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(My) Mofivation

n =1 super Yang-Mills theory the forcfront of perturbative
Calco[ations is enabled by a beofstrap program Li] that restc on
two  basic pillars -
() Hhe hypothesis fhaf all n=6 and 7 - particle awplitvdes

(of fired locp order| are mulfiple polylogantam funchons , ie

they hque spwbels and cau be stvdred vio Symbology 2], and
(2} adjeent symbol Jeffers are wmpahble [3]

cluster vapables (4] of the G (4n) cluster algebra

(t[053l~/ wanecled fo extended Steinmann relations [5])

(3 Caron- took, Dixon; Drummewt, Pulat) Fosier, Gundogan, ven lippel,
Mcleod, Papaihanasiov 2005.06735 (review, more refs helow)

[2) Goncharow, M$, Vergu, Volovich 1006. 5703

(3] Drvmmond, Foster, Gurdogm (710.16953

LY) bolden, Gonchoros, MS, Vequ, Volosich  1205.1617

[5) Camn-Huet, Dixon, Dulaf) von fHippel) Mclood, Papathanasiov 196507116




Ligktning Review  [highly abbreviated for tis talk! )
' LY moltiple polylogan Hhm
W Linmtg B2 = 3 o ﬁ' fnchion of dephy d

0én ¢ <y Ond weigH i Mm; =W
1<

m,g ( L;M.,.--Mq (z.,...,zd\) = the symbo\ of LEM,,...,Md
= 0 linear cowbination of elements of oo fomal 1 -Feld fewsor product
0 0D @R +eer
where He a's — called Symbo(, letlers — ae simple fuuchions of e 7's
3) (luster vaviables [Fowmin, Zelevinsey| ae certain sets of wetain

voiables related +0 each ofter in a @rfain way
30,05, 043, £0,,0,,0c3,  $ay 0,053

[4) Two vanables arc tompahble if they Lgpear {'osd'kfr (n a cluster,
U is towpahble with 0,005 byt not with o,



Ligktning Review  [highly abbreviated for tis talk! )

[5) A symbol satisties clusier adjoancy if, in every tem

0o + 0,000 - @aw + 000
Di & aj may uppear next to each ofher only if they are wmpabble.



M y) Motivation

n =1 Super Yang-Mills theory the forcfront of perturbative
Calcofations is enabled by a beofstrap program [1] that jeste on
two  basic pillars -
() Hhe hypothesis fhaf all =6 and 7 - particle awplitvdes

(ot fired locp order) are. molfiple polyloporifam funchong , ie

they hque spubels and cau be stvdted vio Symbology 2], and
() adjoent symbol etfers are wmpahble [27

cluster vapiables (4] of the G (4n) cluster algebra

[tlosely wanected fo extended Steinmann relations [5])




Together with ther physical input (om Regge 8 near~collitear [imits,
ety — 05 well as physically myslenovs inpuF [notably
anfipodol duality L6]) this progmm. hos enabled the wmputation
ot soA- ond seven — parficle amplihles Hm?oSh eighl and  five
l0ops, respechvely [7].

(E) Divon, Gundoga, Mclead, Wilkelm 211206213

(7] Ovrow, Liv 2398,0844, Dixon,li 260522380
e, Jiony, Li) Liv 251108669



An Aside (Apparanttly)

A ople of years ago makkematicians Motveiakin ond Rudento  inbodued

ad  shodied @dadmwgvlar polylogarithnis, which Rudenko vsed
to prove  bonchargu's depth conjectsre. [2012.05599 2208.01544]

The deftning featwe of these functions is Yhat ey Satisty what we
tall total wmpatibility = in every tem (n fe symbol

oo 4 a‘@at@...@)aw + o000
oll of the a’s that appear are mutwlly compahble wikh each other.

In 2396.0Y630 Ren, Ms, Verqu, Velouith found an applicah'ou of (o maditied
versiod called oliemating polyloganims by Rudento) , buf Hhey seomed
t0 have no pole to play i1 W=y SYM — Omplituies there do not

sobisty fofal comparhbility.
i Nenbiliy We left it on the shelf ac a

Suae jeg O roond bele  fantalizing cudosity.




(Dsmological Wavetunchipn (Detficieats in de SiHer

The (WCs of a awtomally chpled Scalar field i1 de Sitr space
we  moltiple polylogarthm tWnctions whose symbols can be wmpvted
recursively by simple debereatial eguations,
[709. 02813  Arkani - Hamed, Bewincasa, fostnikoy
1212. 08950  Hvllman
[8] 2%12.05303  Arkani- Homed, Peonann, Hillmann, Joye, lee, Pimente!
2907. (771 He, Fiawg, Liv, Yaug, Zhaug
many sthers...

We wusider the Comtnbtion from o single qraph, eq %o~ §* theory

Wha\ ¢[K7} . verles vadables
/9 & ; W;) {%[5) Xi=IKl+lk] X, <5 X, 141\

s ' 7 edge vanaples
"l *l,g U4 Yﬁ,j €.’

