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Why care about B → ℓν

⇒ B (B → ℓν) = τB G 2
F f 2
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The B → ℓν decay serves as direct determination of the CKM element V excl

ub .

It is chirality-suppressed in the SM and thus highly sensitive to scalar new physics.

Corroborating channel for testing lepton-flavor universality with µ↔ τ:
→ Belle II will measure both channels with 5−7% uncertainty. [Belle II Physics Book]

Why are QED corrections important?

Without QED, hadronic effects are well-understood, with QCD uncertainties ≲ 1%

〈0|q̄γµγ5b |B (p )〉= i fB pµ , fB = 189.4±1.4 MeV [FNAL/MILC 1712.09262]

In the exclusive channel, QED corrections can be sizeable, competing with QCD
uncertainties!

→ A precise prediction is needed!
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How hard can it be?

Consider scenario, where experiment vetoes additional radiation for Erad > Ecut

Experimental resolution allows for very low veto energies, e.g. Ecut ∼ 50 MeV

Additonal radiation is of long wavelength compared to 1/ΛQCD⇒ sees the meson as a point-like particle!

This reasoning tempts us into a simple Yukawa-theory description of the process

Lyuk = (DµB †)(D µB ) − m 2
B B †B − yB B ℓ̄ν +

∑
ψ

ψ̄(i /D −mψ)ψ

and compute:

Captures some of the important QED corrections, but by far not all.
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How hard can it be?

Two important shortcomings of this approach:

1 Real corrections restricted to long wavelengths by Ecut, but virtual ones are unaffected

⇒ virtual corrections with short wavelengths probe inner structure of the B meson!
2 Structure-dependent effects are present well below the hadronic scale:

δB ∗ ≡ m 2
B ∗ −m 2

B

2mB
∼ 45 MeV�ΛQCD

⇒ allows for additional decay topologies:
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QED Corrections at High and Low Scales

Electromagnetic corrections are sensitive to the lepton mass and the restriction on
additional radiation, yielding large (double) logarithmic corrections

αEM log(2)
m 2
ℓ

m 2
B

, αEM log
E 2
γ

m 2
B

.

At energy scales above mB and below ΛQCD, corrections are well under control:
At energies harder than mB , the weak effective Hamiltonian captures all hard corrections
in the Wilson coefficients of the Fermi-operators,

LLEFT ⊃CL (µ) · �q̄γµPL b
��
ℓ̄γµPLνℓ
�

Radiation softer than ΛQCD sees the meson as a point-like object.
→ description using meson-effective-theory.
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QED Corrections at Intermediate Scales

Energetic virtual photons with Eγ ∼mb and p⃗γ ‖ p⃗ℓ can recoil against the light
spectator quark and transfer momentum between the lepton and the spectator.

The light partons are then displaced along the lightcone, and the hadronic currents
become non-local. The corresponding hadronic matrix elements

〈0|q̄ (z−) . . . hv (0)|B 〉 , 〈0|q̄ (z−) . . .Gµν(y−) . . . hv (0)|B 〉 ,
are lightcone distributions.

In the case of QED, due to the external states being charged, these distributions are no
longer process-universal because QED is sensitive to the directions of the charged final
state. [Beneke et al]
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A Multiscale Problem

Beyond leading order in QED, the process B → ℓν depends on a variety of both static and
dynamical scales (here discussing only ℓ=µ)

mW

mB

µhc =
p

mBΛQCD

mµ ∼ΛQCD

Ecut ∼ ΛQCDmµ

mB

µusc =
Ecutmµ

mB

description of meson by Fock states |b q̄ 〉+ |b q̄ g 〉+ . . . [Beneke et al (2019), JHEP10 232]

description of meson by point-like scalar

[Dai et al (2022), Phys.Rev.D 105 3]

→ Factorization of scales requires a number of different EFT constructions

(LEFT, HQET, SCETI,II , bHLET, ...)
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Weak Effective Theory
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Virtual Corrections at the weak scale

Relevant LEFT operators at the weak scale:

