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Ye,He,Gu'24; Peng,Shao, Tokareva,Xu'25 1

long-range
forces, D=4

Possible that bounds are 0(1) modified for g, .Gy #0 ?
UV/IR



UV = IR Relations and IR effects

Massless particles (Goldstones,Gravitons, Photons,...): enhanced IR

)Q( ”

g | S X

1
f oo
fovers o

Possible that bounds are 0(1) modified for g.,a,Gn #0 ?
UV/IR

—

Or are there modified dispersion relations for which NLO
effects are truly small?



Nega&viij

Not all tree-level bounds are affected in the same way...
mr? — 7970

A5 = 00+ G2(s + 12 +uP) = gastu 4 ga (s + 2 +u?)? 4+ -

0< Ay = g0
0< Ay = g4

0< As =Y



Negaﬁvi%j

Not all tree-level bounds are affected in the same way...

o — 707"
A5 = 00+ G2(s + 12 +uP) = gastu 4 ga (s + 2 +u?)? 4+ -

0< Ay = g9
0< Ay = g4
0< As =Y

Each coupling individually bounded, independently of obthers!



Nega&v&j

Not all tree-level bounds are affected in the same way...
mr? — 7970

Ay o = + 92(s?2 + 2 +u?)— gastu+ gi (82 + 2 +u?)? +--

m — %82(82 — t—u) log(—s) + (s < t,u) -+ .-

21

0 < A2:92
0< Ay =g
0 < Ag =



Nega&viij

Not all tree-level bounds are affected in the same way...

7TO7TO — 7TO7TO

Ay o = + 92(s? + 12+ u?)— gastu+ gi (2 + 2 +u2)? 4 ...

m — %32(32 _ %) log(—s) + (s < t,u) -+ .-

In ampti&ude: Like running ga(s). In ciaspersi,om relation: more...

OS AQZQQ 62432+...
0 < A4:g4(8) N
0< As = ’ g6 +
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Negaﬁvi%j

Not all tree-level bounds are affected in the same way...

7TO7TO — 7TO7TO

Ay o = + 92(s? + 12+ u?)— gastu+ gi (2 + 2 +u2)? 4 ...

m — %32(52 _ ;—’Ii) log(—s) + (s < t,u) -+ .-

In ampti&uda: Like running ga(s). In ciaspersi,on relation: more...

o o B
0< Ag = g4(s) 4.,
_ P
0< Ao= oh s o

Negativity for irrelevant interactions
( are indistinguishable)



long-range Interactions

Esclusive Amgu&udes: Uni&arj and Anatj&c buk...

Ao o X
ATT€€
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long-range Interactions

Esclusive Amgu&udes: Uni&arj and Anatj&c buk...

Agyo X+%E15M to = We (AyN5 + sub) =0
ATT€€ ~

252 O O O
v, h



long-range Interactions

Esclusive Amgu&ud@.s: Uni&arv and Anatj&c buk...

Agyo X+%E15M to = We (AyN5 + sub) =0
AT?“ee ~
O V,h/ 0.9 O

2—2

Inclusive Cross—sections: IR finite, but no analyticity

J(AE<5):§:\A|2 X X er

AFE < €&

ORK



SErLW?@.d Ampt&udesz IR Finike

Inclusive Esclusive
Cross—-sections Amyti&udes
oc(AFE < &) A

I Swf@i ></

></ Um&o\'rjj/Ama\Lv?Eic



SErLFaF'@.d Ampt&udesz IR Finike

Inclusive
Cross—seckions

oc(AE <€)

IR Safe

X

Esclusive
Amyti&udes

A
X

UM&&&ffj/AM&ivﬁﬁ

4 A

S&ripped
Ampti&udes

IR Safe
Um&&o\rv /. Amai.vfsbt:

\_ J




SErLFaF'@.d Ampti&udesz IR Finike

IM&LMSLVQ ESCLMSEVQ S&ri’FPed [Qagui,o&c}r
. p e=D—4
Cross-secltions Amyti&udes A““F’L"&udﬁi \_,7‘
Ae = lim
oc(AFE < &) A e—0 Wg -~
IR Safe ></ IR Safe
></ Unitary/Analytic Unitary/Analytic

\_ J




SErLFaF'@.d Ampt&udesz IR Finike

.

