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LHC precision era: we’re just getting started!
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We’ll be able to test the Standard Model at (sub)-percent accuracy…

provided that the theoretical predictions can keep up!
Plot by R. T. Garcia,  
lhc-commissioning.web.cern.ch
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This talk: hard interaction 

σqq̄→gg = ∫ [dPS] |𝒜qq̄→gg |2

dσ = dσLO + αS dσNLO + α2
S dσNNLO + …

≈ 10 − 30 % ≈ 1 − 10 %

Current frontier @NNLO QCD:  processes2 → 3

See Y. Zhang and D. Chicherin’s talks
At amplitude level, first steps into  processes2 → 4
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IR subtraction @ NNLO QCD is challenging but mature

Work to do for the 
Amplitudes community!

See Michael Ruf’s talk
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High centre-of-mass energy of LHC collisions  high-multiplicity final states are common 
 
Rich and interesting phenomenology. Two examples:

⇒

Hiller, Höhne, Litim, Steudtner ‘24

1) The fate of our Universe rests on the shape of the Higgs potential

Stability vs. metastability depends on  and  mtop αs

 is highly sensitive to pp → tt̄ + jet mtop
Alioli, Fernandez, Fuster, Irles, Moch, Uwer, Vos ‘13

 extraction limited by theoretical precisionmtop
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Why  processes @ LHC?2 → 3
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High centre-of-mass energy of LHC collisions  high-multiplicity final states are common 
 
Rich and interesting phenomenology. Two examples:

⇒

2) Mild but consistent tension EXP vs TH for pp → tt̄ + W

Also: Important for BSM searches and 
background to  and pp → tt̄tt̄ pp → tt̄H

ATLAS ‘24

Dynamical 
approximations
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Recent explosion of results for 2 3 processes @ NNLO QCD→

6

* dynamical approx 
for massive particles

Effectively, only massless internal lines here 
 

Underlying formalism of  
logarithmic iterated integrals Chen ‘77





Powerful mathematical techniques, such as the symbol  
 Goncharov, Spradlin, Vergu, Volovich ’10

d [Wi1, …, Win−1
, Win] = d log Win [Wi1, …, Win−1]
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                   @ NNLO QCD (leading colour) 
 

with Becchetti, Canko, Chestnov, Peraro, Pozzoli: arXiv:2504.13011 
+ Chen, Delto, Ditsch, Grazzini, Kallweit, Savoini, Tancredi: arXiv:2606.09503

pp → tt + W

               @ NNLO QCD (leading colour) 
 

with Badger, Becchetti, Brancaccio, Hartanto: arXiv:2412.13876   
+ Czakon, Poncelet: arXiv:2511.11424 

pp → tt + jet

t̄

First NNLO 2 3 results with exact virtual masses→

https://arxiv.org/abs/2504.13011
https://arxiv.org/abs/2606.09503
https://arxiv.org/abs/2412.13876
https://arxiv.org/abs/2511.11424
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pp → tt + W

               @ NNLO QCD (leading colour) 
 

with Badger, Becchetti, Brancaccio, Hartanto: arXiv:2412.13876   
+ Czakon, Poncelet: arXiv:2511.11424 

pp → tt + jet

t̄

First NNLO 2 3 results with exact virtual masses→

What’s different with respect to the previous cases?

https://arxiv.org/abs/2504.13011
https://arxiv.org/abs/2606.09503
https://arxiv.org/abs/2412.13876
https://arxiv.org/abs/2511.11424
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numerical finite-field evaluation + interpolation/rational reconstruction von Manteuffel, Schabinger 
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Rational reconstruction on the 
fly, for each phase space point

tt̄ + W

Numerical result, combined 
with interpolation grid
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Feynman integrals remain the 
main bottleneck

Nature laughs at the difficulties of integration  
Pierre-Simon de Laplace

Logs

Classical polylogs

MPLs

Elliptic MPLs

See Giulia Isabella’s talk
Done by  

Gaia Fontana



Simple poles + constant leading singularities = canonical DEs
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dx
x − c

= d log(x − c)
∝ ∫

dα1 ∧ dα2

p2 (α1α2 − x)[(1 + α1)(1 + α2) − x]
= ∫

dα1

p2(α1 + α2
1 + x)

∧ [d log(α1α2 − x) − d log(1 + α1 + α2 + α1α2 − x)]
=

1

p2 1 − 4x
× ∫ d log(⋯) ∧ d log(⋯)

p
m2

2D

Leading 
singularity
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dα1

p2(α1 + α2
1 + x)

∧ [d log(α1α2 − x) − d log(1 + α1 + α2 + α1α2 − x)]
=

1

p2 1 − 4x
× ∫ d log(⋯) ∧ d log(⋯)

p
m2

2D

Leading 
singularity

2Dp2 1 − 4x × = log ( 1 − 1 − 4x

1 + 1 − 4x ) ✓

dF(X; ϵ) = ϵ ∑
i

Ai d log Wi(X) ⋅ F(X; ϵ)

