfa4YNWJsCVLF7a2EDlEhNTajgg3BW355lTQvKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHBlCI4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAusZAA</latexit>

↵(t)

<latexit sha1_base64="0rlIKmm1/sSTwjM89Y+oDDIfk1w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi9Zs7d37M4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopQb2S2W34s5BVomXkzLkqPdLX71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetVTRiBs/mx86JedWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ12QgNGcoJ5ZQpoW9lbAR1ZShzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDDg8wyu8OY/Oi/PufCxa15x85gT+wPn8AeHtjP0=</latexit>

t

<latexit sha1_base64="G3cbriIvQsJl0Ui6R+yeBub0UTQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqV0W3LisYh+QhDKZTtqhM5kwMxFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5gwqrTjfFuljc2t7Z3ybmVv/+DwyD4+6SmRSky6WDAhByFShNGYdDXVjAwSSRAPGemH05u5338kUlERP+gsIQFH45hGFCNtpKFdzX3J4T2ZeT4TY9ip64tgaNechrMAXCduQWqgQGdof/kjgVNOYo0ZUspznUQHOZKaYkZmFT9VJEF4isbEMzRGnKggXxw/g+dGGcFISFOxhgv190SOuFIZD00nR3qiVr25+J/npTpqBTmNk1STGC8XRSmDWsB5EnBEJcGaZYYgLKm5FeIJkghrk1fFhOCuvrxOepcNt9lo3l3V2q0ijjI4BWegDlxwDdrgFnRAF2CQgWfwCt6sJ+vFerc+lq0lq5ipgj+wPn8AfDuT/w==</latexit>

Re[logP (t)]

Maldacena, GR [2207.06426]

Cheung, GR, Sciotti, Tarquini [2508.09246]



Asymptotic trajectories

Either        is constant or it’s not.


Constant        :   -dependence is subleading in   , but still polynomial since          

           is polynomial for all   , by minimality ii).


                                                               is polynomial in   . 

<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t)

<latexit sha1_base64="JSR91eHJD9z072/GB8Q4g6SWuGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NaZuDtj4YeLw3w8y8IJbCout+OxubW9s7u4W94v7B4dFx6eS0baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7uZ+54kbKyL9iNOY+4qOtAgFoziXmhW8GpTKbtVdgKwTLydlyNEclL76w4glimtkklrb89wY/ZQaFEzyWbGfWB5TNqEj3suopopbP13cOiOXmTIkYWSy0kgW6u+JlCprpyrIOhXFsV315uJ/Xi/BsO6nQscJcs2Wi8JEEozI/HEyFIYzlNOMUGZEdithY2oowyyeYhaCt/ryOmlfV71atfZwU27U8zgKcA4XUAEPbqEB99CEFjAYwzO8wpujnBfn3flYtm44+cwZ/IHz+QNFQY24</latexit>

P (t) <latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n
<latexit sha1_base64="SGGfs2szMW6A8rxjFFhIWbuus+4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhAiSNgViTkGvHiMYB6QLGF2MknGzM4sM71CWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSy4Qc/7dtbWNza3tnM7+d29/YPDwtFx06hEU9agSijdDolhgkvWQI6CtWPNSBQK1grHtzO/9cS04Uo+4CRmQUSGkg84JWilZr0kL/GiVyh6ZW8Od5X4GSlChnqv8NXtK5pETCIVxJiO78UYpEQjp4JN893EsJjQMRmyjqWSRMwE6fzaqXtulb47UNqWRHeu/p5ISWTMJAptZ0RwZJa9mfif10lwUA1SLuMEmaSLRYNEuKjc2etun2tGUUwsIVRze6tLR0QTijagvA3BX355lTSvyn6lXLm/LtaqWRw5OIUzKIEPN1CDO6hDAyg8wjO8wpujnBfn3flYtK452cwJ/IHz+QN7II5m</latexit>

P (n, t)

<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t
<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

<latexit sha1_base64="SMLyxm5rM55eOQ8rclz5CBmOvlU=">AAACCHicbVBNS8NAEN34WetX1KMHF4vQgpREpPYiFLx4rGA/oAlls922SzebsDsRSujRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zMC2LBNTjOt7Wyura+sZnbym/v7O7t2weHTR0lirIGjUSk2gHRTHDJGsBBsHasGAkDwVrB6Gbqtx6Y0jyS9zCOmR+SgeR9TgkYqWufeDw0e5j2iIiHpAglfI09EQ1wvSjPodS1C07ZmQEvEzcjBZSh3rW/vF5Ek5BJoIJo3XGdGPyUKOBUsEneSzSLCR2RAesYKknItJ/OHpngM6P0cD9SpiTgmfp7IiWh1uMwMJ0hgaFe9Kbif14ngX7VT7mME2CSzhf1E4EhwtNUcI8rRkGMDSFUcXMrpkOiCAWTXd6E4C6+vEyaF2W3Uq7cXRZq1SyOHDpGp6iIXHSFaugW1VEDUfSIntErerOerBfr3fqYt65Y2cwR+gPr8wdlTZhC</latexit>

=) ↵(t) = logP (n, t)
<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Our assumption ii) enforces minimality: the only zeros of the residues are 
the Regge zeros.


        Residues are products over factors of the form              .

        Since unitarity implies all Regge zeros are at         , bijectivity implies 

        that, on the Regge zero,                                .


        We can shift         so that the minimal value is at          .


<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="ng/7SqttU7ffZ4G8tRn89OD+N2E=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQEcquSO2x4MVjBfsB26Vk02wbmk2WZFYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9POkalmrI2VULpXkgME1yyNnAQrJdoRuJQsG44uZv73SemDVfyEaYJC2IykjzilICV/D4RyZhU4fJKD8oVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIGkHGZZICk3S5KEoFBoXn/+Mh14yCmFpCqOb2VkzHRBMKNqWSDcFbfXmddK5rXr1Wf7ipNBt5HEV0hs5RFXnoFjXRPWqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w9r45Ct</latexit>

↵(t) + r

<latexit sha1_base64="C+yWn+6kiCMdDiVNbXhsA/a3TBk=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi9AuLDMitRul4MZlBXuBdiiZNNOGZjJDkhFK6cZXceNCEbc+hjvfxrQdQVt/CHz85xxOzu/HnCntOF9WZmV1bX0ju5nb2t7Z3bP3DxoqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9Ic303rzgUrFInGvRzH1QtwXLGAEa2N17SN5ddbBPB7ggi5e/6BT7Np5p+TMhJbBTSEPqWpd+7PTi0gSUqEJx0q1XSfW3hhLzQink1wnUTTGZIj7tG1Q4JAqbzw7YIJOjdNDQSTNExrN3N8TYxwqNQp90xliPVCLtan5X62d6KDijZmIE00FmS8KEo50hKZpoB6TlGg+MoCJZOaviAywxESbzHImBHfx5GVonJfccql8d5GvVtI4snAMJ1AAFy6hCrdQgzoQmMATvMCr9Wg9W2/W+7w1Y6Uzh/BH1sc3QuiU4w==</latexit>

r = �↵(t) > �↵(0)

<latexit sha1_base64="4T6SvvQq23W4VVBcXLU+M/ugmuY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHitYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxjczv/3EtRGxesBJwv2IDpUIBaNopXt97fXLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xbDuZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LHi6pXq9buLiuNeh5HEU7gFM7BgytowC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Az2ONeQ==</latexit>

r = 1
<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Our assumption ii) enforces minimality: the only zeros of the residues are 
the Regge zeros.


        Residues are products over factors of the form              .

        Since unitarity implies all Regge zeros are at         , bijectivity implies 

        that, on the Regge zero,                                .


        We can shift         so that the minimal value is at          .


