
                Advances in
High-Precision Gravitational Scattering
                           from Worldline QFT

Gustav Uhre Jakobsen
29 June  

Amplitudes 2026  
Queen Mary University London 

Credit: Mathias Driesse



Motivation
27

2 5 10 20 50 100

M [M�]

GW191103 012549

GW191105 143521

GW191109 010717

GW191113 071753

GW191126 115259

GW191127 050227

GW191129 134029

GW191204 110529

GW191204 171526

GW191215 223052

GW191216 213338

GW191219 163120

GW191222 033537

GW191230 180458

GW200105 162426

GW200112 155838

GW200115 042309

GW200128 022011

GW200129 065458

GW200202 154313

GW200208 130117

GW200208 222617

GW200209 085452

GW200210 092254

GW200216 220804

GW200219 094415

GW200220 061928

GW200220 124850

GW200224 222234

GW200225 060421

GW200302 015811

GW200306 093714

GW200308 173609�

GW200311 115853

GW200316 215756

GW200322 091133�

0.02 0.1 1

q
�1 0 1

�e�

0 0.5 1

�p

0.1 0.3 1 3 10 30

DL [Gpc]

2 5 10 20 50 100

M [M�]
0.02 0.1 1

q
�1 0 1

�e�

0 0.5 1

�p

0.1 0.3 1 3 10 30

DL [Gpc]

Figure 7. Marginal posterior distributions for the source chirp mass M, mass ratio q, e↵ective inspiral spin �e↵ , e↵ective
precession spin �p and luminosity distance DL for O3b candidates with pastro > 0.5 plus GW200105 162426. The vertical
extent of each colored region is proportional to one-dimensional marginal posterior distribution at a given parameter value
for the corresponding event. We highlight with italics GW200105 162426 as it has pastro < 0.5, as well as GW191219 163120
because of potential uncertainties in its pastro and because it has significant posterior support outside of mass ratios where the
waveform models have been calibrated. Results for GW200308 173609 and GW200322 091133 include a prior-dominated mode
at large distances and high masses: the hatched posterior probability distribution shown on the lower half of the plots for these
candidates exclude these low-likelihood, prior-dominated modes. Colors correspond to the date of observation.
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• Improve analytic gravitational wave (GW)  
templates

• QFT methods for precision GW physics 

• Third generation GW observatories with  
      sensitivity increase
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Virial theorem

General Relativistic 
Two-Body Problem

Post-Newtonian (PN)

Post-Minkowskian (PM)

Gravitational Self-Force (GSF)
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PM resummations of PN terms
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I) Worldline Quantum Field Theory 

 
II) Gravitational Wave Scattering at three loops 

III) Impulse at four loops and second self-force order

[Y.F. Bautista, M. Driesse, K. Haddad, GUJ: 2602.06125, 2606.TODAY]

[M. Driesse, GUJ, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2601.16256]



Worldline Effective Field Theory
                         in classical general relativity
• Black holes (BH) and neutrons stars (NS) as point-like particles

• Finite size effects as Wilsonian effective couplings 

• Established approach in post-Newtonian and post-Minkowskian regimes
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<latexit sha1_base64="g6DETSs/Olcn6qfotyWttLM2jlU=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSxC3ZREpLoRCm66rGAf0MQymU7aoZNJmIdYahf+ihsXirj1N9z5N07TLLT1wOUezrmXuXPClFGpXPfbWlpeWV1bL2zYm1vbO7vO3n5TJlpg0sAJS0Q7RJIwyklDUcVIOxUExSEjrXB4PfVb90RImvBbNUpJEKM+pxHFSBmp6xzatv1w58caXsGsl3yF9GnXKbplNwNcJF5OiiBHvet8+b0E65hwhRmSsuO5qQrGSCiKGZnYvpYkRXiI+qRjKEcxkcE4u38CT4zSg1EiTHEFM/X3xhjFUo7i0EzGSA3kvDcV//M6WkWXwZjyVCvC8eyhSDOoEjgNA/aoIFixkSEIC2puhXiABMLKRGabELz5Ly+S5lnZq5QrN+fFai2PowCOwDEoAQ9cgCqogTpoAAwewTN4BW/Wk/VivVsfs9ElK985AH9gff4AKCaUUg==</latexit>

xµ = xµ(ω)

<latexit sha1_base64="v30Byh8kGWHmPvrBytmU/MGzjKg=">AAACEnicbVDLSgMxFM34rONr1KWbYBHaTZkRqS4LbrqsYB/QqeVOmrahSWZIMkIZ+g1u/BU3LhRx68qdf2P6WGjrgcDhnHO5uSdKONPG97+dtfWNza3t3I67u7d/cOgdHTd0nCpC6yTmsWpFoClnktYNM5y2EkVBRJw2o9HN1G8+UKVZLO/MOKEdAQPJ+oyAsVLXK7ou3IcixaFmAhfCCFQIPBlCaJiges6L00TXy/slfwa8SoIFyaMFal3vK+zFJBVUGsJB63bgJ6aTgTKMcDpxw1TTBMgIBrRtqQS7r5PNTprgc6v0cD9W9kmDZ+rviQyE1mMR2aQAM9TL3lT8z2unpn/dyZhMUkMlmS/qpxybGE/7wT2mKDF8bAkQxexfMRmCAmJsi64tIVg+eZU0LkpBuVS+vcxXqos6cugUnaECCtAVqqAqqqE6IugRPaNX9OY8OS/Ou/Mxj645i5kT9AfO5w/a/Z0M</latexit>

aµ → (ω̄↑ ω)µ

<latexit sha1_base64="N6xa56GIx8SBkECytOlcr+R8wSU=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseClx4r2g9oQ9lsN+3S3U3Y3Qgl9Cd48aCIV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsrPbiuGFaqXs1bAK0TvyBVKNAaVr4Go5ikgkpDONa673uJCTKsDCOczt1BqmmCyRSPad9SiQXVQbY4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8r/RiClKDJ9Zgoli9lZEJlhhYmw6rg3BX315nXSuan69Vr+/rjaaRRxlOINzuAQfbqABTWhBGwiM4Rle4c3hzovz7nwsW0tOMXMKf+B8/gBDNI0q</latexit>m

[K. Haddad, GUJ, G. Mogull, J. Plefka: 2411.08176]

[W. Goldberger, I. Rothstein: 0409156], [M. Levi, J. Steinhoff: 1506.05056], [R. Porto: 1601.04914], [M. Saketh, J. Steinhoff, J. Vines, A. Buonanno: 2212.13095] …
“NRGR”

“Non-minimal”



Worldline Effective Field Theory
                         in classical general relativity
• Black holes (BH) and neutrons stars (NS) as point-like particles

• Finite size effects as Wilsonian effective couplings 

• Established approach in post-Newtonian and post-Minkowskian regimes

7

<latexit sha1_base64="eIOPPW8GWOrPOIhu5/to8QI9WN4=">AAADp3icdVJdb9MwFHUTPkb56sYjLy5lUqtBaapq4wVpAiQqHmCsa1epaSPHdVtrsRPZDqKK8tP4E7zxb7CdFNqNWUpyzj2+595cO0wiKlWn87viuHfu3ru/96D68NHjJ09r+wcjGacCkyGOo1iMQyRJRDkZKqoiMk4EQSyMyGV49cHol9+JkDTmF2qdkClDS04XFCOlQ8F+5SeEmS8YHOSB/b7vv/kyyKsQ+vV3+v2a+XVDKF cFYEitBMvmOfQVSk0kpMtl04qaqIVA2OtCWNB5rOCPmc/SEgYaWuXIvqnORsJHUbJCfyXfWGSbQh/zQjYmefavvKmeb1kdlqV7cJcWlpGeyBwFnv/KcusGN9D67/TL0x0aElXo53pGLNVykWOF7SY2dbqWNRn81Jr1bs+E57Pb/Pz60WakuglZzN5MumUAj3nKQiKqQa3RaXfsgjeBV4IGKNdZUPul/XDKCFc4QlJOvE6iphkSiuKI5FU/lSRB+AotyURDjhiR08zesxwe6sgcLmKhH66gjW5nZIhJuWah3mnOSV7XTPB/2iRVi7fTjPIkVYTjotAijaCKobm0cE4FwSpaa4CwoLpXiFdIn6/SV9sMwbv+yzfBqNv2jtvH33qN0345jj3wHLwATeCBE3AK+uAMDAF2XjqfnYFz4bbcr+7IHRdbnUqZ8wzsLBf9ARuoDtQ=</latexit>

SBH/NS= �m

Z
d⌧

✓
1

2
ẋµẋµ + i↵̄µ

D↵µ

d⌧
+ �1 a

µa↵ẋ⌫ ẋ�Rµ⌫↵� + �2(mG)4Rµ⌫↵�R
µ⌫↵�+. . .

◆

Tidal deformability

“Minimal”
“Non-minimal”

Spin-induced quadrupole moment

<latexit sha1_base64="g6DETSs/Olcn6qfotyWttLM2jlU=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSxC3ZREpLoRCm66rGAf0MQymU7aoZNJmIdYahf+ihsXirj1N9z5N07TLLT1wOUezrmXuXPClFGpXPfbWlpeWV1bL2zYm1vbO7vO3n5TJlpg0sAJS0Q7RJIwyklDUcVIOxUExSEjrXB4PfVb90RImvBbNUpJEKM+pxHFSBmp6xzatv1w58caXsGsl3yF9GnXKbplNwNcJF5OiiBHvet8+b0E65hwhRmSsuO5qQrGSCiKGZnYvpYkRXiI+qRjKEcxkcE4u38CT4zSg1EiTHEFM/X3xhjFUo7i0EzGSA3kvDcV//M6WkWXwZjyVCvC8eyhSDOoEjgNA/aoIFixkSEIC2puhXiABMLKRGabELz5Ly+S5lnZq5QrN+fFai2PowCOwDEoAQ9cgCqogTpoAAwewTN4BW/Wk/VivVsfs9ElK985AH9gff4AKCaUUg==</latexit>

xµ = xµ(ω)

<latexit sha1_base64="v30Byh8kGWHmPvrBytmU/MGzjKg=">AAACEnicbVDLSgMxFM34rONr1KWbYBHaTZkRqS4LbrqsYB/QqeVOmrahSWZIMkIZ+g1u/BU3LhRx68qdf2P6WGjrgcDhnHO5uSdKONPG97+dtfWNza3t3I67u7d/cOgdHTd0nCpC6yTmsWpFoClnktYNM5y2EkVBRJw2o9HN1G8+UKVZLO/MOKEdAQPJ+oyAsVLXK7ou3IcixaFmAhfCCFQIPBlCaJiges6L00TXy/slfwa8SoIFyaMFal3vK+zFJBVUGsJB63bgJ6aTgTKMcDpxw1TTBMgIBrRtqQS7r5PNTprgc6v0cD9W9kmDZ+rviQyE1mMR2aQAM9TL3lT8z2unpn/dyZhMUkMlmS/qpxybGE/7wT2mKDF8bAkQxexfMRmCAmJsi64tIVg+eZU0LkpBuVS+vcxXqos6cugUnaECCtAVqqAqqqE6IugRPaNX9OY8OS/Ou/Mxj645i5kT9AfO5w/a/Z0M</latexit>

aµ → (ω̄↑ ω)µ

<latexit sha1_base64="N6xa56GIx8SBkECytOlcr+R8wSU=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseClx4r2g9oQ9lsN+3S3U3Y3Qgl9Cd48aCIV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsrPbiuGFaqXs1bAK0TvyBVKNAaVr4Go5ikgkpDONa673uJCTKsDCOczt1BqmmCyRSPad9SiQXVQbY4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8r/RiClKDJ9Zgoli9lZEJlhhYmw6rg3BX315nXSuan69Vr+/rjaaRRxlOINzuAQfbqABTWhBGwiM4Rle4c3hzovz7nwsW0tOMXMKf+B8/gBDNI0q</latexit>m

[K. Haddad, GUJ, G. Mogull, J. Plefka: 2411.08176]

[W. Goldberger, I. Rothstein: 0409156], [M. Levi, J. Steinhoff: 1506.05056], [R. Porto: 1601.04914], [M. Saketh, J. Steinhoff, J. Vines, A. Buonanno: 2212.13095] …
“NRGR”

/d

·
Black Hole 

mass, spin 
<latexit sha1_base64="teggmkb/+lGZxEu9PxQImV5IFe0=">AAACCHicbVDLSsNAFJ34rPEVdenCwSK4kJIUqW4KBTddVrAPaEKYTKbt0MkkzEyEErp046+4caGIWz/BnX/jpA2orQcGDuecy517goRRqWz7y1hZXVvf2Cxtmds7u3v71sFhR8apwKSNYxaLXoAkYZSTtqKKkV4iCIoCRrrB+Cb3u/dESBrzOzVJiBehIacDipHSkm+dQOgyHQ+R79SdCxeaP0K1bpu+VbYr9gxwmTgFKYMCLd/6dMMYpxHhCjMkZd+xE+VlSCiKGZmabipJgvAYDUlfU44iIr1sdsgUnmklhINY6McVnKm/JzIUSTmJAp2MkBrJRS8X//P6qRpcexnlSaoIx/NFg5RBFcO8FRhSQbBiE00QFlT/FeIREggr3V1egrN48jLpVCtOrVK7vSw3mkUdJXAMTsE5cMAVaIAmaIE2wOABPIEX8Go8Gs/Gm/E+j64YxcwR+APj4xu6m5ak</latexit>

�1 = 1, �2 = 0

/d

·

Neutron Star

mass, spin, radius,

tidal deformability

<latexit sha1_base64="dREZ71lL+GspI4hxoiwAv76iRBw=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBbBhZSkSHUjLbjpsoJ9QBvCZDJth04mYWYilFBw46+4caGIW3/CnX/jpI2grQcGDuecy517/JhRqWz7yyisrK6tbxQ3za3tnd09a/+gLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/fJP5nXsiJI34nZrExA3RkNMBxUhpybOOIOwzHQ+Q55z/sMp1rWaanlWyy/YMcJk4OSmBHE3P+uwHEU5CwhVmSMqeY8fKTZFQFDMyNfuJJDHCYzQkPU05Col009kNU3iqlQAOIqEfV3Cm/p5IUSjlJPR1MkRqJBe9TPzP6yVqcOWmlMeJIhzPFw0SBlUEs0JgQAXBik00QVhQ/VeIR0ggrHRtWQnO4snLpF0pO9Vy9faiVG/kdRTBMTgBZ8ABl6AOGqAJWgCDB/AEXsCr8Wg8G2/G+zxaMPKZQ/AHxsc3lZGVlg==</latexit>

�1,�2 =??
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<latexit sha1_base64="cD8K3r7FmHZT2nL43YH9tTSz08c=">AAACHnicbVBLSwMxGMzWV11fqx69BItQKZRd0epFKHjpsYJ9QLsu2TTbhmYfJNliXfpLvPhXvHhQRPCk/8Zsu4faOhCYzMxH8o0bMSqkaf5ouZXVtfWN/Ka+tb2zu2fsHzRFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx3epH5rRLigYXAnxxGxfdQPqEcxkkpyjIuH+64fO7TYlSg+hdfQdWiqwBJMFTiaXfXS43zOMQpm2ZwCLhMrIwWQoe4YX91eiGOfBBIzJETHMiNpJ4hLihmZ6N1YkAjhIeqTjqIB8omwk+l6E3iilB70Qq5OIOFUnZ9IkC/E2HdV0kdyIBa9VPzP68TSu7ITGkSxJAGePeTFDMoQpl3BHuUESzZWBGFO1V8hHiCOsFSN6qoEa3HlZdI8K1uVcuX2vFCtZXXkwRE4BkVggUtQBTVQBw2AwRN4AW/gXXvWXrUP7XMWzWnZzCH4A+37F57XoPk=</latexit>

xµ
i (ω) = bµi + ωvµi + zµi (ω)

<latexit sha1_base64="Td+E9ICN1M/UNvuy6Psd0cPQxa0="></latexit>

S = →
∑

i

1
2mi

∫
dω ẋµ

i (ω)ẋ
ω
i (ω)gµω(xi(ω))→

2

ε2

∫
d4→2εx

↑
→gR

<latexit sha1_base64="rO3mP0NaWQeJFy8kJiyL2E01n8E=">AAACHXicbVDLSgMxFM3UVx1foy7dBItQEcqMlOpGKLjpsoJ9QKeUO2nahmYyQ5IRy9AfceOvuHGhiAs34t+YPhBtPRA4nHMuN/cEMWdKu+6XlVlZXVvfyG7aW9s7u3vO/kFdRYkktEYiHslmAIpyJmhNM81pM5YUwoDTRjC8nviNOyoVi8StHsW0HUJfsB4joI3UcYr9TuqHiS+Scf7+1L6yfarhR7LPbH8IcQx48DvWcXJuwZ0CLxNvTnJojmrH+fC7EUlCKjThoFTLc2PdTkFqRjgd236iaAxkCH3aMlRASFU7nV43xidG6eJeJM0TGk/V3xMphEqNwsAkQ9ADtehNxP+8VqJ7l+2UiTjRVJDZol7CsY7wpCrcZZISzUeGAJHM/BWTAUgg2hRqmxK8xZOXSf284JUKpZtirlyZ15FFR+gY5ZGHLlAZVVAV1RBBD+gJvaBX69F6tt6s91k0Y81nDtEfWJ/fDVmhUA==</latexit>

gµω(x) = ωµω + εhµω(x)

<latexit sha1_base64="va+dy1snRsGInQy3Gqs5n8eOlfk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRVqhuh4MIuK9gHNLFMppN26GQyzEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMIRpV2nG+rsLa+sblV3C7t7O7tH9iHRx0VJxKTNo5ZLHsBUoRRTtqaakZ6QhIUBYx0g8nNzO8+EqlozO91KogfoRGnIcVIG2lgl70JEgI91OA1PK9BT1B4O7ArTtWZA64SNycVkKM1sL+8YYyTiHCNGVKq7zpC+xmSmmJGpiUvUUQgPEEj0jeUo4goP5sfP4WnRhnCMJamuIZz9fdEhiKl0igwnRHSY7XszcT/vH6iwys/o1wkmnC8WBQmDOoYzpKAQyoJ1iw1BGFJza0Qj5FEWJu8SiYEd/nlVdKpVd16tX53UWk08ziK4BicgDPggkvQAE3QAm2AQQqewSt4s56sF+vd+li0Fqx8pgz+wPr8Afe7kxE=</latexit>

ω2 = 32εG

Solve classical EOMs:
<latexit sha1_base64="1Mi7oXbQDqKYFQihkn+g5eLl9Og=">AAACLXicdVDLSsNAFJ34rPUVdelmsAiuSiJS3RQKuuiyon1AE8NkOmmHTiZhZiKWkB9y46+I4KIibv0Np20EbfXAwOGcc7lzjx8zKpVljY2l5ZXVtfXCRnFza3tn19zbb8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O/PY9EZJG/FaNYuKGqM9pQDFSWvLMKycQCKdOjzCF4E32zfpe6oSJw5Msq/4TefDonc5kVcszS1bZmgIuEjsnJZCj4ZkvTi/CSUi4wgxJ2bWtWLkpEopiRrKik0gSIzxEfdLVlKOQSDedXpvBY630YBAJ/biCU/XnRIpCKUehr5MhUgM5703Ev7xuooILN6U8ThTheLYoSBhUEZxUB3tUEKzYSBOEBdV/hXiAdDdKF1zUJdjzJy+S1mnZrpQr12elWj2vowAOwRE4ATY4BzVQBw3QBBg8gmcwBm/Gk/FqvBsfs+iSkc8cgF8wPr8Ayy+psw==</latexit>

ωS

ωgµω
=

ωS

ωxµ
i

= 0

Post-Minkowskian scattering regime:

Ignore spins and finite size effects:

Set up perturbative solution using known QFT techniques!
Bonus: only tree-level diagrams required!

Worldline Quantum Field Theory (WQFT)
[G. Mogull, J. Plefka, J. Steinhoff: 2010.02865] 
[GUJ, G. Mogull, J. Plefka, B. Sauer: 2207.00569]



9

<latexit sha1_base64="va+dy1snRsGInQy3Gqs5n8eOlfk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRVqhuh4MIuK9gHNLFMppN26GQyzEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMIRpV2nG+rsLa+sblV3C7t7O7tH9iHRx0VJxKTNo5ZLHsBUoRRTtqaakZ6QhIUBYx0g8nNzO8+EqlozO91KogfoRGnIcVIG2lgl70JEgI91OA1PK9BT1B4O7ArTtWZA64SNycVkKM1sL+8YYyTiHCNGVKq7zpC+xmSmmJGpiUvUUQgPEEj0jeUo4goP5sfP4WnRhnCMJamuIZz9fdEhiKl0igwnRHSY7XszcT/vH6iwys/o1wkmnC8WBQmDOoYzpKAQyoJ1iw1BGFJza0Qj5FEWJu8SiYEd/nlVdKpVd16tX53UWk08ziK4BicgDPggkvQAE3QAm2AQQqewSt4s56sF+vd+li0Fqx8pgz+wPr8Afe7kxE=</latexit>

ω2 = 32εG

Solve classical EOMs:
<latexit sha1_base64="1Mi7oXbQDqKYFQihkn+g5eLl9Og=">AAACLXicdVDLSsNAFJ34rPUVdelmsAiuSiJS3RQKuuiyon1AE8NkOmmHTiZhZiKWkB9y46+I4KIibv0Np20EbfXAwOGcc7lzjx8zKpVljY2l5ZXVtfXCRnFza3tn19zbb8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O/PY9EZJG/FaNYuKGqM9pQDFSWvLMKycQCKdOjzCF4E32zfpe6oSJw5Msq/4TefDonc5kVcszS1bZmgIuEjsnJZCj4ZkvTi/CSUi4wgxJ2bWtWLkpEopiRrKik0gSIzxEfdLVlKOQSDedXpvBY630YBAJ/biCU/XnRIpCKUehr5MhUgM5703Ev7xuooILN6U8ThTheLYoSBhUEZxUB3tUEKzYSBOEBdV/hXiAdDdKF1zUJdjzJy+S1mnZrpQr12elWj2vowAOwRE4ATY4BzVQBw3QBBg8gmcwBm/Gk/FqvBsfs+iSkc8cgF8wPr8Ayy+psw==</latexit>

ωS

ωgµω
=

ωS

ωxµ
i

= 0

Post-Minkowskian scattering regime:

Ignore spins and finite size effects:

Set up perturbative solution using known QFT techniques!
Bonus: only tree-level diagrams required!