Henn ‘13

Solution = logarithmic iterated integrals 🥳

Arkani-Hamed, Bourjaily, 
Cachazo, Trnka 2012Conjecture: basis of such integrals  satisfies canonical DEs:F(X; ϵ)
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The emergence of elliptic curves

∝ ∫
dz
𝒫(z)

∧ dlogs
𝒫(z) = (z + m2

t ) (z − 3m2
t ) (𝒫0 + 𝒫1 z + 𝒫2 z2)

y2 = 𝒫(z)Elliptic curve:

Algebraic leading 
singularities ∮γi

dz
z − ci

ℂ ∪ {∞}\{z = ci}
✕

γi

✕dz
z − ci

ℂ ∪ {∞}\{branch cuts}

γ1 γ2
ψi = ∮γi

dz
𝒫(z)

∝ K ( (x3 − x2)(x4 − x1)
(x3 − x1)(x4 − x2) )dz

𝒫(z)
, …

Transcendental
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First canonical DEs for elliptic 5-pt. integrals ( jet)tt̄+
Becchetti, Dlapa, SZ ‘25 (following method by Görges, Nega, Tancredi, Wagner ’23)

d ⃗MI(X; ϵ) = ϵ [
83

∑
i=1

d log (Wi(X)) +
22

∑
i=1

ωi(X)] ⋅ ⃗MI(X; ϵ)

Transcendental functions ( , , , ), e.g.ψ1 G1,1 G2,1 G±
3,1 ω = [c1

G+
3,1

ψ2
1

+
c2

ψ1 ] dx1 + [ c3

ψ1 ] dx2 + …

W± =
c1 ± c2 Δ5 + c3 β n±

c1 ± c2 Δ5 − c3 β n±
Nested square roots: n± = d2

23 Δ5 − 8 r2 r4 ± 4 d23 r3 Δ5
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d ⃗MI(X; ϵ) = ϵ [
83

∑
i=1

d log (Wi(X)) +
22

∑
i=1

ωi(X)] ⋅ ⃗MI(X; ϵ)

Transcendental functions ( , , , ), e.g.ψ1 G1,1 G2,1 G±
3,1 ω = [c1

G+
3,1

ψ2
1

+
c2

ψ1 ] dx1 + [ c3

ψ1 ] dx2 + …

W± =
c1 ± c2 Δ5 + c3 β n±

c1 ± c2 Δ5 − c3 β n±
Nested square roots: n± = d2

23 Δ5 − 8 r2 r4 ± 4 d23 r3 Δ5

The efficient numerical evaluation in 3-particle phase space remains an open problem
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Escalation from jet to tt̄+ tt̄ + W

13

Becchetti, Canko, Chestnov, Peraro, Pozzoli, SZ ‘25

141 master integrals 
2 elliptic curves 

122 master integrals 
1 elliptic curve

131 master integrals 
1 elliptic curve

p2

p1

p3

p4

p5

y2 = z3 + g1( ⃗x) z + g0( ⃗x)

degree-24 degree-36 polynomial

Discriminant contains deg.-14 irreducible 
polynomial in 7 variables 🤯

First 5-pt. elliptic curve:
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P14(X) =

Correctly predicted by SOFIA Correia, Giroux, Mizera ‘25

The separation between algebraic and analytic complexity is fading away…
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Highly redundant  👎
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What is essential (for phenomenology)?

Linearly independent

⃗MI(X; ϵ) = ⃗MI(0)(X) + ϵ ⃗MI(1)(X) + ϵ2 ⃗MI(2)(X) + …

Highly redundant  👎

1. Reduce the redundancy among the MI -expansion terms to 

- cancel the  poles of the 2-loop amplitude analytically 
- simplify the expressions 
- evaluate fewer functions

ϵ
ϵ

𝒜(2) =
a
ϵ4

+
b
ϵ3

+
c
ϵ2

+
d
ϵ

+ ℱ(2)

2. Evaluate the remaining  efficientlyMI( j)
i (X) Elliptic functions, 

nested square roots
One-loop 
functions

Prior belief: most MI -expansion terms are secretly of the logarithmic type!ϵ
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“Almost” canonical, algebraic DEs
Badger, Brancaccio, Becchetti, Hartanto, SZ ’24

• Give up fully canonical DEs: stop right before transcendental functions appear

d ⃗MI(X; ϵ) =
2

∑
k=0

ϵk Ω(k)(X) ⋅ ⃗MI(X; ϵ) , Ω(k)(X) = ∑
i

A(k)
i d log Wi(X) + ∑

j

B(k)
j ωj(X)

