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Figure 1: A sketch of the waveform h+,⇥(t) of a binary BH merger [credit:M.Favata/SXS/K.Thorne].
It has two perturbative regions: the inspiral and the ringdown, both which can be indirectly probed
(analytic continuation and other methods) using scattering amplitudes corresponding to binary and
Compton scattering, respectively. The inspiral requires high-precision calculations for future detectors.

unless urgent e↵orts are taken to improve theoretical precision. Realizing the full potential of
future experiments will demand accuracy gains of 2-to-3 orders of magnitude [3].

Need for analytics: Exquisite theoretical precision requires a synergetic approach that
combines numerical and analytical GR to solve the relativistic two-body problem. While
numerical relativity (NR) yields highly accurate waveforms for the late inspiral, merger and
ringdown (see Fig. 1), simulations are excessively time-consuming and expensive, e.g. 15-20
orbital cycles may take up to one month. This can be contrasted with LISA expectations, where
up to ⇠ 105 orbital cycles of the early inspiral can be measured, and the merger/ringdown take
place outside of the observed frequency band. In addition, binary systems with large spin,
eccentricity, and/or mass ratio demand further e↵ort to overcome numerical challenges. NR
alone cannot produce the millions of templates needed to accurately infer the source parameters
from observed signals. Perturbative analytic methods, in the post-Newtonian (PN) and post-
Minkowskian (PM) approximation schemes, provide waveforms that are fast to generate and
cover a wide range of binary systems. The accuracy of a PN/PM waveform can be further
enhanced toward the merger phase by resummation (e.g. via the e↵ective-one-body (EOB)
formalism [4]) and calibration to numerical-relativity simulations.

Virtue of scattering: Traditional analytic GR methods – such as PN approximation,
black hole perturbation theory (BHPT), self-force calculations, and numerical matching schemes
– currently face a complexity barrier due to gravity’s nonlinearity and slow PN convergence,
making progress beyond the current state of the art di�cult (e.g., waveforms are known only
up to 4PN beyond the quadrupole formula). In recent years, modern scattering-amplitude
approaches – such as unitarity method, the double copy (discovered by HJ), and advanced
multiloop Feynman integration tools from QFT and string theory (developed by OS) – have
driven a new revolution in perturbative gravity. These techniques have enabled precise per-
turbative binary scattering results through 3PM [5] and 4PM [6] (pioneered by CHS), and
recently 5PM [7], providing a complementary framework to PN expansions that can be mapped
to bound orbits via EFT dictionaries. Furthermore, coordinate-invariant scattering observables
provide an ideal bridge between PN/PM methods and traditional strong-gravity techniques.

Goals of project: Leveraging on the successes of the scattering scenario, we will set
up a theoretical framework for conceptual, technical and mathematical challenges of analytical
precision computations of BH observables and gravitational waves, which treat quantum aspects
in a fully integrated way. This will allow us to address the following goals:

1. Achieve precision-calculation milestones for dynamical Schwarzschild/Kerr BHs using e�-
cient QFT methods to compute amplitudes for 2!2 scattering, 2!3 waveform, and Comp-
ton scattering, allowing studies of e↵ective potentials, dissipation, and finite-size e↵ects.
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Compton scattering probes detailed structure of BH:

Spin multipoles, Love/tidal, finite-size, dissip. effects (BHPT)

Needed for NkLO calculations:
 

This talk: BH Compton scattering
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dynamics of a bound system (using the e↵ective potential [9] or analytic continuation of ob-
servables [10]). Process II directly gives the gravitational waveform for scattering events. It
has a similar Feynman-diagram series as process I, except a gravitational wave is now excited
and propagates to asymptotic future infinity. Although direct observation of scattering is chal-
lenging, the scattering waveform is highly valuable since it can provide the bounded binary
waveform through EFT techniques or analytic continuation. Finally, process III is not directly
observable, but it is essential for probing intrinsic properties of a single BH, and thus provides
building blocks for process I, II. It can be illustrated using representative Feynman diagrams:

ACompton = G

✓
+

◆
+G2

✓
+

◆
+G3

✓ ◆
+ · · ·

The Compton process directly governs the e↵ective interactions between a dynamical BH and
multiple gravitons, including higher-curvature EFT corrections and Love numbers (both rep-
resented by the black vertex), as well as dissipative e↵ects and quasi-normal modes (after
resummation). Studying all three processes provides a comprehensive EFT description of BHs,
incorporating finite-size and dissipative phenomena.