IM&LMSLVQ ESCLMSEVQ S&re’FPed [Zagulaf:c;}r
. p e=D—4
Cross-seckions . Amyti&udes A““F’L"&“dﬁi \_,7‘
Z‘AP Ag = lim pd
oc(AE < &) A A e—~0 VW
IR Safe ></ IR Safe
e Unitary/Analytic Unitary/Analytic
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SErLFaF'@.ci Ampt&udesz IR Finike

Inclusive
Cross—seckions

oc(AE <€)

IR Safe

X

oo

> AP

[Ae)?

Esclusive
Ampti&udes

A
X

Umi&a'rfj /Amo&v%a:

%
S&rimped

Ampt&&udes

IR Safe
Um&&a\rlj; / Av\&ivfzi,t

Requlator
o

/

\_ /

Ag  are formal ampti&u&es of finite size & ! experiments



SEr&FFed Ampt&ud@.s: IR Finike

.

IV\&LMSLVQ ES&LMSEVQ S&ri’FFe’d f’{@guia&or
. p e=D—4
Cross—-seckions . Avau&udes A““F’L‘*m‘i@% - 7‘
Z‘AP Ag = lim A—/
oc(AFE < &) A A e—~0 VW
I Sa«fe ></ He TS&%@ | .
e Unitary/Analytic Unitary/Analytic

\_ J

Ag  are formal ampti&ud&s of finite size & ! experiments

Regulator € disappears, physical E remains:
it specify initial/final stotes!



A¢€
Ae = im ——
e—0 W§
¢ )
o a (E/p)* 1. 1+8; . o
ng. W = exp < 3 (/1) anjqz'Qj—log By — 1 Z Qz'CIj—“‘O(E) &
_ , ™ € — Bij 1 - 5@' vy lBij
Weinberg'65 i oy J
\ v
e 4 2 =
L VW g _ s = = my )]sy = (m )7

only for real kinematics!



SErivaﬁd Ampt&ud@.sz Amatv&&
AE

Ae = im ——
e—0 W§
¢ )
o o (E/p)* 1. 148 . o
QE‘&, W = exp { 2 (/1) anjqz-qj—log by —1 Z ¢9;-—+0() | p
_ , ™ € — Bij 1 - 5@' vy lBij
Weinberg'65 i il J
\ v
e 4 2 =
L VW g _ s = = my )]sy = (m )7

(8ij —m; —m3)?

only for real kinematics!

Av\atj&w continuation: w=TTw,s,)

Bellazzini,Berman,Isabella,FR,Romano,Sciotti’'25 i,J



SEripPQd Ampt&ud&sz Amatjﬁc:

AE
Ae = lim ——
e—0 Wg
4 \
ETye _ a (E/p)* 1. 1485 . om
Q W = exp < 37 . Z nin;iq:q9; ,— ﬁzg log 1 _ ﬁz] [ ; q;9; /Bz'j + O(E) > -
\ nin;=1 )

— (mi —m;)?] [si5 — (mi + my)?]

) Sii
5;2} — [ (¥

(8ij —m; —m3)?

only for real kinematics!

Sij

Av\al.v&h: continuation: w=TTw,s,) ®




Sﬁmppeci Ampt&ud@s* Amai.vha':

g a (E/u)* 1 1+05: . 27
QE"U W = exp < ( /,u) anjqijﬁ log 1_ 'gj —1 Z 495 5 + O(E) > -
1] 1)

8T € vy Bij
L nin;=1 )
2 [8ij — (mi —my)?] [si5 — (mi + my)?]
ch (sij — mi — mj)?
only for real kinematics!
Sij
Av\&l.v&it continuation: w=TTw,s,) ®
,J

> ds Sij — So

Wi;i(si5) = Wij(so) + /

(ma+ma)2 274 (8 — 80) (3 — si5)

Disc W;; (5) ,

- |: 27 € 3/(si5—(mi—m;)2)(=sij+(mi+m;)?) arctan V= sigH(mitm;)?

_ogig; (E/p)* Sij—m; —m; \/5ij—(mi—m;)? ]



Sﬁmppeci Ampt&ud@s* Amai.vha':

g a (E/u)* 1 1+05: . 27
QE"U W = exp < ( /,u) anjqijﬁ log 1_ 'gj —1 Z 495 5 + O(E) > -
1] 1)

8T € vy Bij
L nin; =1 )
o _ [8i — (mi —my)?] [si; — (mi + my)°]
€ (sij — mi — mj)?
only for real kinematics!
Sij
Av\&l.v&it continuation: w=TTw,s,) ®
1,7
Wii(si7) = Wij(s )+/oo 45 __ sij — S Disc W;;(5)
WA TV a2 273 (5 — 50) (3 — si5) WA
_ _aqig; (E/p)* sij—mi—mj \/sij—(mi—m;)? aq;q; (‘9/#)26 Sij
— exp |: o g \/(Sij_(mi—mj)z)(_sij+(mi+mj)2) arctan \/—Sij+(mz‘+mj)2] 5 >>>m exp [ 471‘3 € log (_m_Jz)