• The residue must therefore be of the form:

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="ng/7SqttU7ffZ4G8tRn89OD+N2E=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQEcquSO2x4MVjBfsB26Vk02wbmk2WZFYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9POkalmrI2VULpXkgME1yyNnAQrJdoRuJQsG44uZv73SemDVfyEaYJC2IykjzilICV/D4RyZhU4fJKD8oVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIGkHGZZICk3S5KEoFBoXn/+Mh14yCmFpCqOb2VkzHRBMKNqWSDcFbfXmddK5rXr1Wf7ipNBt5HEV0hs5RFXnoFjXRPWqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w9r45Ct</latexit>

↵(t) + r

<latexit sha1_base64="C+yWn+6kiCMdDiVNbXhsA/a3TBk=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi9AuLDMitRul4MZlBXuBdiiZNNOGZjJDkhFK6cZXceNCEbc+hjvfxrQdQVt/CHz85xxOzu/HnCntOF9WZmV1bX0ju5nb2t7Z3bP3DxoqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9Ic303rzgUrFInGvRzH1QtwXLGAEa2N17SN5ddbBPB7ggi5e/6BT7Np5p+TMhJbBTSEPqWpd+7PTi0gSUqEJx0q1XSfW3hhLzQink1wnUTTGZIj7tG1Q4JAqbzw7YIJOjdNDQSTNExrN3N8TYxwqNQp90xliPVCLtan5X62d6KDijZmIE00FmS8KEo50hKZpoB6TlGg+MoCJZOaviAywxESbzHImBHfx5GVonJfccql8d5GvVtI4snAMJ1AAFy6hCrdQgzoQmMATvMCr9Wg9W2/W+7w1Y6Uzh/BH1sc3QuiU4w==</latexit>

r = �↵(t) > �↵(0)

<latexit sha1_base64="4T6SvvQq23W4VVBcXLU+M/ugmuY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHitYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxjczv/3EtRGxesBJwv2IDpUIBaNopXt97fXLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xbDuZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LHi6pXq9buLiuNeh5HEU7gFM7BgytowC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Az2ONeQ==</latexit>

r = 1
<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

<latexit sha1_base64="Hb3r5PdXzVuBsVh7DU/Phh1ZBLc=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBMUMKMSMwlEPDiSaKYBbLR0+kkTXp6hu4aIQz5DS/+ihcPinjUk39jZzlo4oOCx3tVVNXzQsE1OM63lVhZXVvfSG6mtrZ3dvfS+wdVHUSKsgoNRKDqHtFMcMkqwEGweqgY8T3Bat7wauLXHpjSPJD3MApZyyd9yXucEjBSJ+3c2fIMsriIqS2zuBmqoNuJVdEdt+Mbo4yx3SQiHBAbsqcq2x500hkn50yBl4k7Jxk0R7mT/mx2Axr5TAIVROuG64TQiokCTgUbp5qRZiGhQ9JnDUMl8ZluxdPPxvjEKF3cC5QpCXiq/p6Iia/1yPdMp09goBe9ifif14igV2jFXIYRMElni3qRwBDgSUy4yxWjIEaGEKq4uRXTAVGEggkzZUJwF19eJtXznJvP5W8vMqXCPI4kOkLHyEYuukQldI3KqIIoekTP6BW9WU/Wi/VufcxaE9Z85hD9gfX1A7FHnaI=</latexit>

R(n, t) = c(n)

N(n)Y

r=1

(↵(t) + r)h

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Our assumption ii) enforces minimality: the only zeros of the residues are 
the Regge zeros.


        Residues are products over factors of the form              .

        Since unitarity implies all Regge zeros are at         , bijectivity implies 

        that, on the Regge zero,                                .


        We can shift         so that the minimal value is at          .


• The residue must therefore be of the form:

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)
<latexit sha1_base64="BKwpxXFKomTekf9G//H9a3VSUGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYgqLgI1lRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6Z+e0nro2I1QNOEu5HdKhEKBhFK93jtdsvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBz2aNeQ==</latexit>

t < 0

<latexit sha1_base64="ng/7SqttU7ffZ4G8tRn89OD+N2E=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQEcquSO2x4MVjBfsB26Vk02wbmk2WZFYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9POkalmrI2VULpXkgME1yyNnAQrJdoRuJQsG44uZv73SemDVfyEaYJC2IykjzilICV/D4RyZhU4fJKD8oVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIGkHGZZICk3S5KEoFBoXn/+Mh14yCmFpCqOb2VkzHRBMKNqWSDcFbfXmddK5rXr1Wf7ipNBt5HEV0hs5RFXnoFjXRPWqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w9r45Ct</latexit>

↵(t) + r

<latexit sha1_base64="C+yWn+6kiCMdDiVNbXhsA/a3TBk=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi9AuLDMitRul4MZlBXuBdiiZNNOGZjJDkhFK6cZXceNCEbc+hjvfxrQdQVt/CHz85xxOzu/HnCntOF9WZmV1bX0ju5nb2t7Z3bP3DxoqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9Ic303rzgUrFInGvRzH1QtwXLGAEa2N17SN5ddbBPB7ggi5e/6BT7Np5p+TMhJbBTSEPqWpd+7PTi0gSUqEJx0q1XSfW3hhLzQink1wnUTTGZIj7tG1Q4JAqbzw7YIJOjdNDQSTNExrN3N8TYxwqNQp90xliPVCLtan5X62d6KDijZmIE00FmS8KEo50hKZpoB6TlGg+MoCJZOaviAywxESbzHImBHfx5GVonJfccql8d5GvVtI4snAMJ1AAFy6hCrdQgzoQmMATvMCr9Wg9W2/W+7w1Y6Uzh/BH1sc3QuiU4w==</latexit>

r = �↵(t) > �↵(0)

<latexit sha1_base64="4T6SvvQq23W4VVBcXLU+M/ugmuY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHitYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxjczv/3EtRGxesBJwv2IDpUIBaNopXt97fXLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xbDuZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LHi6pXq9buLiuNeh5HEU7gFM7BgytowC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Az2ONeQ==</latexit>

r = 1
<latexit sha1_base64="FcyxaiNlDKVkCU5tV+dt3nAXdSo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8OIxgnlIsoTZyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDv3209cGxFHDzhJuK/oMBKhYBSt9NijMhnRMl72iyW34i5A1omXkRJkaPSLX71BzFLFI2SSGtP13AT9KdUomOSzQi81PKFsTIe8a2lEFTf+dHHwjFxYZUDCWNuKkCzU3xNTqoyZqMB2Koojs+rNxf+8bophzZ+KKEmRR2y5KEwlwZjMvycDoTlDObGEMi3srYSNqKYMbUYFG4K3+vI6aV1VvGqlen9dqteyOPJwBudQBg9uoA530IAmMFDwDK/w5mjnxXl3PpatOSebOYU/cD5/AC19j/w=</latexit>

↵(t)

<latexit sha1_base64="Hb3r5PdXzVuBsVh7DU/Phh1ZBLc=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBMUMKMSMwlEPDiSaKYBbLR0+kkTXp6hu4aIQz5DS/+ihcPinjUk39jZzlo4oOCx3tVVNXzQsE1OM63lVhZXVvfSG6mtrZ3dvfS+wdVHUSKsgoNRKDqHtFMcMkqwEGweqgY8T3Bat7wauLXHpjSPJD3MApZyyd9yXucEjBSJ+3c2fIMsriIqS2zuBmqoNuJVdEdt+Mbo4yx3SQiHBAbsqcq2x500hkn50yBl4k7Jxk0R7mT/mx2Axr5TAIVROuG64TQiokCTgUbp5qRZiGhQ9JnDUMl8ZluxdPPxvjEKF3cC5QpCXiq/p6Iia/1yPdMp09goBe9ifif14igV2jFXIYRMElni3qRwBDgSUy4yxWjIEaGEKq4uRXTAVGEggkzZUJwF19eJtXznJvP5W8vMqXCPI4kOkLHyEYuukQldI3KqIIoekTP6BW9WU/Wi/VufcxaE9Z85hD9gfX1A7FHnaI=</latexit>

R(n, t) = c(n)

N(n)Y

r=1

(↵(t) + r)h

<latexit sha1_base64="xhEF6H0oB4cOK3ySa6rJ99+2BMc=">AAACEXicbVDLSgMxFM3UV62vqks3wSJMQcqMSO1GKLgRF1LBPqAzlEyaaUOTzJBkhDLML7jxV9y4UMStO3f+jeljoa0HLpyccy+59wQxo0o7zreVW1ldW9/Ibxa2tnd294r7By0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9HVxG8/EKloJO71OCY+RwNBQ4qRNlKvaN/aogwvoRdKhNMb88jSoXeaepLDPhlktodYPETlrFcsORVnCrhM3DkpgTkaveKX149wwonQmCGluq4Taz9FUlPMSFbwEkVihEdoQLqGCsSJ8tPpRRk8MUofhpE0JTScqr8nUsSVGvPAdHKkh2rRm4j/ed1EhzU/pSJONBF49lGYMKgjOIkH9qkkWLOxIQhLanaFeIhMNtqEWDAhuIsnL5PWWcWtVqp356V6bR5HHhyBY2ADF1yAOrgGDdAEGDyCZ/AK3qwn68V6tz5mrTlrPnMI/sD6/AHz0Jvd</latexit>

N(n) =
J(n)

h deg(↵)

normalization

multiplicity of zeros 

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Comparing our residue,


    to that of the string,  


    we see that                                                                  at large   .