<latexit sha1_base64="Td+E9ICN1M/UNvuy6Psd0cPQxa0="></latexit>

S = →
∑

i

1
2mi

∫
dω ẋµ

i (ω)ẋ
ω
i (ω)gµω(xi(ω))→

2

ε2

∫
d4→2εx

↑
→gR

<latexit sha1_base64="cD8K3r7FmHZT2nL43YH9tTSz08c=">AAACHnicbVBLSwMxGMzWV11fqx69BItQKZRd0epFKHjpsYJ9QLsu2TTbhmYfJNliXfpLvPhXvHhQRPCk/8Zsu4faOhCYzMxH8o0bMSqkaf5ouZXVtfWN/Ka+tb2zu2fsHzRFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx3epH5rRLigYXAnxxGxfdQPqEcxkkpyjIuH+64fO7TYlSg+hdfQdWiqwBJMFTiaXfXS43zOMQpm2ZwCLhMrIwWQoe4YX91eiGOfBBIzJETHMiNpJ4hLihmZ6N1YkAjhIeqTjqIB8omwk+l6E3iilB70Qq5OIOFUnZ9IkC/E2HdV0kdyIBa9VPzP68TSu7ITGkSxJAGePeTFDMoQpl3BHuUESzZWBGFO1V8hHiCOsFSN6qoEa3HlZdI8K1uVcuX2vFCtZXXkwRE4BkVggUtQBTVQBw2AwRN4AW/gXXvWXrUP7XMWzWnZzCH4A+37F57XoPk=</latexit>

xµ
i (ω) = bµi + ωvµi + zµi (ω)

<latexit sha1_base64="rO3mP0NaWQeJFy8kJiyL2E01n8E=">AAACHXicbVDLSgMxFM3UVx1foy7dBItQEcqMlOpGKLjpsoJ9QKeUO2nahmYyQ5IRy9AfceOvuHGhiAs34t+YPhBtPRA4nHMuN/cEMWdKu+6XlVlZXVvfyG7aW9s7u3vO/kFdRYkktEYiHslmAIpyJmhNM81pM5YUwoDTRjC8nviNOyoVi8StHsW0HUJfsB4joI3UcYr9TuqHiS+Scf7+1L6yfarhR7LPbH8IcQx48DvWcXJuwZ0CLxNvTnJojmrH+fC7EUlCKjThoFTLc2PdTkFqRjgd236iaAxkCH3aMlRASFU7nV43xidG6eJeJM0TGk/V3xMphEqNwsAkQ9ADtehNxP+8VqJ7l+2UiTjRVJDZol7CsY7wpCrcZZISzUeGAJHM/BWTAUgg2hRqmxK8xZOXSf284JUKpZtirlyZ15FFR+gY5ZGHLlAZVVAV1RBBD+gJvaBX69F6tt6s91k0Y81nDtEfWJ/fDVmhUA==</latexit>

gµω(x) = ωµω + εhµω(x)

Worldline Quantum Field Theory
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hµω(k) hµω(k)

zε1(ω1)

hµω(k)

zε1(ω1)

zε2(ω2)

hµω(k)

zε1(ω1)

zε2(ω2)

...

zεn(ωn)

hµω(k) hµω(k)

zε1(ω1)

hµω(k)

zε1(ω1)

zε2(ω2)

hµω(k)

zε1(ω1)

zε2(ω2)

...

zεn(ωn)

hµω(k) hµω(k)

zε1(ω1)

hµω(k)

zε1(ω1)

zε2(ω2)

hµω(k)
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FIG. 1: Left : The canonicalized di!erential equation matrix Mc(x). Non-zero entries are represented by dots, with
the elliptic block on the diagonal highlighted in red. Elements which share a row or column with the elliptic block are
in pink. All other elements only contain the letters {→1, 0, 1}. Right : Integral topologies of the non-constant sectors

of the di!erential equation, read down the diagonal in the plot on the left. Integral (c) introduces the elliptics.

N
(4)
→1 (x) = 0

N
(4)
1 (x) =

1575x6 + 47655x5 + 827547x4 + 366747x3 + 3142262x2 + 166262x+ 722432

23040ω2(x+ 1)2(x→ 1)

+
4(7 + 11x2)

ω2(1→ x2)
G(→1;x)→

[
1→

12

ω2
G(0,→1;x)

]
4

3

1 + 6x2 + 2x4

(x2 → 1)2

→
17805x4 + 113738x2 + 44273

768ω2(x2 → 1)2

[
I1(x)

K(x2)
→ E(x2)I2(x)

]
+

10125x4 + 107121x2 + 58570

1536ω2(x2 → 1)
K(x2)I2(x),

(18)

where G(→1;x) and G(0,→1;x) are multiple polyloga-
rithms, K and E are complete elliptic integrals of the
first and second kinds, and I1,2(x) are the iterated inte-
grals

I1(x) ↑

∫ x

0
dy K(y2), (19)

I2(x) ↑
ω

2
→

∫ x

0
dy

I1(y)

y(1→ y2)K2(y2)
. (20)

The first of these can be evaluated to a hypergeometric
function. Equation (18) extends to three-loop order the
observation made in ref. [38] that the Magnusian is an
infrared-safe quantity encoding the scattering process.

It is immediate to take the forward limit of N (4)
ω , pro-

ducing a finite result. In the backward limit, x ↓ 1,
the Magnusian must be smooth, as it possesses the same
kinematic poles as the amplitude. To facilitate this limit,
note that the denominator of I2(x) can be written as

1

x(1→ x2)K2(x2)
= →

2

ω

d

dx

K(1→ x
2)

K(x2)
,

allowing us to integrate by parts:

I2(x) =
ω

2
+

2

ω
I1(x)

K(1→ x
2)

K(x2)

→
2

ω

∫ x

0
dy K(1→ y

2).

(21)

Its Taylor expansion in the vicinity of x = 1 is now readily
evaluated, giving

I2(x) = →
2

log
(
1→x
8

)

→ (1→ x)
7 log

(
1→x
8

)
→ 9

9 log2
(
1→x
8

) +O((1→ x)2),

(22)

which renders the x ↓ 1 pole in eq. (18) spurious. The
Magnusian is plotted as a function of x in fig. 2, including
our results up to O(ε3PM) from ref. [38].
Finally, to complete the matching to the BHPT re-

sult, eq. (18) must be projected onto spherical modes and
compared to the scattering phase shift. At this order, the
latter is [23, 63]

→2ϑ
P,(4)
ε2 =

ωε
4
PM

16

P4(L)

Dε
, (23)
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and

r2(ω) → r3(ω)

ε
= →

53

3v3
+

72997

5040v
+

1491

400
→

1509ε2

140
+

20211v

640
+

(
75661ε2

4480
→

2678867

16800

)
v2

+

(
41053 log

(
v
2

)

2450
→

503ε2

70
→

123069432361

4346496000

)
v3 +

(
6139957ε2

394240
→

15259259693

124185600

)
v4

+

(
223443793 log

(
v
2

)

15523200
→

69203ε2

6720
+

64307545227137

22375761408000

)
v5 +

(
252585041ε2

5857280
→

16101198460801

56504448000

)
v6

+

(
313945836331 log

(
v
2

)

8879270400
→

346561ε2

16896
→

204989896406483131

1828419360768000

)
v7 +

(
918930349ε2

11714560
→

2985881877364537

8524099584000

)
v8

+

(
16292858440697 log

(
v
2

)

307814707200
→

288050119ε2

8785920
→

431015900890630345739

1676186519175168000

)
v9

+

(
326238718783ε2

2788065280
→

98473341190358572667

217581903931392000

)
v10 + O(v11) . (S.35)

As discussed in Methods, the first six terms of each series were checked against known PN data the PN series of
Erad and the b̂ and pin components of Precoil. We provide the PN expansion of the impulse in the velocity direction
explicitly up to O(v500) in the repository submission.

II. GRAVITON GAUGE FIXING

In order to gauge fix the bulk graviton action, we begin by rewriting the Einstein-Hilbert term of Eq. (1) via a total
derivative and augment it with a gauge-fixing term:

Sbulk = →
1

16εG

∫
d4x

[
↑

→ggωεgϑϖgµϱ(!ωϑϖ!µεϱ → !ωϑµ!ϖεϱ) + 1
2GµGϱϑµϱ

]
. (S.36)

We employ a non-linearly extended de Donder gauge using the gauge fixing vector Gµ, the graviton field hµϱ (absorbing
the coupling

↑
32εG), and its trace h = hµ

µ of the form

Gµ = ϖϱ1h
µϱ1 →

1
2ϖµh + 1

2ϖϱ1h hµϱ1 + 1
2ϖµhϱ1ϱ2 hϱ1ϱ2 → ϖϱ1hµϱ2hϱ1ϱ2 →

1
4ϖµh h

+ ϖϱ1h
ϱ3µhϱ1ϱ2 hϱ2ϱ3 + 1

2ϖϱ1h
ϱ1ϱ2 hϱ2ϱ3 hϱ3µ

→
1
4ϖϱ2h hϱ2ϱ3 hϱ3µ + ϖϱ1hϱ2ϱ3 hϱ1ϱ2hϱ3µ

→
1
2ϖϱ2hϱ1ϱ2 hµϱ1 h + 1

4ϖµhϱ1ϱ2 hϱ1ϱ2h →
1
2ϖϱ1hµϱ2 hϱ1ϱ2h + 1

8ϖϱ1h
µϱ1 h2 .

(S.37)

The quadratic-in-hµϱ term arising in Eq. (S.36) yields the graviton propagator of Fig. 3, whereas the non-linear gauge
fixing terms are engineered in such a fashion as to maximally simplify the cubic and quartic graviton vertices. The
resulting Feynman vertices up to six-graviton legs along with the used worldline vertices are provided in the feynman

rules.m file.

III. EXPANSION OF DIFFERENTIAL EQUATION AND SINGLE POLES

In the Methods section, we have constructed a canonical basis satisfying an ϱ-factorized di”erential equation:

d

dx
ςJ(x; ϱ) = ϱÂ(x) ςJ(x; ϱ) . (S.38)

Besides the factorization of ϱ in the di”erential equation (S.38), an important property of a canonical basis is that
(S.38) has only simple poles. This guarantees that we only have logarithmic singularities after integration. In other
words, when we expand the matrix Â(x) around all its singularities, i.e., for x = 0, 1, ↓, we find at most simple
poles. To test this property, we have to take into account the series expansions of the new transcendental functions
φ0,K3, φ0, φ1, ↼1, and Gi — defined only by the di”erential equations they satisfy, and thus leaving an ambiguity
in their choice. For this discussion, it is su#cient to study the di”erential equation (S.38) around x = 0, where we

are [27, 42, 93]

hµω(k)

= →
iMωD

2
e
ik·B

ε
→(k · V )V µ

V
ω
,

hµω(k)

Z
ε(ϑ)

=
MωD

2
e
ik·B

ε
→(k · V + ϑ)(V µ

V
ω
kε + 2ϑV (µ

ε
ω)

ε
) .

(2.19)

In addition, we have the n-point bulk vertices coming from the non-linearity of the
Einstein–Hilbert term,

, , , , . . . (2.20)

which we do not spell out in detail (see e.g. [93] in a non-linear de Donder gauge for
explicit expressions up to six legs).

2.2.2 Black hole response Feynman rules

Having reviewed the perturbative Feynman rules, we now move to our resummed
diagrammatic language. We begin by generalising eq. (2.14) to include a source
fµ(ϖ) for the deflection Z

µ(ϖ), which one can think of as a force:

e
i

⊋W [T ,f ] =

∫
D[h, Z] e

i

⊋ (SBH[X,g]→ϑD
∫
d
D
x T µω

(x)hµω(x)→
∫
dϖ fµ(ϖ)Z

µ
(ϖ))

∣∣∣
tree

. (2.21)

It is useful for brevity’s sake to introduce a DeWitt notation for the expectation
values and the sources,

↑ϱA↓J =
{
↑hµω(x)↓{T ,f} , ↑Z

µ(ϖ)↓{T ,f}
}
, JA =

{
T

µω(x) , fµ(ϖ)
}
, (2.22)

and to use a summation convention on the collective index, such that, e.g.,

↑ϱA↓JJA = ωD

∫
dD

x T
µω(x)↑hµω(x)↓{T ,f} +

∫
dϖ fµ(ϖ)↑Z

µ(ϖ)↓{T ,f}. (2.23)

Using this notation, we introduce the tree-level 1PI e!ective action through the
Legendre transform of the BHR e!ective action

!BH[↑ϱ↓J ] = W [J ] + ↑ϱA↓JJA. (2.24)
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[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2411.11846]

Worldline QFT
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Classical observables from on-shell, one-point, tree-topology functions

Gravitational Waveform:

Black Hole or Neutron Star Impulse:

<latexit sha1_base64="Rn3/H+VQRCqo4soNq10ya3d1zjs="></latexit>

k2ωµωω→hµω(k)↑
∣∣∣
k2→0

<latexit sha1_base64="HMrzXjMjnE+dXAgD9/gYEQ/EEMY=">AAACInicbZDLSgMxFIYzXmu9VV26CRZBN2VGxMtOdNOlglWhU0smPZ2G5jIkGaGOfRY3voobF4q6EnwY004X2vpD4Oc753By/ijhzFjf//Kmpmdm5+YLC8XFpeWV1dLa+pVRqaZQo4orfRMRA5xJqFlmOdwkGoiIOFxH3bNB/foOtGFKXtpeAg1BYsnajBLrULN0HCoBMbndwyEnMuaA729Dke7keBeHOqfhKYsfmlmOQ6v8frNU9iv+UHjSBCNTRiOdN0sfYUvRVIC0lBNj6oGf2EZGtGWUQ78YpgYSQrskhrqzkggwjWx4Yh9vO9LCbaXdkxYP6e+JjAhjeiJynYLYjhmvDeB/tXpq20eNjMkktSBpvqidcmwVHuSFW0wDtbznDKGaub9i2iGaUOtSLboQgvGTJ83VXiU4qBxc7JdPqqM4CmgTbaEdFKBDdIKq6BzVEEWP6Bm9ojfvyXvx3r3PvHXKG81soD/yvn8A37yj8A==</latexit>

ω2→zµ(ω)↑
∣∣∣
ω→0

Angular Momentum Loss (indirectly):
<latexit sha1_base64="NumIbxkC9u4L2A7+sehxpYf5lW0="></latexit>

d

dω

(
ω2→zµ(ω)↑

)∣∣∣
ω→0

Dissipative effects with retarded propagators oriented to the single outgoing line
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“in-in field theory”

Worldline QFT



• Draw all diagrams at given order

• Insert Feynman rules

• Reduce to sum of scalar integrals with tensor reduction

• Reduce to sum of master integrals with integration-by-parts (IBP)

• Bootstrap master integrals with differential equations (put in canonical form)

• Determine boundary conditions with method of regions

13

Construct and simplify integrand

Compute integrals

Benchmarks:
Gravitational wave scattering @ three loops (4PM)
Impulse @ four loops (5PM, 1SF & conservative 2SF)
Angular momentum flux @ two loops (3PM, higher orders to come!)

Part II
Part III

High precision WQFT



Part II: Gravitational Wave Scattering
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Figure 3: The 20 two-loop diagrams. Using retarded propagators, all causality

flows from left to right. Only active (red) gravitons can go on-shell and the i0+

prescription matters only for those. In TT gauge, only graphs (1)-(10) are non-zero.

Graphs (2, 3, 4, 5, 7, 9, 12, 13, 15, 16) have symmetry factor 1/2, graphs (6, 8) have

symmetry factor 1/6 and all other graphs have symmetry factor 1.

This provides intuition to the diagrammatic structure of the graviton two-point func-

tion. Finally, we note that one might also have used the Berends-Giele relation for

the graviton one-point function (in the presence of an incoming wave) as presented

in refs. [77, 104]. This, however, would have additionally produced diagrams for

non-linear wave scattering which are not relevant for this work.

Applying our diagram-generating formula (3.2), we find two diagrams at tree

level, which were given in eq. (2.15). Continuing to one and two loops we find a

total of 6 and 20 diagrams respectively, drawn in figs. 2 and 3. In these diagrams,

gravitons of di!erent colors possess di!erent causal properties. Black gravitons are

potential : their energy components in the black hole frame vµ = (1,0) vanish. On

the other hand, red gravitons are active: their energy components are fixed to ω.

Both graviton types have spatial components which scale as ω, such that potential

gravitons are space-like while active gravitons may go on shell. This reflects our

physical setup, in which an initially on-shell graviton travels through the potential

of a BH. We note that with the TT gauge choice (2.2) only half of the diagrams at

one and two loops are non-zero.

Insert the Feynman rules (2.13) into our diagrams completes the construction

of our integrand, making integration the only remaining step before obtaining the

amplitude.
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• General Relativity: Black hole and stellar perturbation theory
• EFT: Matching strategy for Wilson couplings

<latexit sha1_base64="Xuxo4Hx5mzUaf40IBRECu/cLSho=">AAACEXicbVA9SwNBEN3zM8avqKXNYhCswp1IFKuAhWmECCYRciHsbSbJkt27Y3cuGI78BRv/io2FIrZ2dv4bNx+FJj4YeLw3w8y8IJbCoOt+O0vLK6tr65mN7ObW9s5ubm+/ZqJEc6jySEb6PmAGpAihigIl3McamAok1IP+1divD0AbEYV3OIyhqVg3FB3BGVqplTvxER4wrYDGRAdWHADV0BUKLuno+saPFHSZL6XXyuXdgjsBXSTejOTJDJVW7stvRzxRECKXzJiG58bYTJlGwSWMsn5iIGa8z7rQsDRkCkwznXw0osdWadNOpG2FSCfq74mUKWOGKrCdimHPzHtj8T+vkWDnopmKME4QQj5d1EkkxYiO46FtoYGjHFrCuBb2Vsp7TDOONsSsDcGbf3mR1E4LXrFQvD3Ll8qzODLkkByRE+KRc1IiZVIhVcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/5w+dsw==</latexit>

Perturbative regime: GMω → 1

<latexit sha1_base64="1nKa6RcRnqXgti5UtutioqwwPyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL7kICZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqXHfL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZ3vopl3FiULLlomEiiInI/Gsy4AqZEVNLKFPc3krYmCrKjM2mYEPwVl9eJ62rslcpVxrXpWotiyMPZ3AOl+DBDVShBnVoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6ptjOI=</latexit>

M

See also Lara’s, Giulia’s 
and Gang’s talks!
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<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

µω

k

+

µω

k

µω

k

+

µω

k

µω

k

+

µω

k
<latexit sha1_base64="Rn3/H+VQRCqo4soNq10ya3d1zjs="></latexit>

k2ωµωω→hµω(k)↑
∣∣∣
k2→0

<latexit sha1_base64="/Po7VB/2Fh/lvn7ONzR1oCBu3FM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwEuOCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5H7ut59QaR7JBzON0Q/pSPIhZ9RYqXHXL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZ3vopl3FiULLlomEiiInI/Gsy4AqZEVNLKFPc3krYmCrKjM2mYEPwVl9eJ62rslcpVxrXpWotiyMPZ3AOl+DBDVShBnVoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH5ItjNI=</latexit>=
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+ <latexit sha1_base64="wRuFMpI5fapE+hPCqseZAsf7J5s=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLz1WMLXQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhPdDanhUijuo0DJu6nmNA4lfwwnd3P/8YlrIxL1gNOUBzEdKREJRtFKfn+YoBlUa27dXYCsE68gNSjQHlS/bI5lMVfIJDWm57kpBjnVKJjks0o/MzylbEJHvGepojE3Qb5YdkYurDIkUaLtU0gW6u9ETmNjpnFoJ2OKY7PqzcX/vF6G0W2QC5VmyBVbfhRlkmBC5peTodCcoZxaQpkWdlfCxlRThrafii3BWz15nXSu6l6j3ri/rjVbRR1lOINzuAQPbqAJLWiDDwwEPMMrvDnKeXHenY/laMkpMqfwB87nD/bIjtM=</latexit>. . .

<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+ <latexit sha1_base64="wRuFMpI5fapE+hPCqseZAsf7J5s=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLz1WMLXQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhPdDanhUijuo0DJu6nmNA4lfwwnd3P/8YlrIxL1gNOUBzEdKREJRtFKfn+YoBlUa27dXYCsE68gNSjQHlS/bI5lMVfIJDWm57kpBjnVKJjks0o/MzylbEJHvGepojE3Qb5YdkYurDIkUaLtU0gW6u9ETmNjpnFoJ2OKY7PqzcX/vF6G0W2QC5VmyBVbfhRlkmBC5peTodCcoZxaQpkWdlfCxlRThrafii3BWz15nXSu6l6j3ri/rjVbRR1lOINzuAQPbqAJLWiDDwwEPMMrvDnKeXHenY/laMkpMqfwB87nD/bIjtM=</latexit>. . .

Linear response

Non-linear response<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+ <latexit sha1_base64="wRuFMpI5fapE+hPCqseZAsf7J5s=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLz1WMLXQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhPdDanhUijuo0DJu6nmNA4lfwwnd3P/8YlrIxL1gNOUBzEdKREJRtFKfn+YoBlUa27dXYCsE68gNSjQHlS/bI5lMVfIJDWm57kpBjnVKJjks0o/MzylbEJHvGepojE3Qb5YdkYurDIkUaLtU0gW6u9ETmNjpnFoJ2OKY7PqzcX/vF6G0W2QC5VmyBVbfhRlkmBC5peTodCcoZxaQpkWdlfCxlRThrafii3BWz15nXSu6l6j3ri/rjVbRR1lOINzuAQPbqAJLWiDDwwEPMMrvDnKeXHenY/laMkpMqfwB87nD/bIjtM=</latexit>. . .

Zero classical loops       
<latexit sha1_base64="iMtMK3z0b9sRPNi9o+qmDWIx11s=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DGgoMcI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxpdT/3WE9WGKflgxwkNBR5IFjOCrZOaXcMEuu2Vyn7FnwEtkyAnZchR75W+un1FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2u3aCTp3SR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQEUXQrD48jJpnleCaqV6f1Gu3eRxFOAYTuAMAriEGtxBHRpA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fDUaOzw==</latexit>

→ G One classical loop          
<latexit sha1_base64="ic1saPtbRSbeo4Ahgm2xl5IsQxk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WFPRYwX5Au5Zsmm1Dk+w2yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrmt56o0iySD2YSU1/ggWQhI9hYqd3VTKDbx0qvWHLL7hxolXgZKUGGeq/41e1HJBFUGsKx1h3PjY2fYmUY4XRa6CaaxpiM8IB2LJVYUO2n83un6MwqfRRGypY0aK7+nkix0HoiAtspsBnqZW8m/ud1EhNe+SmTcWKoJItFYcKRidDsedRnihLDJ5Zgopi9FZEhVpgYG1HBhuAtv7xKmpWyVy1X7y9KtZssjjycwCmcgweXUIM7qEMDCHB4hld4c8bOi/PufCxac042cwx/4Hz+ADXpj3M=</latexit>

→ G2

GW Scattering from WQFT
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<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

<latexit sha1_base64="B9EGO0lv3q5XnS4x7Y+JrsmW24Y="></latexit>

gµω(x) = ωµω + h(inc)
µω (x) + εhµω(x)

µω

k

+

µω

k

µω

k

+

µω

k

µω

k

+

µω

k
<latexit sha1_base64="Rn3/H+VQRCqo4soNq10ya3d1zjs="></latexit>

k2ωµωω→hµω(k)↑
∣∣∣
k2→0

<latexit sha1_base64="/Po7VB/2Fh/lvn7ONzR1oCBu3FM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwEuOCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5H7ut59QaR7JBzON0Q/pSPIhZ9RYqXHXL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZ3vopl3FiULLlomEiiInI/Gsy4AqZEVNLKFPc3krYmCrKjM2mYEPwVl9eJ62rslcpVxrXpWotiyMPZ3AOl+DBDVShBnVoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH5ItjNI=</latexit>=
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
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GW Scattering from WQFT
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Formalised in WQFT’s black hole response functions
[L. Bohnenblust, C. J. Eriksen, J. Hoogeveen, GUJ, J. Plefka: 2604.22009] See Lara’s talk!
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+ (70 diagrams @ three loops) + . . .
Figure 1: The 20 two-loop diagrams. Using retarded propagators, all causality

flows from left to right. Only active (red) gravitons can go on-shell and the i0+

prescription matters only for those. In TT gauge, only graphs (1)-(10) are non-zero.

