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Amplitudes for gravitational waves:
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Amplitudes for gravitational waves:

NLO known — NNLO?
Herderschee, Roiban, Teng; Brandhuber, Brown, Chen, De Angelis, Gowdy, Travaglini; 

Georgoudis, Heissenberg, Vazquez-Holm; Elkhidir, Sergola, Vazquez-Holm, DOC
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These are different!

Bound
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Technical obstruction: “tails”, integrals over history of system
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Bound observables still close cousins of amplitudes



Outline
1. Backgrounds in worldline EFT

2. Bound diagrams

3. Bound integrands as decorated rational functions
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2
i + eQi A(xi) · ẋi
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)

Worldline EFT
Backgrounds in worldline EFT

<latexit sha1_base64="VoJ144bUgPN0imHJM06KWuLFqBU="></latexit>

= →1

4

∫
d4xFµωF

µω →
∑

i

∫
dω

(
1
2miż
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<latexit sha1_base64="BpZarc8aIDFByBV/oEVwEU2Kt/8=">AAACGXicbZBNS8NAEIY39avWr6hHL4tFqAglEalelIIXjxXsBzQxbLabduluEnY3Yg39G178K148KOJRT/4bN20O2jqw8Mw7M8zO68eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h5dZvX1HhKRReKNGMXE56oc0oBgpLXmmde/RW4cn8Bz6OR3BJCdHoSx9yBKPVrL00DPLVtWaBJwHO4cyyKPhmZ9OL8IJJ6HCDEnZta1YuSkSimJGxiUnkSRGeIj6pKsxRJxIN51cNoYHWunBIBL6hQpO1N8TKeJSjrivOzlSAzlby8T/at1EBWduSsM4USTE00VBwqCKYGYT7FFBsGIjDQgLqv8K8QAJhJU2s6RNsGdPnofWcdWuVWvXJ+X6RW5HEeyBfVABNjgFdXAFGqAJMHgEz+AVvBlPxovxbnxMWwtGPrML/oTx9QPg1Z77</latexit>

xµ
i = bµi + uµ

i ω + zµi (ω)
<latexit sha1_base64="BpZarc8aIDFByBV/oEVwEU2Kt/8=">AAACGXicbZBNS8NAEIY39avWr6hHL4tFqAglEalelIIXjxXsBzQxbLabduluEnY3Yg39G178K148KOJRT/4bN20O2jqw8Mw7M8zO68eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h5dZvX1HhKRReKNGMXE56oc0oBgpLXmmde/RW4cn8Bz6OR3BJCdHoSx9yBKPVrL00DPLVtWaBJwHO4cyyKPhmZ9OL8IJJ6HCDEnZta1YuSkSimJGxiUnkSRGeIj6pKsxRJxIN51cNoYHWunBIBL6hQpO1N8TKeJSjrivOzlSAzlby8T/at1EBWduSsM4USTE00VBwqCKYGYT7FFBsGIjDQgLqv8K8QAJhJU2s6RNsGdPnofWcdWuVWvXJ+X6RW5HEeyBfVABNjgFdXAFGqAJMHgEz+AVvBlPxovxbnxMWwtGPrML/oTx9QPg1Z77</latexit>

xµ
i = bµi + uµ

i ω + zµi (ω)
<latexit sha1_base64="LZwDUo5UeUueCoxKiZShj7Z6FNw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURqW6UghuXFewDmhgm00k7dPJgHmIN/QQ3/oobF4q4denOv3HSZqHVAwPnnnMvd+7xE0aFtKwvozA3v7C4VFwurayurW+Ym1stESuOSRPHLOYdHwnCaESakkpGOgknKPQZafvDi8xv3xIuaBxdy1FC3BD1IxpQjKSWPHP/zqM3TqjgGeRTVnEkUgfwEN5nlUentWeWrao1AfxL7JyUQY6GZ346vRirkEQSMyRE17YS6aaIS4oZGZccJUiC8BD1SVfTCIVEuOnkoDHc00oPBjHXL5Jwov6cSFEoxCj0dWeI5EDMepn4n9dVMjh1UxolSpIITxcFikEZwywd2KOcYMlGmiDMqf4rxAPEEZY6w5IOwZ49+S9pHVXtWrV2dVyun+dxFMEO2AUVYIMTUAeXoAGaAIMH8ARewKvxaDwbb8b7tLVg5DPb4BeMj29/H5ue</latexit>

xµ
i = rµi (ω) + zµi (ω)

<latexit sha1_base64="COD/AZkaPIAvA+A7Wjo3gnaAePo="></latexit>

Ipp = →
∑

i

∫
dω

(
1
2miẋ

2
i + eQi A(xi) · ẋi

)

<latexit sha1_base64="UzCHyV36VCeHKkJUrfab8N/uv34="></latexit>

= →
∑

i

∫
dω

(
1
2miż

2
i → zi µ

(
mir̈

µ
i → eQi F

µω(ri)ṙi ω
)
+ · · ·

)