<latexit sha1_base64="Hb3r5PdXzVuBsVh7DU/Phh1ZBLc=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBMUMKMSMwlEPDiSaKYBbLR0+kkTXp6hu4aIQz5DS/+ihcPinjUk39jZzlo4oOCx3tVVNXzQsE1OM63lVhZXVvfSG6mtrZ3dvfS+wdVHUSKsgoNRKDqHtFMcMkqwEGweqgY8T3Bat7wauLXHpjSPJD3MApZyyd9yXucEjBSJ+3c2fIMsriIqS2zuBmqoNuJVdEdt+Mbo4yx3SQiHBAbsqcq2x500hkn50yBl4k7Jxk0R7mT/mx2Axr5TAIVROuG64TQiokCTgUbp5qRZiGhQ9JnDUMl8ZluxdPPxvjEKF3cC5QpCXiq/p6Iia/1yPdMp09goBe9ifif14igV2jFXIYRMElni3qRwBDgSUy4yxWjIEaGEKq4uRXTAVGEggkzZUJwF19eJtXznJvP5W8vMqXCPI4kOkLHyEYuukQldI3KqIIoekTP6BW9WU/Wi/VufcxaE9Z85hD9gfX1A7FHnaI=</latexit>

R(n, t) = c(n)

N(n)Y

r=1

(↵(t) + r)h

<latexit sha1_base64="N4ffahne8O9D/lcfIjwHUNWWJpU="></latexit>

Rstr(n, t) =
1

n!

nY

r=1

(t+ r) ⇠ nt

<latexit sha1_base64="5eN/8kkTXgE7c53UvRYzE6x7Jjk=">AAACKXicbVDLSgMxFM34rPVVdekmWIQpSJkRqV0W3LiSWqwWOrVk0tQJJpkhuSOUob/jxl9xo6CoW3/E9IFo9UDgcM653NwTJoIb8Lx3Z25+YXFpObeSX11b39gsbG1fmjjVlDVpLGLdColhgivWBA6CtRLNiAwFuwpvT0b+1R3ThsfqAgYJ60hyo3ifUwJW6hZqDVcdQAkHhkvc6GaBltiAHrpnriodBEQkEXGhVLqOJpGRfJ1F38awWyh6ZW8M/Jf4U1JEU9S7heegF9NUMgVUEGPavpdAJyMaOBVsmA9SwxJCb8kNa1uqiGSmk40vHeJ9q/RwP9b2KcBj9edERqQxAxnapCQQmVlvJP7ntVPoVzsZV0kKTNHJon4qMMR4VBvucc0oiIElhGpu/4ppRDShYMvN2xL82ZP/ksvDsl8pV86PirXqtI4c2kV7yEU+OkY1dIrqqIkoukeP6AW9Og/Ok/PmfEyic850Zgf9gvP5BZzmpG0=</latexit>

R(n, t) ⇠ Rstr(N(n),↵(t))h ⇠ N(n)h↵(t) <latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Comparing our residue,


    to that of the string,  


    we see that                                                                  at large   .


• But our expression from the big arc integral  


    then implies                                     .


<latexit sha1_base64="Hb3r5PdXzVuBsVh7DU/Phh1ZBLc=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBMUMKMSMwlEPDiSaKYBbLR0+kkTXp6hu4aIQz5DS/+ihcPinjUk39jZzlo4oOCx3tVVNXzQsE1OM63lVhZXVvfSG6mtrZ3dvfS+wdVHUSKsgoNRKDqHtFMcMkqwEGweqgY8T3Bat7wauLXHpjSPJD3MApZyyd9yXucEjBSJ+3c2fIMsriIqS2zuBmqoNuJVdEdt+Mbo4yx3SQiHBAbsqcq2x500hkn50yBl4k7Jxk0R7mT/mx2Axr5TAIVROuG64TQiokCTgUbp5qRZiGhQ9JnDUMl8ZluxdPPxvjEKF3cC5QpCXiq/p6Iia/1yPdMp09goBe9ifif14igV2jFXIYRMElni3qRwBDgSUy4yxWjIEaGEKq4uRXTAVGEggkzZUJwF19eJtXznJvP5W8vMqXCPI4kOkLHyEYuukQldI3KqIIoekTP6BW9WU/Wi/VufcxaE9Z85hD9gfX1A7FHnaI=</latexit>

R(n, t) = c(n)

N(n)Y

r=1

(↵(t) + r)h

<latexit sha1_base64="N4ffahne8O9D/lcfIjwHUNWWJpU="></latexit>

Rstr(n, t) =
1

n!

nY

r=1

(t+ r) ⇠ nt

<latexit sha1_base64="5eN/8kkTXgE7c53UvRYzE6x7Jjk=">AAACKXicbVDLSgMxFM34rPVVdekmWIQpSJkRqV0W3LiSWqwWOrVk0tQJJpkhuSOUob/jxl9xo6CoW3/E9IFo9UDgcM653NwTJoIb8Lx3Z25+YXFpObeSX11b39gsbG1fmjjVlDVpLGLdColhgivWBA6CtRLNiAwFuwpvT0b+1R3ThsfqAgYJ60hyo3ifUwJW6hZqDVcdQAkHhkvc6GaBltiAHrpnriodBEQkEXGhVLqOJpGRfJ1F38awWyh6ZW8M/Jf4U1JEU9S7heegF9NUMgVUEGPavpdAJyMaOBVsmA9SwxJCb8kNa1uqiGSmk40vHeJ9q/RwP9b2KcBj9edERqQxAxnapCQQmVlvJP7ntVPoVzsZV0kKTNHJon4qMMR4VBvucc0oiIElhGpu/4ppRDShYMvN2xL82ZP/ksvDsl8pV86PirXqtI4c2kV7yEU+OkY1dIrqqIkoukeP6AW9Og/Ok/PmfEyic850Zgf9gvP5BZzmpG0=</latexit>

R(n, t) ⇠ Rstr(N(n),↵(t))h ⇠ N(n)h↵(t)

<latexit sha1_base64="50v3HkHh2FVd/Ia8ti8eO+v5JKM="></latexit>

R(n, t) ⇠ f(t)µ0(n)µ(n)↵(t) sin⇡↵(t)
<latexit sha1_base64="KYqs/N5JifraxNihHjFbe9RlxGM=">AAACAHicbVC7SgNBFJ31GeMramFhMxiEpAm7IjFlwMYygnlAdg13J7PJkJnZZWZWCEsaf8XGQhFbP8POv3HyKDTxwIXDOfdy7z1hwpk2rvvtrK1vbG5t53byu3v7B4eFo+OWjlNFaJPEPFadEDTlTNKmYYbTTqIoiJDTdji6mfrtR6o0i+W9GSc0EDCQLGIEjJV6hVNfM4F9kZZk+SHzgSdDKJnypFcouhV3BrxKvAUpogUavcKX349JKqg0hIPWXc9NTJCBMoxwOsn7qaYJkBEMaNdSCYLqIJs9MMEXVunjKFa2pMEz9fdEBkLrsQhtpwAz1MveVPzP66YmqgUZk0lqqCTzRVHKsYnxNA3cZ4oSw8eWAFHM3orJEBQQYzPL2xC85ZdXSeuy4lUr1burYr22iCOHztA5KiEPXaM6ukUN1EQETdAzekVvzpPz4rw7H/PWNWcxc4L+wPn8AbKIldE=</latexit>

⇠ µ(n)↵(t)
<latexit sha1_base64="3SEzIqZVaj0T8y1omdssuCnCIBg=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEuikzIrXLghtxIRXsBTpjyaSZNjTJDElGKEN3bnwVNy4UcesruPNtTKez0NYfAh//OYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9HltN5+IFLRSNzpcUx8jgaChhQjbayefeTxpCxOoacohzeG7oczvs64Z5ecipMJLoKbQwnkavTsL68f4YQToTFDSnVdJ9Z+iqSmmJFJ0UsUiREeoQHpGhSIE+Wn2R0TeGKcPgwjaZ7QMHN/T6SIKzXmgenkSA/VfG1q/lfrJjqs+SkVcaKJwLNFYcKgjuA0FNinkmDNxgYQltT8FeIhkghrE13RhODOn7wIrbOKW61Ub89L9VoeRwEcgmNQBi64AHVwBRqgCTB4BM/gFbxZT9aL9W59zFqXrHzmAPyR9fkDqd2XQQ==</latexit>

µ(n) ⇠ N(n)h ⇠ J(n)h

<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

Cheung, GR, Sciotti, Tarquini [2508.09246]



Minimality

• Comparing our residue,


    to that of the string,  


    we see that                                                                  at large   .