We will update our black hole EFT descriptions alongside the explicit scattering calcula-
tions as new phenomena arise. At long distances, a Kerr BH is surprisingly well-modeled by
spinning (s  2, where s is the spin quantum number) massive fundamental QFTs [11, 12]
up to the spin moment S4 of the classical spin expansion (putative higher-spin EFTs, s � 2,
controlling the remaining spin moments [13]). On general grounds, one may anticipate the
need for EFT corrections to capture finite-size e↵ects, dissipation, spin-magnitude change, and
renormalization. Matching and comparing these EFT calculations to GR via BHPT (Teukolsky
equation) in Part 3, is therefore essential to understand such corrections.

The explicit precision-calculation milestones we will target are: 1) binary scattering up to
G3 for Kerr BHs (process I); 2) waveform up to G4 (two loop) for Schwarzschild/Kerr black
holes (process II); 3) Compton amplitude up to G3 for spinning Kerr BHs (process III); 4) in-
cluding dissipative and finite-size e↵ects; 5) re-summation and non-perturbative contributions.

2. Double Copy and Gauge-Theory Roots (HJ, OS)
The known fundamental forces of Nature are mathematically described by either general rel-
ativity (classical field theory) or Yang-Mills gauge theory (QFT). While often popularized
as conflicting frameworks, modern theoretical work progresses by uncovering common math-
ematical ground. The Bern-Carrasco-Johansson (BCJ) double copy [14, 15, 16, 17] provides
a systematic bridge between gauge theory and gravity. This relation dramatically simplifies
perturbative calculations by allowing one to reuse well-understood gauge-theory techniques,
rather than working with the far more complicated gravitational Feynman rules. The double
copy has enabled the computation of multi-loop supergravity amplitudes that would other-
wise be intractable [18], revealing unexpected cancellations of UV divergences and shedding
light on their quantum consistency. Because gauge theories are more tightly constrained and
computationally e�cient, the double copy e↵ectively transfers this e�ciency to gravity.

Beyond quantum amplitudes, the double copy has proven useful in classical physics, allowing
perturbative gravitational observables to be extracted from gauge-theory calculations [19].
Classical BH scattering in GR can be studied by mapping it to the scattering of massive color
charges in a gauge theory [20]. This approach streamlines the derivation of classical potentials,
impulses, and radiation, which are directly relevant for gravitational-wave physics.

The double copy is a bi-linear mathematical operation that can be applied to gauge the-
ories that satisfy the so-called BCJ color-kinematics duality. Extensive work has established
that color-kinematics duality is present in most well-studied gauge theories [16], as well as in
e↵ective scalar theories [21] and in string theory [22]. While string theory provided the original
motivation of the double copy (KLT [23], chiral splitting [24]), today the developments in field
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N =8 supergravity is the ”best” point-particle gravity 
model (not an unphysical toy model)

Quantum 4D theory: UV finite, at least up to 6 loops

Many BPS BH solutions, natural stringy extensions

Will focus on ½-BPS BH’s:  no-triangle property à finite 
size effects absent in 4D

BH solutions valid in D < 11 dimensions, goes well with 
dim. reg. 
Lots of experience with N=8 amplitudes (up to 5 loops)

 

A physical toy model: N =8

Caron-Huot, Zahraee ('18)

Bern, Carrasco, Chen, Edison, Johansson, Parra-Martinez, Roiban, Zeng;
Di Vecchia, Naculich,  Russo, Veneziano, White; Heissenberg;
Bern, Herrmann, Roiban, Ruf,  Smirnov, Smirnov, Zeng; […]



N =8 supergravity amplitudes

Massless 4-graviton amplitudes: 

Green, Schwarz, Brink (‘82)

Bern, Dixon, Dunbar, 
Perelstein, Rozowsky (‘98)

+ ++ ++ +    perms

Valid in general dimension:

+    perms



Kaluza-Klein compactification

Massive multiplet N =8 KK momentum:

+++

Classical 
Limit:

+ +At 2 loops:  



Details of classical limit

Sum over classical ladder and crossed ladder:

+

Figure 1: Examples of the ladder diagrams at one and two loops. There are L + 1
rungs at L loops whose momenta we parametrize by `i. The sum is constrained by the
momentum transfer q.

We then use appendix A of [1].
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It is straightforward to see that the sum over all ladders turn BH propagators into cuts,
which means that all momenta in the rungs are spatial. For example, at 1 loop we have
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2 Position space

Suppose we have a Laplacian � in BH spacetime, the wave equation for a massless
scalar is

�� = 0 (13)

2

BH background conserves graviton energy:

+ + + +

Figure 1: Examples of the ladder diagrams at one and two loops. There are L + 1
rungs at L loops whose momenta we parametrize by `i. The sum is constrained by the
momentum transfer q.
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Ladders become fan diagrams

+

+ +

+ ++ +

=

Only spatial integral: 

=

Graviton energy        à      effective mass (tachyonic)



What about Numerators?