. - > =
X % e Yoo IR Yoy = g i




The symhol F tis guanhty has (04 tems wad synbol alphabet
PX Mo, Xy X0 X)X Y XXt o) KoK, i XK
and Hiliman 1912.01450 Fpond the explicit formuln

)
+%Lii’(1faim>+%“?(1 >_ )]
it [ () (ﬁ_f_Zﬂ)

|
)
|
)

_LE(;:?:z) o (e
+Lil(1—v+)[Li2<1_v+7ut>_ (u+(1 vy — Z)
() ( 1::3*?)

+Li; (1 — U,+)Li1 (1 — U+) Li; ((1 w

Where we have used the variables

XitY X3+Y,
v =
X1+ Xo+ X3 * X1+ Xo+ X3

UL =

This ematned the shaf€ of the arty us faras explicit formlas, wndi| 202624



(osmology Meets Cluster Algebra

In 2512. 14859 Mazloomi, Xv  and

2512.1Y350 (opuane, Ferro, Lukowski, falozio Obsened that fhe
S(mbol leHers of the A-chain  gragh fncon ¥ covldd be realized as
cvster vaniables oF the A..-, cluster algevra]

(A 0 avishell ousider e 2 = (2n +1) mainX
, = ( 1 1 1L 1 1 SRR & o)
f 0 x\"'\{l,z xr\{\,z X\* Xz"‘\{ln. X|’r7<;__\f|,7_ e X‘+-~-r)f.1 1

all symbol leftfers are 222 midors of this matix, ie

A\'J = det(C; Cj\

0



Two dusker vaslables Ajj, Awe o€ (ompahble ia fie A,
cluster algchm i€ and only if vhe chords () & (ke) dowt cmss,

U] 1 q 1
L L
s 2 s 2
ki y ki Y
b 5 b c
Aig and Ay A and Agg
ae not ompahble X are Lowpahble

in A, in Ay



Cluster Boofsiap for Losmological lonelators

M 260308670 Parawape, Skoworet, MS, Volovich, wep? pointed. put Hott
the hzbmﬂ wvles [8] fOr watiug doun the rcoursive diffenbial equation
o the n-cham ﬂra‘)h CWC Ya make it manifest that it safisfies
cluster adjaency !

cluster yndiables ~— 4— Fubes @—'

compahble Cluster 4, Non-overlapping @_'

vanables fubes
4&—» Maximal sefs of
clusters
O\ - overlﬂpp\'nﬂ @
tbes

We told then play fhe pootshrap qome, vsing input like
first-enby oouclition = £ only “+*  sofF limdts: B vauishes 0¢ any Y»0



Generalized Cluster Adjawacy for 695!"‘0"’9}’

M 2602.08965 (apuano, Ferm, Lokowski Palazio, Zhany poiated out thot
Yihe Same urgumevd' makes it clear that Yy Sahishies fofnl wmpaﬁm’h‘i-f!

1’



(Qvadmngvlar Polvlogacithm [&LI) Functipns

There is beavtifvl mothematical stmudvre underlying the  guodcaugulor
polylogarithw fcHons that- [ dont Have fime to explain. They:
() tome i fwo vaniekes that we call even(+) and odd (-
R) are defined on any indek Set Sabd--3 oF incieasing

infegers of even length 2 n

) are debined for any we{ﬂl\’r kzn, bub fortvolely we
bty needed the mses k=n , k=n+l.

n all that follows; kagp o pichwe

oF an even rokd 2a-gon in '
yorr mind, with 3Uzn-z_
2 -
Dcachcede -~ £ 2nt| in-)
.’Lf X

warked edgc in o 1L «



QL Fonctions — Some Nostrahive Exanples
(subscriph on @Li is for vs always the welght)

QL[ (a,b,¢,d) = (—1)* Lix(qabed)
QLi; (a,b,¢,d) = (=1)*" Lig(1/qaea) -

QLi5 (a,b,¢,d,e, f)

QLi; (a,b,c,d, e, f)

QLI; (a’7 b7 C, d7 €, f)

QL13_ ((Z, b7 ¢, d7 €, f)

B aved = “quadrongdar cross - mbio" =

(
(
(
= — 2 Li3(1/(qabed Gadef))
(
(
(

weight Kzl

= Liy 1(qabes, Gedes) — Li11(qabess 1/Qbede)

+ Lil,l (Q(zdef: Qabcd) )

= LiZ(l/(QCLbcd Qadef)) + Lil,l(l/Qabcfa 1/C]cdef)

_ Lil,l(l/Q(zbefa chde) + Lil,l(l/Qadefa 1/Qabcd)

= — Li2 1(qabess Gedes) — Li1,2(qabefs Gedes)

+ L12 1\Gabef, ]-/qbcde) + Lll Q(QQbefa I/chde)
- L12 1\4adef Qabcd) Lll,2(Qadefa Qabcd) ’

_L121 1/Qabcfa1/QCdef) Liq 2(1/Qabcf:1/QCdef)