Sﬁmppeci Ampt&mﬁes* Amal.:j&w

Ag — hm —
e—0 Wg
% \
2€
ED: _ o (£/p) L jog LB, 2T
Q W = exp < 37 . anﬂg%% Bzg log 1 _ ﬁz] [ ; q;9; /Bz'j + O(E) > -
\ 77i77jJ=1 )
2 [8i5 — (mi = my)?] [si5 — (mi + m;)”]
Pis = (sij —mi —mj)?
only for real kinematics!
Sij
Av\al.v&h: continuation: w=TTw,s,) ®
,J
Wii(si7) = Wij(s )+/oo ds __ sij — So Disc W;;(5)
AT TR ] tmay2 270 (5 — 80) (5 — 8i5) WA
— _09ig; (E/m)** sij—m;—mj \/sii—(mi—m;)? agqig; (E/m)™ Sij
— ©XP |: g: g \/(sij—(mi—mj)z)(—sij—i-(m,-—*-mj)2) arctan \/—Sij+(mi+m]‘)2] S >>>m eXp [ 4’7TJ € log (_m_é)

Ags has same analyticity as A and respects Froissart Als® = 0!

S — 0O



Sﬁmppeci Ampt&mﬁes* Amal.:j&w

Ag — hm —
e—0 Wg
% \
2€
ED: _ o (£/p) L jog LB, 2T
Q W = exp < 37 . anﬂg%% Bzg log 1 _ ﬁz] [ ; q;9; /Bz'j + O(E) > -
\ 77i77jJ=1 )
2 [8i5 — (mi = my)?] [si5 — (mi + m;)”]
Pis = (sij —mi —mj)?
only for real kinematics!
Sij
Av\al.v&h: continuation: w=TTw,s,) ®
,J
Wii(si7) = Wij(s )+/oo ds __ sij — So Disc W;;(5)
AT TR ] tmay2 270 (5 — 80) (5 — 8i5) WA
— _09ig; (E/m)** sij—m;—mj \/sii—(mi—m;)? agqig; (E/m)™ Sij
— ©XP |: g: g \/(sij—(mi—mj)z)(—sij—i-(m,-—*-mj)2) arctan \/—Sij+(mi+m]‘)2] S >>>m eXp [ 4’7TJ € log (_m_é)

Ags has same analyticity as A and respects Froissart Als® = 0!
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SEripp&d Ampt&%udes: Unitary and Positive
Eiﬂ:ee:&ivetj 2 QED couplings:

o ag = alogM/E

Captures finite perturbative effects) Captures leading IR effects



Stripped Amplitudes: Unitary and Positive
E‘f’f@.ﬁ&i\/@.tﬁ 2 QEB ﬁOMF’LLMSS: [> Typical scale of inkeraction
o ag = alogM/E v

Captures finite perturbative effects) Captures leading IR effects



SEriwaed Ampt&%ud@.& Unitary and Positive
Ef{ea&ivetv 2 QED couplings:

~ Typical scale of interaction
a — () ag = alogM/E = fixed v
E—0

Captures finite perturbative effects) Captures leading IR effects



SEriFvPQd Ampti&udﬁtsz Unitary and Posiltive
E‘f’f@.ﬁ&i\/ﬁtﬁ 2 QEB ﬁOMFv’LLﬁf\SSZ f> T’jpiaat scale O“‘;: interaction
a — () ag = alogM/E = fixed v
E—0

Captures finite perturbative effects) Captures leading IR effects

G—=0, £E=20, Ge=GM?logM/E = fixed



SEriFvoeci Ampti&ud@.m Unitary and Posiltive
E{“f@.ﬁ&i\/ﬁtﬁ 2 QEND ﬁOMF’LEMSS: [> T mai,aad; scale c:wf interaction
a — () ag = alogM/E = fixed v
E—0

Captures finite perturbative effects) Captures leading IR effects

G—=0, £E=20, Ge=GM?logM/E = fixed

subleading in @ and &
Aé' — A(}C,l‘ard + 5sub. soft

E,>¢&



SEriFvPQd Ampti&udﬁtsz Unitary and Positive
Ef{ea&ivﬂv 2 QED couplings:

