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Gravitational wave modeling
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Gravitational wave modeling
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Gravitational wave modeling

-> Solving non-linear Einstein field equations R, — g, R = 8227, - approximate in small parameter
02~ M 02~ G M <1
A . From amplitudes:
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For EMRIs: self-force (SF) see Gustav Jakobsen’s talk
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Expansion around Black hole response theory

background metric Organize amplitudes and resum to obtain
and geodesic results in the strong field!



WQFT of a single black hole

Mogull, Plefka, Steinhoff M "o 2
[2010.02865] SpulX, 9] =— — [ d7 9, (X) X' X" — /dD$ —V |9|R
2 KD
Cheung, Parra-Martinez, Rothstein,
g,uu(X) — MNuv  Shah, Wilson-Gerow [2406.14770]

Juv = Nuv + K/Dhuua
K3 = 327G (4me’BL%) ¢

Fiducial length scale
Quantize deviation from background solution - Classical solution to EOM are tree-level diagrams

Feynman rules for “in-in” (Schwinger-Keldysh) prescription:

Zh(~w) Z¥(w) —iphv ~ Mkp %”\gﬁ ~ KD
fh o G—p—) - - — -
M(w+10+)2 hwj(k)
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Black hole response theory

Integrate out worldline and graviton fluctuation

— Black hole response (BHR) effective action encoding response to /
arbitrary source !

exWIT] — / Dlh, 7] ek (SoulX.al=f 4% T4 hy)

tree

Expansion in source yields

2
iW[T] = —ikp i TP (k1) Rap (k1) — ’%D/k ) TP (k) T (ko) Ragu (K1, ko)
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Black hole response theory with “in-in”

Integrate out worldline and graviton fluctuation (Keldysh-Schwinger)

— Black hole response (BHR) effective action encoding response to '/'
arbitrary source in Keldysh basis F&) ~ F1) + F(2) ‘\

QB WITHD] /D[h(1,2)72(1,2)]e%g[zm,h<1>,Tm]_%s[z(a),h(z),fr(z)]

tree

7 (+)

Expansion in source yields

i [T = —ikp / TEB (k) Ras (k1) — kS f TOB (k)T (ko) Rapuw (k1 k2)
k1 k1,k2

1
+ 5531)) / T(+)OAIB(]gl)T('l‘)lﬂ/(k2)T(—)Pa(k3)Raﬁﬂypo(kl’ kz, k3) 4o
k1,k2,k3

Many incoming (+) legs and one outgoing (—) leg .



Black hole response theory with “in-in”

Integrate out worldline and graviton fluctuation (Keldysh-Schwinger)

— Black hole response (BHR) effective action encoding response to '/'
arbitrary source in Keldysh basis F&) ~ F1) + F(2) ‘\

tree

QB WITHD] /D[h(1,2)72(1,2)]e%g[zm,h<1>,Tm]_%s[z(a),h(z),fr(z)]

Expansion in source yields

Many incoming (+) legs and one outgoing (—) leg g



Response functions RVT) = [Dip, Z] ek Conxa T T)

One-pointresponse is equivalent to background metric

J:O: g i % +% ; +% % T :<hMV(33)>J:0

1 OW[J]

R[U/ = —K]D m




Response functions RVT) = [Dip, Z] ek Conxa T T)

One-pointresponse is equivalent to background metric

1 OW[J]

R[LV = —K]D m
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Response functions RVT) = [Dip, Z] ek Conxa T T)

One-pointresponse is equivalent to background metric

1 OW[J]

R[LV = —KZD m

+ - = (hMV(ZU))J:O

I\
<
I
o(./vvwvw:
+
N —

Three-point response (and higher) can be recovered from lower-point responses

With vertex rule
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Self-force expansion in black hole response theory

) m
Couple to The(z) = B
Spur|z] = Siin ] + W(Teee ()] natural self-force expansion
/ S~—
| e
= Skin|T] — §mI{D dry + gm K