LLEFT 3 L V ,L L
ℓ

�
ℓ̄γµPL νℓ
��

ū γµPL b
�
+ L V ,LR

ℓ

�
ℓ̄γµPL νℓ
��

ū γµPR b
�

+ LS ,R L
ℓ

�
ℓ̄PL νℓ
��

ū PR b
�
+ LS ,R R

ℓ

�
ℓ̄PL νℓ
��

ūPL b
�
+ L T ,R R

ℓ

�
ℓ̄σµνPL νℓ
��

ūσµνPL b
�

+
�
L V ,L L
νe

�
2112

�
ν̄µγµPL νe

��
ē γµPL µ
�

,

Matching coefficients in the SM are:

L V ,L L
ℓ =−4G

(µ)
Fp
2

Vu b KEW(µ)

KEW(µ) = 1+
Qℓα

4π

�
3Qu

�
ln
µ2

m 2
Z

+
11

2

�
+ (Qb +Qu )
�

1+
κ

4

��
+O (α2)

[Dekens, Stoffer 2019]

Here κ is a scheme-dependent parameter!
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+ (Qb +Qu )
�

1+
κ

4

��
+O (α2)

[Dekens, Stoffer 2019]

Here κ is a scheme-dependent parameter!
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Virtual Corrections at the weak scale
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Dirac Reduction Schemes

KEW(µ) = 1+
Qℓα

4π

�
3Qu

�
ln
µ2

m 2
Z

+
11

2

�
+ (Qb +Qu )
�

1+
κ

4

��
+O (α2)

It arises from box diagrams in the matching producing additional Dirac structures:

∼ �ūℓγµγνγρPL vν
��

v̄qγ
µγνγρPL ub

�
+ . . .

These structures can be reduced only in d = 4 spacetime dimensions:

γµγνγρPL ⊗γµγνγρPL
d=4= 16γµPL ⊗γµPL

In dim-reg, one generalizes this relation to the multiplicative identity

γµγνγρPL ⊗γµγνγρPL = (16+κε)γµPL ⊗γµPL

with the standard choice in the literature κ=−4(1+ε).
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Dirac Reduction Schemes

The dependence cancels bewteen the matching coefficient KEW and the matrix element,
allowing to convert between schemes:

ALEFT =−4G
(µ)
Fp
2

Vu b K [κ]EW

h
1−Qℓ (Qb +Qu )

α

16π
κ
i
γµ⊗γµ+ . . .

⇒ K [κ
′]

EW = K [κ]EW

h
1−Qℓ (Qb +Qu )

α

16π
(κ−κ′)
i

.

When working with EFTs that decompose Lorentz structures (like HQET, SCET, ...) working
with κ= 0 is convenient, so we will translate the literature result to κ= 0.

For example in Sudakov coordinates,

γµ = γ
+
µ +γ

−
µ +γ

⊥
µ

reduction identities are no longer multiplicative and finding reductions consistent with the
LEFT scheme is difficult.
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Soft-Collinear Effective Theory
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Heavy-Quark and Lightcone Kinematics

Next, integrate out dynamics of the “hard scale” µh ∼mB . Consider momenta:

p
µ
b =mb vµ+qµ vµ = (1,0, 0, 0)

p
µ
ℓ =

mB

2
nµ+

m 2
ℓ

2mB
n̄µ nµ = (1,0, 0, 1)

pν =

�
mB

2
− m 2

ℓ

2mB

�
n̄µ n̄µ = (1,0, 0,−1)

This motivates an EFT construction in which the fields are split into large and small
components:

ψb = e −i mb v ·x
�

1+ /v
2
+

1− /v
2

�
ψb ≡ bv +Hv

ψℓ =
�
/n /̄n

4
+
/̄n /n

4

�
ψℓ ≡ ξc +ηc

For the heavy field, this is called Heavy-Quark Effective Theory, for the energetic light field
it is called Soft-Collinear Effective Theory.
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Modes and Scales in SCET

The effective theory below mB has - a priori - the following degrees of freedom (and
associated virtualities):

Light quarks, gluons qs , As k 2 ∼Λ2
QCD “soft”

Heavy-quark fluctuation field bv q 2 ∼Λ2
QCD “soft”

Lepton and collinear photons ξc , Ac p 2
ℓ ∼m 2

ℓ “collinear”

But the momentum transfer between soft and collinear modes scales as:

(pℓ+k )2 ≈ 2pℓ ·k ∼ mBΛQCD “hard-collinear”

Introduces an additional matching step between mB and ΛQCD.