In general not order !e



Worldline EFT
Backgrounds in worldline EFT

Fixed background

<latexit sha1_base64="BpZarc8aIDFByBV/oEVwEU2Kt/8=">AAACGXicbZBNS8NAEIY39avWr6hHL4tFqAglEalelIIXjxXsBzQxbLabduluEnY3Yg39G178K148KOJRT/4bN20O2jqw8Mw7M8zO68eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h5dZvX1HhKRReKNGMXE56oc0oBgpLXmmde/RW4cn8Bz6OR3BJCdHoSx9yBKPVrL00DPLVtWaBJwHO4cyyKPhmZ9OL8IJJ6HCDEnZta1YuSkSimJGxiUnkSRGeIj6pKsxRJxIN51cNoYHWunBIBL6hQpO1N8TKeJSjrivOzlSAzlby8T/at1EBWduSsM4USTE00VBwqCKYGYT7FFBsGIjDQgLqv8K8QAJhJU2s6RNsGdPnofWcdWuVWvXJ+X6RW5HEeyBfVABNjgFdXAFGqAJMHgEz+AVvBlPxovxbnxMWwtGPrML/oTx9QPg1Z77</latexit>

xµ
i = bµi + uµ

i ω + zµi (ω)
<latexit sha1_base64="BpZarc8aIDFByBV/oEVwEU2Kt/8=">AAACGXicbZBNS8NAEIY39avWr6hHL4tFqAglEalelIIXjxXsBzQxbLabduluEnY3Yg39G178K148KOJRT/4bN20O2jqw8Mw7M8zO68eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h5dZvX1HhKRReKNGMXE56oc0oBgpLXmmde/RW4cn8Bz6OR3BJCdHoSx9yBKPVrL00DPLVtWaBJwHO4cyyKPhmZ9OL8IJJ6HCDEnZta1YuSkSimJGxiUnkSRGeIj6pKsxRJxIN51cNoYHWunBIBL6hQpO1N8TKeJSjrivOzlSAzlby8T/at1EBWduSsM4USTE00VBwqCKYGYT7FFBsGIjDQgLqv8K8QAJhJU2s6RNsGdPnofWcdWuVWvXJ+X6RW5HEeyBfVABNjgFdXAFGqAJMHgEz+AVvBlPxovxbnxMWwtGPrML/oTx9QPg1Z77</latexit>

xµ
i = bµi + uµ

i ω + zµi (ω)
<latexit sha1_base64="LZwDUo5UeUueCoxKiZShj7Z6FNw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURqW6UghuXFewDmhgm00k7dPJgHmIN/QQ3/oobF4q4denOv3HSZqHVAwPnnnMvd+7xE0aFtKwvozA3v7C4VFwurayurW+Ym1stESuOSRPHLOYdHwnCaESakkpGOgknKPQZafvDi8xv3xIuaBxdy1FC3BD1IxpQjKSWPHP/zqM3TqjgGeRTVnEkUgfwEN5nlUentWeWrao1AfxL7JyUQY6GZ346vRirkEQSMyRE17YS6aaIS4oZGZccJUiC8BD1SVfTCIVEuOnkoDHc00oPBjHXL5Jwov6cSFEoxCj0dWeI5EDMepn4n9dVMjh1UxolSpIITxcFikEZwywd2KOcYMlGmiDMqf4rxAPEEZY6w5IOwZ49+S9pHVXtWrV2dVyun+dxFMEO2AUVYIMTUAeXoAGaAIMH8ARewKvxaDwbb8b7tLVg5DPb4BeMj29/H5ue</latexit>

xµ
i = rµi (ω) + zµi (ω)

<latexit sha1_base64="COD/AZkaPIAvA+A7Wjo3gnaAePo="></latexit>

Ipp = →
∑

i

∫
dω

(
1
2miẋ

2
i + eQi A(xi) · ẋi

)

<latexit sha1_base64="UzCHyV36VCeHKkJUrfab8N/uv34="></latexit>

= →
∑

i

∫
dω

(
1
2miż

2
i → zi µ

(
mir̈

µ
i → eQi F

µω(ri)ṙi ω
)
+ · · ·

)

In general not order !e

Require background “close” to solution



<latexit sha1_base64="TTWPFgfGP3FtTcu9y1b6PdImF3o="></latexit>

Āµ(x) =

∫
d4y 1

2

(
Gret(x→ y) +Gadv(x→ y)

)
Jµ
pp(y)

Worldline EFT
We choose covariant “Schild solution”

<latexit sha1_base64="0uZRD/+/whIl299+cJgQ4J5eVFg="></latexit>

mir̈
µ
i = eQiF̄

µω(ri)ṙi ω



<latexit sha1_base64="TTWPFgfGP3FtTcu9y1b6PdImF3o="></latexit>

Āµ(x) =

∫
d4y 1

2

(
Gret(x→ y) +Gadv(x→ y)

)
Jµ
pp(y)

Worldline EFT
We choose covariant “Schild solution”