• But our expression from the big arc integral  


    then implies                                     .


• From our mass-spin relation we derived earlier,                          , we find 
the Regge trajectory,                   .


• Since we argued the Regge trajectory must be polynomial, we find          .

<latexit sha1_base64="Hb3r5PdXzVuBsVh7DU/Phh1ZBLc=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBMUMKMSMwlEPDiSaKYBbLR0+kkTXp6hu4aIQz5DS/+ihcPinjUk39jZzlo4oOCx3tVVNXzQsE1OM63lVhZXVvfSG6mtrZ3dvfS+wdVHUSKsgoNRKDqHtFMcMkqwEGweqgY8T3Bat7wauLXHpjSPJD3MApZyyd9yXucEjBSJ+3c2fIMsriIqS2zuBmqoNuJVdEdt+Mbo4yx3SQiHBAbsqcq2x500hkn50yBl4k7Jxk0R7mT/mx2Axr5TAIVROuG64TQiokCTgUbp5qRZiGhQ9JnDUMl8ZluxdPPxvjEKF3cC5QpCXiq/p6Iia/1yPdMp09goBe9ifif14igV2jFXIYRMElni3qRwBDgSUy4yxWjIEaGEKq4uRXTAVGEggkzZUJwF19eJtXznJvP5W8vMqXCPI4kOkLHyEYuukQldI3KqIIoekTP6BW9WU/Wi/VufcxaE9Z85hD9gfX1A7FHnaI=</latexit>

R(n, t) = c(n)

N(n)Y

r=1

(↵(t) + r)h

<latexit sha1_base64="N4ffahne8O9D/lcfIjwHUNWWJpU="></latexit>

Rstr(n, t) =
1

n!

nY

r=1

(t+ r) ⇠ nt

<latexit sha1_base64="5eN/8kkTXgE7c53UvRYzE6x7Jjk=">AAACKXicbVDLSgMxFM34rPVVdekmWIQpSJkRqV0W3LiSWqwWOrVk0tQJJpkhuSOUob/jxl9xo6CoW3/E9IFo9UDgcM653NwTJoIb8Lx3Z25+YXFpObeSX11b39gsbG1fmjjVlDVpLGLdColhgivWBA6CtRLNiAwFuwpvT0b+1R3ThsfqAgYJ60hyo3ifUwJW6hZqDVcdQAkHhkvc6GaBltiAHrpnriodBEQkEXGhVLqOJpGRfJ1F38awWyh6ZW8M/Jf4U1JEU9S7heegF9NUMgVUEGPavpdAJyMaOBVsmA9SwxJCb8kNa1uqiGSmk40vHeJ9q/RwP9b2KcBj9edERqQxAxnapCQQmVlvJP7ntVPoVzsZV0kKTNHJon4qMMR4VBvucc0oiIElhGpu/4ppRDShYMvN2xL82ZP/ksvDsl8pV86PirXqtI4c2kV7yEU+OkY1dIrqqIkoukeP6AW9Og/Ok/PmfEyic850Zgf9gvP5BZzmpG0=</latexit>

R(n, t) ⇠ Rstr(N(n),↵(t))h ⇠ N(n)h↵(t)

<latexit sha1_base64="50v3HkHh2FVd/Ia8ti8eO+v5JKM="></latexit>

R(n, t) ⇠ f(t)µ0(n)µ(n)↵(t) sin⇡↵(t)
<latexit sha1_base64="KYqs/N5JifraxNihHjFbe9RlxGM=">AAACAHicbVC7SgNBFJ31GeMramFhMxiEpAm7IjFlwMYygnlAdg13J7PJkJnZZWZWCEsaf8XGQhFbP8POv3HyKDTxwIXDOfdy7z1hwpk2rvvtrK1vbG5t53byu3v7B4eFo+OWjlNFaJPEPFadEDTlTNKmYYbTTqIoiJDTdji6mfrtR6o0i+W9GSc0EDCQLGIEjJV6hVNfM4F9kZZk+SHzgSdDKJnypFcouhV3BrxKvAUpogUavcKX349JKqg0hIPWXc9NTJCBMoxwOsn7qaYJkBEMaNdSCYLqIJs9MMEXVunjKFa2pMEz9fdEBkLrsQhtpwAz1MveVPzP66YmqgUZk0lqqCTzRVHKsYnxNA3cZ4oSw8eWAFHM3orJEBQQYzPL2xC85ZdXSeuy4lUr1burYr22iCOHztA5KiEPXaM6ukUN1EQETdAzekVvzpPz4rw7H/PWNWcxc4L+wPn8AbKIldE=</latexit>

⇠ µ(n)↵(t)
<latexit sha1_base64="3SEzIqZVaj0T8y1omdssuCnCIBg=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEuikzIrXLghtxIRXsBTpjyaSZNjTJDElGKEN3bnwVNy4UcesruPNtTKez0NYfAh//OYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9HltN5+IFLRSNzpcUx8jgaChhQjbayefeTxpCxOoacohzeG7oczvs64Z5ecipMJLoKbQwnkavTsL68f4YQToTFDSnVdJ9Z+iqSmmJFJ0UsUiREeoQHpGhSIE+Wn2R0TeGKcPgwjaZ7QMHN/T6SIKzXmgenkSA/VfG1q/lfrJjqs+SkVcaKJwLNFYcKgjuA0FNinkmDNxgYQltT8FeIhkghrE13RhODOn7wIrbOKW61Ub89L9VoeRwEcgmNQBi64AHVwBRqgCTB4BM/gFbxZT9aL9W59zFqXrHzmAPyR9fkDqd2XQQ==</latexit>

µ(n) ⇠ N(n)h ⇠ J(n)h

<latexit sha1_base64="c7eNNMViWNVsyLwxG2T728VC6n4=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSO1GKLgRVxXsAzpDyaSZNjTJDElGGIb6K25cKOLWD3Hn35i2s9DWA/dyOOdecnOCmFGlHefbKmxsbm3vFHdLe/sHh0f28UlXRYnEpIMjFsl+gBRhVJCOppqRfiwJ4gEjvWB6M/d7j0QqGokHncbE52gsaEgx0kYa2mUPsXiCqh5PqqJWu74zfWhXnLqzAFwnbk4qIEd7aH95owgnnAiNGVJq4Dqx9jMkNcWMzEpeokiM8BSNycBQgThRfrY4fgbPjTKCYSRNCQ0X6u+NDHGlUh6YSY70RK16c/E/b5DosOlnVMSJJgIvHwoTBnUE50nAEZUEa5YagrCk5laIJ0girE1eJROCu/rlddK9qLuNeuP+stJq5nEUwSk4A1XggivQAregDToAgxQ8g1fwZj1ZL9a79bEcLVj5Thn8gfX5A4d+k2A=</latexit>

↵(µ(n)) = J(n)
<latexit sha1_base64="bk4JUnbENC54ue/4LEslDPnCA3g=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYmIrXLghuXFewDmlgm00kzdPJg5kYosQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4vEVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iGKCR6wFHATrJpKR0BOs442up37ngUnF4+gOxglzQzKMuM8pAS31zSOHiCQgFTjDjuIhhvvMPg8mfbNsVa0Z8DKxc1JGOZp988sZxDQNWQRUEKV6tpWAmxEJnAo2KTmpYgmhIzJkPU0jEjLlZrP7J/hUKwPsx1JXBHim/p7ISKjUOPR0Z0ggUIveVPzP66Xg192MR0kKLKLzRX4qMMR4GgYecMkoiLEmhEqub8U0IJJQ0JGVdAj24svLpH1RtWvV2u1luVHP4yiiY3SCKshGV6iBblATtRBFj+gZvaI348l4Md6Nj3lrwchnDtEfGJ8/jqeVJg==</latexit>

↵(t) ⇠ t1/h

<latexit sha1_base64="NliZuaEnmh56pkQMp3DXn+cky2E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHitYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxjczv/3EtRGxesBJwv2IDpUIBaNopfvRtdcvV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEoeL6perVq7u6w06nkcRTiBUzgHD66gAbfQhBYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBwCeNbw==</latexit>

h = 1

<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

Cheung, GR, Sciotti, Tarquini [2508.09246]



• We have thus arrived at the fundamental result:


• Further, we can fix         as a function of    via subtracted dispersion relations, 
finding                .


