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Standard perturbative QFT workflow

𝒜L,n(p1, …, pn) = ∑
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1
|Aut(G) |
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Feynman integralSum over graphs with 

 loops and  legsL n



Example





… theoretical computations up to 
12 digits come from  

perturbative quantum field theory



Standard perturbative QFT workflow

𝒜L,n(p1, …, pn) = ∑
G

1
|Aut(G) |

IG

QFT observable/
amplitude Symmetry 

factor
Feynman integralSum over graphs with 

 loops and  legsL n



Even if the individual Feynman integrals are fast, there remains a 
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Complexity theory perspective

Space of all problems

polynomial time exponential time (or worse)

Solvable Typically 
impossible
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Even if the individual Feynman integrals are fast, there remains a 


Major problem: The number of graphs grows as ( )L!

𝒜L,n(p1, …, pn) = ∑
G

1
|Aut(G) |

IG

 Using the standard approach predictions take factorial computer-time
⇒

 Predictions eventually become more expensive than measurement
⇒



Message of this talk: It is possible to do much better. 



Message of this talk: It is possible to do much better. 

In all Euclidean, scalar and finite QFTs, 


 can be be computed to finite accuracy in 
polynomial-time in  and  


independently of the spacetime dimension.

𝒜L,n(p1, …, pn)
L n

Theorem: (MB 2025)
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• Fastest algorithm works for finite, scalar, Euclidean Feynman integrals+:
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 Evaluation (of 5-6 digits) is relatively fast up to ~17 loops
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MB 2020 



Feynman integrals

• Hard to evaluate: There is no entirely general, effective evaluation algorithm.


• Fastest algorithm works for finite, scalar, Euclidean Feynman integrals+:

IG = ∫𝕄DL

dDk1⋯dDkL

∏e (q2
e − m2

e + iε)

Runtime (exponential): 
𝒪( |EG |2|EG| + δ−2 |VG |3 )

 Even evaluating an individual Feynman integral takes exponential time in .⇒ L, n

 Evaluation (of 5-6 digits) is relatively fast up to ~17 loops
⇒
MB 2020 
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Recap: ‘Fast’ tropical Feynman integration

IG
Feynman integral 

(complicated)

Itr
G

Tropical Feynman integral 
(computable in exponential runtime)

MB 2020; drawing from: Schultka 2018, Panzer 2019, Aguiar-Ardila 2017

… using tropical geometry

Fast (numerical) integration algorithm 
(tropical sampling)

Tropicalization
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We can lift this cycle to the 
global level of the whole QFT

New result

… and it is much more effective



Tropical QFT and global tropical sampling

(complicated)

MB 2025
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Tropical QFT and global tropical sampling

(complicated) Exactly solvable (in polynomial time)

MB 2025
Polynomial time integration algorithm 

(global tropical sampling)

Tropicalization
QFT Tropical QFT



Tropical QFT

Inspiration from and relations to Surfaceology 

Arkani-Hamed, Figueiredo, Frost, Salvatori, Plamondon, Thomas, … 2023— 

MB arXiv:2508.14263

Particularly

Salvatori 2025

Important empirical data: 

Balduf 2023, Balduf—Shaban 2024, MB-Favorito 2025, Balduf—Thürigen 2025



Two complementary viewpoints— 
Lagrangian and Geometric

Tropical QFT
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Action

V[Φ] = ∑
k≥3

λkΦk /k!Massive scalar quantum field theory

Deformation:  and D → D ⋅ ξ ( □ + m2) → ( □ + m2)ξ

(Relative mass scalings of all operators remain constant.)
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Action

Partition function

Initial QFT 

ξ = 1

Tropical QFT 

lim
ξ→0+

Zξ = Ztr

Tropical QFT is a deformation limit of traditional QFT.

V[Φ] = ∑
k≥3

λkΦk /k!Massive scalar quantum field theory



The tropical QFT is 
exactly solvable



Effective action (a generating function of tropicalized amplitudes):

Γtr(ℏ, φ) = ∑
L,n

𝒜tr
L,nℏ

Lφn



Recursive solution  exact solvability↔
Theorem MB 2025 


The tropical QFT’s effective action is completely fixed by the nonlinear PDE

,          where𝒫D Γtr = (1 −
∂2Γtr

∂φ2 )
−1

− 1
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Recursive solution  exact solvability↔
Theorem MB 2025 


The tropical QFT’s effective action is completely fixed by the nonlinear PDE 

,          where





(+ trivial boundary conditions.)

𝒫D Γtr = (1 −
∂2Γtr

∂φ2 )
−1

− 1

Relation to functional renormalization group methods 
Wetterich 1993



Geometric viewpoint

Tropical QFT



Amplitudes as an integration problem on 
the moduli space of graphs



𝒜L,n(p1, …, pn) = ∑
G

1
|Aut(G) |

IG

Amplitude
Symmetry 

factor
Feynman integralSum over graphs with 

 loops and  legsL n



𝒜L,n(p1, …, pn) = ∑
G

1
|AutG | ∫ℝEG

>0

dα1…dαEG

𝒫G(α, p)D/2

Amplitude
Sum over graphs with 

 loops and  legsL n
Symmetry 

factor

Rational integrand, 
over positive orthand.
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𝒜L,n(p1, …, pn) = ∑
G

1
|AutG | ∫ℝEG

>0

dα1…dαEG

𝒫G(α, p)D/2

= ∫ℳtr
L,n

μD(p)

where ℳtr
L,n = ⨆

G
(ℝEG

>0 / Aut(G))
is (almost) the moduli space of graphs (and also the moduli space of tropical curves).