Graphs (2, 3, 4, 5, 7, 9, 12, 13, 15, 16) have symmetry factor 1/2, graphs (6, 8) have

symmetry factor 1/6 and all other graphs have symmetry factor 1.
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(2 diagrams @ tree) + (6 diagrams @ one loop) +
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(20 diagrams)

[N.E.J. Bjerrum-Bohr, G. Chen, C.J. Eriksen, N. Shah: 2506.19705]

With spin: [D. Akpinar: 2511.10280]

[M.M. Ivanov, Y.-Z. Li, J. Parra-Martinez, Z. Zhou: 2602.06951] 
[Y.F. Bautista, M. Driesse, K. Haddad, GUJ: 2602.06125] 
[N.E.J. Bjerrum-Bohr, G. Chen, C.J. Eriksen, N. Shah: 2602.06947]

[Y.F. Bautista, M. Driesse, K. Haddad, GUJ: 2606.TODAY] 
[M. Meo, S. Smith, G. Brunello: 2606.TODAY]

With spin: [M.V.S. Saketh, J. Vines: 2208.03170]

[D. Kosmopoulos, D. Perrone, M. Solon: 2512.04002]

[S. Caron-Huot, M. Correia, G. Isabella, M. Solon: 2503:13593]

Shell-EFT:

Born series:

Alternative approaches:
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Complete Elliptic Integrals at
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FIG. 1: Left : The canonicalized di!erential equation matrix Mc(x). Non-zero entries are represented by dots, with
the elliptic block on the diagonal highlighted in red. Elements which share a row or column with the elliptic block are
in pink. All other elements only contain the letters {→1, 0, 1}. Right : Integral topologies of the non-constant sectors

of the di!erential equation, read down the diagonal in the plot on the left. Integral (c) introduces the elliptics.
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where G(→1;x) and G(0,→1;x) are multiple polyloga-
rithms, K and E are complete elliptic integrals of the
first and second kinds, and I1,2(x) are the iterated inte-
grals

I1(x) ↑

∫ x

0
dy K(y2), (19)

I2(x) ↑
ω

2
→

∫ x

0
dy

I1(y)

y(1→ y2)K2(y2)
. (20)

The first of these can be evaluated to a hypergeometric
function. Equation (18) extends to three-loop order the
observation made in ref. [38] that the Magnusian is an
infrared-safe quantity encoding the scattering process.

It is immediate to take the forward limit of N (4)
ω , pro-

ducing a finite result. In the backward limit, x ↓ 1,
the Magnusian must be smooth, as it possesses the same
kinematic poles as the amplitude. To facilitate this limit,
note that the denominator of I2(x) can be written as

1
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Its Taylor expansion in the vicinity of x = 1 is now readily
evaluated, giving
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8
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7 log
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8
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→ 9

9 log2
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) +O((1→ x)2),

(22)

which renders the x ↓ 1 pole in eq. (18) spurious. The
Magnusian is plotted as a function of x in fig. 2, including
our results up to O(ε3PM) from ref. [38].
Finally, to complete the matching to the BHPT re-

sult, eq. (18) must be projected onto spherical modes and
compared to the scattering phase shift. At this order, the
latter is [23, 63]
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FIG. 1: Left : The canonicalized di!erential equation matrix Mc(x). Non-zero entries are represented by dots, with
the elliptic block on the diagonal highlighted in red. Elements which share a row or column with the elliptic block are
in pink. All other elements only contain the letters {→1, 0, 1}. Right : Integral topologies of the non-constant sectors

of the di!erential equation, read down the diagonal in the plot on the left. Integral (c) introduces the elliptics.
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Summing up, then, the Magnusian we seek can be ob-
tained by constructing the integrand with the usual Feyn-
man rules, reducing to master integrals, and finally re-
placing each integral with its Murua value in eq. (11). We
emphasize again that the only di!erence between the am-
plitude and the Magnusian for this process is the causal-
ity prescription of the integrals.

IV. INTEGRATION

Using the same recursive technique outlined in ref. [38],
we count 70 diagrams building up the integrand at three-
loop order. All Feynman integrals which appear can be
brought into the three-loop family

I
ω1ω2ω3
n1...n12

=

∫

ε1,ε2,ε3

1

D
n1
1 . . . D

n12
12

, (12)

having abbreviated the integration measures as

∫

εi

= µ̃
2ϑ

∫
ddωi
(2ε)d

2ε ϑ[v · (ωi → k1)],

with µ̃
2 = e

ϖEµ
2
/4ε for some regularization scale µ. The

propagators are

Di=1,2,3 = ω
2
i + ϖii0

+
, Di=4,5,6 = (ωi→3 → k1)

2

Di=7,8,9 = (ωi→6 → k2)
2
, Di=10,11 = (ω1 → ωi→8)

2

Di=12 = (ω2 → ω3)
2
.

As is standard in multi-loop calculations, we adopt the
method of di!erential equations to calculate our inte-
grals. Employing Kira [61] to generate IBP identities,
we find a basis consisting of twenty master integrals when
symmetries between integrals are not considered.

Given the IBP relations, a di!erential equation for the
master integrals can be set up and brought to the canon-
ical form

d

dx
ϱIc(x; ς) = ςMc(x)ϱIc(x; ς). (13)

Crucially, at this loop order, canonicalizing produces an
elliptic sector with the associated Picard-Fuchs equation

(
d2

dx2
+

1→ 3x2

x(1→ x2)

d

dx
→

1

1→ x2

)
φ(x) = 0; (14)

see fig. 1. This is solved by the complete elliptic integral
of the first kind,3

φ(x) = c1K(x2) + c2K(1→ x
2). (15)

3 Elliptic integrals have also been found in gravitationally-
mediated scalar wave scattering, as presented by Giulia Isabella
at the Black Holes from Theory to Observations workshop.

We choose the {c1, c2} = {1, 0} solution such that the
di!erential equation is smooth in the vicinity of x = 0
where we solve it.

Once canonicalized, the solution to the di!erential
equation may be written as a path-ordered exponential

ϱIc(x; ς) = P exp

[
ς

∫ x

x0

Mc(x
↑)dx↑

]
ϱJ(ς), (16)

and the problem is reduced to determining the bound-
ary constants ϱJ(ς), which are independent of x; these
are related to boundary integrals that encode the data
on the various causality prescriptions of the master inte-
grals. Given these, eq. (16) can be expanded to extract
the canonical master integrals to the desired order in ς,
expressed in terms of iterated integrals over Mc.

To compute the boundary integrals, we expand eq. (16)
near x = 0. As at lower loop orders, all integrals in
the vicinity of this point possess only two regions: the
general region, where all loop momenta ωi ↑ 1 ↓ x,
giving integrals an x

0 scaling; and the forward region
where all ωi ↑ x, meaning the integrals scale as x

n→6ϑ,
where n ↔ Z and the →6ς power comes from the integral
measure.

Not counting various i0+ prescriptions, a total of nine
and six boundary integrals in each region respectively
are su”cient to uniquely solve the di!erential equation.
We employ various techniques to determine these, includ-
ing loop-by-loop integration, parametric representations,
and reconstruction from high-precision numerical evalu-
ation using AMFlow [62]. Complex conjugation, cut re-
lations, and partial-fraction identities for forward-region
integrals (see ref. [24]) give the remaining i0+ routings.

The persistence of only two regions in our integrals sets
this problem apart from the binary-scattering computa-
tion. There, while each loop momentum is also allowed
only two distinct scalings, the loop momenta are not con-
strained to all scale the same way. This produces three
regions at 4PM [32], while four are needed in a putative
conservative sector at 5PM-1SF [24].

V. GRAVITATIONAL WAVE SCATTERING

The Murua prescription eq. (11) directly produces the
Magnusian from our WQFT integrand, which we may
write in a PM decomposition:

Nh1,h2 =
e
ih1ϱ

↼

∑

n

(ε↽PM)nN (n)
ς (x). (17)

With the n = 1, 2, 3 terms calculated in ref. [38], we
present here only the n = 4 case. In the helicity-reversing
and preserving configurations, we find respectively
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Di!erential Equation Matrix

Loops 1 2 3

Master integrals 3 6 20

Loops 1 2 3
Master integrals 3 6 20
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I1(x) →
∫ x

0
dy K(y2),

I2(x) →
ω

2
↑

∫ x

0
dy

I1(y)
y(1↑ y2)K2(y2)

=
ω

2
+

2

ω
I1(x)

K(1↑ x2)

K(x2)
↑ 2

ω

∫ x

0
dy K(1↑ y2)
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II. MATCHING WQFT TO BHPT

In WQFT, a gravitating point particle with mass m

and without spin is described by the action [39]

Swl = →
m

2

∫
dω gµω(x)ẋ

µ(ω)ẋω(ω). (1)

Graviton dynamics are given by the usual Einstein-
Hilbert action in conjunction with the gauge of ref. [24],
preserving the de Donder propagator while simplifying
graviton vertices. Particle dynamics are restricted by
eq. (1) to a one-dimensional worldline, whereas pure-
graviton interactions take place in a d-dimensional bulk,
taking d = 4 → 2ε for the purposes of dimensional regu-
larization.

On the WQFT side, the amplitude we are after is the
S-matrix element with an initial graviton state with mo-
mentum k

µ
1 and helicity h1 and a final graviton with mo-

mentum k
µ
2 and helicity h2. Diagrammatically,

↑k2, h2|iT̂ |k1, h1↓ =

k2, h2k1, h1

= ϑ
→(k2 · v → k1 · v) iMε(ϖ,ϱ),

(2)

where Ŝ = 1+iT̂ . We adopt the kinematics and notation
of ref. [38]. Namely, the incoming and outgoing graviton
momenta and polarizations are

k
µ
1 = ς(1, 0, 0, 1), φ

ε1,µ
1 =

1
↔
2
(0, 1, i↼1, 0)

k
µ
2 = ς(1, sϑ cϖ, sϑ sϖ, cϑ),

φ
ε2,µ
2 =

1
↔
2
(0, cϑ cϖ → i↼2sϖ, cϑ sϖ + i↼2cϖ,→sϑ) ,

(3)

where sy ↗ sin y and cy ↗ cos y. Additionally, graviton
helicities are denoted by their signs ↼i, such that hi =
2↼i. When only the product of the helicities, rather than
their individual values, is relevant, we write ↼ ↗ ↼1↼2.
As k

µ
2 is outgoing, it is the conjugate of its polarization

which enters the amplitude. Finally, we work in the rest
frame of the massive body, v

µ = (1,0), implying the
scattering is a non-trivial function only of the scattering
angle ϖ, encoded in the variable x ↗ sin(ϖ/2).

To compute the amplitude in eq. (2) we resort to a per-
turbative expansion around flat space, where the metric
and worldline trajectory are expanded according to

gµω(x) = ↽µω + ⇀hµω(x),

x
µ(ω) = v

µ
ω + z

µ(ω),
(4)

having centered our coordinate system on the parti-
cle’s position at ω = 0. The perturbative parameter
is ⇀ =

↔
32⇁G, such that the trajectory perturbation

z
µ(ω) ↘ O(⇀2). In the remainder of this paper, we orga-

nize perturbative expansions in powers of φPM ↗ 2Gmς.

Within the BHPT framework, this amplitude is ex-
tracted from the solution for curvature perturbations of
a Schwarzschild spacetime; see e.g. ref. [58]. Written in a
spherical wave basis, the helicity-preserving (↼ = 1) and
reversing (↼ = →1) BHPT amplitudes are respectively

f(ϖ,ϱ) =
⇁

ς

↑∑

ϱ=2

√
2,+ 1

⇁
→2Yϱ2(ϖ,ϱ) (5a)

≃

∑

P=±1

(
→2↽ϱ2e

2i→2ς
P
ω2 → 1

)
,

g(ϖ,ϱ) =
⇁

ς

↑∑

ϱ=2

√
2,+ 1

⇁
→2Yϱ2(⇁ → ϖ,ϱ) (5b)

≃

∑

P=±1

(→1)ϱP
(
→2↽ϱ2e

2i→2ς
P
ω2 → 1

)
.

All angular dependence of the scattering is described by
the spin-weighted spherical harmonics →2Yϱ2(ϖ,ϱ), with
the scattering phase shift →2ϑ

P
ϱ2 and absorption factor

→2↽ϱ2 respectively encoding the remaining conservative
and dissipative scattering information. Similarly to the
scattering amplitude, the latter two admit a perturbative
expansion in Newton’s constant, with dissipation only
becoming relevant from O(φ5PM).
The amplitude derived from WQFT can be matched

directly onto that from BHPT:

M1,fin.(ϖ,ϱ) = 2⇁ f(ϖ,ϱ)

M→1,fin.(ϖ,ϱ) = 2⇁ g(ϖ,ϱ).
(6)

However this matching is subtle, as vanishing pieces of
the amplitude in the d ⇐ 4 limit interfere with the re-
summed Weinberg phase to produce the finite amplitude
Mε,fin. needed for the matching. A suitable prescription
for matching at the level of the amplitude was put forth
in ref. [41]. While we do not check eq. (6) in this work,
we discuss in Section V the construction of the finite am-
plitude which matches BHPT.
An alternative approach, requiring only up to the finite

part of the amplitude in the d ⇐ 4 limit, passes through
the exponential representation of the S-matrix [45],

Ŝ = e
iN̂

, (7)

where N̂ is referred to as the Magnus operator [42]. As
we demonstrated in ref. [38] (see also refs. [40, 47]), the
N -matrix element (or Magnusian [42, 46])

ϑ
→(v · k1 → v · k2)N

(n)
h1,h2

(ς; ϖ,ϱ)

↗ ↑k2, h2|N̂ |k1, h1↓|O(φnPM)

(8)

can be directly related to the elastic phase shift. Specif-
ically, at O(φ4PM)

1

4⇁

N
(4)
ϱ;2,2√

⇁(2,+ 1)
=

∑

P=±

→2ϑ
P,(4)
ϱ2 , (9a)
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= ω(ε1 → ε2)iMω(x)
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“Conventional scattering amplitude”

Magnusian (N-matrix, Magnus operator)

See also Graham’s talk!
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Complex and infrared divergent
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[J.-W. Kim, R. Patil, T. Scheopner, J. Steinhoff: 2511.05649]

[A. Brandhuber, G. R. Brown, P. Pichini, G. Travaglini, P. V. Matasan: 2512.05017]

[R. Gonzo, G. Mogull: 2603.05237]

<latexit sha1_base64="lxvv/orPJf7Lic5ZConUXSILZQ8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuSPQY8JJjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZ/77SdUmkfywUxj9EM6knzIGTVWalz1iyW37C5A1omXkRJkqPeLX71BxJIQpWGCat313Nj4KVWGM4GzQi/RGFM2oSPsWippiNpPF4fOyIVVBmQYKVvSkIX6eyKlodbTMLCdITVjverNxf+8bmKGd37KZZwYlGy5aJgIYiIy/5oMuEJmxNQSyhS3txI2pooyY7Mp2BC81ZfXSeu67FXKlcZNqVrL4sjDGZzDJXhwC1WoQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3VhjL8=</latexit>→



20

Magnusian matrix elements
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II. MATCHING WQFT TO BHPT

In WQFT, a gravitating point particle with mass m

and without spin is described by the action [39]

Swl = →
m

2

∫
dω gµω(x)ẋ

µ(ω)ẋω(ω). (1)

Graviton dynamics are given by the usual Einstein-
Hilbert action in conjunction with the gauge of ref. [24],
preserving the de Donder propagator while simplifying
graviton vertices. Particle dynamics are restricted by
eq. (1) to a one-dimensional worldline, whereas pure-
graviton interactions take place in a d-dimensional bulk,
taking d = 4 → 2ε for the purposes of dimensional regu-
larization.

On the WQFT side, the amplitude we are after is the
S-matrix element with an initial graviton state with mo-
mentum k

µ
1 and helicity h1 and a final graviton with mo-

mentum k
µ
2 and helicity h2. Diagrammatically,

↑k2, h2|iT̂ |k1, h1↓ =

k2, h2k1, h1

= ϑ
→(k2 · v → k1 · v) iMε(ϖ,ϱ),

(2)

where Ŝ = 1+iT̂ . We adopt the kinematics and notation
of ref. [38]. Namely, the incoming and outgoing graviton
momenta and polarizations are

k
µ
1 = ς(1, 0, 0, 1), φ

ε1,µ
1 =

1
↔
2
(0, 1, i↼1, 0)

k
µ
2 = ς(1, sϑ cϖ, sϑ sϖ, cϑ),

φ
ε2,µ
2 =

1
↔
2
(0, cϑ cϖ → i↼2sϖ, cϑ sϖ + i↼2cϖ,→sϑ) ,

(3)

where sy ↗ sin y and cy ↗ cos y. Additionally, graviton
helicities are denoted by their signs ↼i, such that hi =
2↼i. When only the product of the helicities, rather than
their individual values, is relevant, we write ↼ ↗ ↼1↼2.
As k

µ
2 is outgoing, it is the conjugate of its polarization

which enters the amplitude. Finally, we work in the rest
frame of the massive body, v

µ = (1,0), implying the
scattering is a non-trivial function only of the scattering
angle ϖ, encoded in the variable x ↗ sin(ϖ/2).

To compute the amplitude in eq. (2) we resort to a per-
turbative expansion around flat space, where the metric
and worldline trajectory are expanded according to

gµω(x) = ↽µω + ⇀hµω(x),

x
µ(ω) = v

µ
ω + z

µ(ω),
(4)

having centered our coordinate system on the parti-
cle’s position at ω = 0. The perturbative parameter
is ⇀ =

↔
32⇁G, such that the trajectory perturbation

z
µ(ω) ↘ O(⇀2). In the remainder of this paper, we orga-

nize perturbative expansions in powers of φPM ↗ 2Gmς.

Within the BHPT framework, this amplitude is ex-
tracted from the solution for curvature perturbations of
a Schwarzschild spacetime; see e.g. ref. [58]. Written in a
spherical wave basis, the helicity-preserving (↼ = 1) and
reversing (↼ = →1) BHPT amplitudes are respectively

f(ϖ,ϱ) =
⇁

ς

↑∑

ϱ=2

√
2,+ 1

⇁
→2Yϱ2(ϖ,ϱ) (5a)

≃

∑

P=±1

(
→2↽ϱ2e

2i→2ς
P
ω2 → 1

)
,

g(ϖ,ϱ) =
⇁

ς

↑∑

ϱ=2

√
2,+ 1

⇁
→2Yϱ2(⇁ → ϖ,ϱ) (5b)

≃

∑

P=±1

(→1)ϱP
(
→2↽ϱ2e

2i→2ς
P
ω2 → 1

)
.