Self-force expansion in black hole response theory

Coupleto Tehe (T) = ;n / dr 6P (x — x(1))&H(r)&" (1)
SBHR,[m] = Skin [J] + W[ﬁec(l‘)] natural self-force expansion =7
l/
1 1 ..... \\
= Skinl® — — R
inl?] ? 3 ®J€!LL® T3 s g n,
®’\, 2, ", N v AV P @
2 % & Yy T 2 N
l , , o (r) = (1) + 2#(r)
OSF solved by zH (1) Expand around OSF
0" Teee (k)

P oot (w)ow2 (ws) - 0 (W) |y g
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Observables in the self-force expansion

Ingredients:
» Background metric
» Geodesics and cross vertices
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Application of black hole response theory
to the shockwave background



Massless WQFT

Brink-Di Vecchia-Howe or Polyakov form for massless limit

1 L J E L
5=-3 / dr (e—l gW(X)X'“‘X”vLeMQ) M>0e B, -5 / d7 g (X)XPXY

Infinitely boosted black hole with energy F
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Massless WQFT

Brink-Di Vecchia-Howe or Polyakov form for massless limit

1 L J E o
5=-3 f dr (e—l g,_W(X)X“X’HLeMZ) Mo0.e 2F, -5 / d7 g (X)XPXY

Infinitely boosted black hole with energy F

: Zp"(wn) : ZPn(wn) 7’ U B _iT]’MV
.......... L 702 (W) = e _ 702 (o) w E(w+i0t)2
ZPl(wl) Zpl(wl)
. hy(—k) h,s(k ;
h’ﬁw(k) hMU(k) ‘]\fu_fiau/E H (NV\)/VV‘Dg ( ) IP,UVPU

T K2 4i0H(P k)
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The shockwave metric RN oty oS

1PM contribution f(a;i)
) | l ) |
I S K o 5(]{: . P) T €
_ —ik-x — D ikx Z\Y 7 ) . — L
ﬁ?D<huu($)>1PM = Kkp [ﬁ € é 2 PNPV /k € L2 4G5(P a:)F( 6) (46’7EL2)

2PM contribution

5(P'El)ﬁ(P'E2)P”1PV1Pu?PVzQMll/lew;w/(glr62)

~ P? P-t{,P-ls =0

(303
Light-cone decomposition
(Tet + 0~ et
_ - + gr“*
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\ J
|

Non-regularised divergence
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Regularizing massless WQFT

S(P-x) X“’(T)=B”+%T+Z”(’F), P?=0



Regularizing massless WQFT

pu
o — RBH o % 2
oa(P - ) X*(r)=B"+ ET—I—Z(T), P =0
Azoo, O(P - x)
A ~ A2
Choose pa(0) = —exp(—Alo]) with Fourier transformation pa(w) =

2 w2_|_A2




The shockwave metric RN oty oS

1PM contribution f(xzt)
||||||||||||| ) ’ l 2 € \
ik _ kb ik 0k P) T
ﬁ?D(huu(ﬂf))lPM = KD / e é B TP“P” /k c k2 = 4Go(P - z)T(—e) 4eVe [2
k

2PM contribution
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The shockwave metric R

Higher-point contributions vanish

)Plu"b PVvi

)Q,,Jl,,l...ﬂn,,nm,,(el,...,gn) ~ P> P-1;=0

Truncation at 1PM

fz?)
|
- _ ke e oo _ —ikex S ! 2 ¢
( L (ZE)) Le ? /ke é :4G5(P'$)F(—€)(4ef:_L2)
hyw (K) P (F)

4D limit recovers Aichelburg-Sexl shockwave background

)
L

ds? = dz~ do™ — dx? +4G§(P - ) log(4L2) (P - dx)? Aichelburg, Sexl, 1971




Goal: Exact 1in GMNﬁaveform at
1SF

Ingredients:
Background metric
» (Geodesics and cross vertices
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xact 1n GMNﬁaveform at
1SF
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Ingredients:
Background metric
> Geodesics and cross vertices
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Shockwave geodesic and geodesic vertices