µ2∼m 2
B−→ µ2∼mBΛQCD−→
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Operators in SCET-1 (excerpt)

Type-A Operators:

O A
1 =

mℓ

n̄ ·Ph c

�
ūs /̄n PL bv

� �
X̄
(ℓ)
h c PL νc̄

�
O A

2 =
mℓ

n̄ ·Ph c

�
ūs /nPL bv

� �
X̄
(ℓ)
h c PL νc̄

�

→

Type-B Operators:

O B
1 =

1

n̄ ·Ph c

�
ūs /̄n PL bv

� �
X̄
(ℓ)
h c /A

⊥
h c [y ]PL νc̄

�
O B

2 =
1

n̄ ·Ph c

�
ūs /nPL bv

� �
X̄
(ℓ)
h c /A

⊥
h c [y ]PL νc̄

� →

Type-C Operators

O C
1 =

mℓ

n̄ ·Ph c

�
X̄
(u )
h c [y ] /̄n PL bv

� �
X̄
(ℓ)
h c PL νc̄

� →
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ūs /nPL bv

� �
X̄
(ℓ)
h c /A

⊥
h c [y ]PL νc̄

� →

Type-C Operators

O C
1 =

mℓ

n̄ ·Ph c

�
X̄
(u )
h c [y ] /̄n PL bv

� �
X̄
(ℓ)
h c PL νc̄

�

→

The Simplest B Decay, Precisely



Operators in SCET-1 (excerpt)

Type-A Operators:

O A
1 =

mℓ

n̄ ·Ph c

�
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ūs /nPL bv

� �
X̄
(ℓ)
h c PL νc̄

� →

Type-B Operators:

O B
1 =

1

n̄ ·Ph c

�
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� �
X̄
(ℓ)
h c /A

⊥
h c [y ]PL νc̄

� →

Type-C Operators

O C
1 =

mℓ

n̄ ·Ph c

�
X̄
(u )
h c [y ] /̄n PL bv

� �
X̄
(ℓ)
h c PL νc̄

�

→
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Operators in SCET-1 (excerpt)
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Factorization of Virtual Corrections - Endpoint Divergences

In SCET, operators with multiple collinear fields are distributions in the momentum
fraction of the shared direction, matrix elements are convolution integrals:

iA virt
B→ℓν ⊃−4GFp

2
KEW(µ)Vub

mℓ

mb
KA(mℓ)ū (pℓ)PL v (pν)

·
�

HA(mb )SA +

∫
dω

∫ 1

0

dy HC (mb , y ) · JC (mbω, y ) ·SC (ω)

�

SA = 〈0|ū (0) /̄nPL bv (0)|B 〉
local matrix element → HQET decay constant FB (µ)

SC (ω) =
∫

ds e iωs 〈0|ū (sn ) /̄nPL bv (0)|B 〉
energetic-photon exchange → LCDAs
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Factorization of Virtual Corrections - Endpoint Divergences
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∫ 1

0

dy HC (mb , y ) · JC (mbω, y ) ·SC (ω)

�

At y = 0 and ȳ = 0, one collinear field has anomalously low energy
and the mode separation between soft and collinear modes fails.

A symptom of this failure are endpoint-divergences. They can be
cured by a rearrangement of the factorization theorem.

This rearrangement begins with identifying the small-y region of the second term
with a contribution to the first one, this is called refactorization.

