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Black holes are one of the most remarkable
GR predictions

Finite size effects of compact objects are
captured by Love Numbers
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Inspiral: Point-particle approximation



Love Numbers in the Gravitational Wave Signal

Inspiral ' Merger ’ Ringdown I

Love numbers: Tidal deformability, dissipation, ...
[Goldberger, Rothstein, 2006] [Goldberger, Ross, 2009]
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Feed finite size effects
into the inspiral phase

computations?




Matching Strategy

Can we compute frame
independent Black Hole Love
numbers?
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Compute the same gauge-independent object
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Can we compute frame
independent Black Hole Love
numbers?
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State of the art
| Can we compute frame 0( GB)
independent Black Hole Love
n-umbelfs? 2602.06947 [Bjerrum-Bohr, Chen,

Eriksen, Shah]

2602.06951 [Ivanov, Li, Parra-Martinez,
Zhou]

2602.06125 [Bautista, Driesse, Haddad,
Jakobsen]




Matching Strategy

Compute the same gauge-independent object

7N
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State of the art
Can we compute frame 0 3) 0( G4)
independent Black Hole Love
numb el,Sf? 2602.06947 [Bjerrum-Bohr, Chen, 2606.28239 [Brunello, Meo, Smith]
' Eriksen, Shah] 2606.27544 [Bautista, Driesse, Haddad,
2602.06951 [Ivanov, Li, Parra-Martinez, Jakobsen]
Zhou]

2602.06125 [Bautista, Driesse, Haddad,
Jakobsen]




. Standard approach

Feynman diagrams
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Partial Wave
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Match to BHPT

Black Hole
Love numbers

i

Amplitude

Unfortunately,
no new physics!

o) 6(GY

T(w, 1)

2401.08752 [Ivanov, Li, Parra-Martinez,
Zhou]
2602.06947 [Bjerrum-Bohr, Chen,
Eriksen, Shah]

2602.06951 [Ivanov, Li, Parra-Martinez,
Zhou]
2602.06125 [Bautista, Driesse, Haddad,
Jakobsen]

2606.28239 [Brunello, Meo, Smith]

2606.27544 [Bautista, Driesse, Haddad,
Jakobsen]



Feynman diagrams

4 1A AL

Amplitude
H(w, 1)

2401.08752 [Ivanov, Li, Parra-Martinez,
Zhou]
2602.06947 [Bjerrum-Bohr, Chen,

Partial Wave Eriksen, Shah]

2602.06951 [Ivanov, Li, Parra-Martinez,
Zhou]

S f (a) ) 2602.06125 [Bautista, Driesse, Haddad,
Jakobsen]

2606.28239 [Brunello, Meo, Smith]

Match to BHPT Unfortunately, 260627544 [B?iis}t;’ei?esse’ Haddad,
no new physics!
. Standard approach Black Hole Order needed

Love numbers @(GB) —r @(G7)



Feynman diagrams

4 1A AL

Amplitude

T(w, 1)

Partial Wave
Six loops!
5, () b

Match to BHPT Unfortunately,
no new physics!

. Standard approach Black Hole Order needed

Love numbers @(GB) —r @(G7)



PN Feynman diagrams
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regime

Amplitude

Fffective Wave

Equation
q I(w, 1)

(O+V)h=0

Partial Wave

Sf (W)

Match to BHPTl

. Standard approach Black Hole

el - Alternative approach Love humbers



PN Feynman diagrams

4 1A AL

regime

Fifective Wave Amplitude

Equation
(O+V)h=0 lw, 1)

Solved perturbatively

with HPLs to all orders Partial Wave

1)

Match to BHPTl

. Standard approach Black Hole o
O(G') New predictions!

el - Alternative approach Love humbers



Feynman diagrams

4 1A AL

Fifective Wave Amplitude
Equation

(O+V)h=0

Elliptic polylogs to all orders:
Partial Wave IBPs, Differential equations &
numerical integration

Solved perturbatively
with HPLs to all orders

1)

Match to BHPTl

. Standard approach Black Hole o
O(G') New predictions!

el - Alternative approach Love humbers



The eftective wave equation

W.L.P. [S. Caron-Huot, M. Correia, GI, A. Wolz]
2406.13737 [M. Correia, GI]
2503.13593 [S. Caron-Huot, M. Correia, GI, M. Solon]




The eftective wave equation Gravitational

/ wave

W.L.P. [S. Caron-Huot, M. Correia, GI, A. Wolz]
2406.13737 [M. Correia, GI]
2503.13593 [S. Caron-Huot, M. Correia, GI, M. Solon]
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Effective

Action

5
Effective Wave l s
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Effective

Action

5S
Effective Wave l =0
equation ( 4V, V ) b — 0

VLove — .