All angular dependence of the scattering is described by
the spin-weighted spherical harmonics →2Yϱ2(ϖ,ϱ), with
the scattering phase shift →2ϑ

P
ϱ2 and absorption factor

→2↽ϱ2 respectively encoding the remaining conservative
and dissipative scattering information. Similarly to the
scattering amplitude, the latter two admit a perturbative
expansion in Newton’s constant, with dissipation only
becoming relevant from O(φ5PM).
The amplitude derived from WQFT can be matched

directly onto that from BHPT:

M1,fin.(ϖ,ϱ) = 2⇁ f(ϖ,ϱ)

M→1,fin.(ϖ,ϱ) = 2⇁ g(ϖ,ϱ).
(6)

However this matching is subtle, as vanishing pieces of
the amplitude in the d ⇐ 4 limit interfere with the re-
summed Weinberg phase to produce the finite amplitude
Mε,fin. needed for the matching. A suitable prescription
for matching at the level of the amplitude was put forth
in ref. [41]. While we do not check eq. (6) in this work,
we discuss in Section V the construction of the finite am-
plitude which matches BHPT.
An alternative approach, requiring only up to the finite

part of the amplitude in the d ⇐ 4 limit, passes through
the exponential representation of the S-matrix [45],

Ŝ = e
iN̂

, (7)

where N̂ is referred to as the Magnus operator [42]. As
we demonstrated in ref. [38] (see also refs. [40, 47]), the
N -matrix element (or Magnusian [42, 46])

ϑ
→(v · k1 → v · k2)N

(n)
h1,h2

(ς; ϖ,ϱ)

↗ ↑k2, h2|N̂ |k1, h1↓|O(φnPM)

(8)

can be directly related to the elastic phase shift. Specif-
ically, at O(φ4PM)

1

4⇁

N
(4)
ϱ;2,2√

⇁(2,+ 1)
=

∑

P=±

→2ϑ
P,(4)
ϱ2 , (9a)

<latexit sha1_base64="W3tdpm4MxUsQxjlclg5Kbi8YdIs=">AAACHXicbZA9SwNBEIb3/DZ+RS1tFoMQC8NdCNFGEGzSCBFMFHLhmNtM4uLu3bG7J4Yjf8TGv2JjoYiFjfhv3CRX+PXCwsM7M+zMGyaCa+O6n87M7Nz8wuLScmFldW19o7i51dZxqhi2WCxidRWCRsEjbBluBF4lCkGGAi/Dm9Nx/fIWleZxdGGGCXYlDCLe5wyMtYJi7dinfg+FgbIfSxxA4B3kUN2nnPoSzDUDkZ2NAl/zgYTy3X5QLLkVdyL6F7wcSiRXMyi++72YpRIjwwRo3fHcxHQzUIYzgaOCn2pMgN3AADsWI5Cou9nkuhHds06P9mNlX2ToxP0+kYHUeihD2zleVv+ujc3/ap3U9I+6GY+S1GDEph/1U0FNTMdR0R5XyIwYWgCmuN2VsmtQwIwNtGBD8H6f/Bfa1YpXr9TPa6WTRh7HEtkhu6RMPHJITkiDNEmLMHJPHskzeXEenCfn1Xmbts44+cw2+SHn4wuLHKEF</latexit>

= ω(ε1 → ε2)iMω(x)

<latexit sha1_base64="sf5kOkSvUlHYeoxVWsw76+YaIWk=">AAACFnicbVDLSsNAFJ3UV62vqks3g0VwoSUpUl0W3HQlFewDmhAm00kzZDIJMxOhxH6FG3/FjQtF3Io7/8ZJm4W2Hhg4nHMud+7xEkalMs1vo7Syura+Ud6sbG3v7O5V9w96Mk4FJl0cs1gMPCQJo5x0FVWMDBJBUOQx0vfC69zv3xMhaczv1CQhToTGnPoUI6Ult3puM8THjMDQbZzBwG3AB2gHSGU3U81C18pFC9pilnKrNbNuzgCXiVWQGijQcatf9ijGaUS4wgxJObTMRDkZEopiRqYVO5UkQThEYzLUlKOISCebnTWFJ1oZQT8W+nEFZ+rviQxFUk4iTycjpAK56OXif94wVf6Vk1GepIpwPF/kpwyqGOYdwREVBCs20QRhQfVfIQ6QQFjpJiu6BGvx5GXSa9StZr15e1FrtYs6yuAIHINTYIFL0AJt0AFdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8wepA505</latexit>

→k2, h2|N̂ |k1, h1↑

<latexit sha1_base64="bTnrBFaU4c5py+UoNM1vPP9MnZk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwISUpUt0IBTddVugLmhAm02kzZDIJMxOhxP6GG3/FjQtFXOrKv3GaZqGtBwYO55zLnXv8hFGpLOvbKK2tb2xulbcrO7t7+wfm4VFPxqnApItjFouBjyRhlJOuooqRQSIIinxG+n54O/f790RIGvOOmibEjdCE0zHFSGnJMy2HIT5hBIZe/QIGXh0+QCdAKuvMNAs9ey7a0BF5yoE3nlm1alYOuErsglRBgbZnfjqjGKcR4QozJOXQthLlZkgoihmZVZxUkgThEE3IUFOOIiLdLL9sBs+0MoLjWOjHFczV3xMZiqScRr5ORkgFctmbi/95w1SNr92M8iRVhOPFonHKoIrhvCY4ooJgxaaaICyo/ivEARIIK11mRZdgL5+8Snr1mt2oNe4uq81WUUcZnIBTcA5scAWaoAXaoAsweATP4BW8GU/Gi/FufCyiJaOYOQZ/YHz9AGhHnhY=</latexit>

→k2, h2|T̂ |k1, h1↑ =

<latexit sha1_base64="MyylqeIExbROmcx/7WGDfaIiEtY=">AAACEXicbZA9SwNBEIb3/Izx69TSZjEISWG4CxJtBMEmlSgYFXLhmNtMkiW7d8funhiCf8HGv2JjoYitnZ3/xk28Qo0vLDy8M8PsvFEquDae9+nMzM7NLywWlorLK6tr6+7G5qVOMsWwyRKRqOsINAoeY9NwI/A6VQgyEngVDU7G9asbVJon8YUZptiW0It5lzMw1grd8lFAgw4KA+UgkdiD0N/LoVbhp2GgeU9C+bYSuiWv6k1Ep8HPoURynYXuR9BJWCYxNkyA1i3fS017BMpwJvCuGGQaU2AD6GHLYgwSdXs0ueiO7lqnQ7uJsi82dOL+nBiB1HooI9spwfT139rY/K/Wykz3sD3icZoZjNn3om4mqEnoOB7a4QqZEUMLwBS3f6WsDwqYsSEWbQj+35On4bJW9evV+vl+6biRx1Eg22SHlIlPDsgxaZAz0iSM3JNH8kxenAfnyXl13r5bZ5x8Zov8kvP+BVjhnCA=</latexit>

= ω(ε1 → ε2)iNω(x)

<latexit sha1_base64="tB0Pcn68SvlbqlbxWoioxFX3sZU=">AAACC3icbVA7SwNBEN6Lrxhfp5Y2S4IgCOFOJNoIAZtUEjEvSM6wt5lLluw92N0TwpHexr9iY6GIrX/Azn/j5nKFJg4sfI8ZZudzI86ksqxvI7eyura+kd8sbG3v7O6Z+wctGcaCQpOGPBQdl0jgLICmYopDJxJAfJdD2x1fz/z2AwjJwqChJhE4PhkGzGOUKC31zWJvRBS+w1fYxqeYpayhGdwnc3Iz7Zslq2ylhZeBnYESyqreN796g5DGPgSKciJl17Yi5SREKEY5TAu9WEJE6JgMoathQHyQTpLeMsXHWhlgLxT6BQqn6u+JhPhSTnxXd/pEjeSiNxP/87qx8i6dhAVRrCCg80VezLEK8SwYPGACqOITDQgVTP8V0xERhCodX0GHYC+evAxaZ2W7Uq7cnpeqtSyOPDpCRXSCbHSBqqiG6qiJKHpEz+gVvRlPxovxbnzMW3NGNnOI/pTx+QOjW5hT</latexit>
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O(G4)

Complex and infrared divergent

[P.H. Damgaard, L. Plante, P. Vanhove: 2107.12891]

[J.-H. Kim, J.-W. Kim, S. Kim, S. Lee: 2410.22988] 
[J.-W. Kim, R. Patil, T. Scheopner, J. Steinhoff: 2511.05649]

[A. Brandhuber, G. R. Brown, P. Pichini, G. Travaglini, P. V. Matasan: 2512.05017]

[R. Gonzo, G. Mogull: 2603.05237]

Maps directly onto the black hole perturbation theory phase shift!
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→k2, h2|N̂ |k1, h1↑
<latexit sha1_base64="MyylqeIExbROmcx/7WGDfaIiEtY=">AAACEXicbZA9SwNBEIb3/Izx69TSZjEISWG4CxJtBMEmlSgYFXLhmNtMkiW7d8funhiCf8HGv2JjoYitnZ3/xk28Qo0vLDy8M8PsvFEquDae9+nMzM7NLywWlorLK6tr6+7G5qVOMsWwyRKRqOsINAoeY9NwI/A6VQgyEngVDU7G9asbVJon8YUZptiW0It5lzMw1grd8lFAgw4KA+UgkdiD0N/LoVbhp2GgeU9C+bYSuiWv6k1Ep8HPoURynYXuR9BJWCYxNkyA1i3fS017BMpwJvCuGGQaU2AD6GHLYgwSdXs0ueiO7lqnQ7uJsi82dOL+nBiB1HooI9spwfT139rY/K/Wykz3sD3icZoZjNn3om4mqEnoOB7a4QqZEUMLwBS3f6WsDwqYsSEWbQj+35On4bJW9evV+vl+6biRx1Eg22SHlIlPDsgxaZAz0iSM3JNH8kxenAfnyXl13r5bZ5x8Zov8kvP+BVjhnCA=</latexit>

= ω(ε1 → ε2)iNω(x)

[Y.F. Bautista, M. Driesse, K. Haddad, GUJ: 2602.06125]



Magnusian from Murua

Contents

1 Introduction 1

1 Introduction

〈
hµω(k)

〉∣∣∣
ε1PM

=
k

µω

+ k

µω

. (1.1)

More generally, this process may conveniently be related to a graviton two-point

function,

→ik2ε→µω(k)
〈
hµω(k)

〉
= k

εµω(k)

, (1.2)

T

( )
=

M

( )
=

1

2
+

1

2

T

( )
=

M

( )
=

1

3
+

1

6
+

1

6
+

1

3

1

Contents

1 Introduction 1

1 Introduction

〈
hµω(k)

〉∣∣∣
ε1PM

=
k

µω

+ k

µω

. (1.1)

More generally, this process may conveniently be related to a graviton two-point

function,

→ik2ε→µω(k)
〈
hµω(k)

〉
= k

εµω(k)

, (1.2)

T

( )
=

M

( )
=

1

2
+

1

2

T

( )
=

M

( )
=

1

3
+

1

6
+

1

6
+

1

3

1

Contents

1 Introduction 1

1 Introduction

〈
hµω(k)

〉∣∣∣
ε1PM

=
k

µω

+ k

µω

. (1.1)

More generally, this process may conveniently be related to a graviton two-point

function,

→ik2ε→µω(k)
〈
hµω(k)

〉
= k

εµω(k)

, (1.2)

T

( )
=

M

( )
=

1

2
+

1

2

T

( )
=

M

( )
=

1

3
+

1

6
+

1

6
+

1

3

1

Contents

1 Introduction 1

1 Introduction

〈
hµω(k)

〉∣∣∣
ε1PM

=
k

µω

+ k

µω

. (1.1)

More generally, this process may conveniently be related to a graviton two-point

function,

→ik2ε→µω(k)
〈
hµω(k)

〉
= k

εµω(k)

, (1.2)

T

( )
=

M

( )
=

1

2
+

1

2

T

( )
=

M

( )
=

1

3
+

1

6
+

1

6
+

1

3

1

Contents

1 Introduction 1

1 Introduction

〈
hµω(k)

〉∣∣∣
ε1PM

=
k

µω

+ k

µω

. (1.1)

More generally, this process may conveniently be related to a graviton two-point

function,

→ik2ε→µω(k)
〈
hµω(k)

〉
= k

εµω(k)

, (1.2)

T

( )
=

M

( )
=

1

2
+

1

2

T

( )
=

M

( )
=

1

3
+

1

6
+

1

6
+

1

3

=
1

ϑ2 → k2 + i0+ϑ
(1.3)

=
1

ϑ2 → k2 → i0+ϑ
(1.4)

1

Retarded (Feynman)

Advanced (Dyson)

T-matrix (response function)

N-matrix (Magnusian)
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= “Murua coe!cients”

[J.-H. Kim, J.-W. Kim, S. Kim, S. Lee: 2410.22988]

[A. Brandhuber, G. R. Brown, P. Pichini, G. Travaglini, P. V. Matasan: 2512.05017]

[R. Gonzo, G. Mogull: 2603.05237]
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+c.c.︷ ︸︸ ︷
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+c.c.︷ ︸︸ ︷
May be applied at the level of 
master integrals!
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( )
= iNω(x) (2)
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FIG. 1: Left : The canonicalized di!erential equation matrix Mc(x). Non-zero entries are represented by dots, with
the elliptic block on the diagonal highlighted in red. Elements which share a row or column with the elliptic block are
in pink. All other elements only contain the letters {→1, 0, 1}. Right : Integral topologies of the non-constant sectors

of the di!erential equation, read down the diagonal in the plot on the left. Integral (c) introduces the elliptics.

N
(4)
→1 (x) = 0

N
(4)
1 (x) =

1575x6 + 47655x5 + 827547x4 + 366747x3 + 3142262x2 + 166262x+ 722432

23040ω2(x+ 1)2(x→ 1)

+
4(7 + 11x2)

ω2(1→ x2)
G(→1;x)→

[
1→

12

ω2
G(0,→1;x)

]
4

3

1 + 6x2 + 2x4

(x2 → 1)2

→
17805x4 + 113738x2 + 44273

768ω2(x2 → 1)2

[
I1(x)

K(x2)
→ E(x2)I2(x)

]
+

10125x4 + 107121x2 + 58570

1536ω2(x2 → 1)
K(x2)I2(x),

(18)

where G(→1;x) and G(0,→1;x) are multiple polyloga-
rithms, K and E are complete elliptic integrals of the
first and second kinds, and I1,2(x) are the iterated inte-
grals

I1(x) ↑

∫ x

0
dy K(y2), (19)

I2(x) ↑
ω

2
→

∫ x

0
dy

I1(y)

y(1→ y2)K2(y2)
. (20)

The first of these can be evaluated to a hypergeometric
function. Equation (18) extends to three-loop order the
observation made in ref. [38] that the Magnusian is an
infrared-safe quantity encoding the scattering process.

It is immediate to take the forward limit of N (4)
ω , pro-

ducing a finite result. In the backward limit, x ↓ 1,
the Magnusian must be smooth, as it possesses the same
kinematic poles as the amplitude. To facilitate this limit,
note that the denominator of I2(x) can be written as

1

x(1→ x2)K2(x2)
= →

2

ω

d

dx

K(1→ x
2)

K(x2)
,

allowing us to integrate by parts:

I2(x) =
ω

2
+

2

ω
I1(x)

K(1→ x
2)

K(x2)

→
2

ω

∫ x

0
dy K(1→ y

2).

(21)

Its Taylor expansion in the vicinity of x = 1 is now readily
evaluated, giving

I2(x) = →
2

log
(
1→x
8

)

→ (1→ x)
7 log

(
1→x
8

)
→ 9

9 log2
(
1→x
8

) +O((1→ x)2),

(22)

which renders the x ↓ 1 pole in eq. (18) spurious. The
Magnusian is plotted as a function of x in fig. 2, including
our results up to O(ε3PM) from ref. [38].
Finally, to complete the matching to the BHPT re-

sult, eq. (18) must be projected onto spherical modes and
compared to the scattering phase shift. At this order, the
latter is [23, 63]

→2ϑ
P,(4)
ε2 =

ωε
4
PM

16

P4(L)

Dε
, (23)
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I1(x) →
∫ x

0
dy K(y2),

I2(x) →
ω

2
↑

∫ x

0
dy

I1(y)
y(1↑ y2)K2(y2)

=
ω

2
+

2

ω
I1(x)

K(1↑ x2)

K(x2)
↑ 2

ω

∫ x

0
dy K(1↑ y2)

[Y.F. Bautista, M. Driesse, K. Haddad, GUJ: 2606.TODAY] 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FIG. 2: The (a) helicity-reversing and (b) preserving Magnusian (ωεPM)nN (n)
ω (x), with kinematics such that

εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)
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εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)
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FIG. 2: The (a) helicity-reversing and (b) preserving Magnusian (ωεPM)nN (n)
ω (x), with kinematics such that

εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)

Dω = (2ω+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3, (3)

P4(L) =
18480L8 → 61320L7 + 2415L6 → 85775L5 → 123233L4 → 51522L3 + 953424L2 → 102816L→ 51840

(2ω+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3

(4)

→2ε
P,(4)
ω2 =

ϑϖ4PM

16

18480L8 → 61320L7 + 2415L6 → 85775L5 → 123233L4 → 51522L3 + 953424L2 → 102816L→ 51840

(2ω+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3

2

(Numerical) Match with black hole perturbation theory in partial wave space!

3

1

4ω

N
(4)
ω;2,→2√

ω(2ε+ 1)
=

∑

P=±

P (→1)ω →2ϑ
P,(4)
ω2 , (9b)

where the left-hand side involves the projection of the
N -matrix element on a basis of spin-weighted spherical
harmonics,

N
(4)
ω;2,2 = ϖ

∫
d!2 2Yω,→2(ϱ,ς)N

(4)
2,2 (ϖ; ϱ,ς) , (10a)

N
(4)
ω;2,→2 = ϖ

∫
d!2 2Yω,→2(ω → ϱ,ς)N (4)

2,→2(ϖ; ϱ,ς) .

(10b)

As we will see, the Magnusian for this process at the
present order is infrared safe and finite in the forward
limit x ↑ 0. This justifies the above projection onto a
basis of functions in four-dimensions; see refs. [40, 47] for
a d-dimensional treatment.

III. EFFICIENT EXTRACTION OF N

Equation (9) illustrates the suitability of N̂ for match-
ing to BHPT. However, T̂ is still crucial to the calculation
as the perturbation theory is set up to produce its matrix
elements (i.e. scattering amplitudes) rather than those of
N̂ . In ref. [38], we converted the matrix elements of the
former to those of the latter by subtracting cuts. Here
we take an alternative, much more e”cient approach.
In the vein of the analysis in ref. [59], the e#ect of

the aforementioned cut subtraction can be understood
diagrammatically. For example, at one-loop order, the
N - and T -matrix elements are related by [45]

=

→
1

2
,

with the striped one-loop blob representing the one-loop
Magnusian, the solid one-loop blob the one-loop ampli-
tude, and the red dashed line a cut of the exchanged
graviton. We may expand the cut into retarded and ad-
vanced propagators,1

= i

↑

→ i

↓

,

1 When the incoming graviton energy is positive, retarded prop-
agators become Feynman propagators, and advanced become
Dyson.

where the arrow pointing right indicates the retarded
propagator. This makes the function of the subtracted
cut transparent: to modify the causality prescription of
the active graviton, the internal graviton which may go
on shell in the integration domain. Therefore, in the
one-loop case the result is simply to average over both
prescriptions for the active graviton. At higher loop or-
ders averaging over both prescriptions is not the correct
procedure, but a generalization does exist which bypasses
the cut subtraction and produces the Magnusian directly.
Just as the traditional Dyson series underlies the com-

putation of T -matrix elements, the alternative Magnus
series [60] forms the foundation of N -matrix elements
[42–44]. An essential di#erence is that, instead of the
time-ordered products comprising the time-evolution op-
erator in the former, the Magnus series involves commu-
tators of the system’s Hamiltonian. Functionally, this in-
duces diagrams with retarded and advanced – rather than
Feynman – causality prescriptions. Diagrams di#ering
only by causality prescriptions receive relative weights
determined by the so-called Murua coe”cients.
At first, it may seem that we have dramatically in-

creased the work to be done, as a diagram may possess
many distinct prescriptions; however, we are spared by
two considerations. First, the Murua coe”cients obey
an edge-contraction rule – described in ref. [44] – whose
consequence is that distinct prescriptions must be con-
sidered only for active propagators. For L-loop gravita-
tional wave scattering, at most 2L orientations are rel-
evant. Second, WQFT Feynman rules and integration-
by-parts (IBP) reduction are agnostic to causality pre-
scriptions, and vice versa. This enables us to insert the
relative weightings at the level of the master integrals.
E#ectively, if an integral I

s1...sn has n propagators
which may go on shell in the integration domain, we as-
sign the integral a Murua value I

(M ;n) according to2

I
(M ;0) = I,

I
(M ;1) =

1

2
I
+ +

1

2
I
→
,

I
(M ;2) =

1

3
I
++ +

1

6
I
+→ +

1

6
I
→+ +

1

3
I
→→

, (11)

I
(M ;3) =

1

4
I
+++ +

1

12
I
++→ +

1

12
I
+→+ +

1

12
I
→++

+
1

12
I
+→→ +

1

12
I
→+→ +

1

12
I
→→+ +

1

4
I
→→→

.

On the right-hand side, the superscripts indicate whether
each active propagator has a +i0+ or →i0+ prescription.
These relations imply that the Murua value of an integral
is always real, and as a consequence, often has softer poles
than the original integral, or even vanishes in many cases.

2 Extrapolating from eq. (11), the Murua value of an integral with
n active propagators is the weighted sum over all possible causal-
ity prescriptions where an integral with k advanced propagators
receives the coe!cient [(n + 1)

(n
k

)
]→1. These weights sum to 1

and satisfy the edge-contraction rule.

[Y.F. Bautista, G. Bonelli, C. Iossa, A. Tanzini, Z. Zhou: 2312.05965]

[S. Mano, H. Suzuki, E. Takasugi: 9605057]

T-matrix amplitude satisfies Weinberg’s theorem:
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FIG. 2: The (a) helicity-reversing and (b) preserving Magnusian (ωεPM)nN (n)
ω (x), with kinematics such that

εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)

Check requires      order at one-loop:
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FIG. 2: The (a) helicity-reversing and (b) preserving Magnusian (ωεPM)nN (n)
ω (x), with kinematics such that

εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)
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εPM = 2 – this non-perturbative value makes visible the behavior at higher PM orders. The helicity-reversing
Magnusian is zero at 2 and 4PM, and is not plotted at these orders. Qualitatively, both helicity configurations

vanish in opposite limits, and Nω becomes free of poles at 4PM; see eq. (32).

where

Dε = (2ϑ+ 1)3(L→ 2)(4L→ 15)(4L→ 3)3L3
,

P4(L) = 18480L8
→ 61320L7 + 2415L6

→ 85775L5
→ 123233L4

→ 51522L3

+ 953424L2
→ 102816L→ 51840,

and L ↑ ϑ(ϑ+1). Inserting eqs. (18) and (23) into eq. (9),
we check equality numerically for ϑ ↓ [2, 20], confirming
equivalence up to a relative precision

|N → ϖ|

|ϖ|
< 10→34

,

with N and ϖ here standing in for the left- and right-
hand sides of eq. (9). We conclude that the point-particle
approximation accurately describes the scattering of a
gravitational wave o! of a Schwarzschild black hole up
to O(ε4PM).

A. Analysis of the scattering amplitude

Using integrals with only retarded propagators in our
integrand produces the O(ε4PM) scattering amplitude, as
defined by eq. (2), rather than the Magnusian. The
structure of this amplitude is more intricate than that
of the Magnusian at all but the leading perturbative or-
der. First, Mω has infrared poles and the associated
regularization scheme dependence. Second, it is generally
complex, while the Magnusian is real. Third, the ampli-
tude involves iterated integrals of weight three, while the
maximum weight in the Magnusian is two.