[Liu, Neubert (2003.03393); Liu et al (2009.04456, 2009.06779, 2112.00018); Beneke et al (2008.04943, 2205.04479)]
[Bell et al (2205.06021); Feldmann et al (2211.04209); Hurth, Szafron (2312.10450)]
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Refactorization-Based Subtraction

iA virt
B→ℓν ⊃−4GFp

2
KEW(µ)Vub

mℓ

mb
KA(mℓ)ū (pℓ)PL v (pν)

SA = 〈0|OA |B 〉
OA = q̄s /̄nPL hvB

Y (ℓ)†n

·
�
HA(mb )SA +

∫
dω

∫ 1

0

dy HC (mb , y ) · JC (mbω, y ) ·SC (ω)

�
endpoint-divergent

JC =−QℓQu
α

2π

e εγE Γ (ε)
1−ε
�

µ2

mbωy ȳ

�ε �
1

y
+1−2ε
�
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�ε �
1
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�
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·
�
HA(mb )SA +

∫
dω

∫ 1

0

dy
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1−ε
�
µ2
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1
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+1−2ε
�

−θ (Λ−mb y )¹HC (mb , y )º · ¹JC (mbω, y )º� ·SC (ω)
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·
�
HA(mb )S

(Λ)
A +

∫
dω

∫ 1

0

dy
�
HC (mb , y ) · JC (mbω, y ) ·SC (ω)

¹JC º=−QℓQu
α

2π

e εγE Γ (ε)
1−ε
�
µ2

mbωy

�ε
1

y

SA = 〈0|OA |B 〉
OA = q̄s /̄nPL hvB

Y (ℓ)†n

S (Λ)A = 〈0|O (Λ)A |B 〉
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〈0|O (Λ)A |B 〉=− i

2
p

mB F−(Λ,µ) 〈0|Y (B )v Y (ℓ)†n |0〉
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Matching at the Hard-Collinear Scale

Integrating out the hard-collinear modes yields (showing only a subset) operators that
follow directly from SCET-1:

Q A
1,θ =

mℓ

n̄ ·Pc

�
ūs

�
1−θT

�−i n̄ ·←−D s

n̄ · v −Λ
��
/̄n PL bv Y (ℓ)†n

��
X̄(ℓ)c PL νc̄

�
Q B

1 =
1

n̄ ·Pc

�
ūs /̄n PL bv Y (ℓ)†n

� �
X̄(ℓ)c /A

⊥
c [x ]PL νc̄

�
...and some with delocalized quarks:

Q C
1 =

mℓ

n̄ ·Pc

�
Q̄s [ω] /̄n PL Hv

� �
X̄(ℓ)c PL νc̄

�
Q E

1 =
mℓ

ω n̄ ·Pc

�
Q̄s [ω] /G

⊥
s [ωg ]

/n PR Hv

� �
X̄(ℓ)c PL νc̄

�
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Resummation

RG Evolution of all component functions in the virtual corrections to a common scale µ0:

µµ0 mZ

KEW

mB , mb

Hi

p
mBΛQCD

Ji

ΛQCD

Si

mµ

Ki

Achieves resummation of large logs in virtual corrections - up to subtraction Λ.

Recall: Endpoint subtraction shuffles contributions between soft functions and
jet-functions.

Choice for subtraction scale Λ:
Λ large ⇒ large logs in soft function logΛ/ΛQCD

Λ small ⇒ large logs in jet function logΛ/mB

our choice
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SCET-2 Matrix Elements

Matrix elements in SCET-2 factorize into soft, hadronic and collinear, leptonic:

〈ℓν|QX |B 〉 ∼ 〈0| j had
i |B 〉 × 〈ℓν| j lep

j |0〉

Hadronic (2-particle):

j had
1 (Λ,µ) = ūs θ̄T

�
i n̄ ·←−D s +Λ
�
/̄n PL bv Y (ℓ)†n ,

j had
2 (Λ,µ) = ūs θ̄T

�
i n̄ ·←−D s +Λ
�
/n PL bv Y (ℓ)†n ,

j had
3 (ω,µ) = Q̄s [ω] /̄n PL Hv ,

j had
4 (ω,µ) = Q̄s [ω] /n PL Hv ,

Leptonic:

j lep
1 (µ) =mℓ X̄

(ℓ)
c PL νc̄ ,

j lep
2 (x ,µ) = X̄(ℓ)c /A

⊥
c [x ]PL νc̄ ,

with the collinear functions:

