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 Data-driven approach for HVP : main error contribution

WQWM

<> cross section data o(ete™ — hadrons(-++))

S radiative-return experiments :
need of improvement for hadronic modeling for
Ty
S inclusion of description of hadronic matrix element
(dispersive)

e'e — 1T

LO terms : well-known dispersively

Pion VFF

v = 7T_|_7T_”)/ : crossed Compton tensor

SNDO06 = me
CMD-2 e | m—]

BaBar i
KLOE r oo je— i
BESIII — i
"__'__"__'_E§fii5§i5_"""_"_"_"'_____'__'__'__"__'__'__'___'__'__'__"__-"? __________________________________________
CMD-3 :Iz-é
7 o H
Lattice HVP Avg. 1} @

WP25 | ®

&~ FNAL-25
e FNAL-23

e | FNAL-21 :
: ; r | BNL-06 >

40

ISC:

FSC:

mixed:

[arXiv:2505.21476]

[arXiv:2410.22882]




Motivation : Importance of +*v"y — 77

NLO terms: 7'y — @7y (among others)

< FsQED : not sufficient, need to account for important intermediate states

< no dispersive description so far
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Motivation : Importance of +*v"y — 77

NLO terms: 7'y — @7y (among others)

< FsQED : not sufficient, need to account for important intermediate states

< no dispersive description so far

e Start withY"v"y — 77 in HLbL (soft photon case)

< systematic deviations still present for certain contributions :
necessary precision improvement

[arXiv:2410.22882]

< then consider hard photon case : useful for HVP




HLbL : 4-point vs triangle kinematics framework

Usual approach — dispersions relations for HLbL tensor in general four-point kinematics

» dispersion relations for singly-on-shell limit for basis of scalar functions

[arXiv:1506.01386]
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» dispersion relations for singly-on-shell limit for basis of scalar functions

take limit g, — O after writing dispersion relations
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HLbL : 4-point vs triangle kinematics framework

Usual approach — dispersions relations for HLbL tensor in general four-point kinematics

» dispersion relations for singly-on-shell limit for basis of scalar functions

take limit g, — O after writing dispersion relations
< kinematic singularities in the tensor basis — redundant set of structures

< spurious singularities in qiz : problem for individual contributions (spin-2 resonance)

sum rules not necessarily satisfied

New approach — dispersions relations for HLbL tensor in three-point kinematics

o first take g, — 0 limit then write dispersion relations

q2

di

4d3

[arXiv:1506.01386]
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HLbL : 4-point vs triangle kinematics framework

Usual approach — dispersions relations for HLbL tensor in general four-point kinematics

» dispersion relations for singly-on-shell limit for basis of scalar functions

take limit g, — O after writing dispersion relations
< kinematic singularities in the tensor basis — redundant set of structures

S spurious singularities In qiz : problem for individual contributions (spin-2 resonance)

sum rules not necessarily satisfied

New approach — dispersions relations for HLbL tensor in three-point kinematics

o first take g, — 0 limit then write dispersion relations

< no spurious singularities — evaluation of additional contributions

g2

di

di

4d3
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* 5-particle process 7" (q1)7" (q2)7" (q3) — m(p1)7(p2) : not attempt helicity partial-wave expansion




Equivalent unitary cuts in three-point kinematics

Y Y 0 Yy
Y v*
Y ~y -
_ +
* fy* 7T
g - "

* 5-particle process 7" (q1)7" (q2)7" (q3) — m(p1)7(p2) : not attempt helicity partial-wave expansion

reconstruct dispersively via hadronic sub-processes

* * ,y*
Y N T Y N T y T
X B >E)< ’ >(&)<
’y* T fy* T fy* T




Subprocesses for Y7y — w7

" " /y
 Basis for v*v*v — w7 in the soft photon limit : constructed ! g
P . 27
aqg erielig (p17p27Q17QQ) — ZBéLVA;J(QMQQaq{S)Ai(Sat_u7 Q%aqg)
o q3=0 i=1
ol T

* Projectors for v*~*~v — 7 : constructed [arXiv:2302.12264]




Subprocesses for Y7y — w7

Y T
e Basis for v*7*v — 77 in the soft photon limit : constructed i
P
a 27
e 1
B erielék(plap27QI7QQ) — ZB;,L (Q17QQ7Q5)Ai(Sat_u7 Q%aqg)
qgo‘ Q3:O i—1
ol T
* Projectors for v*~*~v — 7 : constructed [arXiv:2302.12264]
e Contributions :
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Y i Y T y P
_
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Subprocesses for Y7y — w7

