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Resummation formalism

Why bother?

Fixed-order calculations beyond one-loop are difficult: for radiative return experiments, this
requires the calculation of a B-point amplitude at two-loops with two masses: many scales!

By approximating the amplitude, can probe the
dominating effects coming from radiative corrections.

When two-loop amplitudes become available, these
will provide checks on soft phase-space regions.

Recently observed tensions in fixed-order calculations:
could be resolved with an independent calculation.

E. Budassi, C.M.C. Calame, M. Ghilardi et al. [2601.19530]

Route chosen: YFS exponentiation.

Yennie, Frauschi, Suura [Annals Phys. 13 (1961) 379-452]
S. Jadach,B.F.L. Ward,Z. Was [0006359]

Frank Krauss, Alan Price,Marek Schonherr [2203.10948]
This talk: pions only, with FXsQED (same analyses can be done for muons)

tree-level process corrected
with soft photons



https://arxiv.org/pdf/2601.19530
https://arxiv.org/search/hep-ph?searchtype=author&query=Jadach,+S
https://arxiv.org/search/hep-ph?searchtype=author&query=Ward,+B
https://arxiv.org/search/hep-ph?searchtype=author&query=Was,+Z
https://arxiv.org/abs/hep-ph/0006359
https://arxiv.org/search/hep-ph?searchtype=author&query=Krauss,+F
https://arxiv.org/search/hep-ph?searchtype=author&query=Price,+A
https://arxiv.org/search/hep-ph?searchtype=author&query=Sch%C3%B6nherr,+M
https://arxiv.org/abs/2203.10948

Resummation formalism

IMaster Formula

Controls the IR divergences in QED at all orders.

Assumption: all fermions must be massive: no collinear singularities (but collinear logs).
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No approximations here!

Accuracy at fixed-order directly related to the accuracy of the ff's.

Note: need momenta mappings to map n-photon events to i-photon events for f. 3



Resummation formalism

YFS Form Factor
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with the YFS Form Factor Y(Q) = zaz R <B(pi,pj) + B(p;, p; Q)) fermions and hadrons dipoles
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Resummation formalism

YFS Form Factor

aYep()

. _ : € 2
Schematically: 0 = ZJ (dLps)n 40— D |,

n, °L Y" el

The real photons are emitted in the resolved domain €2

The form factor is calculated in the unresolved domain Yn(Q) = Ye(Q) + Y,

After integration, the cross-section is independent of the definition of Q

Sherpa, KKMC use a non Lorentz-Invariant parametrisation of the domain.

Results for the integrals are analytical, but weights have to be corrected.
S. Jadach, B.F.L. Ward, Z. Was [0006359]

We compute it in dim-reg in a Lorentz-Invariant way: no further corrections needed.

The integral is evaluated numerically (quadrature). o |
J. Williams [Quadpack github]



https://arxiv.org/abs/hep-ph/0006359
https://github.com/jacobwilliams/quadpack

Resummation formalism

YFS Form Factor

Q) =2a ), % (B(psp) + Bpp Q)

1<J

2 2
dk [ 2p—k 2p; + k L p D
B(pyp)) J— < ~’ B(p;p;, Q) J d*k 5(k2) f
k= \ k*=2k-p; k*+2k-p, O pi-k pj-k

Define: Q = {K k < \/Ea)} with: K =p(e?) +ple™) Inthelab frame: Q = {Ey < a)}

In the (p;, p;) rest frame, rotated, we have Q={|k|(p’—p-k)} with: p0 = EO
px=\/ (E;.l))z—sl-j sin ©
By Lorentz Invariance, we calculate the real integral in this domain. p’=0

_ (Dy2 _
pz—\/(El.j ) sijcos®



Resummation formalism

YFS Form Factor

1 22 (9)

. » : € 2
Schematically: o = ZJ (dLlpS)nerz ) Z | A ., |

n, °8 " hel

Define: @ ={K-k<vfso} with: K=ple)+pe") Inthelobframe: @ ={E <o}

0)2

~ a
YFF(ppp]aQ) =4_]Z' pllegT+QZ]+vl]

/ |

Extensive list of checks possible, from small photon mass result or direct dim-reg result.

K. Hamilton, P. Richardson [0603034] G. Passarino [0108255]



https://arxiv.org/pdf/hep-ph/0108255
https://arxiv.org/abs/hep-ph/0603034

Resummation formalism

Form Factor Decomposition / Tensor Decomposition

n

| anFF Y |
0o = ZJ (dLips), +2 ] Z Z (Hsi¢l> p(P) At LO, we have p' = 4"

n, & V" hel | ¢pell, F1'r \ i=1

Form Factor Decomposition at / [oops:

Example:




Form Factor decomposition of the amplitude

Structure of the amplitude

0o = ZJ (dLipS)nerz €n ' Z

aYrp

n °82 7" hel

Z ( Si(pi) p(P) At LO, we have pY = 4"

d€e[l, F]"r \ i=1

Form Factor Decomposition at / [oops:

- Works for massless or massive particles

» The number of tensors / FFs does

- The coefficients in the FFs can be

not depend on the number of loops

nuge beyond LO, optimisation required (ongoing work) 9



Form Factor decomposition of the amplitude

Eikonal Approximation

In the soft limit (all photons soft):

M(mry(k))...y(k,)) = MM (xr) X s(ky)...s(k,)

In particular, for radiative return processes at LO+resummation, we need for each helicity:
M (rry(k)) — MM (rr) X s(k)
To ensure that the phases are right, rewrite all spinors for mmy and m min a consistent way:

2
b_ __Pi ot = ot -
pl =pi—xp, X i=et, e ,nt, 1

| 2pi°p;/,

p, =p,

Note: phases must be consistent between ISR and FSR.