K1(µ) = 1+Q 2
ℓ

α

2π

�
log2 µ

mℓ
− 5

2
log

µ

mℓ
+
π2

24
−1

�
K2(x ,µ) =−Qℓ

α

π
x
�

log
µ

mℓ
− log x − 1

2

�
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〈ℓν|QX |B 〉 ∼ 〈0| j had
i |B 〉 × 〈ℓν| j lep

j |0〉
Hadronic (2-particle):

j had
1 (Λ,µ) = ūs θ̄T

�
i n̄ ·←−D s +Λ
�
/̄n PL bv Y (ℓ)†n ,

j had
2 (Λ,µ) = ūs θ̄T

�
i n̄ ·←−D s +Λ
�
/n PL bv Y (ℓ)†n ,

j had
3 (ω,µ) = Q̄s [ω] /̄n PL Hv ,

j had
4 (ω,µ) = Q̄s [ω] /n PL Hv ,

Leptonic:

j lep
1 (µ) =mℓ X̄

(ℓ)
c PL νc̄ ,

j lep
2 (x ,µ) = X̄(ℓ)c /A

⊥
c [x ]PL νc̄ ,
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Soft-Function Renormalization

The hadronic soft functions of the subtracted operators, defined as®
0

����� ūs

�
1−θT

�−i n̄ ·←−D s

n̄ · v −Λ
��
/̄n PL bv Y (ℓ)†n

�����B
¸
=− i

p
mB

2
F−(Λ,µ) ,

renormalize non-trivially due to the presence of the subtraction scale Λ:

γF− (Λ,µ) = γhl(αs )+
2α

3π

�
1+

∫ µ
Λ

d ω̄

ω̄

UC (µ,ω̄)
Uhl(µ,ω̄)

exp
� α

9π
log2 µ

ω̄

��
Note the non-Linear dependence on logµ in the anomalous dimension!

(at every step along the µ trajectory, have to evolve the cutoff from Λ to µ)

Skipping over lots of details here: complete expressions require two-loop calculation,
expected to be generic to NLP SCET, ...

⇒ to be explored in more detail in future!
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Virtual Correction Resummed

When the dust settles, all virtual corrections are contained in a scary expression:

Rvirt = exp
�
−QℓQu

α

π

∫ µ0

mB

dµ′
µ′

∫ µ′
mB

d ω̄

ω̄
eUC (µ

′,ω̄)
�

F−(mB ,µ0)
FQCD(µ0)

×
�

1+
α

4π

�
3

2
Q 2
ℓ ln

µ2
0

m 2
ℓ

− 3

2
Q 2

b ln
µ2

0

m 2
B

− (2+ z )QℓQb ln
m 2

B

m 2
ℓ

+

�
π2

12
− 27

2

�
Q 2
ℓ

+

�
21

2
+

z 2 ln z

z −1
+ z −2Li2(1− z )− π2

12

�
QℓQb − (2+3 ln z )Q 2

b

�
+QℓQu

α

π

∫ µ0

mB

dµ′
µ′
eUC (µ′, mB )
1−δ(µ′)

−QℓQu
α

2π

�
1

1−δ(µ0)
ln

µ2
0

mBω−(µ0)
−h1

�
δ(µ0)
�� eUC (µ0, mB )

−QℓQu
α

π

eUC (µ0, mB )
1−δ(µ0)

∫ ∞
0

dω

∫ ∞
0

dωg ϕ
B
3g (ω,ωg ,µ0)

�
1

ωg
ln
ω+ωg

ω
− 1

ω+ωg

��
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Heavy-Hadron Chiral Perturbation Theory
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Modes and Scales in HHχPT

After integrating out pyhsics above ΛQCD and mℓ, relevant modes are those feeling the
radiation veto → modes with p0 ∼ Ecut in the B -frame

pµus ∼ Ecut “ultrasoft modes”

pµusc = (p
+
usc, p−usc, p⊥usc)∼ Ecut ·

�
m 2
ℓ

m 2
B

,1,
mℓ

mB

�
“ultrasoft-collinear modes”

The second mode is simply an ultrasoft mode boosted to the lepton rest frame!