Schild
field

<latexit sha1_base64="+Z5X/L5a4qQEpSiQkxJWuVNzb4Y="></latexit>

F̄µω = ωµĀω → ωωĀµ

<latexit sha1_base64="0uZRD/+/whIl299+cJgQ4J5eVFg="></latexit>

mir̈
µ
i = eQiF̄

µω(ri)ṙi ω

Time-symmetric
Green’s function



Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="keQR09q5M6JUcaylT8gEthESkso=">AAACN3icbVDLSsNAFJ3UV62vqrhyEyyCq5KIVFdScKHLClYFU8pkctsOnZmEmRu1DPkNt/obfoord+LWPzBpu9DqgYHDOfdyz5wwEdyg5705pbn5hcWl8nJlZXVtfaO6uXVt4lQzaLNYxPo2pAYEV9BGjgJuEw1UhgJuwuFZ4d/cgzY8Vlc4SqAjaV/xHmcUcyk47wYIj2g1YNat1ry6N4b7l/hTUiNTtLqbzk4QxSyVoJAJasyd7yXYsVQjZwKySpAaSCgb0j7c5VRRCaZjx6Ezdz9XIrcX6/wpdMfqzw1LpTEjGeaTkuLAzHqF+K/X1zQZcPb4674NQzkTCHsnHctVkiIoNsnTS4WLsVsU5UZcA0MxygllmudfctmAasowr7MSKHhgsZRURTaIoswGRRAtbZQVRfqztf0l14d1v1FvXB7VmqfTSstkl+yRA+KTY9IkF6RF2oSRhDyRZ/LivDrvzofzORktOdOdbfILztc3jeWt6w==</latexit>

Gret

<latexit sha1_base64="TrFQM15VEoxQwG1GPrSDhMUv8Pg=">AAACN3icbVDLSsNAFJ34tr4VV26CRXBVEhF1JYILXSpYFUwpN5PbdnBmEmZu1DLkN9zqb/gprtyJW//ApHah1QMDh3Pu5Z45cSaFpSB49cbGJyanpmdma3PzC4tLyyurlzbNDccmT2VqrmOwKIXGJgmSeJ0ZBBVLvIpvjyv/6g6NFam+oH6GLQVdLTqCA5VSdNKOCB/IQXJXtJfrQSMYwP9LwiGpsyHO2iveepSkPFeoiUuw9iYMMmo5MCS4xKIW5RYz4LfQxZuSalBoW24QuvC3SiXxO6kpnyZ/oP7ccKCs7au4nFRAPTvqVeK/XtdA1hP84dd9F8dqJBB1DlpO6Cwn1Pw7TyeXPqV+VZSfCIOcZL8kwI0ov+TzHhjgVNZZizTe81Qp0ImLkqRwURXEKJcUVZHhaG1/yeVOI9xr7J3v1o8Oh5XOsA22ybZZyPbZETtlZ6zJOMvYI3tiz96L9+a9ex/fo2PecGeN/YL3+QVxMq3b</latexit>

Gadv



Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="keQR09q5M6JUcaylT8gEthESkso=">AAACN3icbVDLSsNAFJ3UV62vqrhyEyyCq5KIVFdScKHLClYFU8pkctsOnZmEmRu1DPkNt/obfoord+LWPzBpu9DqgYHDOfdyz5wwEdyg5705pbn5hcWl8nJlZXVtfaO6uXVt4lQzaLNYxPo2pAYEV9BGjgJuEw1UhgJuwuFZ4d/cgzY8Vlc4SqAjaV/xHmcUcyk47wYIj2g1YNat1ry6N4b7l/hTUiNTtLqbzk4QxSyVoJAJasyd7yXYsVQjZwKySpAaSCgb0j7c5VRRCaZjx6Ezdz9XIrcX6/wpdMfqzw1LpTEjGeaTkuLAzHqF+K/X1zQZcPb4674NQzkTCHsnHctVkiIoNsnTS4WLsVsU5UZcA0MxygllmudfctmAasowr7MSKHhgsZRURTaIoswGRRAtbZQVRfqztf0l14d1v1FvXB7VmqfTSstkl+yRA+KTY9IkF6RF2oSRhDyRZ/LivDrvzofzORktOdOdbfILztc3jeWt6w==</latexit>

Gret

<latexit sha1_base64="TrFQM15VEoxQwG1GPrSDhMUv8Pg=">AAACN3icbVDLSsNAFJ34tr4VV26CRXBVEhF1JYILXSpYFUwpN5PbdnBmEmZu1DLkN9zqb/gprtyJW//ApHah1QMDh3Pu5Z45cSaFpSB49cbGJyanpmdma3PzC4tLyyurlzbNDccmT2VqrmOwKIXGJgmSeJ0ZBBVLvIpvjyv/6g6NFam+oH6GLQVdLTqCA5VSdNKOCB/IQXJXtJfrQSMYwP9LwiGpsyHO2iveepSkPFeoiUuw9iYMMmo5MCS4xKIW5RYz4LfQxZuSalBoW24QuvC3SiXxO6kpnyZ/oP7ccKCs7au4nFRAPTvqVeK/XtdA1hP84dd9F8dqJBB1DlpO6Cwn1Pw7TyeXPqV+VZSfCIOcZL8kwI0ov+TzHhjgVNZZizTe81Qp0ImLkqRwURXEKJcUVZHhaG1/yeVOI9xr7J3v1o8Oh5XOsA22ybZZyPbZETtlZ6zJOMvYI3tiz96L9+a9ex/fo2PecGeN/YL3+QVxMq3b</latexit>