The infrared structure of the amplitude provides im-
portant consistency checks on our calculation. Specifi-
cally, Weinberg’s soft theorem dictates that its infrared
poles in ϱ must exponentiate [64],

iMω = exp(→iεPM/ϱ)iMω,ϑ0 . (24)

Here, Mω,ϑ0 starts at O(ϱ0), manifesting that all poles
of the amplitude Mω come from the exponential on the
right-hand side. Thus it is immediately clear that the
O(εnPM) contribution to Mω has infrared poles as deep
as ϱ

→n+1. Importantly, eq. (24) should be taken as an
analytic formula in ϱ, rather than a limit, such that
otherwise-vanishing O(ϱn↑1) parts of the amplitude are
included. In particular, the interference of ϱ/ϱ terms is
an essential mechanism in the exponentiation of infrared
poles.
To derive the perturbative version of eq. (24), we ex-

pand Mω as

Mω =
4∑

n=1

↓∑

m=→n+1

ε
n
PMϱ

m
M

(n,m)
ω . (25)

Similarly decomposing Mω,ϑ0 – noting that M
(n,m)
ω,ϑ0 =

0 for m < 0 – and solving eq. (24) perturbatively, we
determine that the poles of the amplitude up to 4PM
must obey

M
(n,→m)
ω =

(→i)m

m!
M

(n→m,0)
ω , (26)

for all pairs (n,→m) except (4,→1). In this exceptional
case, ϱ/ϱ cancellations enter for the first time, such that
eq. (24) demands

M
(4,→1)
ω =

1

2
M

(2,1)
ω → iM

(3,0)
ω . (27)

Checking this formula necessitates the computation of

M
(2,1)
ω . Producing this missing piece, our amplitude

passes the non-trivial checks in both eqs. (26) and (27).
The finite amplitude Mω,fin. o!ers an alternative route

to matching with BHPT through eq. (6) [41]. It is easiest
to define by inverting eq. (24):

iMω,fin. = lim
ϑ↔0

exp(iεPM/ϱ)iMω = lim
ϑ↔0

iMω,ϑ0 . (28)
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pµA(1), Sµ
A(1)

<latexit sha1_base64="8ze+8QOzDw8kVTPKGa1mLdXnjqk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8YLxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlxl2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ466dcxolByZaLhokgJiLzr8mAK2RGTC2hTHF7K2FjqigzNpuCDcFbfXmdtK7KXqVcaVyXqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJg9jNY=</latexit>

A

<latexit sha1_base64="CZBprb6PoZVt4yUQSzrSe2wrouY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlxl2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ466dcxolByZaLhokgJiLzr8mAK2RGTC2hTHF7K2FjqigzNpuCDcFbfXmdtK7KXqVcaVyXqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJnBjNc=</latexit>

B

<latexit sha1_base64="80a/oXTn2F3RmoAVa9iUscxqDsk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseClx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vcv97hNVmsXywcwSGgg8lixiBBsr+eHjQKTDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6DTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOld1r1Fv3F/Xmq0ijjKcwTlcggc30IQWtMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucP0kGOuw==</latexit>

bµ

<latexit sha1_base64="A04h3Jwy2Q9V0yJL1cIrXlToovU=">AAACHXicbZDNSsNAFIUn9a/Wv6hLN4NFqAtLIkXdCBVddFnBqtDEMplO7NDJJMzcCCX4Im58FTcuFHHhRnwbpzWKth4YOHz3Xu7cEySCa3CcD6swNT0zO1ecLy0sLi2v2Ktr5zpOFWUtGotYXQZEM8ElawEHwS4TxUgUCHYR9I+H9YsbpjSP5RkMEuZH5FrykFMCBnXsmnfCBBCcXHlR2jnChz+u4nEZwmAb73yjyk6OOnbZqToj4Unj5qaMcjU79pvXjWkaMQlUEK3brpOAnxEFnAp2W/JSzRJC++SatY2VJGLaz0bX3eItQ7o4jJV5EvCI/p7ISKT1IApMZ0Sgp8drQ/hfrZ1CeOBnXCYpMEm/FoWpwBDjYVS4yxWjIAbGEKq4+SumPaIIBRNoyYTgjp88ac53q+5ede+0Vq438jiKaANtogpy0T6qowZqohai6A49oCf0bN1bj9aL9frVWrDymXX0R9b7Jw8toBM=</latexit>

�pµA = pµA(1)� pµA(�1)

<latexit sha1_base64="6xOEY0tKD6ABnA5/2CEIkULCHcQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseKlx4r2FpoQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGPdCZgBKRS0UKCETqKBRYGEh2B8O/MfnkAbEat7nCTgR2yoRCg4Qyt1ejgCZP2bfrniVt056CrxclIhOZr98ldvEPM0AoVcMmO6npugnzGNgkuYlnqpgYTxMRtC11LFIjB+Nr93Ss+sMqBhrG0ppHP190TGImMmUWA7I4Yjs+zNxP+8borhtZ8JlaQIii8WhamkGNPZ83QgNHCUE0sY18LeSvmIacbRRlSyIXjLL6+S9kXVq1Vrd5eVeiOPo0hOyCk5Jx65InXSIE3SIpxI8kxeyZvz6Lw4787HorXg5DPH5A+czx/rB4/t</latexit>

✓A

Impulse:

Phase space
• Relative velocity:
• Relative distance:
• Relative mass:

<latexit sha1_base64="WP0vhpAbLgtOSTCX36Al/gubGug=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8kXjhCIo8ENmR2aGBkdnYzM0tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4mDwu/PUWleSQfzSxGP6QjyYecUWOlxrRfLLlldwmySbyMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwXeonGmLIJHWHXUklD1H66PHROrqwyIMNI2ZKGLNXfEykNtZ6Fge0MqRnrdW8h/ud1EzO891Mu48SgZKtFw0QQE5HF12TAFTIjZpZQpri9lbAxVZQZm03BhuCtv7xJWjdlr1KuNG5L1VoWRx4u4BKuwYM7qEIN6tAEBgjP8ApvzpPz4rw7H6vWnJPNnMMfOJ8/6JGNCw==</latexit>v
<latexit sha1_base64="KLBzx8cyDEkl7P4/Nqw35jVJeNw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDOz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20rytetVJt3pRr9TyOApzDBVyBB7dQgzo0oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AykGM9w==</latexit>

b
<latexit sha1_base64="avEzLgjWWlciozhQkKNQ49YqfYA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU90VqR6rXnqsYD+gXZZsmm1Dk+ySZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfD/zO09UaRbLRzNJqC/wULKIEWys1BHB7YUI7oJyxa26c6BV4uWkAjmaQfmrP4hJKqg0hGOte56bGD/DyjDC6bTUTzVNMBnjIe1ZKrGg2s/m507RmVUGKIqVLWnQXP09kWGh9USEtlNgM9LL3kz8z+ulJrrxMyaT1FBJFouilCMTo9nvaMAUJYZPLMFEMXsrIiOsMDE2oZINwVt+eZW0L6terVp7uKrUG3kcRTiBUzgHD66hDg1oQgsIjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBksaPGw==</latexit>

mA/mB

non-perturbative
perturbative
polynomial

Dependence

[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2403.07781]

[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2411.11846]

[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2601.16256]
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<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .

<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .

<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .

<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .
<latexit sha1_base64="TjOsDNNmQC9JsVjQmNHmQ/07P0w=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCIJRdkeqx4KXHCrYW26Vk02wbms0uyVuhlP4LLx4U8eq/8ea/MdvuQVsHAsPMG/LeBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjtolTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5A/B+DbzH564NiJW9zhJuB/RoRKhYBSt9EjIRW8QoymV+uWKW3XnIKvEy0kFcjT75S+bZGnEFTJJjel6boL+lGoUTPJZqZcanlA2pkPetVTRiBt/Ot94Rs6sMiBhrO1TSObq78SURsZMosBORhRHZtnLxP+8borhjT8VKkmRK7b4KEwlwZhk55OB0JyhnFhCmRZ2V8JGVFOGtqSsBG/55FXSvqx6tWrt7qpSb+R1FOEETuEcPLiGOjSgCS1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Ad5WPhA==</latexit>

+ . . .

<latexit sha1_base64="LTRp4RZo+EG3PZpdEd3UZhJZhc8=">AAAB7nicbVDLSsNAFL3xWeOr6tLNYBFclUSkuiy46bKCfUAbymQ6aYdOJmHmRiilH+HGhSJu/R53/o2TNgttPTBwOOce5t4TplIY9LxvZ2Nza3tnt7Tn7h8cHh2XT07bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJfe53nrg2IlGPOE15ENOREpFgFK3U6Q8TNK47KFe8qrcAWSd+QSpQoDkof9kky2KukElqTM/3UgxmVKNgks/dfmZ4StmEjnjPUkVjboLZYt05ubTKkESJtk8hWai/EzMaGzONQzsZUxybVS8X//N6GUZ3wUyoNEOu2PKjKJMEE5LfToZCc4ZyagllWthdCRtTTRnahvIS/NWT10n7uurXqrWHm0q9UdRRgnO4gCvw4Rbq0IAmtIDBBJ7hFd6c1Hlx3p2P5eiGU2TO4A+czx9jN477</latexit>. . .

<latexit sha1_base64="rn6hlSF1gJi1PXjRU5bsVyfhYuk=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSkeqyIEiXFe0Fmlgm02k7dCYJMxMhhPoqblwo4tYHcefbOG2z0NYfBj7+cw7nzB/EnCntON9WYW19Y3OruF3a2d3bP7APj9oqSiShLRLxSHYDrChnIW1ppjntxpJiEXDaCSbXs3rnkUrFovBepzH1BR6FbMgI1sbq22WPxopxg5knBbq7mT44fbviVJ250Cq4OVQgV7Nvf3mDiCSChppwrFTPdWLtZ1hqRjidlrxE0RiTCR7RnsEQC6r8bH78FJ0aZ4CGkTQv1Gju/p7IsFAqFYHpFFiP1XJtZv5X6yV6eOVnLIwTTUOyWDRMONIRmiWBBkxSonlqABPJzK2IjLHERJu8SiYEd/nLq9A+r7q1au32olJv5HEU4RhO4AxcuIQ6NKAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wdv75Sp</latexit>

✏0SF

<latexit sha1_base64="NgsJNMUIyVn6yrg+rFGP+obqy/w=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSkeqyIEiXFe0Fmlgm02k7dCYJMxMhhPoqblwo4tYHcefbOG2z0NYfBj7+cw7nzB/EnCntON9WYW19Y3OruF3a2d3bP7APj9oqSiShLRLxSHYDrChnIW1ppjntxpJiEXDaCSbXs3rnkUrFovBepzH1BR6FbMgI1sbq22WPxopxg5knBbq7mT64fbviVJ250Cq4OVQgV7Nvf3mDiCSChppwrFTPdWLtZ1hqRjidlrxE0RiTCR7RnsEQC6r8bH78FJ0aZ4CGkTQv1Gju/p7IsFAqFYHpFFiP1XJtZv5X6yV6eOVnLIwTTUOyWDRMONIRmiWBBkxSonlqABPJzK2IjLHERJu8SiYEd/nLq9A+r7q1au32olJv5HEU4RhO4AxcuIQ6NKAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wdxc5Sq</latexit>

✏1SF

<latexit sha1_base64="lRMq5XOQyTsaIdnIj+9P/Z89xiY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyUpUl0WBOmyor1AE8tketoOnUzCzEQIob6KGxeKuPVB3Pk2TtsstPWHgY//nMM58wcxZ0o7zre1tr6xubVd2Cnu7u0fHNpHx20VJZJCi0Y8kt2AKOBMQEszzaEbSyBhwKETTK5n9c4jSMUica/TGPyQjAQbMkq0sfp2yYNYMW4w82SI726mD9W+XXYqzlx4FdwcyihXs29/eYOIJiEITTlRquc6sfYzIjWjHKZFL1EQEzohI+gZFCQE5Wfz46f4zDgDPIykeULjuft7IiOhUmkYmM6Q6LFars3M/2q9RA+v/IyJONEg6GLRMOFYR3iWBB4wCVTz1AChkplbMR0TSag2eRVNCO7yl1ehXa24tUrt9qJcb+RxFNAJOkXnyEWXqI4aqIlaiKIUPaNX9GY9WS/Wu/WxaF2z8pkS+iPr8wdy95Sr</latexit>

✏2SF

<latexit sha1_base64="LOiU9fkUkfJhTFJI+BNokGuahB8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSleqyIEiXFe0Fmlgm00k7dDIJMxMhhPoqblwo4tYHcefbOL0stPrDwMd/zuGc+YOEM6Ud58sqrKyurW8UN0tb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhqWu88UKlYLO50llA/wkPBQkawNlbfLns0UYwbzD0Zodvryf1Z3644VWcm9BfcBVRgoWbf/vQGMUkjKjThWKme6yTaz7HUjHA6KXmpogkmYzykPYMCR1T5+ez4CTo2zgCFsTRPaDRzf07kOFIqiwLTGWE9Usu1qflfrZfq8NLPmUhSTQWZLwpTjnSMpkmgAZOUaJ4ZwEQycysiIywx0SavkgnBXf7yX2ifVt1atXZzXqk3FnEU4RCO4ARcuIA6NKAJLSCQwRO8wKv1aD1bb9b7vLVgLWbK8EvWxzd0e5Ss</latexit>

✏3SF

<latexit sha1_base64="CZk8bfAvUoi+zj1uUPYQu6Dzwzs=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZUbqYym46UaoYFuhU0smvbWhmcmQ3BHL0B9x46+4caGICzfi35hpu/B1IHA459wk94SJFAY979OZmp6ZnZtfWHSXlldW1wrrG3WjUs2hxpVU+ipkBqSIoYYCJVwlGlgUSmiE/bPcb9yCNkLFlzhIoBWxm1h0BWdopXahTOlugHCHWZlKpRIzdCkNgub+YYItNzchMULaaBboiFbPh9eHbrtQ9EreCPQv8SekSCaotgvvQUfxNIIYuWTGNH3PXp8xjYJLGLpBaiBhvM9uoGlpzCIwrWy03ZDuWKVDu0rbEyMdqd8nMhYZM4hCm4wY9sxvLxf/85opdk9amYiTFCHm44e6qaSoaF4V7QgNHOXAEsa1sH+lvMc042gLzUvwf6/8l9QPSv5R6eiiXDytTOpYIFtkm+wRnxyTU1IhVVIjnNyTR/JMXpwH58l5dd7G0SlnMrNJfsD5+AIJoZ92</latexit>

4 loops
✏5PM

<latexit sha1_base64="Pd6ugSG458KVY8ya1xYB5PIZgBE=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZUZrdVlw40aoYG2hU0smvdXQzGRI7ohl6I+48VfcuFDEhRvxb8zULnwdCBzOOTfJPWEihUHP+3AmJqemZ2bn5t2FxaXllcLq2oVRqeZQ50oq3QyZASliqKNACc1EA4tCCY2wf5z7jRvQRqj4HAcJtCN2FYue4Ayt1CmUKd0OEG4x26dSqcQMXUqDoLV7kGDbzU1IjJA2mgU6orXT4WXZ7RSKXskbgf4l/pgUyRi1TuEt6CqeRhAjl8yYlu/Z6zOmUXAJQzdIDSSM99kVtCyNWQSmnY22G9Itq3RpT2l7YqQj9ftExiJjBlFokxHDa/Pby8X/vFaKvaN2JuIkRYj510O9VFJUNK+KdoUGjnJgCeNa2L9Sfs0042gLzUvwf6/8l1zslfxKqXJWLlZPxnXMkQ2ySXaITw5JlZyQGqkTTu7IA3kiz8698+i8OK9f0QlnPLNOfsB5/wQGbp90</latexit>

3 loops
✏4PM

<latexit sha1_base64="L+BGnF+c7hdWt2yg82YTClPbOds=">AAACHXicbVDLSgMxFM34rOOr6tJNsChuLDO+lwU3boQKthY6tWTS2xrMTIbkjliG/ogbf8WNC0VcuBH/xkztQq0HAodzzk1yT5hIYdDzPp2JyanpmdnCnDu/sLi0XFxZrRuVag41rqTSjZAZkCKGGgqU0Eg0sCiUcBnenOT+5S1oI1R8gf0EWhHrxaIrOEMrtYv7lG4FCHeY7VKpVGIGLqVB0Nw5SLDl5iYkRkgbzQId0erZ4GrPbRdLXtkbgo4Tf0RKZIRqu/gedBRPI4iRS2ZM0/fs9RnTKLiEgRukBhLGb1gPmpbGLALTyobbDeimVTq0q7Q9MdKh+nMiY5Ex/Si0yYjhtfnr5eJ/XjPF7nErE3GSIsT8+6FuKikqmldFO0IDR9m3hHEt7F8pv2aacbSF5iX4f1ceJ/Xdsn9YPjzfL1VOR3UUyDrZINvEJ0ekQk5JldQIJ/fkkTyTF+fBeXJenbfv6IQzmlkjv+B8fAEDO59y</latexit>

2 loops
✏3PM

<latexit sha1_base64="azooRXdPWVptqUROZJf+Co3sNUQ=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZab4WgpuuhEq2Ad0asmktxrMTIbkjliG/ogbf8WNC0VcuBH/xkzbhVoPBA7nnJvknjCRwqDnfTlT0zOzc/MLi+7S8srqWmF9o25UqjnUuJJKN0NmQIoYaihQQjPRwKJQQiO8Pcv9xh1oI1R8if0E2hG7jkVPcIZW6hQOKN0NEO4x86lUKjEDl9IgaO0fJth2cxMSI6SNZoGOaPV8cFV2O4WiV/KGoJPEH5MiGaPaKXwEXcXTCGLkkhnT8j17fcY0Ci5h4AapgYTxW3YNLUtjFoFpZ8PtBnTHKl3aU9qeGOlQ/TmRsciYfhTaZMTwxvz1cvE/r5Vi76SdiThJEWI+eqiXSoqK5lXRrtDAUfYtYVwL+1fKb5hmHG2heQn+35UnSb1c8o9KRxcHxdPKuI4FskW2yR7xyTE5JRVSJTXCyQN5Ii/k1Xl0np03530UnXLGM5vkF5zPbwAIn3A=</latexit>

1 loops
✏2PM

<latexit sha1_base64="982+bayQb1PDBdEc/3IJe1C98YE=">AAACGnicbVA9SwNBEN2LXzF+nVraLAbFxnAnGi0DNjZCBGMCuRj2NpNkyd4Hu3NiOPI7bPwrNhaK2ImN/8a9mEITBxYe772Z2Xl+LIVGx/mycnPzC4tL+eXCyura+oa9uXWjo0RxqPFIRqrhMw1ShFBDgRIasQIW+BLq/uA80+t3oLSIwmscxtAKWC8UXcEZGqptu5Tuewj3mF4rgFGBUs9rHp7E2CpkCsRaSONLPRXQ6uXo1i207aJTcsZFZ4E7AUUyqWrb/vA6EU8CCJFLpnXTdcz4lCkUXJqVXqIhZnzAetA0MGQB6FY6Pm1E9wzTod1ImRciHbO/O1IWaD0MfOMMGPb1tJaR/2nNBLtnrVSEcYIQ8p9F3URSjGiWE+0IBRzl0ADGlTB/pbzPFONo0sxCcKdPngU3RyW3XCpfHRcrF5M48mSH7JID4pJTUiEXpEpqhJMH8kReyKv1aD1bb9b7jzVnTXq2yZ+yPr8B9yWeYw==</latexit>

Tree
✏1PM
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<latexit sha1_base64="O5RTk/J2b65JVTMO4zHoo/E6dE4=">AAACFHicbVDLSgMxFM3UV62vqks3waIIQpkRqW6EqiBdVrQP6JQhk2ba0CQzJBmhDPMRbvwVNy4UcevCnX9j2s5CWw/kcnLOvST3+BGjStv2t5VbWFxaXsmvFtbWNza3its7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT84fXYbz0QqWgo7vUoIl2O+oIGFCNtJK94DKFLIkWZuSSu5PDuJi1AeHhhihtIhBPuXaamXKUFr1iyy/YEcJ44GSmBDHWv+OX2QhxzIjRmSKmOY0e6myCpKWYkLbixIhHCQ9QnHUMF4kR1k8lSKTwwSg8GoTRHaDhRf08kiCs14r7p5EgP1Kw3Fv/zOrEOzrsJFVGsicDTh4KYQR3CcUKwRyXBmo0MQVhS81eIB8hEoU2O4xCc2ZXnSfOk7FTKldvTUrWWxZEHe2AfHAEHnIEqqIE6aAAMHsEzeAVv1pP1Yr1bH9PWnJXN7II/sD5/APjynE8=</latexit>

✏SF =
mA

mB

<latexit sha1_base64="rgHYCtWX3OHoN4i/Uupb4o3oeDM="></latexit>

✏PM =
2(mA +mB)
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<latexit sha1_base64="LTRp4RZo+EG3PZpdEd3UZhJZhc8=">AAAB7nicbVDLSsNAFL3xWeOr6tLNYBFclUSkuiy46bKCfUAbymQ6aYdOJmHmRiilH+HGhSJu/R53/o2TNgttPTBwOOce5t4TplIY9LxvZ2Nza3tnt7Tn7h8cHh2XT07bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJfe53nrg2IlGPOE15ENOREpFgFK3U6Q8TNK47KFe8qrcAWSd+QSpQoDkof9kky2KukElqTM/3UgxmVKNgks/dfmZ4StmEjnjPUkVjboLZYt05ubTKkESJtk8hWai/EzMaGzONQzsZUxybVS8X//N6GUZ3wUyoNEOu2PKjKJMEE5LfToZCc4ZyagllWthdCRtTTRnahvIS/NWT10n7uurXqrWHm0q9UdRRgnO4gCvw4Rbq0IAmtIDBBJ7hFd6c1Hlx3p2P5eiGU2TO4A+czx9jN477</latexit>. . .