25



Shockwave geodesic and geodesic vertices

Trajectory is recursively defined ... but truncates at 2PM

+ supressed for A — oo

(r) = (v +0")0(19 — 7) + (vgjo (T —170) + b‘g’o)é?('r — 7o)
ApH

[ 1

AGEef (b2
ot — g AGEE(0]) (b‘i _ zGef(b’j)P#) ,
b1 |2
bho = b + 07 — 2GP* f(b*) |
Y

ABU,

Expand action around geodesic motion and derive vertices

during crossing

v eikvAE

> vk —i0"  um K +iO+> — imipe!™ 70 (v ADY) + 9(0) AT ABY))

T (k) — é _ _ MFD ik-(vro+b) ( vty Vo Vo
seC -
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xact 1n GMNﬁaveform at
1SF

@
O
Q)
|_|
£

Ingredients:
Background metric
Geodesics and cross vertices
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Goal: Exact 1in GMNﬁaveform at
1SF

Ingredients:
Background metric
Geodesics and cross vertices
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Two-point shockwave response

Shockwave self-energy
vertices truncate:

qi:jé{:f =0 forn>3
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Two-point shockwave response

Shockwave self-energy
vertices truncate:

qr::'léﬁif = 0 forn>3
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Two-point shockwave response

hw/(kl)

» All-order expansionin PM

(1PM)
3PM exact
+ mirror  (2PM) remainder
S (K, ko)
(3PM)
+ mirror

—> Resumto SFY%P(ky ky) (= 4PM)

SuIn
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Two-point shockwave response

ISR 5 ln-1 y

"""""""""""""""""" 2n
Lrved = = ’*—D(P-kl)%/ OB (g ko, Py, 1) T,
Py (k1) \\> hag(kz) ¢
231 terms

Simplification at 4PM and beyond!
(using de Donder gauge)

U2 (k1 ko, P) = =TT o (b )T (k)

- Independent of loop momentum

Only scalar integrals
- Computed with

1 i
With the TT-projector H“”O‘ﬁ(ki) — Wf’(pﬁf)ﬁ _ mﬁfvﬁfﬁ method of regions

K2PrPY — 2(P - k) k" PY)
(P k)2

and the transverse metric w:"~ = n"" +

32



Two-point shockwave response

by (k1) hpo (k2)

» All-order expansionin PM

(1PM)
3PM exact
+ mirror  (2PM) remainder
S (K, ko)
(3PM)
+ mirror

Can low orders fix

- this?
——> SB(Ly k) = Zﬁwﬁ (> 4PM)
n—=4 €=
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Two-point shockwave response

huw (k1) hpo (k2)

» All-order expansionin PM

+ mirror

+ mirror

3 a3 waof
Eium k kQ E ﬁl
n—4 <€—

(1PM)

(2PM)

(3PM)

(> 4PM)

S—

3PM exact
remainder

SHVOB (fe) ko)

rem

Can low orders fix
this?
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Two-point shockwave response

3PM and below, ladders do not follow the pattern observed at higher orders ...

... but the sum of all 3PM diagrams does!

2n Pk 2n
+ mirror = —iﬁD ( on 1) (Hl : HQ)Mvaﬁ In—l .

=3

Same pattern as high-orders!
Summing low PM order:

3 2n 2
P - n
ypuvap = E [— iﬁ”D ( kl) (H1 -H2)“mﬂ In—1:| + ypvaf

rermn

—1 ]\ )
n=1 Y Y

Vanishes on-shell

Follows high-PM pattern 2PM exact Remainder \

hi) (h v _(h2) —(h
Include in resummed response 279 (K, k) Egul)ggul)zfcmﬁ(klv k2)géa2)8562) on-shell — U

sum
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Two-point shockwave response

Sumup ...