ℳtr
2,0

Amplitudes are integrals 
over such spaces.
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μtr
D(p) |ΔG

=
dα1…dαEG

𝒫tr
G(α, p)D/2μD(p) |ΔG

=
dα1…dαEG

𝒫G(α, p)D/2

𝒜L,n(p1, …, pn) = ∫ℳtr
L,n

μD(p)

Feynman volume forms on the moduli space of graphs have a tropical analogue

Tropicalization of 𝒫G
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Probability density
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𝒜L,n(p1, …, pn) = ∫ℳtr
L,n

μD(p)

= ∫ℳtr
L,n

( 𝒫tr
G(α, p)

𝒫G(α, p) )
D/2

μtr
D(p)

= 𝒜tr
L,n ∫ℳtr

L,n
( 𝒫tr

G(α, p)
𝒫G(α, p) )

D/2

̂μ tr
D(p)

Probability densityKey: this term is bounded.
Tropical amplitude



Numerical evaluation 

of 𝒜L,n(p1, …, pn)

𝒜L,n(p1, …, pn) = 𝒜tr
L,n ∫ℳtr

L,n
( 𝒫tr

G(α, p)
𝒫G(α, p) )

D/2

̂μ tr
D(p)

Sampling algorithm for 


.∫ℳtr
L,n

̂μ tr
D(p) = 1

Monte Carlo

Key: this term is bounded.



Theorem 

MB 2025

There is a global sampling algorithm for the measure  on .


It’s runtime and memory requirements scale polynomially with 
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Theorem 

MB 2025

  can be be estimated to finite accuracy in polynomial-time in  and .⇒ 𝒜L,n(p1, …, pn) L n

Proof: uses exact solution of tropical QFT.

There is a global sampling algorithm for the measure  on .


It’s runtime and memory requirements scale polynomially with 

̂μ tr
D(p) ℳtr

L,n

L, n .



Fastest algorithms for Feynman integration run in 
exponential time. 



Fastest algorithms for Feynman integration run in 
exponential time. 

 Evaluation of individual Feynman integrals quickly becomes 
slower than evaluating the whole amplitude .

⇒
𝒜L,n(p1, …, pn)



The algorithm recursively produces metric graphs with the correct 
probability distribution. Most graphs will never be generated.



Example computations



Massive  theory in 
, with .

ϕ3

D = 3 m2 = 1

Known (numerically) up to 


(Sberveglieria, Spada 2024)

L ≤ 7

Relations to Lee—Yang 1952 phenomenon

Example computation for  
using global tropical sampling

L ≤ 20



Primitive  function 
in 4-dim  theory

β
ϕ4

Known before 
(analytically) for  

Schnetz 2022. 

With tropical sampling 
(numerically) up to 

 Balduf 2023.

L ≤ 7

L ≤ 18

Relation to the 
Ising model

(Conjectured to be equal 
to full MS  function for 

large .)
β

L

Example computation for  
using global tropical sampling

L ≤ 50



Summary
• Tropical QFT is a, exactly solvable, deformation of (scalar) QFT.


• Gives an interesting new toy model for interacting QFTs.


• Gives a polynomial-time algorithm for estimation of scattering amplitudes 
and other perturbative QFT quantities.


• Tropical QFT solves the factorial-time problem of QFT (in the scalar+finite case).

Studying tropical QFT already gave gives illuminating results and conjectures 
for ordinary QFT — Balduf—Panzer 2025 (see Paul’s short talk on Thursday)

Many open questions: E.g. 


• What is the tropicalization of non-scalar theories?


• What QFT properties are visible from its ‘tropical’ shadow?



Obvious idea — Avoid the super-exponential number of terms by sampling

AL = ∑
G, L(G) = L

IG

Why are these difficult? — Problem 2

 follows a heavy-tailed distributionIG

log(IG)

MB, Favorito 2025



Obvious idea — Avoid the super-exponential number of terms by sampling

AL = ∑
G, L(G) = L

IG

Why are these difficult? — Problem 2

 follows a heavy-tailed distribution  Naive sampling also fails
IG ⇒

log(IG)

MB, Favorito 2025



Tropical approximation

Polynomial P(x1, …, xn) = ∑
k∈M

ak

n

∏
i=1

xki
i

Ptr(x1, …, xn) := max
k∈M

n

∏
i=1

xki
i

∈ ℝ+[x1, …, xn]

Definition 
Tropical approximation 

Rule:  and .∑ → max ak → 1

‘Typical’ tropicalization is recovered in  coordinates.log



Many shapes of Feynman integrals

IG = ( ⋆ )∫𝕄DL

dDk1⋯dDkL

∏e (q2
e − m2

e + iε)
= ( ⋆ )∫ℝEG

>0

exp(−F/U)
dα1…dαEG

UD/2
= ∫ℝEG

>0

dα1…dαEG

𝒫G(α, p)D/2

Here: Lee—Pomeransky polynomial/
representation


(i.e. Feynman/Schwinger/parametric 
representation)
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