N =8 supergravity has complicated numerators:

4

TABLE I: The numerator factors of the integrals I
(x) in fig. 2. The first column labels the integral, the second column the

relative numerator factor for N = 4 super-Yang-Mills, the third column the factor for N = 8 supergravity. In the Yang-Mills
case an overall factor of stAtree

4 has been removed, while in the supergravity case an overall factor of stuM tree
4 has been removed.

The loop momenta li are the momenta of the labeled propagators in fig. 2, and l
2
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2.
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To unravel the origin of these cancellations, and to con-
strain potential superspace explanations, it is important
to compute additional N = 8 amplitudes. Using the uni-
tarity method it should be feasible to compute the four-
and five-loop four-point amplitudes, as well as the two-
loop five-point amplitude. It should also be possible to
carry out refined all-order studies, given the recursive na-
ture of the formalism. In particular, it is important to
investigate the classes of contributions not directly con-
strained by generalized unitarity and the no-triangle hy-
pothesis.
The result presented here, in conjunction with the all-

loop-order evidence from unitarity [14] and string theory
hints of additional cancellations [8, 9, 10], points strongly
towards the ultraviolet finiteness of N = 8 supergravity
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non-BCJ numerators: 



Numerators simplify!

In the classical limit: 

à observe that all N =8 supergravity ladder numerators become

’’rung-rule” numerators:

à and all non-ladder diagrams vanish (quantum)

à However, standard 3-4 loop BCJ numerators not well behaved 
     (super-classical and quantum terms mix). [Open problem!]

à No proof that ladder ’’rung-rule” numerators always emerge, 
but one can make heuristic arguments e.g. Carrasco, Edison, HJ



Recap: N =8 simplifications
Ben-Shahar, Cangemi, HJ, Shen

· · ·

The one diagram that rules them all:

Many options for selecting external states:

- e.g. gravitons & spinning BH: 

- e.g. scalars & spherically-symmetric BH: 

all unified by the same diagram! 



Integrate by solving the wave equation!

What is the metric? 



Integrate by solving the wave equation!

What is the metric? 

Consider a perturbative solution to:  

ladder/fan diagram



Integrate by solving the wave equation!

What is the metric? 

Consider a perturbative solution to:  

ladder/fan diagram

Effective metric
linear in coupling!



Finding the metric!

Gives inverse metric: 

Wave equation must take the form:

and metric:

Ben-Shahar, Cangemi, HJ, Shen



Finding the metric!

Gives inverse metric: 

Wave equation must take the form:

and metric:

line element form:

volume element/warp factor:

Ben-Shahar, Cangemi, HJ, Shen



The D -dimensional metric

Gives inverse metric: 

Since the BH amplitude exists up to D = 10, let’s generalize: 

and metric:



The D -dimensional metric

Gives inverse metric: 

Since the BH amplitude exists up to D = 10, let’s generalize: 

and metric:

Mass parameter:

volume element/warp factor:

This is the known (KK) metric of a D0 brane in maximal supergravity!



Solving the wave 4D equation to all loops

The BH wave equation 

is now equivalent to the Coloumb wave eqn in flat space 

The radial equation

have well-known solutions (hypergeometric/Whittaker)



Solving the wave 4D equation to all loops

The BH wave equation 

is now equivalent to the Coloumb wave eqn in flat space 

The radial equation

have well-known solutions (hypergeometric/Whittaker)

The all loop amplitude is then

with the partial-wave phase shift



Resumming the 4D N =8 Compton amplitude

Using                             one can massage it into

Shift-enter directly gives: Ben-Shahar, Cangemi, HJ, Shen



Resumming the 4D N =8 Compton amplitude

Using                             one can massage it into

Shift-enter directly gives: 

BDS-like form!

Ben-Shahar, Cangemi, HJ, Shen



IR divergence -- sleight of hand

The 4D IR divergent phase is matched to dim. reg. by sleight of hand



IR divergence -- sleight of hand

The 4D IR divergent phase is matched to dim. reg. by sleight of hand

à Should be done more carefully!

à Proper treatment in               dimensions!

à  N=8 BH exists up to D = 10 dimensions, why not give it a go?



D-dimensional warm-up at 1-loop

Consider the 1-loop classical 
Compton amplitude in d-dimensions:

- IR divergent:  
Observations: 

- UV divergent:  

- divide by
renders it UV finite!

- evaluates to log() in integer
dimensions 

Ben-Shahar, Cangemi, HJ, Shen



D-dimensional warm-up at 1-loop

Consider the 1-loop classical 
Compton amplitude in d-dimensions:

- IR divergent:  
Observations: 

- UV divergent:  

- divide by
renders it UV finite!