Gadv

Radiation 
fields cancel

Stable circular
motion



Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="keQR09q5M6JUcaylT8gEthESkso=">AAACN3icbVDLSsNAFJ3UV62vqrhyEyyCq5KIVFdScKHLClYFU8pkctsOnZmEmRu1DPkNt/obfoord+LWPzBpu9DqgYHDOfdyz5wwEdyg5705pbn5hcWl8nJlZXVtfaO6uXVt4lQzaLNYxPo2pAYEV9BGjgJuEw1UhgJuwuFZ4d/cgzY8Vlc4SqAjaV/xHmcUcyk47wYIj2g1YNat1ry6N4b7l/hTUiNTtLqbzk4QxSyVoJAJasyd7yXYsVQjZwKySpAaSCgb0j7c5VRRCaZjx6Ezdz9XIrcX6/wpdMfqzw1LpTEjGeaTkuLAzHqF+K/X1zQZcPb4674NQzkTCHsnHctVkiIoNsnTS4WLsVsU5UZcA0MxygllmudfctmAasowr7MSKHhgsZRURTaIoswGRRAtbZQVRfqztf0l14d1v1FvXB7VmqfTSstkl+yRA+KTY9IkF6RF2oSRhDyRZ/LivDrvzofzORktOdOdbfILztc3jeWt6w==</latexit>

Gret

<latexit sha1_base64="TrFQM15VEoxQwG1GPrSDhMUv8Pg=">AAACN3icbVDLSsNAFJ34tr4VV26CRXBVEhF1JYILXSpYFUwpN5PbdnBmEmZu1DLkN9zqb/gprtyJW//ApHah1QMDh3Pu5Z45cSaFpSB49cbGJyanpmdma3PzC4tLyyurlzbNDccmT2VqrmOwKIXGJgmSeJ0ZBBVLvIpvjyv/6g6NFam+oH6GLQVdLTqCA5VSdNKOCB/IQXJXtJfrQSMYwP9LwiGpsyHO2iveepSkPFeoiUuw9iYMMmo5MCS4xKIW5RYz4LfQxZuSalBoW24QuvC3SiXxO6kpnyZ/oP7ccKCs7au4nFRAPTvqVeK/XtdA1hP84dd9F8dqJBB1DlpO6Cwn1Pw7TyeXPqV+VZSfCIOcZL8kwI0ov+TzHhjgVNZZizTe81Qp0ImLkqRwURXEKJcUVZHhaG1/yeVOI9xr7J3v1o8Oh5XOsA22ybZZyPbZETtlZ6zJOMvYI3tiz96L9+a9ex/fo2PecGeN/YL3+QVxMq3b</latexit>

Gadv

Radiation 
fields cancel

Stable circular
motion

Zeroth order post-Minkowski binary in circular motion



Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="ula059jpPUTWEDC+sZumoe5evc4="></latexit>

Ipp = →
∑

i

∫
dω

(
1
2miż

2
i → zi µ

(
mir̈

µ
i → eQi F

µω(ri)ṙi ω
)
+ · · ·

)

<latexit sha1_base64="v+smZsZz+it/7B7Twlx4+XNU2zE="></latexit>

= →
∑

i

∫
dω

(
1
2miż

2
i → eQizi µ

(
F̄µω → Fµω

)
ṙi ω + · · ·

)



Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="ula059jpPUTWEDC+sZumoe5evc4="></latexit>

Ipp = →
∑

i

∫
dω

(
1
2miż

2
i → zi µ

(
mir̈

µ
i → eQi F

µω(ri)ṙi ω
)
+ · · ·

)

<latexit sha1_base64="v+smZsZz+it/7B7Twlx4+XNU2zE="></latexit>

= →
∑

i

∫
dω

(
1
2miż

2
i → eQizi µ

(
F̄µω → Fµω

)
ṙi ω + · · ·

)

Radiative combination



<latexit sha1_base64="sk/cL0mPkINXVbKvD/6jc14M124="></latexit> zi
=

zi

Background Choices
We choose covariant “Schild solution”

<latexit sha1_base64="ula059jpPUTWEDC+sZumoe5evc4="></latexit>

Ipp = →
∑

i

∫
dω

(
1
2miż

2
i → zi µ

(
mir̈

µ
i → eQi F

µω(ri)ṙi ω
)
+ · · ·

)

<latexit sha1_base64="v+smZsZz+it/7B7Twlx4+XNU2zE="></latexit>

= →
∑

i

∫
dω

(
1
2miż

2
i → eQizi µ

(
F̄µω → Fµω

)
ṙi ω + · · ·

)