Algebraic
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“Almost” canonical, algebraic DEs
Badger, Brancaccio, Becchetti, Hartanto, SZ ’24

• Choose elliptic/nested-square-root MIs so that  for MI(k)
i (X) = 0 k < 4

Reason: This should give a representation of the 2-loop amplitude where the  poles 
are manifestly polylogarithmic

ϵ
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Almost everything is under full control
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E.g. for , only 39  remain coupled 

We just view them as independent functions and continue

tt̄ + W MI(4)
i (X)

414 independent functions

MI15(X; ϵ)

Gehrmann, Henn, Lo Presti 2018; Chicherin, Sotnikov 2020; 
Chicherin, Sotnikov, SZ 2021; Abreu, SZ et al. 2023
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18

E.g. for , only 39  remain coupled 

We just view them as independent functions and continue

tt̄ + W MI(4)
i (X)

414 independent functions

MI15(X; ϵ)

✓Analytic cancellation of  poles


✓Fewer functions to be evaluate


✓Simplification of 2-loop finite remainder

ϵ Gehrmann, Henn, Lo Presti 2018; Chicherin, Sotnikov 2020; 
Chicherin, Sotnikov, SZ 2021; Abreu, SZ et al. 2023
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Special functions obey 1st-order algebraic DEs
polynomial in dF(w)

i (X) = {F(w)
k (X)}

E.g.
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Special functions obey 1st-order algebraic DEs

Advantages w.r.t. DEs for MIs: smaller, sparser, free of  and redundancies + smoother solutionϵ
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Special functions obey 1st-order algebraic DEs

Advantages w.r.t. DEs for MIs: smaller, sparser, free of  and redundancies + smoother solutionϵ

polynomial in dF(w)
i (X) = {F(w)

k (X)}

How do we solve them?

E.g.
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1) Numerical solution of DEs
Fully numerical: Bulirsch-Stoer algorithm  
Czakon ’08; …; Petit Rosàs, Bobadilla ’25


- Ideal when solution is smooth & high precision is needed


- Bottleneck: evaluation of the one-forms

Substantial effort into optimisation: partial fractioning, local 
changes of variables, gathering common subexpressions…



Badger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet, SZ ’25

: evaluate all functions in ~1 s (single core, double precision)tt̄ + jet
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2) Generalised power series expansions

Semi-analytic: series expansions of the solution with 
coefficients fixed numerically


Can work also when large scale variations occur


Various public implementations. We used the solver 
shipped with AMFlow Liu, Ma ’22

Pozzorini, Remiddi, ’06; …; Moriello ’20

X0

X

γ
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2) Generalised power series expansions

Semi-analytic: series expansions of the solution with 
coefficients fixed numerically


Can work also when large scale variations occur


Various public implementations. We used the solver 
shipped with AMFlow Liu, Ma ’22

Pozzorini, Remiddi, ’06; …; Moriello ’20

: evaluate all functions in ~20 min — 2h (single core, at least 16-digit precision)tt̄ + W

Becchetti, Canko, Chen, Chestnov, Delto, Ditsch, Grazzini, Kallweit, Peraro, Pozzoli, Savoini, Tancredi, SZ ’26

X0

X

γ
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2) Generalised power series expansions

Semi-analytic: series expansions of the solution with 
coefficients fixed numerically


Can work also when large scale variations occur


Various public implementations. We used the solver 
shipped with AMFlow Liu, Ma ’22

Pozzorini, Remiddi, ’06; …; Moriello ’20

: evaluate all functions in ~20 min — 2h (single core, at least 16-digit precision)tt̄ + W

Becchetti, Canko, Chen, Chestnov, Delto, Ditsch, Grazzini, Kallweit, Peraro, Pozzoli, Savoini, Tancredi, SZ ’26

Inclusive NNLO QCD cross section

X0

X

γ
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Conclusions & Outlook

✓ NNLO QCD predictions for  production at LHC (leading colour)


✓ First time: 2-loop 5-particle amplitudes with internal masses / elliptic Feynman integrals!

tt̄ + jet/W

Advances in amplitudes from synergy between numerical methods & analytical insights


Still a lot of work to do for the Amplitudes community to meet the needs of the HL LHC! 



22

Conclusions & Outlook

Thank you!

✓ NNLO QCD predictions for  production at LHC (leading colour)


✓ First time: 2-loop 5-particle amplitudes with internal masses / elliptic Feynman integrals!

tt̄ + jet/W

Advances in amplitudes from synergy between numerical methods & analytical insights


Still a lot of work to do for the Amplitudes community to meet the needs of the HL LHC! 