<latexit sha1_base64="rn6hlSF1gJi1PXjRU5bsVyfhYuk=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSkeqyIEiXFe0Fmlgm02k7dCYJMxMhhPoqblwo4tYHcefbOG2z0NYfBj7+cw7nzB/EnCntON9WYW19Y3OruF3a2d3bP7APj9oqSiShLRLxSHYDrChnIW1ppjntxpJiEXDaCSbXs3rnkUrFovBepzH1BR6FbMgI1sbq22WPxopxg5knBbq7mT44fbviVJ250Cq4OVQgV7Nvf3mDiCSChppwrFTPdWLtZ1hqRjidlrxE0RiTCR7RnsEQC6r8bH78FJ0aZ4CGkTQv1Gju/p7IsFAqFYHpFFiP1XJtZv5X6yV6eOVnLIwTTUOyWDRMONIRmiWBBkxSonlqABPJzK2IjLHERJu8SiYEd/nLq9A+r7q1au32olJv5HEU4RhO4AxcuIQ6NKAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wdv75Sp</latexit>

✏0SF

<latexit sha1_base64="NgsJNMUIyVn6yrg+rFGP+obqy/w=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSkeqyIEiXFe0Fmlgm02k7dCYJMxMhhPoqblwo4tYHcefbOG2z0NYfBj7+cw7nzB/EnCntON9WYW19Y3OruF3a2d3bP7APj9oqSiShLRLxSHYDrChnIW1ppjntxpJiEXDaCSbXs3rnkUrFovBepzH1BR6FbMgI1sbq22WPxopxg5knBbq7mT64fbviVJ250Cq4OVQgV7Nvf3mDiCSChppwrFTPdWLtZ1hqRjidlrxE0RiTCR7RnsEQC6r8bH78FJ0aZ4CGkTQv1Gju/p7IsFAqFYHpFFiP1XJtZv5X6yV6eOVnLIwTTUOyWDRMONIRmiWBBkxSonlqABPJzK2IjLHERJu8SiYEd/nLq9A+r7q1au32olJv5HEU4RhO4AxcuIQ6NKAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wdxc5Sq</latexit>

✏1SF

<latexit sha1_base64="lRMq5XOQyTsaIdnIj+9P/Z89xiY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyUpUl0WBOmyor1AE8tketoOnUzCzEQIob6KGxeKuPVB3Pk2TtsstPWHgY//nMM58wcxZ0o7zre1tr6xubVd2Cnu7u0fHNpHx20VJZJCi0Y8kt2AKOBMQEszzaEbSyBhwKETTK5n9c4jSMUica/TGPyQjAQbMkq0sfp2yYNYMW4w82SI726mD9W+XXYqzlx4FdwcyihXs29/eYOIJiEITTlRquc6sfYzIjWjHKZFL1EQEzohI+gZFCQE5Wfz46f4zDgDPIykeULjuft7IiOhUmkYmM6Q6LFars3M/2q9RA+v/IyJONEg6GLRMOFYR3iWBB4wCVTz1AChkplbMR0TSag2eRVNCO7yl1ehXa24tUrt9qJcb+RxFNAJOkXnyEWXqI4aqIlaiKIUPaNX9GY9WS/Wu/WxaF2z8pkS+iPr8wdy95Sr</latexit>

✏2SF

<latexit sha1_base64="LOiU9fkUkfJhTFJI+BNokGuahB8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSleqyIEiXFe0Fmlgm00k7dDIJMxMhhPoqblwo4tYHcefbOL0stPrDwMd/zuGc+YOEM6Ud58sqrKyurW8UN0tb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhqWu88UKlYLO50llA/wkPBQkawNlbfLns0UYwbzD0Zodvryf1Z3644VWcm9BfcBVRgoWbf/vQGMUkjKjThWKme6yTaz7HUjHA6KXmpogkmYzykPYMCR1T5+ez4CTo2zgCFsTRPaDRzf07kOFIqiwLTGWE9Usu1qflfrZfq8NLPmUhSTQWZLwpTjnSMpkmgAZOUaJ4ZwEQycysiIywx0SavkgnBXf7yX2ifVt1atXZzXqk3FnEU4RCO4ARcuIA6NKAJLSCQwRO8wKv1aD1bb9b7vLVgLWbK8EvWxzd0e5Ss</latexit>

✏3SF

<latexit sha1_base64="CZk8bfAvUoi+zj1uUPYQu6Dzwzs=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZUbqYym46UaoYFuhU0smvbWhmcmQ3BHL0B9x46+4caGICzfi35hpu/B1IHA459wk94SJFAY979OZmp6ZnZtfWHSXlldW1wrrG3WjUs2hxpVU+ipkBqSIoYYCJVwlGlgUSmiE/bPcb9yCNkLFlzhIoBWxm1h0BWdopXahTOlugHCHWZlKpRIzdCkNgub+YYItNzchMULaaBboiFbPh9eHbrtQ9EreCPQv8SekSCaotgvvQUfxNIIYuWTGNH3PXp8xjYJLGLpBaiBhvM9uoGlpzCIwrWy03ZDuWKVDu0rbEyMdqd8nMhYZM4hCm4wY9sxvLxf/85opdk9amYiTFCHm44e6qaSoaF4V7QgNHOXAEsa1sH+lvMc042gLzUvwf6/8l9QPSv5R6eiiXDytTOpYIFtkm+wRnxyTU1IhVVIjnNyTR/JMXpwH58l5dd7G0SlnMrNJfsD5+AIJoZ92</latexit>

4 loops
✏5PM

<latexit sha1_base64="Pd6ugSG458KVY8ya1xYB5PIZgBE=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZUZrdVlw40aoYG2hU0smvdXQzGRI7ohl6I+48VfcuFDEhRvxb8zULnwdCBzOOTfJPWEihUHP+3AmJqemZ2bn5t2FxaXllcLq2oVRqeZQ50oq3QyZASliqKNACc1EA4tCCY2wf5z7jRvQRqj4HAcJtCN2FYue4Ayt1CmUKd0OEG4x26dSqcQMXUqDoLV7kGDbzU1IjJA2mgU6orXT4WXZ7RSKXskbgf4l/pgUyRi1TuEt6CqeRhAjl8yYlu/Z6zOmUXAJQzdIDSSM99kVtCyNWQSmnY22G9Itq3RpT2l7YqQj9ftExiJjBlFokxHDa/Pby8X/vFaKvaN2JuIkRYj510O9VFJUNK+KdoUGjnJgCeNa2L9Sfs0042gLzUvwf6/8l1zslfxKqXJWLlZPxnXMkQ2ySXaITw5JlZyQGqkTTu7IA3kiz8698+i8OK9f0QlnPLNOfsB5/wQGbp90</latexit>

3 loops
✏4PM

<latexit sha1_base64="L+BGnF+c7hdWt2yg82YTClPbOds=">AAACHXicbVDLSgMxFM34rOOr6tJNsChuLDO+lwU3boQKthY6tWTS2xrMTIbkjliG/ogbf8WNC0VcuBH/xkztQq0HAodzzk1yT5hIYdDzPp2JyanpmdnCnDu/sLi0XFxZrRuVag41rqTSjZAZkCKGGgqU0Eg0sCiUcBnenOT+5S1oI1R8gf0EWhHrxaIrOEMrtYv7lG4FCHeY7VKpVGIGLqVB0Nw5SLDl5iYkRkgbzQId0erZ4GrPbRdLXtkbgo4Tf0RKZIRqu/gedBRPI4iRS2ZM0/fs9RnTKLiEgRukBhLGb1gPmpbGLALTyobbDeimVTq0q7Q9MdKh+nMiY5Ex/Si0yYjhtfnr5eJ/XjPF7nErE3GSIsT8+6FuKikqmldFO0IDR9m3hHEt7F8pv2aacbSF5iX4f1ceJ/Xdsn9YPjzfL1VOR3UUyDrZINvEJ0ekQk5JldQIJ/fkkTyTF+fBeXJenbfv6IQzmlkjv+B8fAEDO59y</latexit>

2 loops
✏3PM

<latexit sha1_base64="azooRXdPWVptqUROZJf+Co3sNUQ=">AAACHXicbVDLSgMxFM34dnxVXboJFsWNZab4WgpuuhEq2Ad0asmktxrMTIbkjliG/ogbf8WNC0VcuBH/xkzbhVoPBA7nnJvknjCRwqDnfTlT0zOzc/MLi+7S8srqWmF9o25UqjnUuJJKN0NmQIoYaihQQjPRwKJQQiO8Pcv9xh1oI1R8if0E2hG7jkVPcIZW6hQOKN0NEO4x86lUKjEDl9IgaO0fJth2cxMSI6SNZoGOaPV8cFV2O4WiV/KGoJPEH5MiGaPaKXwEXcXTCGLkkhnT8j17fcY0Ci5h4AapgYTxW3YNLUtjFoFpZ8PtBnTHKl3aU9qeGOlQ/TmRsciYfhTaZMTwxvz1cvE/r5Vi76SdiThJEWI+eqiXSoqK5lXRrtDAUfYtYVwL+1fKb5hmHG2heQn+35UnSb1c8o9KRxcHxdPKuI4FskW2yR7xyTE5JRVSJTXCyQN5Ii/k1Xl0np03530UnXLGM5vkF5zPbwAIn3A=</latexit>

1 loops
✏2PM

<latexit sha1_base64="982+bayQb1PDBdEc/3IJe1C98YE=">AAACGnicbVA9SwNBEN2LXzF+nVraLAbFxnAnGi0DNjZCBGMCuRj2NpNkyd4Hu3NiOPI7bPwrNhaK2ImN/8a9mEITBxYe772Z2Xl+LIVGx/mycnPzC4tL+eXCyura+oa9uXWjo0RxqPFIRqrhMw1ShFBDgRIasQIW+BLq/uA80+t3oLSIwmscxtAKWC8UXcEZGqptu5Tuewj3mF4rgFGBUs9rHp7E2CpkCsRaSONLPRXQ6uXo1i207aJTcsZFZ4E7AUUyqWrb/vA6EU8CCJFLpnXTdcz4lCkUXJqVXqIhZnzAetA0MGQB6FY6Pm1E9wzTod1ImRciHbO/O1IWaD0MfOMMGPb1tJaR/2nNBLtnrVSEcYIQ8p9F3URSjGiWE+0IBRzl0ADGlTB/pbzPFONo0sxCcKdPngU3RyW3XCpfHRcrF5M48mSH7JID4pJTUiEXpEpqhJMH8kReyKv1aD1bb9b7jzVnTXq2yZ+yPr8B9yWeYw==</latexit>

Tree
✏1PM
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<latexit sha1_base64="Yfu8y56oi+Caj79kA096EFvvcTs=">AAAB63icbVDLSsNAFL2pr1pfVZduBoPgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndq+4ftHScKkKbJOax6oRYU84kbRpmOO0kimIRctoOx3e5336iSrNYPppJQgOBh5JFjGCTSz33xu9XXa/mzYCWiV8QFwo0+tWv3iAmqaDSEI617vpeYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQdZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwV98eZm0zmr+Ze3i4dyt3xZxlOEIjuEUfLiCOtxDA5pAYATP8ApvjnBenHfnY95acoqZQ/gD5/MHCzSNmQ==</latexit>

# = 1

<latexit sha1_base64="FXMUsirHEbaEE4k3GX3uT6VooII=">AAAB63icbVDLSsNAFL3xWeur6tLNYBBclaT42ghFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y5984abPQ1gMXDufcy733hAln2njet7Oyura+sVnaKm/v7O7tVw4OWzpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJpZ57U+tXXK/qzYCWiV8QFwo0+pWv3iAmqaDSEI617vpeYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQdZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwV98eZm0alX/snrxcO7Wb4s4SnAMJ3AGPlxBHe6hAU0gMIJneIU3RzgvzrvzMW9dcYqZI/gD5/MHDLiNmg==</latexit>

# = 2

<latexit sha1_base64="a2EFlu6H1FZvMWl6I+67jzXxcVo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LAbBU0lEqxeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoNUHA4/3ZpiZFyacaeN5X05pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ7e533mkSrNYPphpQgOBR5JFjGCTS333uj6oul7NmwP9JX5BXCjQHFQ/+8OYpIJKQzjWuud7iQkyrAwjnM4q/VTTBJMJHtGepRILqoNsfusMnVhliKJY2ZIGzdWfExkWWk9FaDsFNmO97OXif14vNdFVkDGZpIZKslgUpRyZGOWPoyFTlBg+tQQTxeytiIyxwsTYeCo2BH/55b+kfVbz67WL+3O3cVPEUYYjOIZT8OESGnAHTWgBgTE8wQu8OsJ5dt6c90VrySlmDuEXnI9vEsiNng==</latexit>

# = 6

<latexit sha1_base64="ZvVvTMco3sXdm37eDc7epG9gnrc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSB4Kolo9Vj04rGC/YAmlM120y7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpZxp43nfzsrq2vrGZmmrvL2zu7dfOThs6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nbqd++4kqzRL5YMYpDQUeSBYzgo2VOoEbaCZqXq/ielVvBrRM/IK4UKDRq3wF/YRkgkpDONa663upCXOsDCOcTspBpmmKyQgPaNdSiQXVYT67d4JOrdJHcaJsSYNm6u+JHAutxyKynQKboV70puJ/Xjcz8XWYM5lmhkoyXxRnHJkETZ9HfaYoMXxsCSaK2VsRGWKFibERlW0I/uLLy6R1XvVr1cv7C7d+U8RRgmM4gTPw4QrqcAcNaAIBDs/wCm/Oo/PivDsf89YVp5g5gj9wPn8AGKuPXg==</latexit>

# ⇠ 60

<latexit sha1_base64="FXMUsirHEbaEE4k3GX3uT6VooII=">AAAB63icbVDLSsNAFL3xWeur6tLNYBBclaT42ghFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y5984abPQ1gMXDufcy733hAln2njet7Oyura+sVnaKm/v7O7tVw4OWzpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJpZ57U+tXXK/qzYCWiV8QFwo0+pWv3iAmqaDSEI617vpeYoIMK8MIp9NyL9U0wWSMh7RrqcSC6iCb3TpFp1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQdZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nrINwV98eZm0alX/snrxcO7Wb4s4SnAMJ3AGPlxBHe6hAU0gMIJneIU3RzgvzrvzMW9dcYqZI/gD5/MHDLiNmg==</latexit>

# = 2

<latexit sha1_base64="9cSjRMsRElJPFdcbEh2x/rk3p+4=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WQyCp5KIXxeh6MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v1FpZXVtfaO8Wdna3tndq+4fNHWSKcp8mohEtUOimeCS+YYbwdqpYiQOBWuFo7up33piSvNEPppxyoKYDCSPOCXGSn7XufHOe1XHrbkz4GXiFcSBAo1e9avbT2gWM2moIFp3PDc1QU6U4VSwSaWbaZYSOiID1rFUkpjpIJ8dO8EnVunjKFG2pMEz9fdETmKtx3FoO2NihnrRm4r/eZ3MRNdBzmWaGSbpfFGUCWwSPP0c97li1IixJYQqbm/FdEgUocbmU7EheIsvL5PmWc27rF08nDv12yKOMhzBMZyCB1dQh3togA8UODzDK7whiV7QO/qYt5ZQMXMIf4A+fwB/243X</latexit>

# = 14

<latexit sha1_base64="FGY4QFOYdKtdJagy855y34gQnGU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CS6Cp7KrVj0WvXisYD+ku5RsmrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8KOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8KaciZpwzDDaTtRFIuI01Y0up36rSeqNIvlgxknNBR4IFmfEWys9Bi4gWbivOp1y65X8WZAy8TPiQs56t3yV9CLSSqoNIRjrTu+l5gww8owwumkFKSaJpiM8IB2LJVYUB1ms4Mn6MQqPdSPlS1p0Ez9PZFhofVYRLZTYDPUi95U/M/rpKZ/HWZMJqmhkswX9VOOTIym36MeU5QYPrYEE8XsrYgMscLE2IxKNgR/8eVl0jyr+JeV6v2FW7vJ4yjCERzDKfhwBTW4gzo0gICAZ3iFN0c5L8678zFvLTj5zCH8gfP5A4vuj5o=</latexit>

# ⇠ 350
<latexit sha1_base64="FGY4QFOYdKtdJagy855y34gQnGU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CS6Cp7KrVj0WvXisYD+ku5RsmrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8KOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8KaciZpwzDDaTtRFIuI01Y0up36rSeqNIvlgxknNBR4IFmfEWys9Bi4gWbivOp1y65X8WZAy8TPiQs56t3yV9CLSSqoNIRjrTu+l5gww8owwumkFKSaJpiM8IB2LJVYUB1ms4Mn6MQqPdSPlS1p0Ez9PZFhofVYRLZTYDPUi95U/M/rpKZ/HWZMJqmhkswX9VOOTIym36MeU5QYPrYEE8XsrYgMscLE2IxKNgR/8eVl0jyr+JeV6v2FW7vJ4yjCERzDKfhwBTW4gzo0gICAZ3iFN0c5L8678zFvLTj5zCH8gfP5A4vuj5o=</latexit>

# ⇠ 350

<latexit sha1_base64="a2EFlu6H1FZvMWl6I+67jzXxcVo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LAbBU0lEqxeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoNUHA4/3ZpiZFyacaeN5X05pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ7e533mkSrNYPphpQgOBR5JFjGCTS333uj6oul7NmwP9JX5BXCjQHFQ/+8OYpIJKQzjWuud7iQkyrAwjnM4q/VTTBJMJHtGepRILqoNsfusMnVhliKJY2ZIGzdWfExkWWk9FaDsFNmO97OXif14vNdFVkDGZpIZKslgUpRyZGOWPoyFTlBg+tQQTxeytiIyxwsTYeCo2BH/55b+kfVbz67WL+3O3cVPEUYYjOIZT8OESGnAHTWgBgTE8wQu8OsJ5dt6c90VrySlmDuEXnI9vEsiNng==</latexit>

# = 6

<latexit sha1_base64="+b4QrZkMqn4QwZFJzltG3HaDsD8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LAbBU0lEq8eiF48V7AckoWy2m3bpbjbsboRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8OONMG8/7dkpr6xubW+Xtys7u3v5B9fCorWWuCG0RyaXqxlhTzlLaMsxw2s0UxSLmtBOP7mZ+54kqzWT6aMYZjQQepCxhBBsrBaEbaiZCVL/yelXXq3lzoFXiF8SFAs1e9SvsS5ILmhrCsdaB72UmmmBlGOF0WglzTTNMRnhAA0tTLKiOJvOTp+jMKn2USGUrNWiu/p6YYKH1WMS2U2Az1MveTPzPC3KT3EQTlma5oSlZLEpyjoxEs/9RnylKDB9bgoli9lZEhlhhYmxKFRuCv/zyKmlf1Px6rf5w6TZuizjKcAKncA4+XEMD7qEJLSAg4Rle4c0xzovz7nwsWktOMXMMf+B8/gCc05Au</latexit>

# ⇠ 650

<latexit sha1_base64="QOSk/iEyFGP8joh9Cj1istJQmhc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CS6Cp7Ir2nosevFYwX5AdynZNNuGJtk1yQql9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5UcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDvz209UaZbIBzNOaSjwQLKYEWys1AncQDNRu+qVXa/izYFWiZ8TF3I0euWvoJ+QTFBpCMdad30vNeEEK8MIp9NSkGmaYjLCA9q1VGJBdTiZ3ztFZ1bpozhRtqRBc/X3xAQLrccisp0Cm6Fe9mbif143M/F1OGEyzQyVZLEozjgyCZo9j/pMUWL42BJMFLO3IjLEChNjIyrZEPzll1dJ66LiVyvV+0u3fpPHUYQTOIVz8KEGdbiDBjSBAIdneIU359F5cd6dj0VrwclnjuEPnM8fIhaPZQ==</latexit>

# → 75
<latexit sha1_base64="NseCVgn0cXB6erxnUa/sgRW/Aq8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSB4KkmR6rHoxWMF+wFNKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+nbX1jc2t7dJOeXdv/+CwcnTc1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSca3878zhNVmiXywUxSGgo8lCxmBBsrdQM30EzUvH7F9areHGiV+AVxoUCzX/kKBgnJBJWGcKx1z/dSE+ZYGUY4nZaDTNMUkzEe0p6lEguqw3x+7xSdW2WA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vF5m4uswZzLNDJVksSjOODIJmj2PBkxRYvjEEkwUs7ciMsIKE2MjKtsQ/OWXV0m7VvXr1fr9pdu4KeIowSmcwQX4cAUNuIMmtIAAh2d4hTfn0Xlx3p2PReuaU8ycwB84nz8S6Y9b</latexit>

# → 20
<latexit sha1_base64="QOSk/iEyFGP8joh9Cj1istJQmhc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CS6Cp7Ir2nosevFYwX5AdynZNNuGJtk1yQql9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5UcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDvz209UaZbIBzNOaSjwQLKYEWys1AncQDNRu+qVXa/izYFWiZ8TF3I0euWvoJ+QTFBpCMdad30vNeEEK8MIp9NSkGmaYjLCA9q1VGJBdTiZ3ztFZ1bpozhRtqRBc/X3xAQLrccisp0Cm6Fe9mbif143M/F1OGEyzQyVZLEozjgyCZo9j/pMUWL42BJMFLO3IjLEChNjIyrZEPzll1dJ66LiVyvV+0u3fpPHUYQTOIVz8KEGdbiDBjSBAIdneIU359F5cd6dj0VrwclnjuEPnM8fIhaPZQ==</latexit>

# → 75
<latexit sha1_base64="NseCVgn0cXB6erxnUa/sgRW/Aq8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSB4KkmR6rHoxWMF+wFNKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+nbX1jc2t7dJOeXdv/+CwcnTc1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSca3878zhNVmiXywUxSGgo8lCxmBBsrdQM30EzUvH7F9areHGiV+AVxoUCzX/kKBgnJBJWGcKx1z/dSE+ZYGUY4nZaDTNMUkzEe0p6lEguqw3x+7xSdW2WA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vF5m4uswZzLNDJVksSjOODIJmj2PBkxRYvjEEkwUs7ciMsIKE2MjKtsQ/OWXV0m7VvXr1fr9pdu4KeIowSmcwQX4cAUNuIMmtIAAh2d4hTfn0Xlx3p2PReuaU8ycwB84nz8S6Y9b</latexit>

# → 20

Loops and Self Force Orders

<latexit sha1_base64="O5RTk/J2b65JVTMO4zHoo/E6dE4=">AAACFHicbVDLSgMxFM3UV62vqks3waIIQpkRqW6EqiBdVrQP6JQhk2ba0CQzJBmhDPMRbvwVNy4UcevCnX9j2s5CWw/kcnLOvST3+BGjStv2t5VbWFxaXsmvFtbWNza3its7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT84fXYbz0QqWgo7vUoIl2O+oIGFCNtJK94DKFLIkWZuSSu5PDuJi1AeHhhihtIhBPuXaamXKUFr1iyy/YEcJ44GSmBDHWv+OX2QhxzIjRmSKmOY0e6myCpKWYkLbixIhHCQ9QnHUMF4kR1k8lSKTwwSg8GoTRHaDhRf08kiCs14r7p5EgP1Kw3Fv/zOrEOzrsJFVGsicDTh4KYQR3CcUKwRyXBmo0MQVhS81eIB8hEoU2O4xCc2ZXnSfOk7FTKldvTUrWWxZEHe2AfHAEHnIEqqIE6aAAMHsEzeAVv1pP1Yr1bH9PWnJXN7II/sD5/APjynE8=</latexit>

✏SF =
mA

mB

<latexit sha1_base64="rgHYCtWX3OHoN4i/Uupb4o3oeDM="></latexit>

✏PM =
2(mA +mB)

bv2
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<latexit sha1_base64="lRMq5XOQyTsaIdnIj+9P/Z89xiY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyUpUl0WBOmyor1AE8tketoOnUzCzEQIob6KGxeKuPVB3Pk2TtsstPWHgY//nMM58wcxZ0o7zre1tr6xubVd2Cnu7u0fHNpHx20VJZJCi0Y8kt2AKOBMQEszzaEbSyBhwKETTK5n9c4jSMUica/TGPyQjAQbMkq0sfp2yYNYMW4w82SI726mD9W+XXYqzlx4FdwcyihXs29/eYOIJiEITTlRquc6sfYzIjWjHKZFL1EQEzohI+gZFCQE5Wfz46f4zDgDPIykeULjuft7IiOhUmkYmM6Q6LFars3M/2q9RA+v/IyJONEg6GLRMOFYR3iWBB4wCVTz1AChkplbMR0TSag2eRVNCO7yl1ehXa24tUrt9qJcb+RxFNAJOkXnyEWXqI4aqIlaiKIUPaNX9GY9WS/Wu/WxaF2z8pkS+iPr8wdy95Sr</latexit>

✏2SF

<latexit sha1_base64="LOiU9fkUkfJhTFJI+BNokGuahB8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSleqyIEiXFe0Fmlgm00k7dDIJMxMhhPoqblwo4tYHcefbOL0stPrDwMd/zuGc+YOEM6Ud58sqrKyurW8UN0tb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhqWu88UKlYLO50llA/wkPBQkawNlbfLns0UYwbzD0Zodvryf1Z3644VWcm9BfcBVRgoWbf/vQGMUkjKjThWKme6yTaz7HUjHA6KXmpogkmYzykPYMCR1T5+ez4CTo2zgCFsTRPaDRzf07kOFIqiwLTGWE9Usu1qflfrZfq8NLPmUhSTQWZLwpTjnSMpkmgAZOUaJ4ZwEQycysiIywx0SavkgnBXf7yX2ifVt1atXZzXqk3FnEU4RCO4ARcuIA6NKAJLSCQwRO8wKv1aD1bb9b7vLVgLWbK8EvWxzd0e5Ss</latexit>