- evaluates to log() in integer
dimensions 

Work out the integer dimensional results à closed d-dimensional formula 

Ben-Shahar, Cangemi, HJ, Shen



Partial-wave amplitude at 1-loop

In general d Gegenbauer polynomials describe amplitude

For fixed           it is easy to transform to partial waves:

First, at tree-level we get that the     propagator transform to

IR divergent in



Partial-wave amplitude at 1-loop

In general d Gegenbauer polynomials describe amplitude

For fixed           it is easy to transform to partial waves:

At 1-loop level we get that triangle transforms to

Recursion formula for polynomial: 



Conclusion

N = 8 supergravity is a testbed for advanced classical calc.

Compton ampl. is dramatically simper than: 2à2, waveform

Showed that all-loop resummation is possible for ½ BPS BH

Identified the metric with D0 brane (11D KK mode)

BH has no horizon, no finite-size corrections. Exact PP.  

Calculation captures infinitely many ladder diagrams of GR

Further work required for higher-loop D-dimensional solution

Outlook: Analyzing spin multipoles; UV divergences/finite-size 

corrections in higher dimensions, connection to ¼-BPS BH.
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Example: 2-loop 5-pts N =4 SYM & N =8 SG 

color-kinematics duality 
+ unitarity method
à simple numerators

Carrasco, HJ 
1106.4711

direct calculation in 
GR would naively 
give             terms

ßmaster



4-loops: 85 diagrams, 2 masters
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Kerr/root-Kerr Effective theories

From matching to Kerr/root-Kerr amplitudes one can infer EFTs: 

For s > 2  Kerr dynamics = higher-spin and higher-derivative EFTs

Cangemi, 
Chiodaroli,HJ, 
Ochirov, 
Pichini,
Skvortsov

spin-1/2 and spin-3/2, the covariant amplitudes are unique as will be discussed in

Section 5.1.2.
Let us now switch the discussion to gravitational higher-spin amplitudes. Arkani-

Hamed, Huang and Huang [99] gave the following three-point amplitudes:

M(1φs, 2φ̄s, 3h+) = im2x2 〈12〉2s
m2s

,

M(1φs, 2φ̄s, 3h−) = i
m2

x2

[12]2s

m2s
, (3.12)

It is clear from the spinor-helicity expressions that they are related to the gauge-
theory amplitudes by the double copy [61],

M(1φs, 2φ̄s, 3h±) = iA(1φsL, 2φ̄sL, 3A±)A(1φsR, 2φ̄sR, 3A±) , (3.13)

where s = sL + sR, and equivalent formulae are obtained for any sL, sR ≥ 0. Since
this relation is insensitive to the helicity of the massless state, it follows that the

covariant gravitational amplitudes are also given by a double copy of the covariant
gauge-theory amplitudes.

Using the double copy, it is a small step to show that a generating function for
the covariant gravitational amplitudes can be constructed out of the gauge-theory

generating functions. However, because the spin s can be decomposed into sL + sR
in multiple different ways, there is some ambiguity on how to write it. We find that
it is convenient to write a combined generating function for bosonic and fermionic

covariant gravitational amplitudes, which has the form

∞
∑

2s=0

M(1φs, 2φ̄s, 3h) = M0⊕1/2 + AWWA

(

A0⊕1/2 +
A1⊕ 3/2 − (ε1 · ε2)2A0⊕1/2

(1 + ε1 · ε2)2 + 2
m2ε1 · p2 ε2 · p1

)

,

(3.14)

where the sum runs over both integer and half-integer spin s. Here we use the short-
hands A0⊕1/2 = AφφA + AλλA, A1⊕ 3/2 = AWWA + AψψA and M0⊕1/2 = AφφAA0⊕1/2,
which combine the independent low-spin amplitudes that appeared in the bosonic

(3.7) and fermionic (3.11) generating functions. The reason for multiplying the gauge-
theory generating function by AWWA, rather than by AφφA, is that this way of writing

it exposes the correct maximal momentum power counting of the gravity amplitudes.
As an aside, it is interesting to note that we have already identified the gauge-

theory amplitudes AWWA andAψψA, as well-known three-point amplitudes in theories
with spontaneously-broken gauge symmetry (s = 1) and supersymmetry (s = 3/2),
respectively. From this we should expect that some of the low-spin gravitational

amplitudes also have an interesting physical interpretation. Indeed, it is known from
previous work on the double copy [144, 145] that these massive spin-1 and spin-

3/2 gravitational amplitudes, AφφA ×AWWA and AλλA ×AWWA, are precisely those
that appear in R-symmetry gauged supergravity, and the massive spin-2 amplitude
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Kerr and root-Kerr related by double copy: 

Massless limit exist for s ≤ 2 Kerr and s ≤ 1 root-Kerr 


