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Perturbative      gives a unitary S-matrix 

     is less IR divergent than        e.g. [Bautista, Driesse, Haddad, Jakobsen ‘26], …

The classical limit of     can be used directly

The exponential form: Magnus    
[Magnus ‘54], 

[Damgaard, Plante, Vanhove ’21 

+Hansen ‘23] 
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Just take the log [Damgaard, Plante, Vanhove ’21 +Hansen ‘23] … :

Is there a better/more fundamental way?

How to compute N?

This talk: Feynman rules for the N-matrix

Building on previous work at tree-level [ Kim^3, Lee ’24]
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Magnus Wick Contractions

What is the equivalent of the Dyson expansion for     ? 

General formula see [Chen, Strichartz ‘87] … 
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4-points tree-level

Murua coefficient:
Matches

[Murua’06]

[Kim^3, Lee ’24]
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Sum of Murua coefficients at tree-level is 1

Matches

[Murua’06]

[Kim^3, Lee ’24]
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General Structure: Tree-level
For n vertices n-1 Wick contractions:

Only retarded or advanced 

props at tree-level.

Coefficients of each diagram 

given by [Murua’06]

 [Kim^3, Lee ’24]
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1-loop
One extra Wick contraction beyond tree

One more 

contraction

Exactly one cut 

propagator at 1-loop!
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2-loops 
Two extra Wick contraction beyond tree

Exactly 0 cuts or 2 cuts 

at 2-loop!
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Cut Murua coeffs from:

General loop structure Tree-level Murua coeff:

[Kim^3, Lee ’24] 

Higher-loop zero cut coeffs: 
[Kim ‘25][Guo, Kim^3, Lee ‘26]
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Step 4:

Multiply each graph 

by its Mura Coefficient



Murua properties

Swapped Graphs have the 
same Murua coefficients

[Kim^3, Lee ’24] 
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Classical limit

Conjecture: 

Only the maximal cut 

pieces contribute in 

the classical limit of 

Matches intuition from 

worldlines [Mogull, Plefka, Steinhoff; 

Haddad, Jakobsen, Mogull, Plefka]



Conclusions
• The Magnus expansion has three types of propagators:

• Only very specific numbers of cuts can appear.

• Proved the all-loop structure of the Magnus expansion.

What now?

• Proof of classical limit conjecture

• Soft limits, infrared divergences, exponentiation…

• Doing the integrals, generalised unitarity … 



Step 3:

Add arrows in all 

possible ways

Magnus Feynman Rules
Step 1:

Draw all diagrams 

without arrows

Step 2:

Add cuts in all possible

numbers and ways

Step 4:

Multiply each graph 

by its Mura Coefficient

Thank you!


	Slide 1: The Magnus Expansion in QFT
	Slide 2: Why we are here: The S-Matrix
	Slide 3: Why we are here: The S-Matrix
	Slide 4: Why we are here: The S-Matrix
	Slide 5: Why we are here: The S-Matrix
	Slide 6: Why we are here: The S-Matrix
	Slide 7: Why we are here: The S-Matrix
	Slide 8: The exponential form: Magnus    
	Slide 9: The exponential form: Magnus    
	Slide 10: The exponential form: Magnus    
	Slide 11: The exponential form: Magnus    
	Slide 12: How to compute N?
	Slide 13: How to compute N?
	Slide 14: How to compute N?
	Slide 15: How to compute N?
	Slide 16: Wick contractions review
	Slide 17: Wick contractions review
	Slide 18: Wick contractions review
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23: Magnus Wick Contractions
	Slide 24: Commutator Wick Contractions
	Slide 25: Commutator Wick Contractions
	Slide 26: Commutator Wick Contractions
	Slide 27: Commutator Wick Contractions
	Slide 28: Commutator Wick Contractions
	Slide 29
	Slide 30
	Slide 31
	Slide 32: 4-points tree-level
	Slide 33: 4-points tree-level
	Slide 34: 4-points tree-level
	Slide 35: 4-points tree-level
	Slide 36: 4-points tree-level
	Slide 37: 5-points tree-level
	Slide 38: 5-points tree-level
	Slide 39: 5-points tree-level
	Slide 40: 5-points tree-level
	Slide 41: 5-points tree-level
	Slide 42: 5-points tree-level
	Slide 43: 6-points tree-level
	Slide 44: 6-points tree-level
	Slide 45: General Structure: Tree-level
	Slide 46: General Structure: Tree-level
	Slide 47: General Structure: Tree-level
	Slide 48: 1-loop
	Slide 49: 1-loop
	Slide 50: 1-loop
	Slide 51: 1-loop
	Slide 52
	Slide 53
	Slide 54
	Slide 55: 2-loops 
	Slide 56: 2-loops 
	Slide 57: 2-loops 
	Slide 58: 2-loops 
	Slide 59: 2-loops 
	Slide 60: General loop structure
	Slide 61: General loop structure
	Slide 62: General loop structure
	Slide 63: General loop structure
	Slide 64: General loop structure
	Slide 65: Magnus Feynman Rules
	Slide 66: Magnus Feynman Rules
	Slide 67: Magnus Feynman Rules
	Slide 68: Magnus Feynman Rules
	Slide 69: Magnus Feynman Rules
	Slide 70: Murua properties
	Slide 71: Classical limit
	Slide 72: Classical limit
	Slide 73: Conclusions
	Slide 74: Magnus Feynman Rules