~ Typical scale of interaction
a — () ag = alogM/E = fixed v
E—0

Captures finite perturbative effects) Captures leading IR effects

G—=0, £E=20, Ge=GM?logM/E = fixed

subleading in @ and &
Aé’ — A(}C}ard + 5sub. soft
E,>¢&

Is unitary (equivalent to m, =& theory)



SEripp&d Ampt&%udﬁtsz Unitary and Positive
E{{QCEE«VQL& 2 QE‘D @OMF’LLMSS: [> T mjpiaai scale c:«uf tnteraction
a — () ag = alogM/E = fixed v
E—0

Captures finite perturbative effects) Captures leading IR effects

G—=0, £E=0, Ge=GM?*logM/E = fixed

subleading in @ and &
AS — Agard + 5sub. soft

1s umi&arj (@.quiv&i&h& to my=¢ Eheorj)

Leads ko POSEE&VE&:’ ak i ag and L0, in o
A, :/+<>0 ds [EAZ(s,t) N (—1)"Im A%(s, t) A > () 4 O(Oé)
e Mz T g3tn (s + t — 4m?)3+n e.g. =



Bounds for charqged/neukbral plons

+ 0 + 0
Tree level: X

T —> T
A:fge = Cp,0 -+ Cl,lt -+ 62,0(8 — mi -+ t/2)2 -+ 62,2t2 -+ 63,1t(8 — mi -+ t/2)2 + ...



Bounds for charqged/neukbral plons

+ 0 + 0
Tree level: X

T —
A:fge = Cp,0 -+ Cl,lt -+ C2,0(8 — mi -+ t/2)2 -+ 02,2t2 -+ C3,1t(8 — mi -+ t/2)2 -+ ...

‘Pcwsi?:ivi;&'j Bounds:

\




Bounds for charqged/neukbral plons

+ 0 + 0
Tree level: X

T —
A:fge = Cp,0 -+ Cl,lt -+ C2,0(8 — mi -+ t/2)2 -+ 02,2t2 -+ C3,1t(8 — mi -+ t/2)2 -+ ...

‘Pcwsi?:ivi;&'j Bounds:

Coo > 0
: > 3
\ M2_m)E > 2
( mi)Czo_ 9




Bounds for ckargad/meu%rai plons

atn’ = ot

Lc::vc;:-p level: >< X j%i

Aé’_ [Coo+cllt+62o (s =mi +1t/2)* 4 copt® + c3at(s — mi +1/2)° + ]X
m2 (4m2% — t) t —2m3 Vit o) 4t
1+%10g( zi )\/t4mi arctan( —4mi—t> +% 0g €3 ]-I-O( )

‘Pcwsi?:ivi;&'j Bounds:

7




Bounds for ckargad/meu%rai plons

7T (s %7'('—'_7'('0

Loop level: >< X j Oj\/

Aé’_ [Coo+cllt+62o (s =mi +1t/2)* 4 copt® + c3at(s — mi +1/2)° + ]X
a m2 (4m2% — t) t —2m3 Vit Q 4t
”%10%“( g )\/t (@m?Z — arcm(m) T or 108 g2 ]+O( é)

Positivity Bounds: ta0 + O(a2, ) > 0

4 3 (M?-m3) a £
[ J s [y = g i 8 )| 0= s Otk )20




Bounds for tko\rged/meuﬁrai plons

+7T — 7T+7TO
= (0 exclusivel
Loop level: >< X j < o g
(ag) 045
Ag— {coo-l—cllt-l-czo s—mi-l-t/Q -I-czzt -I—c31ts—mi-l—t/2) ]X
o m2 (4m2% — t) t —2m?2 Vit o 47
H %k’g( Z )\/t(4mft—t) ama“(\/m) Tor %8 g ]+O( 2

‘Pasi&ivi&'j Bounds:

Ca0 + O(ag, a) >0

Conserv.

O(ag’)- exact in ag
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Bounds for tkarged/meuﬁrai plons

+7T — ’7T+7TO
— (0 exclusivel
Loop Level: >< >< % usively..
(ag) 045
Ag— |:COO+011t+020 s—mi-l-t/Q +szt -I-031ts—mi-l-t/2) :|><
a m2 (4m2 —t) t —2mi Vit Q 47
”%k’g( g )\/t(4m:2t—t) arCtan(\/hmi—t) Ton %8 g ]+O( e)

‘Posi&ivi,&fj Bounds:

Ca0 + O(ag, a) >0

O\F‘FTC}X A (v
nok valid \

Conserv.
O(ag’)- exact in ag
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Bounds for &harged/meu&rat

pmms
+7T —> 7T+7TO

LOOP level: X X ?045 = 0 exclusively...