Born series:

Sy(w) =V + VGV...

Love numbers = Boundary conditions

Regulate UV divergences
withd = 4 — 2¢ — Harmonic Polylogarithms (HPLs)




Results and Matching
to BHPT




EFT results to oG?
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EFT results to oG4

Match with 2602.06947, 2602.06951,2602.06125
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EFT results to oG5 BHPT

Match with 2602.06947, 2602.06951,2602.06125
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110257 5 7 | 202M3, (GM)>3 110257 5 7

Static Magnetic
Love number

First time shown in
a gauge-independent
way




EFT results to oG®

Match with 2602.06947, 2602.06951,2602.06125
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EFT results to oG BHPT

Match with 2602.06947, 2602.06951,2602.06125
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Black Hole Love number experimental predictions

Electric Magnetic
Love numbers Love numbers
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Feynman diagrams

4 1A AL

Fifective Wave Amplitude

Equation
(O+V)h=0 l(w, 1)

/ Partial Wave

2604.14112 [Chang, 2511.02372 [Combaluzier-
Shen, Zhou] Szteinsznaider, Glazer, Joyce, S £ (a))
Rodriguez, Santoni]
Wavetorms RG equations
Match to BHPT l
. Standard approach Black Hole

O(G') New predictions!

gy Alternative approach Love numbers



Feynman diagrams

4 1A AL

Fifective Wave Amplitude
Equation

(O+V)h=0

/ Partial Wave

2604.14112 [Chang, 2511.02372 [Combaluzier-
Shen, Zhou] Szteinsznaider, Glazer, Joyce, S £ (a))
Rodriguez, Santoni]
Wavetorms RG equations
Match to BHPT l
. Standard approach Black Hole

O(G') New predictions!

gy Alternative approach Love numbers



e We are at Amplitudes!

The scattering amplitude

T(a) o t ) e Compton amplitude contains
information about the two-body

problem

N o

W.IL.P. [S. Caron-Huot, M. Correia, GI, A. Wolz]




Partial wave Amplitude

Sy (w) = 204 T(w, 1)

=\
Y

We have the phase-shift Amplitudes/worldline
for this process! techniques

I = (py —p1)2 = w? x?




Partial wave Amplitude

I = (py —p1)2 = w? x?

Rational functions
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Partial wave Amplitude

I = (py —p1)2 = w? x?

Rational functions ?

H fo(@) ~ ~

gg Jr (@) ~




Partial wave Amplitude

I = (py —p1)2 = w? x?

Rational functions Elliptic HPLs

|
éz ff (w) ~ 2_)6
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Partial wave Amplitude

I = (py —p1)2 = w? x?

Rational functions Elliptic HPLs

éz ff (a)) ~ fj—%
ff (w) ~ 11 >
5% ﬁé‘« <f +5) Elliptic MPLs

Credit: Simone Zoia



Partial wave

Elliptic MPLS?

Rational functions

Elliptic HPLs

Amplitude

I = (py —p1)2 = w? x?

Elliptic MPLs

Credit: Simone Zoia



Scattering amplitude:
central object in QF T

\

T(w, x)
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Partial wave:
central object in QM

Legendre
polynomials

[

Pf(l — 2x2)
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Scattering amplitude: Legendre
central objectin QF T polynomials Rational function in x
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Partial wave:
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Scattering amplitude: Legendre
central objectin QF T polynomials Rational function in x
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central object in QM
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Master Integrals
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The master integrals: ;= 35 w; (x, 1) H ()

Differential Equations

Solved recursively weight by weight

d
2 _
(1 —X )_ Ii;h,§ (X) — Aij Ij;h,§ (X) + Bij Ij;§ (X)

1/2x) —x —1/(2x) 0
1/2x) -1/Q2x) +x 0 O
1/(2x) 1/(2x) 1/x -x
0 0 0

O 0 0 0

0 O 1/x-x|




The master integrals: ;= 35 w; (x, 1) H ()

Differential Equations Boundary Conditions

Solved recursively weight by weight Solved analytically in

; the backward limit x = 1
2 _
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The master integrals: ;= 35 w; (x, 1) H ()

Differential Equations

Solved recursively weight by weight

d
(1=x*)—1I., - (x) = AL
dx "8 /
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Boundary Conditions

Solved analytically in
the backward limitx = 1
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Numerical Evaluation

Single variable integration
on analytic contour
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1. Express Legendre Polynomials in integral form

