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Motivation

 Fluid systems are notoriously hard to study

Turbulence Surface Waves

 Fluid mechanics is one of the most successful effective field theories

 Symmetries + conservation laws

 Transport coefficients, like viscosity, 
are Wilson coefficients
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Motivation

 It is extremely hard to understand why and how AI works

 Memorization-generalization phase transition

 In-context learning

 Scaling laws

 ….

 AI and machine learning have been extremely useful for scientific 
discoveries

AlphaFold (DeepMind) Erdős problem (OpenAI) Single-minus amplitude
[A. Guevara et al. (2026) ]
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The Surface Water-Wave Problem
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One of The Oldest Problems

 Basic assumptions:  

∇ × ⃗v = 0

∇ ⋅ ⃗v = 0

⃗v = ∇ϕ

∇2ϕ = 0
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 Surface Bernoulli equation:  

( ·ϕ +
1
2

(∂xϕ)2 +
1
2

(∂yϕ)2 + gy)
y=ξ(x,t)

= 0

One of The Oldest Problem

Nonlinearly realized symmetries 
(inherited from free-falling particles) 

Kx = mx − tpx Ky = m(y −
1
2

gt2) − tpy m → ∂ϕ , pi → ∂i

 Surface kinematic constraint (SKC):  
·ξ = ∂yϕ − (∂xξ)(∂xϕ)

Matter current comoving with the surface

 Nonlocal response:  SKC + Laplace
·ξ = G(ξ)ψ = |∇ |ψ + ⋯ψ = ϕ |y=ξ

Kx : ϕ(x, y, t) → ϕ(x − ϵt, y, t) + ϵx −
1
2

ϵ2t
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Spatial Nonlocality



9



10

Resonant Hamiltonian

A generic interaction Hamiltonian contains monomials:

a*k1
⋯a*km

ap1
ap2

⋯apr

In the interaction picture this term generally contains the oscillating piece:

eiΔωt = exp(i(ωk1
+ ⋯ + ωkm

− ωp1
− ⋯ − ωpr

)t)

Expanding the Hamiltonian:

H2 = ∫ dkωka*k ak ωk = g |k |

H = H2 + ϵH3 + ϵ2H4 + ⋯

The fast-oscillating piece can be removed by near-identity 
canonical transformation: 

H → Hres = H2 + ∑
resonance

∫ Tresa*⋯a*a⋯aδ(Δk) Δω = 0

[ Zakharov (1968); Krasitskii (1990, 1994) ]
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Classical scattering amplitude, on-shell action & 
resonant Hamiltonian

Lessons from Amplitude for GWs:



12

A 30-Year-Old Puzzle
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Lvov’s 1997 Puzzle

[Y. V. Lvov (1997)]
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Lvov’s 1997 Puzzle

A5 = 32ω1ω2Vol(𝒲5) Vol(𝒲5) =

[Y. V. Lvov (1997)]
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1D kinematics: ω2 = |k | , g = 1

∑
i

ωi = 0 ∑
i

σiω2
i = 0

k = σω2, σ = ± 1

Berends-Giele recursion:

Known results: A−+⋯+
n = 0

Human conjecture: A−−+⋯+ ∝ ω1ω2min(ω2
1 , ω2

2 )(n−3) in some cases
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AI: Confirms the intuition in some cases and but finds failure in some other cases

AI: At low multiplicity, I find another chamber, but still cannot fully succeed

A(−−+⋯+)
n = ω1ω2 2 n−1 ∑

S⊆{3,…,n}

(−1)|S|[β2 − ∑
i∈S

ω2
i ]

n−3

+
,AI: [x]+ ≡ max(x,0)
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The Hydrotope

A−−+⋯+
n = ω1ω22n−1(n − 3)!Vol(𝒲n)

Vol(𝒲n) = ∫
ω2

3

0
⋯∫

ω2
n

0
(∏

i

dti)δ(∑
i

ti − β2) , β2 = min(ω2
1 , ω2

2)
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Examples of The Geometry (n=4)

A−−++
4 = 8ω1ω2min(ω2

1 , ω2
2 )
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Examples of The Geometry (n=5)
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Solution to Lvov’s 1997 Puzzle

Tk1k2k3
pq =

1
16 π3/2 (ωk1

ωk2
ωk3

ωp ωq)1/2 A5
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Hydrotope: The Kinematic Chambers

The kinematic chamber is determined by which cube vertices lie below the plane

A(−−+⋯+)
n = ω1ω2 2 n−1 ∑

S⊆{3,…,n}

(−1)|S|[β2 − ∑
i∈S

ω2
i ]

n−3

+
= ω1ω22n−1(n − 3)!Vol(𝒲n)

The two-minus amplitude is piecewise-homogeneous polynomial

The no-pole property follows from the vanishing single minus amplitude

Universal soft limit An(ω+ → 0) = 2(n − 3)ω2
+An−1

Vol(𝒲n) = ∫
ω2

3

0
⋯∫

ω2
n

0
(∏

i

dti)δ(∑
i

ti − β2) , β2 = min(ω2
1 , ω2

2 )

Discontinuity: β2 = ω2
S kS + k1,2 = 0

Intermediate propagator: 
|ki + …kj |

(ωi + ⋯ωj)2 − g |ki + ⋯kj |

Spline uniqueness: order + chamber + soft limit [C. de Boor, K. Hollig (1982)]
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The “Scaling” Symmetry

 Soft limit: An(ω+ → 0) = 2(n − 3)ω2
+An−1

lim
ω+→0

∂ω2
+
An = 2(n − 3)An−1

lim
ω+→0

∂ω2
+
An =

n−1

∑
i=1

ωi∂ωi
An−1

t∂t+ +C = (⋯)∂ϕt2∂y

Special “scaling” symmetry for an incompressible/irrotational fluid:

C = gt2∂y − t∂t + (ϕ + 2gty −
1
3

g2t3)∂ϕ

is a symmetry of the Bernoulli equation on constant-pressure surface with gravity
[Benjamin, Olver (1982)]
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Final Comments on AI

Why?

How? What Next?
[ Zhou, Wadekar, Zaldarriaga (ongoing)]
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Final Comments about AI

For mathematicians:

Michael Atiyah: “Algebra is the offer made by the devil to the mathematician”

Michael Atiyah: “We would probably cheat on the devil: pretend we are selling 
our soul, and not give it away.”

For physicists:

Surya Ganguli: “AI is the offer made by the devil to the physicist”

Surya Ganguli: “Let’s dance with the devil without losing our soul”

[Ganguli (talk at PAI26)]
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Thank You !