Ag— [Coo-I-Cllt-l-czo (s —mi +1t/2)° + coat® + c31t(s — mi +¢/2)° +

1+ — log (mi(4mi — t))
21

‘Posi&ivi,&fj Bounds:

QF‘FTOX A

I
t —2mi drp?

arctan Vi —i—g log
Vt(4m3 —t) \/Am2 —t 2 E?
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| +oed

Ca0 + O(ag, a) >0

nok valid \

-20

Conserv.

O(ag’)- exact in ag
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Bounds for Chargﬁd/meu%rat
rtr’ — ntad

F:*mns

LOOP level: X X ?ag = 0 ax«tttuswebj

Ag— |:Coo‘|‘611t+020 s—mi-l-t/Q +szt ‘|‘C31t s—mi-l—t/Q) :|><

1+glog
™

‘Posi?:i,vi&j Bounds:
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Ca0 + O(ag, a) >0
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exact n ag

5 ! 1 1 S T |
0.001 0.005 0.010

0.050 0.100

Qg

0.500 1

2 (A2 _ 92
m (4 t)) L 2my )arctan( vt ) +ilog i ] + O(ag)

s E?2

V4m2 —t
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has size 1/E of this order

Round wealker



Bounds for charged Meutral plons
7T+7TO — 7T+7TO

‘Pasi&ivi&v bounds survive to a@ # 0 also n D=4...
QED correckions are per&urbaﬁive.

O(ag)

Conserv.

exact n ag

_925 1 o —— | L . 1 ) T R
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Bounds with Graviby: 7% — 707

. 4 Gny—0 9 .. .
Tree Amptu&ude: gjz Do ao = fimite



Bounds with Graviby: 7% — 707

. 4 Gy —0 9 .. .
Tree Amyu&ude: g]:z 0 G = finite
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Bounds wikh Gro\viﬁjz 7070 —y 700

. 4 Gny—0 9 .. .
Tree Amptu&ude: gjz Do go = finite

T +><

S t U

g M*

87r_G/é 6

Caron-HuotMazac,Rastelli,Simons-Duffin'22



Bounds with Graviby: 7% — 707
G 0
Tree Amplitude: ng:z :8 GLN = finite Stripped Amplitude: AN —6 |
Ge = GM?log M /€ = fixed

P S e

A(S7t): GN(——l— . u)—|_92 S —|—t2—|—u —|—938tu—|—
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g M*

8n%é 6

Caron-HuotMazac,Rastelli,Simons-Duffin'22



Bounds with Graviby: 7% — 707

, : Gy — 0
Tree Amplitude: ngz :8 GLN = finite  Stripped Amplitude: gN_fo,

Gs = GM?log M/E = fixed

T

A(S,t):GN(_+ >_|_ggs —|—t2—|—u ) 4+ g3stu + - -

S t U

(E/W)*

TE

(slog (—s/u’) + s — t,u]

Caron-Huot,Mazac,Rastelli,Simons- DuFﬁn 22



Bounds wikh Gr&vi&v: 7070 —y 700

. : \ . Gy — 0
Tree Amplitude: ngz 38 GLN = finite  Stripped Amplitude: gN_fo,

Gs = GM?log M/E = fixed

T

A(S7t):GN(t;u+? u>—|_928 —|—t2—|—u —|—933tu—|—

(E/W)*

TE

War(s,t) = exp [—G (s log (—s/,u2) + s —t, u]
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-3000 |

Caron-HuotMazac,Rastelli,Simons-Duffin'22




Bounds with Graviby: 7% — 707

- . , . Gy — 0
Tree Amplitude: ngz 0 GLN = finite  Stripped Amplitude: £50.

Ge = GM?log M/E = fixed

>< >'<£+ I
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(E/W)*
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(slog (—s/u’) + s — t,u]
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‘Summarv/ Cubloole

g ‘PosLELvE,Ej <> UV tompie&abi.a EFTs

P Even with D=4 long-Range interactions bounds smoothly connected
to tree level ones: leading IR captured by stripped amplitude

» ‘Fhvsitat experimevxﬁ size enkers; bounds on very irrelevant ogero&ors
washed away

» Zero coupling: (av\atjﬁit) understanding of infinite spectra amplitudes?

P Finite QQMFLLMQ: progress bejovxd. scaling limik o, G, &€ —0 7