+ Lio 1(1/Gabefs @bede) + Lit 2(1/qabef, Qoede)
— Lis1(1/qadef, 1/ qabea) — Li1,2(1/qadef 1/ qabed) -

Aab Aed l

WCiaM 2

\deid\lf 2

Ape Ay, I

b
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Chain Graph CWC from Ruadraugular Polyloganthws: Siep 2

We (Fewo, Lukowski, Rew, MS, lobvich, Wedq, Ehang ; 2605.065Y2)
first worled of the level of the Lie conlgebra— this means
modulo products of  futctions of- Jower weight,

B\f thecking a ftw (ases at Swall 2 we formulated Hhe quess that

Vo = F,(2n+1,1,. .., 2n—1) — F,,(2n,1, ..., 2n—1) + F,,(2n, 2n+1,2, .. ., 2n—1).

where a0, 2a-1) = (- QLiy (0,1 20-1)

+ produdts o @Li funchions asseciafed
to smaller polygons

Total ompatibility ploes stong tonstmints on fhe missing fems —
you can only mulkiply QLi funchions ot now-puerlapping polyqons!

b



Chain Graph CWC Trom &vadmugv\ar Polylogan¥ms : Step 2

Atler some playing arownd, My tollor borators found
the shudvre of all (mducf ferms . for example for =Y

3 4 3 1 3 1 3 1
2 5 _’/ 5 ‘_’/ 5 2 \T
F4(0,1,2,3,4,5,6,7) = - - - ’
1 6 1 6 1 6 1 6
07 07 07 07
3 1 3 1 3 4 3 1 3 4
2 5 2 5 2 5 2 5 2 5
1 6 1 6 1 6 1 6 1 6
0" 7 0~ 7 07 0~ 7 07

+ + + + + +

where the four different types of terms are represented by

3 1

2@“’ = QLi}(0,1,2,3,4,5,6,7) + QLi{ (0,1,2,3,4,5,6,7) log(qo1234567) -

1 6
3 1

Q = (QLiz (0,5,6,7) + QLi; (0,5,6,7) log(qose7)) QLiz (0,1,2,3,4,5),

'NgLE (5.11)
3 1

@ = (QLif (0,1,4,5,6,7) + QLif (0,1,4,5,6,7) log(qo14567)) QLiT (1,2,3,4),

17



Chain Graph CWC from Ruadrawgular Polyloganthws: Siep 3

bur giess for the genenl 7 fonckion was then

Vo = F,(2n+1,1,. .., 2n—1)

— F,(2n,1,..., 2n—1) + F,,(2n,2n+1,2,.. ., 2n—1).

where

F(0,...,2n—1) =

SoUSU---USy,

k
> (-1 (Quity (S0 + QL (50 los(as, )H s, FLRSYWZ

ond fhe sum wis guer all dissechions of fhe initial polygon

ik even Sub-pdygons,

We proved that tis fomulg sohysties the eliflereatial Sauurtion of

He, yiang, Liv; Youg, Zang 207 17715

notakion 1S sinply

which i our streamlined

Just some logarithun

d Pp

n-|

= Ta-t

/
'L,'L"l) d QL b

(-
(L"‘,’L,i"‘l)%'\'ZB

(1



Chain Graph CWC from Ruadrawgular Polylogenthms: Siep

This poved our quess— ot funchion lewel [not just symbol level) —

up o a possible addifive constant, buf it 1s stwgle to check

that the QK(fCSS\'OV\ g‘Ner\ above vanishes |n any ot limt
\iiy =0 5o po Skh cvsturt iS missing.

=D 08 have an exqlict opalytc Tomuln Yor the 2-site chain
gragh twswological wavefinction wetficient

"



Outlook (Cppvouo, Ferro, Lukowsti Palaxio, Paranjape, Ren,MS,Volovich, Weng, 2hany )

(Y I is inferesing Fo e<ploe te erpmsion awoy from dS
space. to general gower-law FRUW Coswologies.

1) “lorrelators ae simpler than woefmchons' —
2512.2%49S Ackani - Hawed, (ew, Vazno — is QL vseful thee?

(3) In 260308670 we qlso showed that the symbol oF the n-gon gqmph
cwe saHstes cluster adjaconcy [indeed) total wwpatibility)
with respeck fo the B, cluster algebra.

Y\ Indeed it is momifest from the fubiny pichure that the spmbol of
oy Qaph safistes tolel compatidility Wity respect-to te
voriables associated to ifs fwbes — if's just that Bor gencml
Imghs, the collechions of such wiables do not tomespand o
Clusier variables of some cluster algebm.



Condusion

The lost omment indicales Yhat Clocs 50339& Sone Nafvm)| way
of qeserdlizin 9 dusler olgevras ol tofally tompatible ,oo(ylo\e,an'}hm
ach ms associafed o them.

Just like the Quglidvoles oF W=y SYM  sugoest stwctwes hat
gqeneralize Clustervanales,

gw %ﬂ%/ 5«96 you i @e/ma,z/ 2027 '/

n