Y 7
 Basis for v*v*v — w7 in the soft photon limit : constructed !
P 27
U O 1
M/riel/)\(plap27Q17QQ) — ZBéL ’ (Q17QQ7Q5)Ai(Sat_u7 Q%aqg)
0q &
3o 3=0 ;=1
ol 7
* Projectors for v*~*~v — 7 : constructed [arXiv:2302.12264]
e Contributions : tensor-meson pole & two-pion cut
o T ol ol
Y Y T y g
-
— + +
T
T T
,y* T ry* ’7* 7
o - \x
8 y i o
— +




The tensor-meson cut

Construct bases for sub-processes :
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The tensor-meson cut

y
Construct bases for sub-processes : o
tensor meson TFFs -5 BTT T
T
description of scattering amplitude for Tv* — 7w ) 7
y

BTT prescription : gauge invariance, remove poles, eliminate redundancies

8 structures
8

in the soft-photon limit: only 2 survive MCZ'L"L'&B _ Z T:aﬁﬁk
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The tensor-meson cut

y
Construct bases for sub-processes : o
tensor meson TFFs -5 BTT T
T
description of scattering amplitude for Tv* — 7w ) 7
y

BTT prescription : gauge invariance, remove poles, eliminate redundancies

8 structures
8

in the soft-photon limit: only 2 survive M:ppwcﬁ _ Z Tgaﬁﬁk
Y*TCTT

Compute imaginary parts:

Im, A;(s,t —u,qi,q5) = 76(s — m>)

* dispersion relations for contribution : possibly reconstruction theorem




The two-pion cut

Construct bases for sub-processes :




The two-pion cut
Construct bases for sub-processes : v* .
i 7
tr—scattering : partial-wave decomposition for fixed isospin / amplitude
< for ¥ vy — 77 : only odd partial waves
-
o d
7



general expansion over Pi(z)

The two-pion cut
Construct bases for sub-processes : v* .
Y T
tr—scattering : partial-wave decomposition for fixed isospin / amplitude
< for ¥ vy — 77 : only odd partial waves
-
* sub-process v*v*y — 7w : Omneés problem " T
< not attempt helicity partial-wave expansion :
7



The two-pion cut

Construct bases for sub-processes :

! T
. U T
tr—scattering : partial-wave decomposition for fixed isospin / amplitude
for v*v"y — 77 : only odd partial waves
-
o d

* sub-process v*v*y — 7w : Omneés problem

< not attempt helicity partial-wave expansion :
general expansion over Pj(z)

/_1?/111(8, Zl) _ _resc.(S’ Z/) 4+ Agensor(sj Z/)

’I:,

o - v
Y T Y
T
T
T
~
,)/* T ,y*

< Inhomogeneous contribution from tensor-pole




Compute imaginary parts: for only P-wave contributing to w7r—scattering

Imgﬂflz _ Imﬁwaéresc.(s) _ [aéresc.(s) 4 Fz_inh.(s)} . Sin 5%(8)6—2'5%(8)

S




Compute imaginary parts: for only P-wave contributing to w7r—scattering

S

Imgﬂfl@ _ Imﬁwaéresc.(s) _ [aéresc.(s) 4 Fz_inh.(s)} . sin 5%(3)6—2'5%(8)

 scalar function contributions : inhomogeneous Omnes solution

_ I sind;(s’) - . _
Agesc. — O (s Pl(s i / dS/ 1 Filnh. S/ , with F-mh' _ A’gensor,P
1( ) ( ) T A |Ql(3/)‘(3/ _ S) ( ) ) (S) )

< account for asymptotic behavior




Compute imaginary parts: for only P-wave contributing to w7r—scattering

S

Imgﬂfl@ _ Imﬁﬂaéresc.(s) _ [aéresc.(s) 4 Fz_inh.(s)} . sin 5%(3)6—2'5%(8)

 scalar function contributions : inhomogeneous Omnes solution

_ I sind;(s’) - . _
Agesc. — O (s Pl(s i / dS/ 1 Filnh. S/ , with F-mh' _ A’gensor,P
1( ) ( ) T A ‘Ql(s/)‘(sl _ S) ( ) ) (S) )

< account for asymptotic behavior

tensor-pole contribution: for P-wave case (J=1) : only 1 scalar function fk contributes

5 8
- \ N\ 1 1 -
Im’SI‘ Ai(s,t — U,Q%,qg) = (s — m%) > > Wtj,k 'FJT(Q%vqg)fk(qgao)

> >
j=1k=1 I




Compute imaginary parts: for only P-wave contributing to w7r—scattering

Imgﬂfl@ _ Imﬁﬂaéresc.(s) _ [aéresc.(s) 4 Fz_inh.(s)} . sin 5%(3)6—2'5%(8)