Low energy theory deals with the scales:

µus ∼ Ecut µusc ∼ Ecutmℓ

mB

Note: virtual corrections are scaleless since they do not feel the radiation veto Ecut!
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EFT below the hadronic scale: Leptons

Since mµ ∼ΛQCD� Ecut→ leptons also considered infinitely heavy at the low scale!

Described by a boosted HLET with p
µ
ℓ =mℓ v

µ
ℓ [Fleming et al 2008] [Beneke, Finauri, Vos, Wei 2023]

ℓ̄γµPL νℓ → e i mℓ vℓ·x C (ℓ)†vℓ
(x )
�

h̄ (0)vℓ
γ
µ
⊥PL νc̄ +

mℓ

n̄ ·pℓ n̄µ h̄ (0)vℓ
PL νc̄

�
with an ultrasoft-collinear Wilson line

C (ℓ)vℓ
(x ) = exp

�
−i Qℓ e

∫ ∞
0

d s n ·Ausc (x + s vℓ)e
−ε|s |
�

Describes the ultrasoft radiation in the rest-frame of the lepton, boosted to the
B -meson frame.

Superscript “(0)” denotes decoupling (leading-power photon couplings in C
(ψ)
vℓ )

(superscript omitted from now on)
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EFT below the hadronic scale: Hadrons

The matching step µ∼ΛQCD takes us into the point-like meson regime:

B and B ∗ meson nearly mass-degenerate −→ collect into superfield

ΦB =
e −i m̄B v ·xp

2mB

1+ /v
2

�
/ρv −φvγ5

�
with a common rephasing by m̄B =mB +Λc .

At dimension-5, a single subleading operator responsible for a B B ∗γ coupling:

c HMET
dip

Qu e

8Λc
Tr
�
σµν H̄ H
�

F µνu s → e cB B ∗γ
2Λc

�
vµρ†ν

v φv

�
F̃ u s
µν + . . .

SU (2)v -breaking spurions give subleading operators:

− λ2

8mb
Tr
�
H̄
�
Cmagσ

µν
�

Hσµν
�
+ . . .

generate the mass-splitting: δB∗ = 2λ2Cmag/mb =
m 2

B ∗ −m 2
B

2mB
.
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EFT below the hadronic scale: Hadrons

The matching step µ∼ΛQCD takes us into the point-like meson regime:
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ΦB =
e −i m̄B v ·xp

2mB

1+ /v
2

�
/ρv −φvγ5

�
with a common rephasing by m̄B =mB +Λc .
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c HMET
dip

Qu e

8Λc
Tr
�
σµν H̄ H
�
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Low-Energy Lagrangian

Gathering our results so far, the low-energy Lagrangian takes the form:

LHMET =Lℓ+LH +LH ℓ

Lℓ = h̄vℓ i vℓ ·D hvℓ

LH =φ
†
v i v · ∂ φv −δmB φ

†
v φv −ρ†

v,µ i v · ∂ ρµv +δmB ∗ ρ
†
v,µρ

µ)
v

+
e cB B ∗γ

2Λc

�
vµρ†ν

v φv F̃ u s
µν +h.c.
�
+ . . .

LH ℓ = i
p

2G
(µ)
F Vu b Y

(B )
v C

(B )
n̄ Y (ℓ)†n C (ℓ)†vℓ

×
¨

yB f QCD
B mℓp
2mB

φv h̄vℓ PL νc̄ − f QCD
B ∗ mB ∗p

2mB ∗

�
y ⊥B ∗ h̄vℓ /ρ

⊥
v PL νc̄ + y ‖B ∗

mℓ

mB ∗
n̄ ·ρv h̄vℓPL νc̄

�«
... plus many more.
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Decay Topologies in the HMET

“Direct contribution”
from the Bℓν interactions,

yB f QCD
B mℓp
2mB

Y
(B )
v C

(B )
n̄ Y (ℓ)†n C (ℓ)†vℓ

φv h̄vℓ PL νc̄

chirally suppressed by the lepton mass

virtual corrections from yB , real corrections from Wilson lines

“Indirect contribution”
B B ∗γ transition, from the power-suppressed operator

e cB B ∗γ
2Λc

vµρ†ν
v φv F̃ u s

µν

subsequent B ∗→ ℓν decay unsuppressed

− y ⊥B ∗ f QCD
B ∗ mB ∗p
2mB ∗

Y
(B )
v C

(B )
n̄ Y (ℓ)†n C (ℓ)†vℓ

h̄vℓ /ρ
⊥
v PL νc̄
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Chiral Perturbation Theory

So far, we have ignored another important low-energy scale: fπ ∼ 130 MeV.