Radiative combination

Deflection
sourced by
radiation



Bound diagrams



Diagrams
Feynman rules: expand action about background

<latexit sha1_base64="36J+Dsmx+apuJNt68lT8mDun/Rk="></latexit>

Ipp = →

∑

i

∫
dω

(
1
2miż

2
i + eQiA(ri) · ṙi + eQizi µ F

µω
cut ṙi ω +O(z2)

)

Vertices depend on ri, ·ri



<latexit sha1_base64="4+1kY7cZxFPEunYtJIvx3GXelYc="></latexit> ω

ε =

∫
dω

(
→i eQi e

iω·ri ṙµi
)

Diagrams
Feynman rules: expand action about background

<latexit sha1_base64="36J+Dsmx+apuJNt68lT8mDun/Rk="></latexit>

Ipp = →

∑

i

∫
dω

(
1
2miż

2
i + eQiA(ri) · ṙi + eQizi µ F

µω
cut ṙi ω +O(z2)

)

Vertices depend on ri, ·ri



<latexit sha1_base64="4+1kY7cZxFPEunYtJIvx3GXelYc="></latexit> ω

ε =

∫
dω

(
→i eQi e

iω·ri ṙµi
)

Diagrams
Feynman rules: expand action about background

<latexit sha1_base64="36J+Dsmx+apuJNt68lT8mDun/Rk="></latexit>

Ipp = →

∑

i

∫
dω

(
1
2miż

2
i + eQiA(ri) · ṙi + eQizi µ F

µω
cut ṙi ω +O(z2)

)

Vertices depend on ri, ·ri

<latexit sha1_base64="zTTqxPWR975B/VFqywEFQD/z93g="></latexit>

ri = bi + uiω

<latexit sha1_base64="HjYy4XBU7uwFcWuSLLg6CCMNtfc="></latexit>

→ ω̂(ε · u)
(
↑i eQi e

iω·biuµ
i

)



<latexit sha1_base64="4+1kY7cZxFPEunYtJIvx3GXelYc="></latexit> ω

ε =

∫
dω

(
→i eQi e

iω·ri ṙµi
)

Diagrams
Feynman rules: expand action about background

<latexit sha1_base64="36J+Dsmx+apuJNt68lT8mDun/Rk="></latexit>

Ipp = →

∑

i

∫
dω

(
1
2miż

2
i + eQiA(ri) · ṙi + eQizi µ F

µω
cut ṙi ω +O(z2)

)

Vertices depend on ri, ·ri

<latexit sha1_base64="HjYy4XBU7uwFcWuSLLg6CCMNtfc="></latexit>

→ ω̂(ε · u)
(
↑i eQi e

iω·biuµ
i

)

Form of rules same for bound and unbound



<latexit sha1_base64="4+1kY7cZxFPEunYtJIvx3GXelYc="></latexit> ω

ε =

∫
dω

(
→i eQi e

iω·ri ṙµi
)

Diagrams
Feynman rules: expand action about background

<latexit sha1_base64="36J+Dsmx+apuJNt68lT8mDun/Rk="></latexit>

Ipp = →

∑

i

∫
dω

(
1
2miż

2
i + eQiA(ri) · ṙi + eQizi µ F

µω
cut ṙi ω +O(z2)

)

Vertices depend on ri, ·ri

<latexit sha1_base64="HjYy4XBU7uwFcWuSLLg6CCMNtfc="></latexit>

→ ω̂(ε · u)
(
↑i eQi e

iω·biuµ
i

)

Form of rules same for bound and unbound

“On-shell condition”
Total time derivatives: zero



<latexit sha1_base64="53luYAt+jVUCGl3rqRTEWoT6LjA="></latexit>

k

Diagrams
Same rules, same diagrams

<latexit sha1_base64="PgtMaQQw0DblnsMwt35Hbh5sSPc="></latexit>

ω
q

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="JmMg1iFKHTXiN41LbdDGof00OTc=">AAACD3icbZDNSgMxFIUz/lv/qi7dBIugmzIjom4UwY1LBauFTlsymVsNJpkhuaPWYR7CnVt9CXfi1kfwHXwI05+FWg8EPs65l1xOlEph0fc/vbHxicmp6ZnZ0tz8wuJSeXnlwiaZ4VDjiUxMPWIWpNBQQ4ES6qkBpiIJl9HNcS+/vAVjRaLPsZtCU7ErLTqCM3RW66EVqqydbwZbBT2g7XLFr/p90VEIhlAhQ522y19hnPBMgUYumbWNwE+xmTODgksoSmFmIWX8hl1Bw6FmCmwz719d0A3nxLSTGPc00r77cyNnytquitykYnht/2Y987+skWFnv5kLnWYImg8+6mSSYkJ7FdBYGOAouw4YN8LdSvk1M4yjK6oUarjjiVJMx3kYx0UeItxjHheFqyf4W8YoXGxXg93q7tlO5ehwWNQMWSPrZJMEZI8ckRNySmqEE0OeyDN58R69V+/Nex+MjnnDnVXyS97HNyWxnSs=</latexit>