Linear spectrum and Regge trajectory

<latexit sha1_base64="NIKzbigJZkVG/N7OrXAN4DKibqo=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAIdVNmRGqXBTfiqoK9QKeUTJppQ5PMkGQKZeibuHGhiFvfxJ1vY9rOQlt/CHz85xzOyR8mnGnjed/OxubW9s5uYa+4f3B4dOyenLZ0nCpCmyTmseqEWFPOJG0aZjjtJIpiEXLaDsd383p7QpVmsXwy04T2BB5KFjGCjbX6rhuItCyvUKCZQA+W+m7Jq3gLoXXwcyhBrkbf/QoGMUkFlYZwrHXX9xLTy7AyjHA6KwappgkmYzykXYsSC6p72eLyGbq0zgBFsbJPGrRwf09kWGg9FaHtFNiM9Gptbv5X66YmqvUyJpPUUEmWi6KUIxOjeQxowBQlhk8tYKKYvRWREVaYGBtW0Ybgr355HVrXFb9aqT7elOq1PI4CnMMFlMGHW6jDPTSgCQQm8Ayv8OZkzovz7nwsWzecfOYM/sj5/AFvBJI3</latexit>

µ(n) ⇠ J(n)
<latexit sha1_base64="g2hX4obsUMD2zyeK2ue2sWgJS0E=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahXsquSO2x4MVjBfsB3aVk07QNTbJLMlsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWCG/C8b6ewtb2zu1fcLx0cHh2fuKdnbROnmrIWjUWsuxExTHDFWsBBsG6iGZGRYJ1ocr/wO1OmDY/VE8wSFkoyUnzIKQEr9V03ICIZkwpc48BwiaHvlr2qtwTeJH5OyihHs+9+BYOYppIpoIIY0/O9BMKMaOBUsHkpSA1LCJ2QEetZqohkJsyWl8/xlVUGeBhrWwrwUv09kRFpzExGtlMSGJt1byH+5/VSGNbDjKskBaboatEwFRhivIgBD7hmFMTMEkI1t7diOiaaULBhlWwI/vrLm6R9U/Vr1drjbblRz+Moogt0iSrIR3eogR5QE7UQRVP0jF7Rm5M5L86787FqLTj5zDn6A+fzB1P0ksw=</latexit>

↵(t) ⇠ t

<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n
<latexit sha1_base64="CuXAuTp6PdmEJpMaiPEc4b/r8Aw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4EU8VbAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqvysthueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExM2/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNq9fqD9eVZiOPowhncA5V8OAGmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fMvmNrA==</latexit>

J(n)

and

<latexit sha1_base64="szcS88J4XiAugRZKukRppWpt6Zc=">AAAB/XicbVDLSgNBEOz1GeMrPm5eBoMQL2FXJOYY8CKeIpgHZJcwO5lNhszMLjOzQgzBX/HiQRGv/oc3/8ZJsgdNLGgoqrrp7goTzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDZ1nCpCGyTmsWqHWFPOJG0YZjhtJ4piEXLaCofXU7/1QJVmsbw3o4QGAvclixjBxkrdwrHPhN1DNbotyXPkayaQlYtu2Z0BLRMvI0XIUO8WvvxeTFJBpSEca93x3MQEY6wMI5xO8n6qaYLJEPdpx1KJBdXBeHb9BJ1ZpYeiWNmSBs3U3xNjLLQeidB2CmwGetGbiv95ndRE1WDMZJIaKsl8UZRyZGI0jQL1mKLE8JElmChmb0VkgBUmxgaWtyF4iy8vk+ZF2auUK3eXxVo1iyMHJ3AKJfDgCmpwA3VoAIFHeIZXeHOenBfn3fmYt6442cwR/IHz+QP3vJQ/</latexit>

=) J(n) ⇠ n

Cheung, GR, Sciotti, Tarquini [2508.09246]



• We have thus arrived at the fundamental result:


• We have derived—from very sparse assumptions—the precise spectrum of 
the Chew-Frautschi plot that was the historical reason for the development of 
string theory:


Linear spectrum and Regge trajectory

<latexit sha1_base64="g2hX4obsUMD2zyeK2ue2sWgJS0E=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRahXsquSO2x4MVjBfsB3aVk07QNTbJLMlsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZFyWCG/C8b6ewtb2zu1fcLx0cHh2fuKdnbROnmrIWjUWsuxExTHDFWsBBsG6iGZGRYJ1ocr/wO1OmDY/VE8wSFkoyUnzIKQEr9V03ICIZkwpc48BwiaHvlr2qtwTeJH5OyihHs+9+BYOYppIpoIIY0/O9BMKMaOBUsHkpSA1LCJ2QEetZqohkJsyWl8/xlVUGeBhrWwrwUv09kRFpzExGtlMSGJt1byH+5/VSGNbDjKskBaboatEwFRhivIgBD7hmFMTMEkI1t7diOiaaULBhlWwI/vrLm6R9U/Vr1drjbblRz+Moogt0iSrIR3eogR5QE7UQRVP0jF7Rm5M5L86787FqLTj5zDn6A+fzB1P0ksw=</latexit>

↵(t) ⇠ tand
<latexit sha1_base64="wT/XGIptSQFKSbYdMegvk4n8HBo=">AAAB/3icbZDLSgMxFIbPeK31VhXcuAkWoW7KjEjtsuBGXFWwF+iUkknTNjTJDElGKGMXvoobF4q49TXc+Tam01lo64HAx/+fwzn5g4gzbVz321lZXVvf2Mxt5bd3dvf2CweHTR3GitAGCXmo2gHWlDNJG4YZTtuRolgEnLaC8fXMbz1QpVko780kol2Bh5INGMHGSr3CsS/ikjz3NRPo1gJKyRpFt+ymhZbBy6AIWdV7hS+/H5JYUGkIx1p3PDcy3QQrwwin07wfaxphMsZD2rEosaC6m6T3T9GZVfpoECr7pEGp+nsiwULriQhsp8BmpBe9mfif14nNoNpNmIxiQyWZLxrEHJkQzcJAfaYoMXxiARPF7K2IjLDCxNjI8jYEb/HLy9C8KHuVcuXuslirZnHk4AROoQQeXEENbqAODSDwCM/wCm/Ok/PivDsf89YVJ5s5gj/lfP4AyG2Upg==</latexit>

µ(n) ⇠ J(n) ⇠ n

Cheung, GR, Sciotti, Tarquini [2508.09246]



• Using just our two assumptions, we have arrived at a very constrained 
structure for the amplitude:


From residues to strings

<latexit sha1_base64="VDvBYXWqlgvKbYaFp/LtNgsd05Q="></latexit>

A(s, t) =
1X

n=0

c(n)
Qn

r=1(t+ r)

n� s

Cheung, GR, Sciotti, Tarquini [2508.09246]



• Using just our two assumptions, we have arrived at a very constrained 
structure for the amplitude:


• Level truncation: At special values of  , the amplitude becomes a rational 
function of   . 


From residues to strings

<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t
<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="YBN19KYRwBwMQowxsYVBnRLpyRQ="></latexit>

A(s,�k) =
k�1X

n=0

c(n)
Qn

r=1(r � k)

n� s

<latexit sha1_base64="VDvBYXWqlgvKbYaFp/LtNgsd05Q="></latexit>

A(s, t) =
1X

n=0

c(n)
Qn

r=1(t+ r)

n� s

Cheung, GR, Sciotti, Tarquini [2508.09246]



• Using just our two assumptions, we have arrived at a very constrained 
structure for the amplitude:


• Level truncation: At special values of  , the amplitude becomes a rational 
function of   . 


• In                                       , we showed that level truncation and 
superpolynomial softness uniquely fix the string amplitude. Let’s see how this 
works.