To implement the chiral SU (3)V , promote heavy-hadron field to a triplet: [Wise 1992]

H →Ha =
1+ /v

2

�
/ρv,a −φv,aγ5

�
and couple it to the pseudoscalar meson octet, with

Σ= ξ2 = exp

�
i
p

2πa λa

f

�
πa λap

2
=

 1p
2
π0+ 1p

6
η8 π+ K +

π− − 1p
2
π0+ 1p

6
η8 K 0

K − K̄ 0 −q 2
3 η8


The relevant terms can be written as:

LHHχPT =−1

2
Tr
�
H̄ i v ·D H
�
+

1

4
Tr
�
H̄ H v · L�− g

4
Tr
�
H̄ H /L γ5

�
+ . . .

with the left-handed meson current Lµ =Σi D µΣ.
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Pion Loops

Using our newly acquired Lagrangian, we can compute virtual corrections

A field redefinition H →Hξ† removes all but the second graph, which is power-suppressed.

Remaining graphs are wave-function corrections:

But these are absorbed by the decay constant.
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Pion Radiation

Are pions irrelevant then?

No! the HHχPT generates a new indirect contribution

L (π0)
HHχPT =

1

2
p

2 fπ
Tr
�
H̄ H t 3
�

v · ∂ π0− gB B ∗π
2
p

2 fπ
Tr
�
H̄ H t 3γµγ5

�
∂ µπ0 →

At first glance O (α2), but the pion is extremely narrow & almost exclusively decays to γγ:

Γπ ≈ Γ (π0→ γγ)≈ α2

64π3

m 3
π

f 2
π
≈ 7.8 eV

Effectively replaces the pion propagator by:

1

(sγγ−m 2
π)2+ (mπΓπ)2

→ π

mπΓπ
δ(sγγ−m 2

π) = O (α−2)

→ Turns out to be leading contribution once Ecut >mπ!
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Resummation of Real Radiation

Real corrections to the direct contribution are given by matrix elements of the ultrasoft and
ultrasoft-collinear Wilson lines

Wu s (ωu s ) =
∞∑

n=0

∫ n∏
i=1

d d−1q i

(2π)d−1 2Ei

���〈γn
u s |Y (B )v Y (ℓ)†n |0〉

���2δ�ωu s −
n∑

j=1

E j

�
Wu s c (ωu s c ) =

∞∑
n=0

∫ n∏
i=1

d d−1q i

(2π)d−1 2Ei

���〈γn
u s c |C (B )n̄ C (ℓ)†vℓ

|0〉
���2δ�ωu s c −

n∑
j=1

E j

�

convoluted in a radiation function

R (Ecut,µ) =

∫ ∞
0

dωu s

∫ ∞
0

dωu s c θ
�
Ecut−ωu s −ωu s c

�
Wu s (ωu s ,µ)Wu s c (ωu s c ,µ)

Convolution and renormalization best done in Laplace space, we obtain:

R (Ecut,µ) =

�
µ2 mB

(2Ecut)2 mℓ

�−γsoft e −2γE γsoft

Γ (1+2γsoft)

�
1+
αQ 2

ℓ

2π

�
2− π2

3

��
≡
�

µ2 mB

(2Ecut)2 mℓ

�−γsoft

W
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ultrasoft-collinear Wilson lines