zµ(1) =

Gonzo and Mogull



<latexit sha1_base64="53luYAt+jVUCGl3rqRTEWoT6LjA="></latexit>

k

Diagrams
Same rules, same diagrams

<latexit sha1_base64="PgtMaQQw0DblnsMwt35Hbh5sSPc="></latexit>

ω
q

Scattering: zero after integration

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="JmMg1iFKHTXiN41LbdDGof00OTc=">AAACD3icbZDNSgMxFIUz/lv/qi7dBIugmzIjom4UwY1LBauFTlsymVsNJpkhuaPWYR7CnVt9CXfi1kfwHXwI05+FWg8EPs65l1xOlEph0fc/vbHxicmp6ZnZ0tz8wuJSeXnlwiaZ4VDjiUxMPWIWpNBQQ4ES6qkBpiIJl9HNcS+/vAVjRaLPsZtCU7ErLTqCM3RW66EVqqydbwZbBT2g7XLFr/p90VEIhlAhQ522y19hnPBMgUYumbWNwE+xmTODgksoSmFmIWX8hl1Bw6FmCmwz719d0A3nxLSTGPc00r77cyNnytquitykYnht/2Y987+skWFnv5kLnWYImg8+6mSSYkJ7FdBYGOAouw4YN8LdSvk1M4yjK6oUarjjiVJMx3kYx0UeItxjHheFqyf4W8YoXGxXg93q7tlO5ehwWNQMWSPrZJMEZI8ckRNySmqEE0OeyDN58R69V+/Nex+MjnnDnVXyS97HNyWxnSs=</latexit>

zµ(1) =

Gonzo and Mogull



<latexit sha1_base64="53luYAt+jVUCGl3rqRTEWoT6LjA="></latexit>

k

Diagrams
Same rules, same diagrams

<latexit sha1_base64="PgtMaQQw0DblnsMwt35Hbh5sSPc="></latexit>

ω
q

Scattering: zero after integration

Bound: non-zero

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="JmMg1iFKHTXiN41LbdDGof00OTc=">AAACD3icbZDNSgMxFIUz/lv/qi7dBIugmzIjom4UwY1LBauFTlsymVsNJpkhuaPWYR7CnVt9CXfi1kfwHXwI05+FWg8EPs65l1xOlEph0fc/vbHxicmp6ZnZ0tz8wuJSeXnlwiaZ4VDjiUxMPWIWpNBQQ4ES6qkBpiIJl9HNcS+/vAVjRaLPsZtCU7ErLTqCM3RW66EVqqydbwZbBT2g7XLFr/p90VEIhlAhQ522y19hnPBMgUYumbWNwE+xmTODgksoSmFmIWX8hl1Bw6FmCmwz719d0A3nxLSTGPc00r77cyNnytquitykYnht/2Y987+skWFnv5kLnWYImg8+6mSSYkJ7FdBYGOAouw4YN8LdSvk1M4yjK6oUarjjiVJMx3kYx0UeItxjHheFqyf4W8YoXGxXg93q7tlO5ehwWNQMWSPrZJMEZI8ckRNySmqEE0OeyDN58R69V+/Nex+MjnnDnVXyS97HNyWxnSs=</latexit>

zµ(1) =

Gonzo and Mogull



<latexit sha1_base64="53luYAt+jVUCGl3rqRTEWoT6LjA="></latexit>

k

Diagrams
Same rules, same diagrams

<latexit sha1_base64="PgtMaQQw0DblnsMwt35Hbh5sSPc="></latexit>

ω
q

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="JmMg1iFKHTXiN41LbdDGof00OTc=">AAACD3icbZDNSgMxFIUz/lv/qi7dBIugmzIjom4UwY1LBauFTlsymVsNJpkhuaPWYR7CnVt9CXfi1kfwHXwI05+FWg8EPs65l1xOlEph0fc/vbHxicmp6ZnZ0tz8wuJSeXnlwiaZ4VDjiUxMPWIWpNBQQ4ES6qkBpiIJl9HNcS+/vAVjRaLPsZtCU7ErLTqCM3RW66EVqqydbwZbBT2g7XLFr/p90VEIhlAhQ522y19hnPBMgUYumbWNwE+xmTODgksoSmFmIWX8hl1Bw6FmCmwz719d0A3nxLSTGPc00r77cyNnytquitykYnht/2Y987+skWFnv5kLnWYImg8+6mSSYkJ7FdBYGOAouw4YN8LdSvk1M4yjK6oUarjjiVJMx3kYx0UeItxjHheFqyf4W8YoXGxXg93q7tlO5ehwWNQMWSPrZJMEZI8ckRNySmqEE0OeyDN58R69V+/Nex+MjnnDnVXyS97HNyWxnSs=</latexit>

zµ(1) =

Gonzo and Mogull

<latexit sha1_base64="HNrWvzBNKQkbipCuHvRqmK8sQwE="></latexit>

ω

q
+



<latexit sha1_base64="heo1kZGtrmaHqbH1e4GK0edUKLk="></latexit>

Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =



<latexit sha1_base64="heo1kZGtrmaHqbH1e4GK0edUKLk="></latexit>

Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="DNdbZlF0XFJfjDUekoclievcJcA="></latexit>