From residues to strings

Cheung, Hillman, GR [2406.02665]

<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t
<latexit sha1_base64="Hf6eCDtGaBHGmXFhhpq51hKx86k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU1INS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A3zWM+A==</latexit>s

<latexit sha1_base64="YBN19KYRwBwMQowxsYVBnRLpyRQ="></latexit>

A(s,�k) =
k�1X

n=0

c(n)
Qn

r=1(r � k)

n� s

<latexit sha1_base64="VDvBYXWqlgvKbYaFp/LtNgsd05Q="></latexit>

A(s, t) =
1X

n=0

c(n)
Qn

r=1(t+ r)

n� s

Cheung, GR, Sciotti, Tarquini [2508.09246]



Crossing symmetry:


From residues to strings

<latexit sha1_base64="oE9GmFzOdoM2c3QjfzveBW/nHOE=">AAAB+HicbVBNS8NAEN34WetHox69LBahhVISkdqL0OLFYwX7AW0om+22XbrZhN2JUEN/iRcPinj1p3jz37htc9DWBwOP92aYmedHgmtwnG9rY3Nre2c3s5fdPzg8ytnHJy0dxoqyJg1FqDo+0UxwyZrAQbBOpBgJfMHa/uR27rcfmdI8lA8wjZgXkJHkQ04JGKlv5+oFXYIivsH1ApR0sW/nnbKzAF4nbkryKEWjb3/1BiGNAyaBCqJ113Ui8BKigFPBZtlerFlE6ISMWNdQSQKmvWRx+AxfGGWAh6EyJQEv1N8TCQm0nga+6QwIjPWqNxf/87oxDKtewmUUA5N0uWgYCwwhnqeAB1wxCmJqCKGKm1sxHRNFKJissiYEd/XlddK6LLuVcuX+Kl+rpnFk0Bk6RwXkomtUQ3eogZqIohg9o1f0Zj1ZL9a79bFs3bDSmVP0B9bnD4IukQk=</latexit>

A(s, t) = A(t, s) <latexit sha1_base64="8RO26jlZi42IdQqfWUhfPwbxC1Y=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqXHbL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZVv2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUq2axZGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH41djMI=</latexit>=

<latexit sha1_base64="vzmLEsH86BZbC7IwOjiLwZfzVKg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaZIrUboeLGZQX7gHYYMmmmDc1khiQjlKELN/6KGxeKuPUj3Pk3ZqZdaOuBhHPPuZfkHi9iVCrL+jZya+sbm1v57cLO7t7+gXl41JFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7lJ/e4DEZKG/F5NI+IEaMSpTzFSWnLN4nX5fOLaZ/qqVeAVzMpaWtoV1yxZVSsDXCX2gpTAAi3X/BoMQxwHhCvMkJR924qUkyChKGZkVhjEkkQIT9CI9DXlKCDSSbIlZvBUK0Poh0IfrmCm/p5IUCDlNPB0Z4DUWC57qfif14+V33ASyqNYEY7nD/kxgyqEaSJwSAXBik01QVhQ/VeIx0ggrHRuBR2CvbzyKunUqna9Wr+7KDUbizjyoAhOQBnY4BI0wS1ogTbA4BE8g1fwZjwZL8a78TFvzRmLmWPwB8bnD8VRlFU=</latexit>

A(�k1,�k2) = A(�k2,�k1)
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="7pXqlX45Um/LQFYMyO337ZFsdQQ="></latexit>

k2�1X

n=0

c(n)
Qn

r=1(r � k2)

n+ k1
=

k1�1X

n=0

c(n)
Qn

r=1(r � k1)

n+ k2

Cheung, GR, Sciotti, Tarquini [2508.09246]



Crossing symmetry:


                    overconstrained algebraic system for the       , with the unique 

                    solution


From residues to strings

<latexit sha1_base64="oE9GmFzOdoM2c3QjfzveBW/nHOE=">AAAB+HicbVBNS8NAEN34WetHox69LBahhVISkdqL0OLFYwX7AW0om+22XbrZhN2JUEN/iRcPinj1p3jz37htc9DWBwOP92aYmedHgmtwnG9rY3Nre2c3s5fdPzg8ytnHJy0dxoqyJg1FqDo+0UxwyZrAQbBOpBgJfMHa/uR27rcfmdI8lA8wjZgXkJHkQ04JGKlv5+oFXYIivsH1ApR0sW/nnbKzAF4nbkryKEWjb3/1BiGNAyaBCqJ113Ui8BKigFPBZtlerFlE6ISMWNdQSQKmvWRx+AxfGGWAh6EyJQEv1N8TCQm0nga+6QwIjPWqNxf/87oxDKtewmUUA5N0uWgYCwwhnqeAB1wxCmJqCKGKm1sxHRNFKJissiYEd/XlddK6LLuVcuX+Kl+rpnFk0Bk6RwXkomtUQ3eogZqIohg9o1f0Zj1ZL9a79bFs3bDSmVP0B9bnD4IukQk=</latexit>

A(s, t) = A(t, s) <latexit sha1_base64="8RO26jlZi42IdQqfWUhfPwbxC1Y=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqXHbL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZVv2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUq2axZGHMziHS/DgBmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH41djMI=</latexit>=

<latexit sha1_base64="vzmLEsH86BZbC7IwOjiLwZfzVKg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaZIrUboeLGZQX7gHYYMmmmDc1khiQjlKELN/6KGxeKuPUj3Pk3ZqZdaOuBhHPPuZfkHi9iVCrL+jZya+sbm1v57cLO7t7+gXl41JFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7lJ/e4DEZKG/F5NI+IEaMSpTzFSWnLN4nX5fOLaZ/qqVeAVzMpaWtoV1yxZVSsDXCX2gpTAAi3X/BoMQxwHhCvMkJR924qUkyChKGZkVhjEkkQIT9CI9DXlKCDSSbIlZvBUK0Poh0IfrmCm/p5IUCDlNPB0Z4DUWC57qfif14+V33ASyqNYEY7nD/kxgyqEaSJwSAXBik01QVhQ/VeIx0ggrHRuBR2CvbzyKunUqna9Wr+7KDUbizjyoAhOQBnY4BI0wS1ogTbA4BE8g1fwZjwZL8a78TFvzRmLmWPwB8bnD8VRlFU=</latexit>

A(�k1,�k2) = A(�k2,�k1)

<latexit sha1_base64="weQWCCqnjwp6LGL+DmkdbLl3vq4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulNpjwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305ha3tnd6+4Xzo4PDo+KZ+edXWUKEI7JOKR6gdYU84k7RhmOO3HimIRcNoLZneZ33uiSrNIPpp5TH2BJ5KFjGCTSaQqr0fliltzl0CbxMtJBXK0R+Wv4TgiiaDSEI61HnhubPwUK8MIp4vSMNE0xmSGJ3RgqcSCaj9d3rpAV1YZozBStqRBS/X3RIqF1nMR2E6BzVSve5n4nzdITNj0UybjxFBJVovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8mG4K2/vEm6NzWvUWs81CutZh5HES7gEqrgwS204B7a0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz9ZKI3F</latexit>

c(n)

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=)

<latexit sha1_base64="7pXqlX45Um/LQFYMyO337ZFsdQQ="></latexit>

k2�1X

n=0

c(n)
Qn

r=1(r � k2)

n+ k1
=

k1�1X

n=0

c(n)
Qn

r=1(r � k1)

n+ k2

<latexit sha1_base64="B1c6bSXmoajcSRwXyEbH/nSA1kg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69RItQL3VXpPYiFLx4rGA/YLuUbJptQ7PJkswKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XZya+sbm1v57cLO7t7+QfHwqGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo7uZ335i2nAlH2GcsCAmA8kjTglYyadleYFvsXcpT3vFkltx58CrxMtICWVo9Ipf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57ic6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIaoFEy6TFJiki0VRKjAoPPsf97lmFMTYEkI1t7diOiSaULApFWwI3vLLq6R1VfGqlerDdaley+LIoxN0hsrIQzeoju5RAzURRQo9o1f05oDz4rw7H4vWnJPNHKM/cD5/AI9Tj3c=</latexit>

c(n) = 1/n!

Cheung, GR, Sciotti, Tarquini [2508.09246]



Uniqueness of strings

Thus, our simple assumptions of i) ultrasoftness and ii) minimal zeros  
uniquely give us a single tree-level amplitude for four-point planar scattering:


This is precisely the Veneziano amplitude of open string theory.


<latexit sha1_base64="dR004wXYsftL0qyVBvkxiC5EZNc="></latexit>

A(s, t) =
1X

n=0

1
n!

Qn
r=1(t+ r)

n� s

=
�(�s)�(�t)

�(�s� t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Uniqueness of strings

Thus, our simple assumptions of i) ultrasoftness and ii) minimal zeros  
uniquely give us a single tree-level amplitude for four-point planar scattering:


This is precisely the Veneziano amplitude of open string theory.


<latexit sha1_base64="dR004wXYsftL0qyVBvkxiC5EZNc="></latexit>

A(s, t) =
1X

n=0

1
n!

Qn
r=1(t+ r)

n� s

=
�(�s)�(�t)

�(�s� t)

Cheung, GR, Sciotti, Tarquini [2508.09246]



• We can similarly bootstrap string amplitudes beyond the planar limit, e.g., 
gravitational amplitudes.