S

 scalar function contributions : inhomogeneous Omnes solution

_ I sind;(s’) - . _
Agesc. — O (s Pl(s i / dS/ 1 Filnh. S/ , with F-mh' _ A’gensor,P
1( ) ( ) T A ‘Ql(s/)‘(sl _ S) ( ) ) (S) )

< account for asymptotic behavior

tensor-pole contribution: for P-wave case (J=1) : only 1 scalar function fk contributes

< only s-dependence (for J = 1)

5
~inh. 1tensor,P d ) r
Finh (g) = AP (g) = — Nt FL(¢3, q3) Fi(m, 0)

Z ma(s — m%)

g=1




Compute imaginary parts: for only P-wave contributing to w7r—scattering

Imgﬂfl@ _ Imﬁﬂaéresc.(s) _ [aéresc.(s) 4 Fz_inh.(s)} . sin 5%(3)6—2'5%(8)

S

 scalar function contributions : inhomogeneous Omnes solution

_ I sind;(s’) - . _
Agesc. — O (s Pl(s i / dS/ 1 Filnh. S/ , with F-mh' _ A’gensor,P
1( ) ( ) T A ‘Ql(s/)‘(sl _ S) ( ) ) (S) )

< account for asymptotic behavior

tensor-pole contribution: for P-wave case (J=1) : only 1 scalar function fk contributes

< only s-dependence (for J = 1)

5
~inh. 1tensor,P T ) r
Finh (g) = AP (g) = — Nt FE (g3, q3) Fi(m, 0)

Z ma(s — m%)

g=1

< need TFFs and ]:"k — Emilis’ talk
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S set up dispersion relations for tensor-meson pole contribution

< necessary input for scalar functions : T — v*y* , Ty — & for f2(1270)

+ Fully study and understand the results of scalar functions A,

HLbL

< compute contributions to a,




Conclusions & Outlook

* Dispersive construction of scalar functions for v"v*y — 7r : tensor-meson pole & two-pion cut

S set up dispersion relations for tensor-meson pole contribution

< necessary input for scalar functions : T — v*y* , Ty — & for f2(1270)

+ Fully study and understand the results of scalar functions A,

HLbL

< compute contribution to a,,

+ Steps towards the hard-photon case : 5-particle process

< hadronic modeling for radiative corrections
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B1. Bardeen-Tung-Tarrach

 Bardeen-Tung-Tarrach (BTT) prescription for the scattering amplitude

Lorentz decomposition of the amplitude M** = Z T,MAi

-“'\‘
1. consider all possible combinations of Lorentz structures

< building blocks: external momenta, metric, Levi-Civita
viq;

V- (g,

2. ensure gauge invariance (via projectors): [#* = gt

3. remove poles (via linear combinations)

4. consider physical properties of the process

S photon crossing symmetry, Bose symmetry

5. identify and deal with Tarrach redundancies in the basis




B.2 Construction of Y"v*v — w7 basis

Focusing on the process™ "y — mw  in the soft photon limit

*

~y
28

o, 5 ~ -
aqg MyegA(p17p27Q17QQ) — ZT@'MV ’a(q17QZ7q5)Ai(Sat_U7Q%7q§)
o 3=0 =1

B

Y < with one redundancy raining:

[arXiv:2302.12264] N o o o o -
0=(0—u)™T"" — (61 —¢ —s)(ai — o +8)T5; 7" + (61 + a5 — )Tz

 Change of basis

o,
36]30

27
A; 1
Mge’?(plap% di, QQ) — ZB;%LV J(Qla q2, Q5)AZ(S7t — U, Q%a qg)
— 1=1

S with certain kinematic constraints for scalar functions




B.3 Projectors for 7" v*y — 7w

Building projectors for vy y — mm

27
0 2 P ¥Hea A
8Q3 MgegA(plap27QI7QQ) — ZBf ’ (Q17QQ7Q5)Ai(S7t_u7Q%7qg)
o 3=0 =1

B,ul/)\;a — 5.