→ e

R

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

Fixed: Schild
solution



<latexit sha1_base64="heo1kZGtrmaHqbH1e4GK0edUKLk="></latexit>

Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="DNdbZlF0XFJfjDUekoclievcJcA="></latexit>

→ e

R

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="jmTsdeLw2jBf5LLE3iC/5r8Lio4="></latexit>

ω
q

<latexit sha1_base64="VXx0e1hoAHZbhazUDCYL3y//ACQ="></latexit>

ω

q +
<latexit sha1_base64="7WydQczFvGr5yFSTcMPz4ckFmaI=">AAACDnicbZDNLgRBFIWr/Rt/g6VNxUTCZtKNYEOIjSWJQTLdJtXVd6ioqm5VtzHp9DvY2fISdmLrFbyDh1AzZuHvJJV8Oefe1M2JMyks+v67NzA4NDwyOjZemZicmp6pzs6d2DQ3HBo8lak5i5kFKTQ0UKCEs8wAU7GE0/hqv5uf3oCxItXH2MkgUuxCi7bgDJ0V7Z2HKm8Vy2srJd1uVWt+3e+J/oWgDzXS12Gr+hEmKc8VaOSSWdsM/AyjghkUXEJZCXMLGeNX7AKaDjVTYKOid3RJl5yT0HZq3NNIe+73jYIpazsqdpOK4aX9nXXN/7Jmju2tqBA6yxE0//qonUuKKe02QBNhgKPsOGDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZLUebNQ3jtZruzv9osbIAlkkyyQgm2SXHJBD0iCcXJMH8kievHvv2XvxXr9GB7z+zjz5Ie/tE2zqnMo=</latexit>

Aµ
(3) =

<latexit sha1_base64="igduNtd+YqeABZSXC42Qg+2+TZE="></latexit>

→ e3

mR2

Fixed: Schild
solution



<latexit sha1_base64="heo1kZGtrmaHqbH1e4GK0edUKLk="></latexit>

Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="DNdbZlF0XFJfjDUekoclievcJcA="></latexit>

→ e

R

<latexit sha1_base64="waDFOc60f6/l5cWJHGU0m3nd7V8=">AAACDnicbZDNSgMxFIUz/lv/qi7dBIugmzIjUt0oihuXClaFzlgymVsNJpkxuaOWYd7BnVt9CXfi1lfwHXwI09qFfwcCH+fcSy4nzqSw6Pvv3tDwyOjY+MRkZWp6ZnauOr9wYtPccGjyVKbmLGYWpNDQRIESzjIDTMUSTuOr/V5+egPGilQfYzeDSLELLTqCM3RWtHceqrxdrAZrJd1uV2t+3e+L/oVgADUy0GG7+hEmKc8VaOSSWdsK/AyjghkUXEJZCXMLGeNX7AJaDjVTYKOif3RJV5yT0E5q3NNI++73jYIpa7sqdpOK4aX9nfXM/7JWjp2tqBA6yxE0//qok0uKKe01QBNhgKPsOmDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZL0eNOqNo43a7s6gqAmyRJbJKgnIJtklB+SQNAkn1+SBPJIn79579l6816/RIW+ws0h+yHv7BGmmnMg=</latexit>

Aµ
(1) =

<latexit sha1_base64="jmTsdeLw2jBf5LLE3iC/5r8Lio4="></latexit>

ω
q

<latexit sha1_base64="VXx0e1hoAHZbhazUDCYL3y//ACQ="></latexit>

ω

q +
<latexit sha1_base64="7WydQczFvGr5yFSTcMPz4ckFmaI=">AAACDnicbZDNLgRBFIWr/Rt/g6VNxUTCZtKNYEOIjSWJQTLdJtXVd6ioqm5VtzHp9DvY2fISdmLrFbyDh1AzZuHvJJV8Oefe1M2JMyks+v67NzA4NDwyOjZemZicmp6pzs6d2DQ3HBo8lak5i5kFKTQ0UKCEs8wAU7GE0/hqv5uf3oCxItXH2MkgUuxCi7bgDJ0V7Z2HKm8Vy2srJd1uVWt+3e+J/oWgDzXS12Gr+hEmKc8VaOSSWdsM/AyjghkUXEJZCXMLGeNX7AKaDjVTYKOid3RJl5yT0HZq3NNIe+73jYIpazsqdpOK4aX9nXXN/7Jmju2tqBA6yxE0//qonUuKKe02QBNhgKPsOGDcCHcr5ZfMMI6up0qo4ZanSjGdFGGSlEWIcIdFUpaunuB3GX/hZLUebNQ3jtZruzv9osbIAlkkyyQgm2SXHJBD0iCcXJMH8kievHvv2XvxXr9GB7z+zjz5Ie/tE2zqnMo=</latexit>