24

𝒜(pi, mi, …) = ∑ (rational function) × (special function)

Algebraic complexity 
Many variables, terabytes of 

symbolic expressions! ⚠

Analytic complexity 
What functions? Branch cuts? 
Relations? Evaluation? ⚠

Why are  processes difficult?2 → 3

5 scalar invariants  & masses


Pseudo-scalar invariants  exist only for  particles


“Large” phase space: efficiency is crucial for phenomenology 

(pi + pj)2

ϵμνρσ pμ
1 pν

2 pρ
3 pσ

4 n ≥ 5
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(x, P) f(x) mod P f(x) = ?⏳

Tailored reconstruction algorithms/ansätze (e.g. partial fraction decomposition)

f(x, y) = 1 + x + y

f(x, y) =
(1 + x + y)10

1 − x

 5 pts.⇒

 70 pts.⇒
Depends on the “complexity” of the functions

2-loop amplitudes for : degree-421 polynomials in 6 variables 
                                           naïvely 1011 million pts. 😱

gg → tt̄g
⇒

Peraro ’19; Abreu, Dormans et al. ’19; Badger, Hartanto, SZ ’21; De Laurentis, Maître ’21;

 Belitsky, Smirnov, Yakovlev ’23; Liu ’23; De Laurentis, Page ’22; Abreu, De Laurentis et al. ’23

  
# points × eval. time

# CPUs

How long does it take to reconstruct a function?



Univariate partial fraction decomposition
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f(x, y) =
2x4 + 4x3y − 5x2y2 + xy3 − 4y4

(y − x)y2(x2 + y2)

f(x, y) =
c1(x) + c2(x) y

x2 + y2
+

c3(x)
y2

+
c4(x)

y
+

c5(x)
y − x

“Bootstrap” a univariate partial fraction decomposition:

Badger, Bayu Hartanto, SZ 2021

Linear fit to reconstruct the coefficients ci(x)
• One fewer variables


• Lower degrees

f(x, y) =
3y

x2 + y2
−

2x
y2

−
6
y

−
1

y − x

Physics dictates the allowed singularities 
 Denominators can be guessed!⇒

 Abreu, Dormans et al. ‘19



Rational coefficients for tt̄W

27

= 1.00416 × 1018

 We need to evaluate mod up to ~250 primes to complete the rational reconstruction⇒

rki(X) =
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F(2) = (N2
c A + Nc nl B + n2

l C)[1 + 𝒪(1/Nc)]

Leading colour approximation
Keep only the leading terms in the limit of large  and  of the 2-loop  
IR-subtracted finite remainder:

Nc = 3 nl = 5

Naïvely ~30% uncertainty on  and double virtual corrections are ~10% of F(2) σ

Fewer and significantly simpler diagrams
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Nested square roots in the leading singularities

n± = d2
23 Δ5 − 8 r2 r4 ± 4 d23 r3 Δ5

Δ5 = det(2 pi ⋅ pj)

I19 = n+
d34

a(X) Δ5
I[a(X) D9 + b(X) − c(X) Δ5]

I20 = I19
Δ5→− Δ5

Found also in  integrals Febres Cordero et al. ’24; Becchetti, SZ et al. ’25tt̄W/tt̄H

Yes, it’s really there! It’s not of the type 3 + 2 2 = 1 + 2
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A new, “duplet” structure from Galois symmetry

Δ5 ↔ − Δ5 ⟹ n+ ↔ n− , I19 ↔ I20

Duplets of elements that 
transform into each other

Not the usual even/odd representation!

• Square roots  


• Nested square roots  

→ ℤ2

→ ℤ2 × ℤ2

exterior root interior root

Becchetti, Dlapa, SZ ’25

Galois groups of the defining polynomials

W± =
c1 ± c2 Δ5 + c3 β n±

c1 ± c2 Δ5 − c3 β n±

Symmetry informs the construction of letters, e.g.

•  both odd w.r.t. 

•  odd w.r.t. , respectively


•  duplet w.r.t. 

W± β
W± n±
W+ ↔ W− Δ5
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Galois groups of the defining polynomials

W± =
c1 ± c2 Δ5 + c3 β n±

c1 ± c2 Δ5 − c3 β n±

Symmetry informs the construction of letters, e.g.

•  both odd w.r.t. 

•  odd w.r.t. , respectively


•  duplet w.r.t. 

W± β
W± n±
W+ ↔ W− Δ5

Bonus: constraints on the DEs! For every duplet ,








where  implements the -flip on the MIs

W±

dÃ(X) = … + M+ d log W+ + M− d log W− + …

⇒ M+ = Σ ⋅ M− ⋅ Σ−1

Σ Δ5



31

G+
3,1 =

Elliptic curve coupled to nested square roots

Analytic AND algebraic complexity 🤯

Transcendental functions ( , , , ) expressed in terms of complete elliptic integralsψ1 G1,1 G2,1 G±
3,1