Z [ P kl) (Hl _Hg)uuaﬁ In—1i| — 23[P-(k1 _ kz)] (P . kl)[Hl 'Hz} “VO“B]'—(QL; 6),

n:l‘ )

1
High-order ladder pattern

.. into an expanded form ... into an resummed form

Fso - (47r)1 ‘$h W) _To" T+(n-19 [ 020, e [ o(wem) .

q* n! (g% eymL2)ne ['(—ne)

Weinberg factor

Same structure as calculation in eikonal approximation W = 2G(P ’ kl)
Raj, Venugopalan [2406.10483]

4-dimensional limit

. W /e Equivalent structure observed
yuvaf _ L(1—ill) e ' E,U,VQBhPM by ‘t Hooft, 1987 for scalar
Sum ['(14+1W) (g% L?)~1W —sum ultra-high energy amplitude

Pure phase factor
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Goal: Exact 1in GMNﬁaveform at
1SF

Ingredients:
Background metric
Geodesics and cross vertices
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Goal: Exact 1in GMNﬁaveform at
1SF

Ingredients:
Background metric
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Two-point shockwave response

Purely memory No memory

6=n/5 ¢=n/3, E=10, m=1.0
10 ’
|b| =100, E=10, m=1
0 u=-7.243e + 06
[
tl -\ MJ ot 100 a0 ¢ o o w0 w 0 10 a0

L
+
I Observer <

o f i j
Probe — p|=1
| T P1=2

A
Ko — |b|=5

Y — |b|=10
0] — IbI=15
—— |b|=20
—— |b]=100
-107 -10° -10%-102 -10° O  10° 102 103 105 107

retarded time u 39



Summary and Outlook

In this talk

» Novel way of obtaining SF expansion with WQFT!

» Proof of concept by applying the formalism to the shockwave

» Obtained the first exact in G two-point response function and

Outlook

» Compute more observables, such as for the shockwave metric
» Connection to high-energy limit of massive particle?

» Response functions of massive WOFT? ‘ l

@ ™
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Backup slides



Generating functional, background fields and vertices

J 4 b a Generalize to generic sources

—t— —t— !

e%W[T;f] :/D[h’ Z] e%(SBH[Xag]—fdDmTW(@“)hw(w)—de fu(m)Zh (7)) — e%(SBH[W)J]—(ch)JJA)

tree

Classical action as functional

W|.J| generates response fuction

. B L1 g
N - 2 3!
-0 2 3!

o W]
(huv(2))7=0 = —Kp ST ()

Background metric

0"iSBu|[(¢) /]
0Py ) 70 va) g+ 0w, )

J=0
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Propagator and higher-point response functions

acts as on curved spacetime due to Green’s function-like relation

Two-point vertex on curved background
|
[ |

0°Spul(¢)s] *W[J]
0(pa)s0(¢B)s 0JBIJC

\ J

= —dacC

J=0

|

f_ Response Function
m

Solved by a geometric series:

Three-point response (and higher) can be recovered from lower-point response functions

E%H ) QQ%Q N % . permutations)]




The on-shell limit and N-operator

On-shell response function (Compton amplitude)

(P . Fl(hl)' Fz(h2). P)2

(ko holiT |y, hn) = ief) el muvad z{i) (i) = 25[P- (k1 — ko]

on-shell

with the linearised field-strength tensor F,i(h

A

Matrix element of Magnus operator S = 1 + 17" = eN

(P - kq)3

i) _ ngug,ghi)y] . Double copy

f(QJ_;E)a

Magnus, 1954
Damgaard, Planté, Vanhove
[2107.12891]

(ka, ha|iN k1, k1) = (ko, haliT k1, h1) |, prs = g +

167G (P F{M). p{t2). py2

_ (4wevEL2)63[P'(kl — ko) P )

1PM exact and ¢ - finite!
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