✏3SF



<latexit sha1_base64="N7j0RLL8H9WlfsBvTD2hx0Z8DX0="></latexit>

P = potential : `µpot = (`0pot, `pot) ⇠ (v, 1)

R = radiative : `µrad = (`0rad, `rad) ⇠ (v, v)

Method of regions

29

<latexit sha1_base64="fauRRVcP1r4oOfs4jfYQCf8Xezg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9j1fQx4yTGCeUB2CbOTSTJkdmaZ6Q2GJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VJYIb8Lxvp7C2vrG5Vdwu7ezu7R+4h0dNo1JNWYMqoXQ7IoYJLlkDOAjWTjQjcSRYKxrdz/zWmGnDlXyEScLCmAwk73NKwEpd173EAbAnyAIslErMtOuWvYo3B14lfk7KKEe9634FPUXTmEmgghjT8b0Ewoxo4FSwaSlIDUsIHZEB61gqScxMmM0vn+Izq/RwX2lbEvBc/T2RkdiYSRzZzpjA0Cx7M/E/r5NC/y7MuExSYJIuFvVTgUHhWQy4xzWjICaWEKq5vRXTIdGEgg2rZEPwl19eJc2Lin9TuX64KldreRxFdIJO0Tny0S2qohqqowaiaIye0St6czLnxXl3PhatBSefOUZ/4Hz+ADl5k3A=</latexit>

3 loops

<latexit sha1_base64="Tz7Jv1zi7ILJ3/U1e7BvM6Dw18Y=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9iV+DgGvOQYwTwgu4TZySQZMjuzzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunuihLBDXjet1PY2Nza3inulvb2Dw6P3OOTllGppqxJlVC6ExHDBJesCRwE6ySakTgSrB2N7+d+e8K04Uo+wjRhYUyGkg84JWClnutWcQDsCbIAC6USM+u5Za/iLYDXiZ+TMsrR6LlfQV/RNGYSqCDGdH0vgTAjGjgVbFYKUsMSQsdkyLqWShIzE2aLy2f4wip9PFDalgS8UH9PZCQ2ZhpHtjMmMDKr3lz8z+umMLgLMy6TFJiky0WDVGBQeB4D7nPNKIipJYRqbm/FdEQ0oWDDKtkQ/NWX10nrquLfVK4fquVaPY+jiM7QObpEPrpFNVRHDdREFE3QM3pFb07mvDjvzseyteDkM6foD5zPHzsMk3E=</latexit>

4 loops

<latexit sha1_base64="prfhwMR94ypdIBRl5mZsxWhnRvE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gNvo4BLzlGMA/ILmF2MkmGzM4sM73BsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7okRwA5737RQ2Nre2d4q7pb39g8Mj9/ikZVSqKWtSJZTuRMQwwSVrAgfBOolmJI4Ea0fj+7nfnjBtuJKPME1YGJOh5ANOCVip57pVHAB7gizAQqnEzHpu2at4C+B14uekjHI0eu5X0Fc0jZkEKogxXd9LIMyIBk4Fm5WC1LCE0DEZsq6lksTMhNni8hm+sEofD5S2JQEv1N8TGYmNmcaR7YwJjMyqNxf/87opDO7CjMskBSbpctEgFRgUnseA+1wzCmJqCaGa21sxHRFNKNiwSjYEf/XlddKqVvybyvXDVblWz+MoojN0ji6Rj25RDdVRAzURRRP0jF7Rm5M5L86787FsLTj5zCn6A+fzBzfmk28=</latexit>

2 loops
<latexit sha1_base64="c+Rxe78l0cTtJLc4turnqEh0CYM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAS44RzAOSJcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3H5k2XMkHnCQsiMlQ8ohTglbq9jQfjpBorZ765YpX9eZwV4mfkwrkaPTLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQzU+eumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRbZBxmaTIJF0silLhonJn/7sDrhlFMbGEUM3trS4dEU0o2pRKNgR/+eVV0rqo+tfVq/vLSq2ex1GEEziFc/DhBmpQhwY0gYKCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcfJkZ0=</latexit>!

<latexit sha1_base64="c+Rxe78l0cTtJLc4turnqEh0CYM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAS44RzAOSJcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3H5k2XMkHnCQsiMlQ8ohTglbq9jQfjpBorZ765YpX9eZwV4mfkwrkaPTLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQzU+eumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRbZBxmaTIJF0silLhonJn/7sDrhlFMbGEUM3trS4dEU0o2pRKNgR/+eVV0rqo+tfVq/vLSq2ex1GEEziFc/DhBmpQhwY0gYKCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcfJkZ0=</latexit>!

<latexit sha1_base64="c+Rxe78l0cTtJLc4turnqEh0CYM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAS44RzAOSJcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3H5k2XMkHnCQsiMlQ8ohTglbq9jQfjpBorZ765YpX9eZwV4mfkwrkaPTLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQzU+eumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRbZBxmaTIJF0silLhonJn/7sDrhlFMbGEUM3trS4dEU0o2pRKNgR/+eVV0rqo+tfVq/vLSq2ex1GEEziFc/DhBmpQhwY0gYKCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcfJkZ0=</latexit>!

<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+

<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+

<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+
<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+
<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+

<latexit sha1_base64="bK1MaBxGIfSrDAm1vuRo3DrDcXE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXnJMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwzp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvZvydf2qVKlmceThBE7hHDy4hQpUoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3aTjL8=</latexit>

+

Small-velocity (PN) expansion of integrals
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<latexit sha1_base64="UqgMBM3cQjUyADyrOv/q9QYn5mg=">AAAB7nicbVBNS8NAEN3Urxq/qh69LBbBU0lEqseClx4r2A9oQ9lsN+3SzW7YnRRK6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzwkRwA5737ZS2tnd298r77sHh0fFJ5fSsY1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64bTh9zvzpg2XMknmCcsiMlY8ohTAlbqzgagPNcdVqpezVsCbxK/IFVUoDWsfA1GiqYxk0AFMabvewkEGdHAqWALd5AalhA6JWPWt1SSmJkgW567wFdWGeFIaVsS8FL9PZGR2Jh5HNrOmMDErHu5+J/XTyG6DzIukxSYpKtFUSowKJz/jkdcMwpibgmhmttbMZ0QTSjYhPIQ/PWXN0nnpubXa/XH22qjWcRRRhfoEl0jH92hBmqiFmojiqboGb2iNydxXpx352PVWnKKmXP0B87nDxjmjso=</latexit>
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• IBP reduction of  scalar integrals to  master integrals

• KIRA essential for  core hours of IBP reduction  

• Calabi-Yau periods appear  
             in dissipative parts

∼106 468

∼105

[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2403.07781]

[M. Driesse, GUJ, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, J. Usovitsch: 2411.11846]
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happens when two
black holes scatter

Rainfall patterns
Unpicking the paradox
of the South Asian
summer monsoon

Virgin birth
Parthenogenesis in
sunflowers could offer
faster crop breeding

[F. Lange, J. Usovitsch, Z. Wu: 2505.20197]

4

FIG. 3. Non-zero entries of the odd parity 232 → 232
di!erential equation matrix M̂(x,D): The blocks on the
diagonals determine the function spaces of the multiple sub-
sectors. The not-magnified diagonal sectors give rise to mul-
tiple polylogarithms.

and the matrices M̂ take a lower block-triangular form
— see Fig. 3. To obtain this system, derivatives of the
master integrals with respect to x are re-expressed as
linear combinations of the masters themselves using the
IBP identities. We solve the system order-by-order in a
series expansion close to D = 4, with higher-order terms
given by repeated integrals (with respect to x) of lower-
order terms. Boundary conditions on the integrals are
fixed in the non-relativistic (low-velocity) limit x → 1.

Repeated integrations with respect to the kinematic
parameter x produce the mathematical functions I ap-
pearing in our final result for the impulse:

I(ω1, ω2, . . . , ωn; x) :=

∫ x

1
dx→ω1(x

→)I(ω2, . . . , ωn; x→), (4)

with the base case I(; x) = 1. The nature of the in-
tegration kernels ωi determines the types of functions,
and are associated with underlying geometries. In the
simplest case, the kernels ωi are rational functions with
single poles, e.g., x↑1, (x + 1)↑1 or (x ↑ 1)↑1, and it-
erated integrations produce the function class of multi-
ple polylogarithms — including the ordinary logarithm
I(x↑1; x) = log x. Geometrically, one can interpret these
integration kernels as periods of a zero-dimensional CY
space, given by two points on a sphere. In more com-
plicated scenarios, usually related to higher-loop com-
putations, the ωi are connected to periods of higher-
dimensional algebraic varieties. A key challenge is to
understand the kernels and the associated class of iter-
ated integrals occurring in a physical problem. In a G4

calculation of the impulse, squares of elliptic integrals
arise, which are geometrically interpreted as periods of
a one-parameter K3 surface — see Fig. 2. In the odd
parity sector of integrals at the present fifth order in G,
the kernels also depend on CY3 periods and we express
physical quantities in terms of the corresponding class of
iterated functions.

To see the origin of the CY3 periods, and to clarify
their precise nature, we examine the di!erential equation
matrix M̂(x, D) (see Fig. 3) in the limit D → 4. The di-
agonal blocks of this matrix are associated with specific
Feynman graphs appearing in the impulse, of which the
CY3 geometry is isolated to a single 4 ↓ 4 diagonal sub-
block. One can decouple these four first-order di!erential
equations such that one obtains a single fourth-order dif-
ferential equation, which is the Picard-Fuchs equation of
the CY three-fold:

[(
x

d

dx
↑ 1

)4
↑ x4

(
x

d

dx
+ 1

)4
]
ε(x) = 0 . (5)

The latter is solved by the four CY three-fold1 peri-
ods εk(x) =

∫
!k
3
”3(x), where the three-form ”3(x)

is integrated over the real three-dimensional cycles #k
3 ,

k = 0, 1, 2, 3. These integrals appear within the integra-
tion kernels ωi of the iterated integrals (4).

Our final expression for the fifth-order impulse is in-
volved and described in the Methods section, where we
also elaborate on the function space. From the impulse
we can derive the scattering angle ϑ, which measures the
angle of deflection between the ingoing and outgoing mo-
menta in the initial centre-of-mass inertial frame — see
Fig. 1.2 Like the impulse (2), the scattering angle is ex-
panded in the weak-field limit with the Gn component
denoted ϑ(n). These components are also expanded in
powers of the symmetric mass ratio ϖ, and at order G5

we have

ϑ(5) =
M5#

b5c10

(
ϑ(5,0) + ϖϑ(5,1) + ϖ2ϑ(5,2) + ϖ3#↑2ϑ(5,3)

)
,

(6)

with M and # = E/M the total mass and mass-rescaled
energy of the initial system. A central result of our work
is the computation of all contributions except for ϑ(5,2).
The function space of the angle ϑ(5) arises from integrals
only in the even-parity sector, and is simpler than that
of the complete impulse. We compare our result with
available numerical relativity simulations [60] in Fig. 4.

1
The corresponding one-parameter family of CY three-folds is of

hypergeometric type and has intriguing arithmetic properties dis-

cussed in ref. [59]. For an algebraic definition of the CY family to-

gether with an explicit expression of !3, we refer to refs. [52, 59].

It is intriguing that the occurring K3 and CY3 periods are related

to those of the Legendre curve by a symmetric and a Hadamard

product, respectively [52, 59].
2
As the system dissipates energy, it recoils, and so the initial frame

choice is not preserved over the course of a scattering event.

Black Hole Scattering at 4 loops and 1SF
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• Non-linear black hole perturbation theory  non-planar diagrams

• IBP reduction  10x more core-hours (after crucial optimisations)

• Spurious pole in                             cancel between regions (equivalently          )

• “Real part of Feynman” conservative prescription breaks down

• Calabi-Yau period from DEs drops out of final result

→

∼
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8/3 ⇡ 0.94
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(ω = 3)
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q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: planar P in the first row (a–g); in the second row
nonplanar with one graviton crossing NP1 (h–i), nonplanar with two graviton crossings NP2 (j), and nonplanars arising from
non-linear memory NPM (k–m), with an active 3-graviton vertex. All integrals encountered in our calculation involve subsets
of those appearing in one of these sectors. Solid lines denote worldline propagators, ω · vi, wavy lines graviton propagators, ω

2,
and the dotted lines may be interpreted as a cut worldline propagator, ε

→(ω · vi). In that sense, the top-level sectors have 13
propagators, and red graviton propagators may go on-shell. Finally, q

µ is the total momentum transfer.

suppressing a gauge-fixing term Sgf. We use a mostly
minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [24, 99]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [16, 24, 47–
49, 56, 57, 99], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [24]. A subtle point

is how to define a conservative sector of the truly dis-
sipative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due
to momentum (and angular momentum) being carried
away by gravitational radiation. This has previously
been achieved [32, 33, 37, 47, 56, 58, 99] by employing
Feynman propagators (in-out) for the gravitons and re-
tarded propagators on the worldline (in-in) [49, 109], tak-
ing the part real and even in velocity v in the end. In
this work we take a di”erent approach, discussed as part
of our boundary fixing — for now, we assume only that
graviton propagators are individually time-symmetric.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [99]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, NP1, NP2, NPM), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and all dia-
grams take a “Mondrian” structure without lines crossing
each other. The first two nonplanar families (NP1, NP2)
capture the possibility of one (h–i) or two (j) crossings of
the graviton propagators.

The last non-planar family (NPM), associated with
top-sectors (k–m), captures the e”ect of non-linear mem-
ory [110–113]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — The first step to-
wards full integration was finding linear IBP identities
between the elements of our four integral families, en-
abling reduction to a much smaller basis of master in-
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nonplanar with one graviton crossing NP1 (h–i), nonplanar with two graviton crossings NP2 (j), and nonplanars arising from
non-linear memory NPM (k–m), with an active 3-graviton vertex. All integrals encountered in our calculation involve subsets
of those appearing in one of these sectors. Solid lines denote worldline propagators, ω · vi, wavy lines graviton propagators, ω
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and the dotted lines may be interpreted as a cut worldline propagator, ε

→(ω · vi). In that sense, the top-level sectors have 13
propagators, and red graviton propagators may go on-shell. Finally, q

µ is the total momentum transfer.

suppressing a gauge-fixing term Sgf. We use a mostly
minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [24, 99]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [16, 24, 47–
49, 56, 57, 99], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [24]. A subtle point

is how to define a conservative sector of the truly dis-
sipative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due
to momentum (and angular momentum) being carried
away by gravitational radiation. This has previously
been achieved [32, 33, 37, 47, 56, 58, 99] by employing
Feynman propagators (in-out) for the gravitons and re-
tarded propagators on the worldline (in-in) [49, 109], tak-
ing the part real and even in velocity v in the end. In
this work we take a di”erent approach, discussed as part
of our boundary fixing — for now, we assume only that
graviton propagators are individually time-symmetric.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [99]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, NP1, NP2, NPM), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and all dia-
grams take a “Mondrian” structure without lines crossing
each other. The first two nonplanar families (NP1, NP2)
capture the possibility of one (h–i) or two (j) crossings of
the graviton propagators.

The last non-planar family (NPM), associated with
top-sectors (k–m), captures the e”ect of non-linear mem-
ory [110–113]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — The first step to-
wards full integration was finding linear IBP identities
between the elements of our four integral families, en-
abling reduction to a much smaller basis of master in-

2

q →

(a) (b) (c) (d) (e) (f) (g)

q →

(h) (i) (j) (k) (l) (m)

FIG. 1: The 14 top-level sectors of the four-loop 2SF integral families: planar P in the first row (a–g); in the second row
nonplanar with one graviton crossing NP1 (h–i), nonplanar with two graviton crossings NP2 (j), and nonplanars arising from
non-linear memory NPM (k–m), with an active 3-graviton vertex. All integrals encountered in our calculation involve subsets
of those appearing in one of these sectors. Solid lines denote worldline propagators, ω · vi, wavy lines graviton propagators, ω

2,
and the dotted lines may be interpreted as a cut worldline propagator, ε

→(ω · vi). In that sense, the top-level sectors have 13
propagators, and red graviton propagators may go on-shell. Finally, q

µ is the total momentum transfer.

suppressing a gauge-fixing term Sgf. We use a mostly
minus signature, dimensional regularisation with D =
4↑2ω and consider an expansion around the Minkowskian
(G0) background and straight-line trajectories:

xµ

i
(ε) = bµ

i
+vµ

i
ε +zµ

i
(ε) , gµω = ϑµω +

↓

32ϖGhµω , (2)

with the worldline deflections zµ

i
(ε) and graviton field

hµω(x). The initial data consists of the impact parameter
bµ = bµ

2 ↑ bµ

1 and initial velocities vµ

1 , vµ

2 , with b · vi = 0,
v2

i
= 1 and ϱ = v1 · v2 = (1 ↑ v2)→1/2. We also introduce

the parameter x ↔ [0, 1] defined via ϱ = (x + x→1)/2 to
rationalise expressions.

In the WQFT formalism, solutions to the classical
equations of motion for the trajectory and metric are
given by their tree-level one-point functions, ↗xµ

i
(ε)↘ and

↗gµω(x)↘. Nevertheless, non-trivial Feynman loop inte-
grals arise due to the hybrid nature of the WQFT: world-
lines conserve only a single momentum component, as op-
posed to full D-dimensional momentum conservation in
the bulk. The impulse of the first BH, !pµ

1 , emerges from
!pµ

1 = limε↑0 ς2
↗zµ

1 (ς)↘ in momentum (energy) space.
At 5PM order, the impulse factorises into SF sectors:

!p(5)µ
1 = m1m2

(
m4

2!p(5)µ
0SF + m1m

3
2!p(5)µ

1SF (3)

+m2
1m

2
2!p(5)µ

2SF + m3
1m2!p(5)µ

1SF
+ m4

1!p(5)µ

0SF

)
.

In this Letter we compute the unknown even-in-velocity

conservative part of !p(5)µ
2SF , while all other parts are

known [24, 99]. On a basis of bµ, vµ

1 and vµ

2 in the scat-
tering plane, we compute the b-component directly —
vi-components are reconstructed using the on-shell con-
ditions p2

i
= (pi + !pi)2 and momentum conservation

!pµ

1 = ↑!pµ

2 .
Integrand. — Generation of the WQFT integrand

employs recursive diagrammatic techniques [16, 24, 47–
49, 56, 57, 99], producing a total of 651 Feynman dia-
grams. At the 5PM order, we insert up to six-graviton
vertices, whose complexity is reduced through an opti-
mised non-linear De Donder gauge [24]. A subtle point

is how to define a conservative sector of the truly dis-
sipative (in-in) problem in which !pµ

1 + !pµ

2 ≃= 0 due
to momentum (and angular momentum) being carried
away by gravitational radiation. This has previously
been achieved [32, 33, 37, 47, 56, 58, 99] by employing
Feynman propagators (in-out) for the gravitons and re-
tarded propagators on the worldline (in-in) [49, 109], tak-
ing the part real and even in velocity v in the end. In
this work we take a di”erent approach, discussed as part
of our boundary fixing — for now, we assume only that
graviton propagators are individually time-symmetric.

Our diagrams organise themselves into 14 top-level sec-
tors with respect to the integration-by-parts (IBP) iden-
tities, displayed in Fig. 1 — these are indicative of the
Feynman diagrams encountered at 2SF. A vital di”erence
between 1SF and 2SF is that we cannot use partial frac-
tion identities on worldline propagators to “planarise”
the entire integrand [99]. Nevertheless, partial fractions
are still used to resolve linear identities between worldline
propagators. We require four separate integral families
(P, NP1, NP2, NPM), explicit expressions for which are
provided in the Supplemental Material. The planar fam-
ily (P) accounts for top-sectors (a–g) of Fig. 1, and all dia-
grams take a “Mondrian” structure without lines crossing
each other. The first two nonplanar families (NP1, NP2)
capture the possibility of one (h–i) or two (j) crossings of
the graviton propagators.

The last non-planar family (NPM), associated with
top-sectors (k–m), captures the e”ect of non-linear mem-
ory [110–113]. Non-planarity of these diagrams is carried
by a vertex where three active gravitons (highlighted
in red) meet. The e”ect is to produce non-linear cor-
rections to the Einstein equation expanded around a
Schwarzschild background. There is an S3 permutation
symmetry about this vertex, which we exploit next to
shifts on the loop momenta in order to maximally sim-
plify our integrand as preparation for IBP reduction.

Integration-by-parts reduction. — The first step to-
wards full integration was finding linear IBP identities
between the elements of our four integral families, en-
abling reduction to a much smaller basis of master in-
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region there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancellation
between the potential and tail regions determines their
results up to a single undetermined coe�cient cM :

I(M)
1 =

1

15(8⇡)4✏
+ O(✏0) , I(M)

2 = �
5 cM

6(8⇡)4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative prescrip-

tion in such a fashion that the following three conditions
are met: (i) cancellation of dimensional regulator poles,
(ii) cancellation of (��3)-divergence and (iii) time reflec-
tion symmetry. Such a prescription would provide Eq. (9)
with a given cM . Interestingly, we observe that evaluat-

ing I(M)
1,2 with retarded propagators pointing towards the

middle point provides such a prescription – that we term
“�-3” – and leads to the value cM = 1, together with
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is
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At the 5PM-2SF order, the potential region is by con-
struction not sensitive to the i0+ prescription, and eval-
uating the tail region using Feynman propagators indeed
cancels the ✏-pole coming from the potential region. Yet
it leaves the novel singularity at � = 3 intact that can
only be cancelled from the memory region, which in turn
should not introduce new ✏-poles. In fact, in the memory
region, there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancella-
tion between the potential and tail regions determines
their results up to a single undetermined coe�cient cM

to be[Gustav: I would change the way we identify
these coe�cients][Jan: no way that would require
new TABLES 2 + 3][Mathias: I really think that
the simplest would be I2 = cM/⇡4✏2].

I(M)
1 =

1

61440⇡4✏
+ O(✏0) ,

I(M)
2 = �

5 cM

24576⇡4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative PM-i0+

prescription in such a fashion that the following three
conditions are met: (i) cancellation of dimensional reg-
ulator poles, (ii) cancellation of (� � 3)-divergence and
(iii) time reflection symmetry. Such a prescription would
provide Eq. (9) with a given cM .

Interestingly, we observe that evaluating I1,2 with re-
tarded propagators pointing towards the middle point
provides such a conservative PM-i0+ prescription – that
we term “�-3” – and leads to the value cM = 1 and
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the
value of cM , which is set to 1 for the memory plot.

[Jan: Improve plot]

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [145] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [146–149]. Up to 5PN order with the memory
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the

value of cM , which is set to 1 for this plot.