§

Hw,x) = Z Jr (@) <f+%> P, (1 —2x2) —
=0

2. Resum partial wave Taylor series

i fr (@) u*” o Hy(x)

£=0
Harmonic Polylogarithms

3. Integration By Part and
projection in Master Integral basis

Elliptic Polylogarithms

1

27Tl

O

udu (1

2y

_ ) &
3 - fo(a))ubﬂ

=0

y=u*—2(1 —2xHu’ + 1



1. Express Legendre Polynomials in integral form

o0 4 o0
T(w,x) = fgo I (@) (f -+ %) P, (1- 2x2) = 2;, <J; i (21y3_ “) %fg () u*”
D y=u*—2(1 —2xHu’ + 1
2. Resum partial wave Taylor series
3 (@) o Hyx) e Tme
prs ’ 4 25
Harmonic Polylogarithms + 8 10
+ 29 50s
3. Integration By Part and +97  4mm

+319 16 min
+1022 39 min

projection in Master Integral basis

Elliptic Polylogarithms
*On my laptop



Statistics of the computation: : 6(G® example

G6amp = PWtoAmp [PWampG6, True, False, "Termwise"]
PrintSize[%]

o
——- canonicalization took 108.683 s --- ™/ 15 mln

--- extract finite part took 0.008 s —-—-
--- extract delta part took 0.004 s ——-

resummation to HPLs took 17.254 s -—-

—--- canonical finite part took 6.117 s --- ' 5 5 MB
2.1 '

--- finite projection: 10579 IBP terms ---

--- finite projection to MIs took 842.732 s --- ~NJ 78()() terms

--- delta / UV part took 3.488 s ---

--- final expansion took 0.063 s ---

1915@24 GM® 7t w> - 2°2°89 EulerGamma GM® it w® - 28824 EulerGamma’ GM°® 7t w> + —SZ;O EulerGamma® GM® 7t w> + % EulerGamma® GM® 7t w> +
7888 5 GMS 72 o5 + , 1032 GM® w? w° MI[6,{1}] Z[4]  64GM® nw? w> MI[6,(1}] Z[4] 256 GM® nw® MI[4] Z[5] . 256 GM® nwd MI[4] Z[5]
3 ~1+w2 ~1+w2 5 (—1+w2) 5 w2 (—1+w2)
large output show less show more show all set size limit...

output size: 5.55 MB



Exponentiated amplitude to oG» ~ iT=¢"~1

I = w? x?
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Exponentiated amplitude to 6(G*) iT=e" -1

Match with 2602.06951 [Ivanov, Li, Parra-Martinez, Zhoul]

1 )I
A

- 32

+21(GM Y’ w* | =— 1., + (60 — 4x7) I,

32 ,
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72 4 104
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4w? € 3 :

| 3x?

HPLs
Iy, = — [log(x) + log(x + 1)]/2 I5., = — [log(x) — log(x + 1)]/2

1

Lo =7 [Liz(—x) — Li,(x) — log(1 — x) log(x) — log(x + 1) log(x) + 52]

Is., = %[3Li2(—x) + Li,(x) + log(1 — x) log(x) + log(x + 1) log(x) + Cz]

1
Is., = . [Liz(—x) — L1,(x) —log(1l — x) log(x) + log(x + 1) log(x) + 4'2]




Exponentiated amplitude to 6(G*) iT=e'"—1

2

Match with 2602.06951 [Ivanov, Li, Parra-Martinez, Zhoul]

M ) , (X
Q+n“ﬂﬂw(2

32 32
2 ’ ’ 3x2 ’ ) ,

3x

12 4 104

~101, + 1zlog<”—2) +8log(@) + = +——+ 4<yE _ 10g(7r)>]

4w €

+21°(GM)*w? [ — 241, X x*(—=218 + x?)I, + 5—9(2x2 - DI, + L(1741 — x))]., + > (L. + L)
128 64 " 64 C 64 T ’
e 4 152
+16 (15, = Isy) + 16 log(—— ) + 8 log() + = +—— +4 (y; — log(x))|
’ ’ 4w? € 3

Appearance of
elliptic functions

I, = K(1 —x%)/2

L,=K(1-x)2-E1-x*)—x+1




Exponentiated amplitude to 65 iT=e’ -1

Match with 2602.06951 [Ivanov, Li, Parra-Martinez, Zhoul]

1 32 32
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3 50 2 ) , 265x2
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Exponentiated amplitude to 6(G°) iT=e"—1

Match with 2602.06951 [Ivanov, Li, Parra-Martinez, Zhou] I = W™ X
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