• Consider the four-point amplitude for massless identical scalars. 

    Fully Bose symmetric in         . Poles at                     ,                      .


• Again take the mass, spin, and Regge trajectory as arbitrary. Assume only 
ultrasoftness and minimality as before.


• Implementing an analogous argument—involving the big arc integral, level 
truncation, etc.—yields…


What about non-planar scattering?

<latexit sha1_base64="JGNnvPQtHF14h64UwpLOtrCPqWo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KCURqT0WvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3329nY3Nre2S3sFfcPDo+OSyenLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv77SeujUjUI05SHsR0qEQkGEUr+aaClaxfKrtVdwGyTryclCFHs1/66g0SlsVcIZPUmK7nphhMqUbBJJ8Ve5nhKWVjOuRdSxWNuQmmi2Nn5NIqAxIl2pZCslB/T0xpbMwkDm1nTHFkVr25+J/XzTCqB1Oh0gy5YstFUSYJJmT+ORkIzRnKiSWUaWFvJWxENWVo8ynaELzVl9dJ67rq1aq1h5tyo57HUYBzuIAr8OAWGnAPTfCBgYBneIU3RzkvzrvzsWzdcPKZM/gD5/MHXOaOYQ==</latexit>

s, t, u
<latexit sha1_base64="G9USeB3mvrXi7NvMyoLz8aWra34=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQoZRdkdqLUPDisYL9gHYt2TRtQ7PZJZkoZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84JYcA2u++1k1tY3Nrey27md3b39g/zhUVNHRlHWoJGIVDsgmgkuWQM4CNaOFSNhIFgrGN/M/NYjU5pH8h4mMfNDMpR8wCkBKz3oEpQMvsbd0BTleS9fcMvuHHiVeCkpoBT1Xv6r24+oCZkEKojWHc+NwU+IAk4Fm+a6RrOY0DEZso6lkoRM+8n86ik+s0ofDyJlSwKeq78nEhJqPQkD2xkSGOllbyb+53UMDKp+wmVsgEm6WDQwAkOEZxHgPleMgphYQqji9lZMR0QRCjaonA3BW355lTQvyl6lXLm7LNSqaRxZdIJOURF56ArV0C2qowaiSKFn9IrenCfnxXl3PhatGSedOUZ/4Hz+AIMJkTU=</latexit>

s, t, u = µ(n)
<latexit sha1_base64="qJWsytr/Y2GIBM8r3rGgLXviGBc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgBMKuSMxFCHjxGME8IFnC7GQ2GTI7u8z0CiHkI7x4UMSr3+PNv3GS7EETCxqKqm66u4JECoOu++3kNja3tnfyu4W9/YPDo+LxScvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6b++0nro2I1SNOEu5HdKhEKBhFK7VNGcvprdsvltyKuwBZJ15GSpCh0S9+9QYxSyOukElqTNdzE/SnVKNgks8KvdTwhLIxHfKupYpG3PjTxbkzcmGVAQljbUshWai/J6Y0MmYSBbYzojgyq95c/M/rphjW/KlQSYpcseWiMJUEYzL/nQyE5gzlxBLKtLC3EjaimjK0CRVsCN7qy+ukdVXxqpXqw3WpXsviyMMZnMMleHADdbiHBjSBwRie4RXenMR5cd6dj2VrzslmTuEPnM8fTJiO4A==</latexit>

s+ t+ u = 0

Cheung, GR, Sciotti, Tarquini [2508.09246]



Uniqueness of strings

…uniquely the following tree-level amplitude for four-point scattering:


This is precisely the Virasoro-Shapiro amplitude of closed string theory:        
the ultraviolet completion of gravitational scattering amplitudes.

<latexit sha1_base64="mZMqxcPrn3aF/M7t1ipy/ACcbSM="></latexit>

A(s, t) =
1X

n=0

✓
1

n� s
+

1

n� u

◆
1

(n!)2

n�1Y

r=1

(t+ r)2

= � �(�s)�(�t)�(�u)

�(1 + s)�(1 + t)�(1 + u)

Cheung, GR, Sciotti, Tarquini [2508.09246]



Uniqueness at Five Point



A analogous analysis uniquely establishes the five-point open-string 
amplitude. 


Crucial ingredients: 

• Knowledge of the five-point string amplitude itself, evaluable everywhere in 

kinematic space. We first found this in                                                 .         


Uniqueness at five point

Arkani-Hamed, Figueiredo, GR [2412.20639]
<latexit sha1_base64="/VhrGjj6Avkci0Zs8ulpPlBzATA="></latexit>

A12345 =

�(�s12)�(�s23)�(�s34)�(�s45)�(�s51)�(�s23 � s34 � s45)

�(�s12 � s23)�(�s23 � s34)�(�s34 � s45)�(�s45 � s51)
⇥

⇥6F5


�s23, �s45, �s34 � s45 + s12, �s23 � s34 + s51, �s23 � s34 � s45 � 1, �s23�s34�s45+1

2
�s12 � s23, �s23 � s34, �s34 � s45, �s45 � s51,

�s23�s34�s45�1
2

;�1

�



A analogous analysis uniquely establishes the five-point open-string 
amplitude. 


Crucial ingredients: 

• Knowledge of the five-point string amplitude itself 

• Five-point Regge limits


Arkani-Hamed, Figueiredo, GR [2412.20639]

Arkani-Hamed, Figueiredo, GR [2412.20639]

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2

<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3 <latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="oE7d0M89xDV0tTh4LwLnIF7mogc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNIkcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxk2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIE9jLo=</latexit>

5

<latexit sha1_base64="3yZbBUCmqTJqXLgr25Vce6HOyzE=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQEctMkdqNUHDjsoJ9QDsOmTTThmYyIcmIZeivuHGhiFt/xJ1/Y9rOQlsPXDiccy/33hMIRpV2nG8rt7a+sbmV3y7s7O7tH9iHxbaKE4lJC8cslt0AKcIoJy1NNSNdIQmKAkY6wfhm5nceiVQ05vd6IogXoSGnIcVIG8m3i8p34TW8KAvfPRd+9eyh6tslp+LMAVeJm5ESyND07a/+IMZJRLjGDCnVcx2hvRRJTTEj00I/UUQgPEZD0jOUo4goL53fPoWnRhnAMJamuIZz9fdEiiKlJlFgOiOkR2rZm4n/eb1Eh3UvpVwkmnC8WBQmDOoYzoKAAyoJ1mxiCMKSmlshHiGJsDZxFUwI7vLLq6Rdrbi1Su3ustSoZ3HkwTE4AWXggivQALegCVoAgyfwDF7BmzW1Xqx362PRmrOymSPwB9bnD3Aqkho=</latexit>

s1 = �(p1 + p2)
2

<latexit sha1_base64="RSV34c4mSSU73Yjl3asdRP35As4=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQEctMqbUboeDGZQX7gHYcMmmmDc1kQpJRSu2nuHGhiFu/xJ1/Y9rOQqsHLhzOuZd77wkEo0o7zpeVWVldW9/Ibua2tnd29+z8fkvFicSkiWMWy06AFGGUk6ammpGOkARFASPtYHQ189v3RCoa81s9FsSL0IDTkGKkjeTbeeWXL+FZUfiVU+Gfn9yVfbvglJw54F/ipqQAUjR8+7PXj3ESEa4xQ0p1XUdob4KkppiRaa6XKCIQHqEB6RrKUUSUN5mfPoXHRunDMJamuIZz9efEBEVKjaPAdEZID9WyNxP/87qJDmvehHKRaMLxYlGYMKhjOMsB9qkkWLOxIQhLam6FeIgkwtqklTMhuMsv/yWtcsmtlqo3lUK9lsaRBYfgCBSBCy5AHVyDBmgCDB7AE3gBr9aj9Wy9We+L1oyVzhyAX7A+vgEijJH3</latexit>

s2 = �(p4 + p5)
2

<latexit sha1_base64="h7D8xRosCCmDxbnjQYbDQfde4MA="></latexit>

t23 = �(p2 + p3)
2

t34 = �(p3 + p4)
2

t51 = �(p5 + p1)
2

<latexit sha1_base64="uwCGLiXBiS6+JIhNRemlGQ2amt0="></latexit>

Astr,5
s1,2!1⇠ f(a1, a2, a12)(�s1)

a1(�s2)
a2(�s1 � s2)

a12

<latexit sha1_base64="YkfcGM6Y3OxUs0B5VKbWt1Iecyo="></latexit>

a1 = t51 � t34

a2 = t51 � t23

a12 = t23 + t34 � t51

Uniqueness at five point



A analogous analysis uniquely establishes the five-point open-string 
amplitude. 