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [146] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [147–151]. Up to 5PN order with the memory
contribution using (9) in square brackets we find

✓(5,2)
cons =

2

5v6
+

53

5v4
+

✓
45341

360
�

41⇡2

12

◆
1

v2
+

46629199

15120

+


64 cM

5
�

11456

135

�
�

221597⇡2

720
+

2816 log[2v]

45
+ O(v2) .

(14)

Our O(v0) result confirms a conjecture on the ⇡2 5PN
contributions being purely potential [151, 152], while our
rational tail contribution at this order agrees with the
5PN tail contribution of Ref. [153] based on Ref. [102].
Restricting to the potential region we agree with the very
recent low-velocity expanded result for the scattering an-
gle of Ref. [99]. Finally, the discontinuity of the scattering

Divergence at            for (potential+tail) 
and for memory scaling as 

<latexit sha1_base64="b8MH217X7dp13Nsnm18DK7Xa7FE=">AAAB8XicbVBNS0JBFL3Pvsy+rJZthiRoJe9VWJtAaOPSID9IRe4bRx2cmfeYmReI+C/atCiibf+mXf+mUd+itAMXDufcy733hLHgxvr+t5dZW9/Y3Mpu53Z29/YP8odHdRMlmrIajUSkmyEaJrhiNcutYM1YM5ShYI1wdDfzG09MGx6pBzuOWUfiQPE+p2id9NgeoJRIbsllN1/wi/4cZJUEKSlAimo3/9XuRTSRTFkq0JhW4Me2M0FtORVsmmsnhsVIRzhgLUcVSmY6k/nFU3LmlB7pR9qVsmSu/p6YoDRmLEPXKdEOzbI3E//zWont33QmXMWJZYouFvUTQWxEZu+THteMWjF2BKnm7lZCh6iRWhdSzoUQLL+8SuoXxaBULN1fFcqVNI4snMApnEMA11CGClShBhQUPMMrvHnGe/HevY9Fa8ZLZ47hD7zPHzVjj/4=</latexit>

� = 3

<latexit sha1_base64="wpa9CueDZpbhoKPP7wFWCKJL/PI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuomJlloXQsFNlxXsA5pQJtNpO3SSjDOTYgnFjb/ixoUibv0Kd/6N0zYLrR64cDjnXu69x+eMSmXbX0ZmaXlldS27ntvY3NreMXf3GjKKBSZ1HLFItHwkCaMhqSuqGGlxQVDgM9L0h9dTvzkiQtIovFVjTrwA9UPaoxgpLXXMg8LoypV3QiXlyem5izgX0b1tXRZPOmbetuwZ4F/ipCQPUtQ65qfbjXAckFBhhqRsOzZXXoKEopiRSc6NJeEID1GftDUNUUCkl8xemMBjrXRhLxK6QgVn6s+JBAVSjgNfdwZIDeSiNxX/89qx6pW9hIY8ViTE80W9mEEVwWkesEsFwYqNNUFYUH0rxAMkEFY6tZwOwVl8+S9pnFlOySrdFPOVahpHFhyCI1AADrgAFVAFNVAHGDyAJ/ACXo1H49l4M97nrRkjndkHv2B8fANwnZYz</latexit>

(v =
p
8/3 ⇡ 0.94)

<latexit sha1_base64="yM5SK2hvYkDeurNrgEXjSrUY540=">AAAB+3icbVDLTgIxFO3gC/E14tJNIzHBBTiDii5J3LDERB4JjKRTCjS0nUnbMZLJ/IobFxrj1h9x599YYBYKnuQmJ+fcm3vv8UNGlXacbyuztr6xuZXdzu3s7u0f2If5lgoiiUkTByyQHR8pwqggTU01I51QEsR9Rtr+5Hbmtx+JVDQQ93oaEo+jkaBDipE2Ut/OFy9KvRHiHJ09xCX36ryS9O2CU3bmgKvETUkBpGj07a/eIMARJ0JjhpTquk6ovRhJTTEjSa4XKRIiPEEj0jVUIE6UF89vT+CpUQZwGEhTQsO5+nsiRlypKfdNJ0d6rJa9mfif14308MaLqQgjTQReLBpGDOoAzoKAAyoJ1mxqCMKSmlshHiOJsDZx5UwI7vLLq6RVKbvVcvXuslCrp3FkwTE4AUXggmtQA3XQAE2AwRN4Bq/gzUqsF+vd+li0Zqx05gj8gfX5A2xAkso=</latexit>

(3� �)�15/2

[Only non-planar graphs?]
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5PM 2SF, K3’:
“Beukers’ K3” related to Apéry’s operator



• Separating conservative and dissipative effects is subtle at 2SF

• Non-linear memory blurs the distinction  
 

• Required boundary integrals: 
 
 
 

• Conventional “real part of Feynman” leads to    pole and does not cancel    pole 
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(1)

(2)

(3)

Conservative memory effects

5

region there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancellation
between the potential and tail regions determines their
results up to a single undetermined coe�cient cM :

I(M)
1 =

1

15(8⇡)4✏
+ O(✏0) , I(M)

2 = �
5 cM

6(8⇡)4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative prescrip-

tion in such a fashion that the following three conditions
are met: (i) cancellation of dimensional regulator poles,
(ii) cancellation of (��3)-divergence and (iii) time reflec-
tion symmetry. Such a prescription would provide Eq. (9)
with a given cM . Interestingly, we observe that evaluat-

ing I(M)
1,2 with retarded propagators pointing towards the

middle point provides such a prescription – that we term
“�-3” – and leads to the value cM = 1, together with
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is
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5

At the 5PM-2SF order, the potential region is by con-
struction not sensitive to the i0+ prescription, and eval-
uating the tail region using Feynman propagators indeed
cancels the ✏-pole coming from the potential region. Yet
it leaves the novel singularity at � = 3 intact that can
only be cancelled from the memory region, which in turn
should not introduce new ✏-poles. In fact, in the memory
region, there are only two boundary integrals appearing:

I(M)
1 = , I(M)

2 = , (8)

where the red dots indicate squared graviton propaga-
tors. Intriguingly, imposing the cancellation of the � = 3
singularity along with maintaining the ✏-pole cancella-
tion between the potential and tail regions determines
their results up to a single undetermined coe�cient cM

to be[Gustav: I would change the way we identify
these coe�cients][Jan: no way that would require
new TABLES 2 + 3][Mathias: I really think that
the simplest would be I2 = cM/⇡4✏2].

I(M)
1 =

1

61440⇡4✏
+ O(✏0) ,

I(M)
2 = �

5 cM

24576⇡4✏2
+ O(✏�1).

(9)

However, a calculation for the Feynman i0+ prescription

yields an ✏�4 pole for I(M)
2 which breaks finiteness of

the final result through a ✏�2 pole and a (� � 3)�15/2

divergence.
Hence, we need to redefine the conservative PM-i0+

prescription in such a fashion that the following three
conditions are met: (i) cancellation of dimensional reg-
ulator poles, (ii) cancellation of (� � 3)-divergence and
(iii) time reflection symmetry. Such a prescription would
provide Eq. (9) with a given cM .

Interestingly, we observe that evaluating I1,2 with re-
tarded propagators pointing towards the middle point
provides such a conservative PM-i0+ prescription – that
we term “�-3” – and leads to the value cM = 1 and
a finite impulse, see supplementary material for details.
Yet, we acknowledge that the physical motivation for this
prescription is opaque and may not capture all conserva-
tive e↵ects. We leave it to future work to elucidate this
important question.

Function space. — The final function space includes
the K3 period $K3(x), its derivative $0

K3(x), and up to
three times iterated integrals

I['1, ..., 'n; x] =

Z
x

1
dx0 '1(x

0) I['2, ..., 'n; x0] , (10)

where the integration kernels 'i(x) are selected from the
set
⇢

1

x
,

1

1 + x2
,

1 + x

x(x � 1)
,

�1 + x

x(x + 1)
,

1 � x2

x + x2 + x3
,

1 � x2

x � x2 + x3
,

�1 + x2

x + x3
,
(1 + x2) $K3(x)

x
,

1

x r(x) $K3(x)

�
(11)

FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the
value of cM , which is set to 1 for the memory plot.

[Jan: Improve plot]

with the square root r(x) =
p

�1 + 34x2 � x4. The nor-
malised K3 period is chosen to have an even velocity ex-
pansion (1+x2)$K3(x) = 1+ 15v

2

32 + 351v
4

1024 +O(v6). Even
though we encounter CY3 varieties in the DEs, the in-
tegrals associated with this geometry drop out after IBP
reduction of the full integrand in D-dimensions and do
not contribute to the final result.

Results. — The scattering angle ✓cons follows from
the impulse using |�pµ

i,cons| = 2p1 sin(✓cons/2). Here

p1 = m1m2

p
�2 � 1/E, the total (conserved) energy is

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [145] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [146–149]. Up to 5PN order with the memory
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FIG. 4: The 5PM-2SF contribution to the scattering

angle, ✓(5,2)
cons (�): Potential and memory contributions

both diverge for � ! 3. These divergences cancel for
the full result if one uses Eq. (9) irrespective of the

value of cM , which is set to 1 for this plot.

E = M
p

1 + 2⌫(� � 1) and the total mass is M = m1 +
m2, with ⌫ = m1m2/M2 the symmetric mass ratio. The
scattering angle is given in PM expansion as

✓cons =
E

M

X

m�1

b m�1
2 cX

s=0

✓
GM

|b|

◆m

⌫s✓(m,s)
cons (�) , (12)

where s counts the SF order. Our main result is the
5PM-2SF contribution

✓(5,2)
cons =

36X

k=1

ck(�)fk(�) , (13)

where fk(�) are the 36 linear combinations of iterated
integrals discussed in the previous section and ck(�) are
polynomials in � and

p
�2 � 1 = �v, see the tables in

the supplementary material. We present all our analyti-
cal results in the accompanying Zenodo [146] submission,
sorted into the three regions.

Checks. — Our 5PM angle agrees in the low-velocity
v =

p
�2 � 1/� ! 0 limit with the scattering angle up to

4PN order [147–151]. Up to 5PN order with the memory
contribution using (9) in square brackets we find

✓(5,2)
cons =

2

5v6
+

53

5v4
+

✓
45341

360
�

41⇡2

12

◆
1

v2
+

46629199

15120

+


64 cM

5
�

11456

135

�
�

221597⇡2

720
+

2816 log[2v]

45
+ O(v2) .

(14)

Our O(v0) result confirms a conjecture on the ⇡2 5PN
contributions being purely potential [151, 152], while our
rational tail contribution at this order agrees with the
5PN tail contribution of Ref. [153] based on Ref. [102].
Restricting to the potential region we agree with the very
recent low-velocity expanded result for the scattering an-
gle of Ref. [99]. Finally, the discontinuity of the scattering
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The        prescription for conservative memories

• Evaluate memory boundaries with retarded propagators pointing towards 
symmetric point

• Equivalent symmetries as Feynman prescription

• Cancels    and     poles

• Numerical evaluation of boundary integrals to sub-sub-leading order in    :

35

9

q " q "

FIG. 5: The �-3 prescription is given as the average of the two shown causality routings. In the first diagram
retarded propagators meet in the symmetric point of the three-graviton interaction, and in the second, they are

taken as advanced propagators.

with
R

!
=

R 1
�1

d!

2⇡
and !3 = !1 +!2. As it turns out, the frequency integrations in both of these expressions converge

in the ✏ ! 0 limit. For this reason, we Taylor expand the integrand in ✏ before integration. We require both integrals
at sub-sub-leading order in ✏, and we thus need to expand the integrand two orders beyond the leading order. In
particular, we use:

(0+
� i!)�2✏ = e�2✏ log(0+�i!) = 1 � 2✏ log(0+

� i!) + 2✏2 log2(0+
� i!) + . . . (29)

where

log(0+
� i!) = log |!| �

i⇡

2
sign(!) . (30)

We generally evaluate the frequency integral numerically.
The �-3 prescription for the memory region. — A conservative prescription for the evaluation of the memory

boundary conditions leading to physically sensible results must satisfy the three requirements listed in the main text
below Eq. (9). This is the case for the �-3 prescription. The idea of this prescription is most easily stated for another
choice of memory boundary integrals shown in Fig. 5, which keep all three radiative propagators. Upon IBP reduction,
one may eliminate (“pinch”) one of the radiative gravitons (e.g., the middle one), and in this way they are expressed

in terms of the two memory graphs I(M)
1 and I(M)

2 . The �-3 prescription uses retarded propagators for the memory
graphs and averages over two situations: All causality points towards the three-graviton interaction or all causality
points away from it. Crucially, this prescription satisfies equivalent symmetries to a Feynman prescription, including
the S3 symmetry of permuting the three subdiagrams joined by the three-graviton interaction.

We note that a region-by-region prescription for picking out conservative e↵ects is currently also necessary at lower
PM orders. Generally, for example, contributions from the R region are ignored, although the real part of using
the Feynman prescription gives a non-zero contribution to the scattering angle. Further, at the 5PM-1SF order,
the real part of Feynman also did not produce the expected RRR conservative contributions to the scattering angle.
Interestingly, we note that at the 1SF order, the established real-part-of-Feynman prescription gives equivalent results
to an average of using only retarded and only advanced propagators, analogous to the �-3 prescription for the memory.

It is also interesting to note that the self-force approach currently only gives a clear-cut notion of conservative
dynamics at the 1SF order, and one may, therefore, not yet seek guidance there. Further, the appearances of
divergences in the Lorentz factor � pose an interesting challenge to the post-Newtonian approach: How can one make
sure to avoid such poles when expanding around � ⇡ 1? This is clearly not the case for an angle defined only from
potential and tail e↵ects.
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Conservative 2SF Scattering Angle
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Iterated integrals up to weight three:
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Outlook
• GW scattering at four loops (5PM): First non-trivial EFT matching for GR

• Dissipative effects at 5PM-2SF

• High-precision results for angular momentum loss

• How to define conservative dynamics in PM?

• Resummation models and mapping from unbound bound

• High energy limit of PM observables

→
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Differential Equations and Special Functions
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TABLE I: The 13+23 uniform transcendentality basis functions of the 5PM-2SF scattering angle
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8� (100010169369 � 1065466942146�

2 + 289379234907�
4 + 506567453742�

6
� 401937710301�

8

+ 137327274588�
10

� 27325236891�
12 + 3441459262�

14
� 279127708�

16 + 14176194�
18

� 411296�
20 + 5240�

22)
⌘

,

c
(E)
11 (�) =

512� (24 + 60� + 137�
2 + 35�

3
� 84�

4
� 59�

5
� 36�

6 + 16�
8 + 4�

9)
(�1 + �2)4

,

c
(E)
12 (�) = �

9� (1 � 5�
2)2 (�3 + 2�

2)
4 (�1 + �2)3

,

c
(E)
13 (�) = �

1

135 � (9 � �2)13/2 (�1 + �2)4
4
⇣
�71441023140 � 74590066944�

2 + 500006049795�
4
� 430621956207�

6 + 163543923450�
8
� 32928266424�

10

+ 3425665911�
12

� 94322815�
14

� 18483752�
16 + 2293470�

18
� 108424�

20 + 1960�
22
⌘

.

TABLE II: The 13 even coe�cient polynomials of the 5PM-2SF scattering angle ✓(5,2) of Eq. (12). Our �-3
prescription yields cM = 1.

12

c
(O)
1 (�) =

40 cM � (�1 + 2�
2)3 (24 � 31�

2 + 10�
4)

3 (�1 + �2)9/2

�
1

2980454400 �8 (�1 + �2)9/2 (�1 + 4�2)7

⇣
�43961702400 � 29338848000� + 1800773990400�

2 + 1113013440000�
3

� 33063919257600�
4
� 19187055518400�

5 + 370780200806400�
6 + 200398031064000�

7
� 3204383588904960�

8

� 1350746286267980�
9 + 26009084727521280�

10 + 4935234444588840�
11

� 194777322422538240�
12 + 2802591716822751�

13

+ 1158445816002478080�
14

� 136163645494652282�
15

� 4984785460423802880�
16 + 732702788132024163�

17

+ 14995576561017507840�
18

� 1949086250413888596�
19

� 31068041194548019200�
20 + 2353233689096200176�

21

+ 43766208331672780800�
22 + 754509865324200384�

23
� 41205615363729653760�

24
� 6407166496994817792�

25

+ 24718104355924869120�
26 + 9102074262240232448�

27
� 7722555048198144000�

28
� 7157003589760167936�

29

+ 335811570900664320�
30 + 3534235392136790016�

31 + 346812263002275840�
32

� 928787502393720832�
33

� 25239976610365440�
34 + 94725675511971840�

35
⌘

,

c
(O)
2 (�) =

�199207 + 57344� � 1240416�
2 + 43008�

3 + 189180�
4 + 81920�

6

24 (�1 + �2)5/2
,

c
(O)
3 (�) =

256 (32 + 149� � 72�
2
� 225�

3
� 1665�

4
� 267�

5 + 2058�
6 + 629�

7
� 84�

8
� 270�

9
� 600�

10
� 48�

11 + 160�
12 + 32�

13)

(�1 + �2)11/2
,

c
(O)
4 (�) =

1

73920 �8 (�1 + �2)7/2

⇣
646800 � 1601600�

2 + 12874400�
4 + 19440960�

6
� 3753241191�

8 + 1916708464�
9

+ 9884153792�
10 + 5022367328�

11 + 765269538�
12

� 6496448640�
13

� 8107310376�
14 + 1794181664�

15

+ 2580243325�
16

� 1690110576�
17

� 337379328�
18 + 1252786176�

19 + 86507520�
20

� 286785536�
21
⌘

,

c
(O)
5 (�) =

1

73920 �8 (�1 + �2)7/2

⇣
646800 � 1601600�

2 + 12874400�
4 + 19440960�

6
� 4189795449�

8 + 1718270224�
9

+ 5987424832�
10 + 4556745248�

11 + 5061590622�
12

� 5842256640�
13

� 7598149592�
14 + 1777549664�

15

+ 2108044675�
16

� 1670706576�
17

� 337379328�
18 + 1252786176�

19 + 86507520�
20

� 286785536�
21
⌘

,

c
(O)
6 (�) =

105 � 155�
2 + 1935�

4 + 5091�
6
� 666260�

8 + 154716�
10 + 689664�

12
� 198856�

14

3 �8 (�1 + �2)5/2
,

c
(O)
7 (�) =

�3150 + 15120�
2
� 54810�

4 + 204120�
6
� 575161�

7
� 2776550�

8
� 4328730�

9
� 1783320�

10 + 168595�
11

� 98742�
12 + 409600�

14

140 �7 (�1 + �2)5/2
,

c
(O)
8 (�) =

64�

135 (�9 + �2)7 (�1 + �2)7/2

⇣
�71441023140 � 74590066944�

2 + 500006049795�
4
� 430621956207�

6 + 163543923450�
8

� 32928266424�
10 + 3425665911�

12
� 94322815�

14
� 18483752�

16 + 2293470�
18

� 108424�
20 + 1960�

22
⌘

,

c
(O)
9 (�) =

�3150 + 15120�
2
� 54810�

4 + 204120�
6 + 575161�

7
� 2776550�

8 + 4328730�
9
� 1783320�

10
� 168595�

11
� 98742�

12 + 409600�
14

140 �7 (�1 + �2)5/2
,

c
(O)
10 (�) =

3 (13 � 9� � 155�
2
� 415�

3
� 505�

4
� 55�

5 + 375�
6 + 175�

7)

(�1 + �2)5/2
, c

(O)
11 (�) = �

3 (40 � 65� � 452�
2 + 785�

3 + 440�
4
� 655�

5
� 300�

6 + 175�
7)

(�1 + �2)5/2
,

c
(O)
12 (�) =

�40612528 � 254195160�
2 + 6702790�

4 + 24329925�
6

32768 (�1 + �2)5/2
,

c
(O)
13 (�) =

1

840 �9 (�1 + �2)7/2

⇣
�3675 + 7350� + 19950�

2
� 43400�

3
� 79800�

4 + 191660�
5 + 246540�

6

� 773640�
7
� 222810�

8 + 11432330�
9 + 25264989�

10 + 52528084�
11 + 38260656�

12
� 27696060�

13

� 48986718�
14

� 14410788�
15

� 81724�
16 + 2988720�

17 + 2732032�
18 + 344064�

19
⌘

,

c
(O)
14 (�) = �

3 (�9 + 56� + 99�
2
� 1200�

3
� 315�

4 + 600�
5 + 225�

6)

2 (�1 + �2)5/2
, c

(O)
15 (�) = �

360� (�37 � 30�
2 + 15�

4)

(�1 + �2)5/2
,

c
(O)
16 (�) =

�72 � 1431� � 3816�
2
� 5312�

3
� 5592�

4
� 375�

5 + 5896�
6 + 3150�

7

4 (�1 + �2)5/2
, c

(O)
17 (�) =

�
p

�1 + �2 (987 � 3621� + 3911�
2 + 839�

3
� 3046�

4 + 1050�
5)

4 (�1 + �)2 (1 + �)3
,

c
(O)
18 (�) = �

2 (4078 + 1041� + 26310�
2
� 2773�

3 + 2442�
4
� 1065�

5
� 3646�

6 + 525�
7)

(�1 + �2)5/2
, c

(O)
19 (�) = �

4 (�12553 � 75933�
2 + 11973�

4 + 4321�
6)

(�1 + �2)5/2
,

c
(O)
20 (�) = �

8

135 � (�9 + �2)7 (�1 + �2)9/2

⇣
9051089769 + 290398415544�

2 + 565663163607�
4
� 809584505478�

6 + 350326745469�
8

� 66127781742�
10 + 3216222549�

12 + 942064462�
14

� 199760578�
16 + 17312214�

18
� 736976�

20 + 12440�
22
⌘

,

c
(O)
21 (�) =

3 (�9 � 56� + 99�
2 + 1200�

3
� 315�

4
� 600�

5 + 225�
6)

2 (�1 + �2)5/2
,

c
(O)
22 (�) = �

8

135 � (�9 + �2)7 (�1 + �2)9/2

⇣
100010169369 � 1065466942146�

2 + 289379234907�
4 + 506567453742�

6
� 401937710301�

8

+ 137327274588�
10

� 27325236891�
12 + 3441459262�

14
� 279127708�

16 + 14176194�
18

� 411296�
20 + 5240�

22
⌘

,

c
(O)
23 (�) =

2

135 �3 (�9 + �2)6 (�1 + �2)9/2

⇣
�71441023140 � 74590066944�

2 + 500006049795�
4
� 430621956207�

6 + 163543923450�
8

� 32928266424�
10 + 3425665911�

12
� 94322815�

14
� 18483752�

16 + 2293470�
18

� 108424�
20 + 1960�

22
⌘

.

TABLE III: The 23 odd coe�cient polynomials of the 5PM-2SF scattering angle ✓(5,2) of Eq. (12). Again cM = 1 in
the �-3 prescription.
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