Aµ
(3) =

<latexit sha1_base64="igduNtd+YqeABZSXC42Qg+2+TZE="></latexit>

→ e3

mR2

Ratio                       cf unbound 
<latexit sha1_base64="8UEA1zXcqndF30mlbmpsOo7G7LU="></latexit>

e2

mR
→ 1

<latexit sha1_base64="73iBqcjd6IY1IceEXreTVSBKZYw=">AAACGHicbZC9SgQxFIUz/rv+rYqVTXARrJYZEbUSwcZSwVVhZ10ymTsaTDJDckddwryIna2+hJ3Y2vkOPoTZdQv/LgQO5+RyD19SSGExDN+DkdGx8YnJqenazOzc/EJ9cenU5qXh0OK5zM15wixIoaGFAiWcFwaYSiScJdcH/fzsBowVuT7BXgEdxS61yARn6K1ufSXODOMOLjYrp2hS0VhKGnXrjbAZDob+FdFQNMhwjrr1jzjNealAI5fM2nYUFthxzKDgEqpaXFooGL9ml9D2UjMFtuMG9Su67p2UZrnxTyMduN83HFPW9pQvt64YXtnfWd/8L2uXmO12nNBFiaD516GslBRz2mdBU2GAo+x5wbgRvivlV8zzQE+sFmu45blSTKcuTtPKxQh36NKq8nii3zD+itPNZrTd3D7eauzvDUFNkVWyRjZIRHbIPjkkR6RFOHHkgTySp+A+eA5egtevryPBcGeZ/Jjg7RO186Cn</latexit>

e2

mb
→ 1

Fixed: Schild
solution



Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="8UEA1zXcqndF30mlbmpsOo7G7LU="></latexit>

e2

mR
→ 1



Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="8UEA1zXcqndF30mlbmpsOo7G7LU="></latexit>

e2

mR
→ 1

<latexit sha1_base64="pQ78vVO/g/vDN9tCNVLOHlnU8Jc="></latexit>

e2

mR
→ v2 ↑ 1

Bound case: virial theorem



Diagrams
Small parameter: dimensional analysis

<latexit sha1_base64="8UEA1zXcqndF30mlbmpsOo7G7LU="></latexit>

e2

mR
→ 1

<latexit sha1_base64="pQ78vVO/g/vDN9tCNVLOHlnU8Jc="></latexit>

e2

mR
→ v2 ↑ 1

Bound case: virial theorem

Post-Newtonian — relativistic formulation to access PN corrections 



Integrands as Rational Functions



Integrands
Leading order radiation

<latexit sha1_base64="6fslE3diDKUIxccsDslpqobEHnY="></latexit>

k2 ω · Ã(1)(k) =

<latexit sha1_base64="jvt3buKePooj2IxDw8FAx0K1APc="></latexit>

k

<latexit sha1_base64="3uZ4ZWKS6jtqcCI1xow4Wka2t40="></latexit>

=
∑

i

1

mi

∫
dω e→ik·ri eQi pi · ε

<latexit sha1_base64="ihRnQ9rjKxTMF9ddWh/Q2rEImqI="></latexit>

pi = miṙi



Integrands
Leading order radiation

<latexit sha1_base64="6fslE3diDKUIxccsDslpqobEHnY="></latexit>

k2 ω · Ã(1)(k) =

<latexit sha1_base64="jvt3buKePooj2IxDw8FAx0K1APc="></latexit>

k

<latexit sha1_base64="3uZ4ZWKS6jtqcCI1xow4Wka2t40="></latexit>

=
∑

i

1

mi

∫
dω e→ik·ri eQi pi · ε

Gauge invariant
<latexit sha1_base64="PZafiD4unU0QML8+aE/i7ZbVb/k="></latexit>

k · pi → d
dω k · ri



Integrands
Leading order radiation

<latexit sha1_base64="6fslE3diDKUIxccsDslpqobEHnY="></latexit>

k2 ω · Ã(1)(k) =

<latexit sha1_base64="jvt3buKePooj2IxDw8FAx0K1APc="></latexit>

k

<latexit sha1_base64="3uZ4ZWKS6jtqcCI1xow4Wka2t40="></latexit>

=
∑

i

1

mi

∫
dω e→ik·ri eQi pi · ε

<latexit sha1_base64="cH3ld1YXxo2tTvsZhDO9X37ATYc="></latexit>

A3



Integrands
Leading order radiation

<latexit sha1_base64="6fslE3diDKUIxccsDslpqobEHnY="></latexit>

k2 ω · Ã(1)(k) =

<latexit sha1_base64="jvt3buKePooj2IxDw8FAx0K1APc="></latexit>
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Conclusions
❖ Perturbative expansion for circular binaries in weak field

❖ Observables: integrals of rational functions, decorated cousins of 
scattering amplitudes

❖ BCFW for decorated integrands?

❖ Schild solution appropriate zeroth order background

❖ Secular drift away from Schild, slow in weak field