Crucial ingredients: 

• Knowledge of the five-point string amplitude itself 

• Five-point Regge limits

• Using these Regge limits to deduce the locations of the five-point Regge 

zeros, we find that again these zeros uniquely fix the form of an arbitrary 
residue ansatz:

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2

<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3 <latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="oE7d0M89xDV0tTh4LwLnIF7mogc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNIkcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxk2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIE9jLo=</latexit>

5

<latexit sha1_base64="6AwCQT5l4bF8EosxDNGiEXsqUlU=">AAAB+3icbZDLSgMxFIbP1Futt7Eu3QSL4KrMFKndCAU34qqCvUA7lkyatqFJZkgy0lL6Km5cKOLWF3Hn25i2s9DWHwIf/zmHc/KHMWfaeN63k9nY3Nreye7m9vYPDo/c43xDR4kitE4iHqlWiDXlTNK6YYbTVqwoFiGnzXB0M683n6jSLJIPZhLTQOCBZH1GsLFW182LxxK6Rh2Bx+jOguz6XbfgFb2F0Dr4KRQgVa3rfnV6EUkElYZwrHXb92ITTLEyjHA6y3USTWNMRnhA2xYlFlQH08XtM3RunR7qR8o+adDC/T0xxULriQhtp8BmqFdrc/O/Wjsx/UowZTJODJVkuaifcGQiNA8C9ZiixPCJBUwUs7ciMsQKE2PjytkQ/NUvr0OjVPTLxfL9ZaFaSePIwimcwQX4cAVVuIUa1IHAGJ7hFd6cmfPivDsfy9aMk86cwB85nz/e15Jh</latexit>

m2 = max J = n1
<latexit sha1_base64="tRvfjUelek7ZWhFExxt/q9PjZR4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR2mPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0IAfVQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14tUqtfvrcqOex1GAc7iAK/DgBhpwB01oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifP/55jZg=</latexit>n2

<latexit sha1_base64="H3YprIIBw5yKYJ25wDcCZI856XA="></latexit>

R(n1, n2, t23, t34, t51)

=
n1X

i=0

n2X

j=0

min(n1�i,n2�j)X

k=0

�i,j,k(n1, n2)t
i
23t

j
34t

k
51

<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=→
<latexit sha1_base64="HuM8NuAVMe64EMevoVf1UG2rZJg="></latexit>

A5 =
1X

n1=0

1X

n2=0

c(n1, n2)

(n1 � s1)(n2 � s2)

(1 + t23)n1(1 + t34)n2

n1!n2!
3F2


�n1,�n2, t51 � t23 � t34
�n1 � t23,�n2 � t34

; 1

�

Arkani-Hamed, Figueiredo, GR [2412.20639]

Arkani-Hamed, Figueiredo, GR [2412.20639]

Cheung, GR, Sciotti, Tarquini [2508.09246]

Uniqueness at five point



A analogous analysis uniquely establishes the five-point open-string 
amplitude. 


Crucial ingredients: 

• Knowledge of the five-point string amplitude itself 

• Five-point Regge limits

• Five-point Regge zeros        unique residues

• Five-point level truncation at special kinematics

Arkani-Hamed, Figueiredo, GR [2412.20639]

Arkani-Hamed, Figueiredo, GR [2412.20639]
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=→
<latexit sha1_base64="CAnTwV074uHXBNDb2fOUOaJtrTU="></latexit>

A5(s1, s2,�k1,�k2,�k3) =
X

n1,n22D

c(n1, n2)Rstr,5(n1, n2,�k1,�k2,�k3)

(n1 � s1)(n2 � s2)

<latexit sha1_base64="UNXnjMKqeUX2cE0dlChh6nsnb3M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5IUqR4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlB9mv9ktlt+LOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmlVK16tUru/Ktcv8zgKcApncAEeXEMd7qABTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8wf6Q42K</latexit>n2

<latexit sha1_base64="OOnmpq3rm3nuW9ONIuywdxN9HYI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREpHosePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7Lv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVr1atXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf4v42J</latexit>n1

<latexit sha1_base64="2QJxsIc39rJxgfVp/Wq5UBbKJ8k=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIVUpJilaPBT14rGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz87yIM6Vt+9vKrK1vbG5lt3M7u3v7+cLBYUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vhm5refqFQsFA96ElE3wEPBfEawNtLjbcmxy7Vy9fKsXyjaFXsOtEqclBQhRaNf+OoNQhIHVGjCsVJdx460m2CpGeF0muvFikaYjPGQdg0VOKDKTeYXT9GpUQbID6UpodFc/T2R4ECpSeCZzgDrkVr2ZuJ/XjfW/rWbMBHFmgqyWOTHHOkQzd5HAyYp0XxiCCaSmVsRGWGJiTYh5UwIzvLLq6RVrTi1Su3+olg/T+PIwjGcQAkcuII63EEDmkBAwDO8wpulrBfr3fpYtGasdOYI/sD6/AFqU468</latexit>

<latexit sha1_base64="CAnTwV074uHXBNDb2fOUOaJtrTU="></latexit>

A5(s1, s2,�k1,�k2,�k3) =
X

n1,n22D

c(n1, n2)Rstr,5(n1, n2,�k1,�k2,�k3)

(n1 � s1)(n2 � s2)

Cheung, GR, Sciotti, Tarquini [2508.09246]

Uniqueness at five point



A analogous analysis uniquely establishes the five-point open-string 
amplitude. 


Crucial ingredients: 

• Knowledge of the five-point string amplitude itself 

• Five-point Regge limits

• Five-point Regge zeros        unique residues

• Five-point level truncation at special kinematics        couplings fixed by 

cyclic invariance

Arkani-Hamed, Figueiredo, GR [2412.20639]

Arkani-Hamed, Figueiredo, GR [2412.20639]
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=→
<latexit sha1_base64="NWrmsUHCeZUoE8qIGuJafTO+2pA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt8+l3YJ6UK64VXcBsk68nFQgR3NQ/uoPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz9KIStR+trh3Ri6sMiRhrGxFhizU3xMZlVpPZWA7JTVjverNxf+8XmrCup/xKEkNRmy5KEwFMTGZP0+GXCEzYmoJZYrbWwkbU0WZsRGVbAje6svrpH1V9WrV2v11pVHP4yjCGZzDJXhwAw24gya0gIGAZ3iFN+fReXHenY9la8HJZ07hD5zPH0K7kBo=</latexit>

=→

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2

<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3 <latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="oE7d0M89xDV0tTh4LwLnIF7mogc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNIkcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxk2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIE9jLo=</latexit>

5

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2 <latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3

<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>
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Uniqueness at five point



Positing the same Regge scaling as the string, we find that our bootstrap 
uniquely gives us the amplitude for five-point planar scattering:


which is precisely the five-point open string amplitude.
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Discussion



• Scattering amplitudes and bootstrap tools provide extremely powerful means 
of constraining and understanding the underpinnings of physics, including 
the possibilities for quantum gravity.


• In this work, we found how to uniquely pick out string theory by imposing 
conditions on the S-matrix and applying analytic dispersion relations.


Quantum gravity and dispersion relations



• Given the existence of states charged 
under a symmetry    , there must exist 
single particles below the Planck scale 
occupying every single irrep    of    .


• These states must have interaction 
strengths that are democratically 
assigned, independent of   .
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Quantum gravity and dispersion relations

• Scattering amplitudes and bootstrap tools provide extremely powerful means 
of constraining and understanding the underpinnings of physics, including 
the possibilities for quantum gravity.


• In this work, we found how to uniquely pick out string theory by imposing 
conditions on the S-matrix and applying analytic dispersion relations.


• In another exciting application of dispersion relations, we recently 
demonstrated a version of the completeness hypothesis and representation 
democracy in quantum gravity:
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Conclusions

• In this talk, we have identified a set of two simple conditions—ultrasoftness 
and minimality—which allowed us to analytically bootstrap the amplitudes for 
string theory and prove that they are unique, without assuming a spectrum.


• We were able to accomplish this uniqueness bootstrap for both open and 
closed strings, and (in the open case) at both four-point and five-point.


• Open questions include all-multiplicity scattering, higher loop topologies, and 
whether nonperturbative features of the string can also be bootstrapped.
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Conclusions

Investigations of this type allow us to understand and 
constrain the space of possibilities for quantum gravity. 
Evidence is strongly pointing to the inevitability of strings.
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