* isolate each scalar function: P; . B; ij

Definition of projectors : P17 = C; T}

< contracting & inverting matrix of coefficients : C,, = Io7 CTM ™!

e
S preservation of matrix rank: CTM 27x27) := Tk,uz/)\aB;;u

inversion of matrix via C++ program [arXiv:1904.00009v2]




B.4 Expansion with Legendre polynomials

* Taking Imaginary part:

T 1 2] + 1 i T
Img"a’(s) = 5 /_1 dz Pj(z)Im};" A;(2)

2.] =+ 1 i T 2! UNO A
5 / dZPj(Z) Ims (P@MV)\;J . ];BZ T AL | =

—1

C2j+1

Im™™ a’(s) 5

S J

41 27
/ dz Pj(2) Pi,pwrio -y BN - ImI T Ay(s, 2)

—1 k=1

replace the unitarity
relation In here

** Macfarlane, A. J. "Relativistic partial wave analysis." Reviews of Modern Physics 34.1 (1962): 41.




B.5 Tensor-meson pole cut (extra results)

structures 22 and 27 do not
have contributing terms :)

» s,t,u dependance in the coefficients ¢’ ,

< 21 non-zero 5x8 matrices of coefficients, e.qg.

(t —u)*(m% —q7 + ¢3)
2(q7 — 43)

1 2 1 2 2 2 3 2 3 _
t3,1_2mT7 ty1 =91 —qa — M7, t3,5—(t—u), ty5 =




B.6 Two-pion cut (extra calculation)

Computation of imaginary parts:

X

~y

27

T 1 Tesc 2 T 1 i ’ 1%
Ims CLj (S) — J 9 /1 dZPJ (Z) Pz',,uy)\;g(S,h — Ul) - / dHQ (T(I)(plpg — k'l k‘z)) E B H A(ql da, ]{5) A (S tg — U3)
o /=1

—

121?/111(8, Z/) _ Ag,esc.(sj Z,) + A‘?c:ensor(s, Z/)

. 27 + 1) 1
Img"a’™(s) = (J+ Z (2J + 1) sin 6% (s _ZéJ(Sy z/ dz’ / do' P;(z)Pj (20 ZC’” 2,2, 20) Afun( ,2')

J

Ai =) ai(s) - Pj(z)

J

+22

1




Kinematics for subprocesses:

Y (q1)7v*(q2)v(q3) — m(k1)m(k2) — w(p1)7(p2)

log — U9

2o = cos 0 cos @ + cos (¢ — ¢’ )sinfsin 6 = s —I02)

t3 — Uus
o= ()AV2 (s, 47, 43)

2/ = cosf =




cross-check for v*~v* — 7w

S forJ=0:

Imgwaé resc.(S) _ _a(l) resc.(S) 4 Flinh.( ) . gin 58(8)6—i58(s)

Imgwag resc. (8) _ CL% resc. (S) 4 F2inh.( ) . gin 58(8)6—2'58(8)

Imgwag resc. (S) _ mgﬂa% resc. (S) _ Imgwag resc.(S) — 0 53 l I
A (s, 2") = AP (s, 2')
< solution for inhomogeneous Omnes problem :

:ao

0O 0 in89(s’ Finh. /
All'esc. 1resc.(8) L 0(3) '/4 ds’ S111 O(S ) 1 (8 )

; p same to the results from the helicity partial-wave
Qo(s")] (s =) L
approach ( S-wave contribution )

0 o0 in89(s’ Finh. /
Arese. _ gzresc. gy _ Shol(9) / ds' S0 () Fy (s [arXiv:1905.13198]
4

T Jamz o [Q0(8)] (8" = s)

T M%

Agesc. :AZGSC. — AEGSC. — O




Two-pion cut (extra calculation): ~"~+* — 77

Im™™ 1 resc. o (2]_|_ 1) 9] 5 —7,5J(s) +1d d P P C.., Afull /
Mg a; (5) = Z( + 1) sin & ( dz 2 ¢’ 7(20 Z iir (8,2, 2’ ,20) Ay (372)

87
J
A (s, 2") = A5 (5, 2)) + Fy (ai) Fy (45) A7 (s, 2")
_ / I\ e 0l I e Y,
2o = cos B cosf 4+ cos(p — ¢ )sinfsinf = 2" - 2+ cos(¢p — @' )sinfsin b

5

27+ 1
:( J T ) Z(QJ -+ 1) Sin (SI( _16‘](87‘ Zﬁﬂl PJ ZO) Z C’ii’(sa 2 Z/a ZO) ' AEOFH(S, Z/)

ST
J i’ =1

(27 +1) T it [ AR S
o Z(QJ + 1) sind;(s)e "7 dz dz do' P;(2)
~1 ~1 0

J

X (PJ(Z)PJ(Z’) +2) ( P (2) Py (27) cos (m(¢ — qb’))) |

m=1

27+ 1
:( j+ 1) Z(2J+ 1)sin 6% (s)e —i0;(s) {I(Pl) + I(PQ)}

87'(' Born Born
J




B.7 Tensor TFFs