Wu s (ωu s ) =
∞∑

n=0

∫ n∏
i=1

d d−1q i

(2π)d−1 2Ei

���〈γn
u s |Y (B )v Y (ℓ)†n |0〉

���2δ�ωu s −
n∑

j=1

E j

�
Wu s c (ωu s c ) =

∞∑
n=0

∫ n∏
i=1

d d−1q i

(2π)d−1 2Ei

���〈γn
u s c |C (B )n̄ C (ℓ)†vℓ

|0〉
���2δ�ωu s c −

n∑
j=1

E j

�
convoluted in a radiation function

R (Ecut,µ) =

∫ ∞
0

dωu s

∫ ∞
0

dωu s c θ
�
Ecut−ωu s −ωu s c

�
Wu s (ωu s ,µ)Wu s c (ωu s c ,µ)

Convolution and renormalization best done in Laplace space, we obtain:

R (Ecut,µ) =

�
µ2 mB

(2Ecut)2 mℓ

�−γsoft e −2γE γsoft

Γ (1+2γsoft)

�
1+
αQ 2

ℓ

2π

�
2− π2

3

��
≡
�

µ2 mB

(2Ecut)2 mℓ

�−γsoft

W
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Phenomenology
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Hadronic Input Parameters

Decay constants fπ, fB , fB ∗ well determined from the lattice. [FLAG 2024, HPQCD 2015, ETMC 2017]

For LCDA moments, we assume exponential models, yielding [Grozin, Neubert][Braun et al 2017]∫ ∞
0

dωϕB− (ω,µ0) ln
ω

ω0
=
λ2

E −λ2
H

18ω2
0

−γE∫ ∞
0

dω

∫ ∞
0

dωg ϕ
B
3g (ω,ωg ,µ0)

�
1

ωg
ln
ω+ωg

ω
− 1

ω+ωg

�
=
λ2

E −λ2
H

36ω2
0

.

with the inputs λE , λH ,ω0. [Nishikawa, Tanaka 2014][Khodjamirian et al 2020]

We take gB B ∗γ and gB B ∗π from LCSR and lattice, respectively. [Pullin, Zwicky 2021][RBC/UKQCD 2016]

The subtracted decay constant F−(Λ,µ) is a new and unknown quantity:

F−(Λ,µ) = FQCD(µ)
h
1+
α

π
f (1)(Λ,µ)+O �α2

�i
f (1)(µ0,µ0) = 0±1
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Decay Rate - Factorization Formula

electroweak logs ≈ 1.014

radiation-veto logs
0.94–0.96 for Ecut ∈ [25, 200]MeV

direct real radiation ≈ 1−1.69 ·10−3

structure-dependent virtual corrections
1+ (6.9±4.8 f (1) ±1.6ϕB

±1.1µ0
) ·10−3

indirect
contributions

Γ (Ecut)
Γtree

=
�
α(mZ )
α(mB )

� 9
20
�

2Ecut

mB

�2γsoft · W · R2
virt

+
m 2

B

m 2
ℓ

f 2
B ∗mB ∗

f 2
B mB

�
α

6π

�
gB B ∗γEcut

�2
I
�

0,
δB ∗
Ecut

�
+

g 2
B B ∗π

24π2

�
Ecut

fπ

�2
I
�

mπ

Ecut
,
δB ∗
Ecut

��
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Decay Rate vs Radiation Veto

direct contribution only

pion contribution dominates
quickly for Ecut >mπ

B B ∗γ contribution rises with Ecut

B1 estimated to be small

20 40 60 80 100 120 140 160

0.96

0.98

1.00

1.02

1.04

1.06

Implementation of radiation veto makes a crucial difference!
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Conclusions

We have analyzed the exclusive leptonic decay B → ℓν, which is an important channel
for tests of physics in SM and beyond.

QCD uncertainties < 1% at LO QED, but QED corrections are sizeable due to large
logarithms of lepton mass and photon cuts.

Beyond leading order in QED, radiative corrections probe the inner structure of the B
meson.

Energetic “hard-collinear” radiation exchange between the lepton and light spectator
quark described via non-local currents in SCET.

Subtraction of endpoint-divergences and rearrangement of the factorization theorem
introduces “generalized decay constant” F−(Λ,µ).

At low energies µ<ΛQCD structure-dependent corrections exist in the form of excited
virtual B mesons.

These corrections get more important the more energetic the photon is allowed to be.

Thanks for listening!
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