10



Form Factor decomposition of the amplitude

Eikonal check - R(ratio), all helicities

ISR FSR
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M (zry(K)  for 1SR and FSR for each helicity configurations (~200 events)
M (nr) % s(k) .

Ratio of amplitudes



Form Factor decomposition of the amplitude

Momenta mappings
To evaluate the resummed amplitudes, we need momenta mappings:
eTe” > yl...yn) — (e+e_ — 7Z'+7Z'_}/1...]/l-)

which map n-photon events to i-photon events (i<n).

Scan mode: Radiative return:
- LO resummed: P, LOresummed: P, P,
- NLO resummed: D, _,, -NLO resummed: P, .,

In particular, the eikonal limit should be written as:

M(zry(k)) = M(P_o(n7y)) X s(k)
12



Momentum Mapping: 1l-photon - 0-photon

dashed = before | solid = after
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e+ after
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Momentum conservation

P=P(e*)+P(e-) - P(mt*) - P(m~) - P(y)

BEFORE P = (+0.0000, -0.0000, -0.0000, -0.0000)

|IP]| = 1.161099e-16 GeV

AFTER P = (+0.0000, +0.0000, +0.0000, +0.0000)

|IP]| = 1.494683e-16 GeV

[GeV]
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Momentum Mapping: 1l-photon - 0-photon

dashed = before | solid = after | axes: x, z (horiz), y (vert)
e+ before
e+ after
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pi- before
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P=P(e*)+P(e-) - P(m*) - P(mt~) - P(y)

BEFORE P = (-0.0000, -0.0000, -0.0000, -0.0000)

|IP]| = 1.191825e-16 GeV
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[GeV]
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Structure of the code

Scan experiment processes, LO+ Resummation

anFF by 5
. - — ; i O
Master Formula: 618" = Z J (ALipS), 12—, Z 2 s? ) poP)
n, °L V" hel | @€l FI" \ i=I
For each photon multiplicity
Generate event G. P. Lepage [VEGAS]
G. P. Lepage [2009.05112]
Evaluate amplitude T. Dave, P. Petit Rosas, W. Torres Bobadilla, J.P. [2604.16251]

A. Denner, S. Dittmaier, L. Hofer [1407.0087]

Evaluate YFS form factor

Fill histograms

G. Passarino [0108255]

15


https://www.sciencedirect.com/science/article/pii/0021999178900049
https://arxiv.org/pdf/2009.05112
https://arxiv.org/pdf/hep-ph/0108255
https://arxiv.org/abs/1407.0087
https://arxiv.org/abs/2604.16251

SCAN MODE



Scan mode

LO Test

cost ~ Haverage
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— Evmin:]-oi4 e e —mimo P+ >O45X\/§/2 |§\<O25rad — Emin:10_4 e e —swiwT D4 >045x\/§/2 \£\<025rad

—_— E, =107 Vs =0.7GeV —_— F,,=10"" Vs =0.7GeV 17



Results from LO + resummation, CMD scenario

cosf ~ £ My
o [pbl: o [pb]: . e [pbl:
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600 BY NLO =570+ 0.0045 BY NLO =57040.0039 BY NLO =570+0.0038
CEEX =547.54+0.17 CEEX =547.5+0.17 CEEX =547540.17
500 103
104
| 400 S 10!
&
o ~ < 10
Q ~ =
= 300 ) ~
= © 108 3
e 101
200
100 -3
102 10
0 -‘; L—
1.2 1.2 1.2
o o o
= 1.1 7 1.1 . 1.1
S~ S~ S~
<1 <1 <1
Ed ] [
63 0.9 - 63 0.9 63 0.9
y~ T N

—c
(N0 ¢}

—_
—_

CEEX /NLO
>
/
CEEX /NLO
)
CEEX /NLO

—_
—_

—_
p— —_
e —
>

Y o

o
o0
o
o
o
o0

—0.6 0.4 0.2 0 0.2 0.4 0.6 0 0.05 0.1 0.15 0.2 0.25 0.45 0.5 0.55 0.6 0.65 0.7
cosf ~ 13 My
B =103 —— BabaYaga LO V5 =0.7CGeV |0¢)| < 0.15rad Epyn =103 — BabaYaga LO Vs =0.7GeV |0p| < 0.15rad E,n,=10"3 — BabaYaga LO V5 =0.7GeV [0¢] < 0.15rad
—— Fu,=10"* —— BabaYaga NLO PS Irad <@, <7—1lrad €] < 0.25rad —— E,»=10"* —— BabaYaga NLO PS Lrad <,y <7 —1rad €] <0.25rad —— E,,. —=10* —— BabaYaga NLO PS 1rad <6, <7 — lrad €] < 0.25rad
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Resummed results do not depend on Emin: strong test of the soft limit handling in the code
The K-factor between LO and LO-resummed is similar to LO-NLOPS K-factor 18



NLO calculation

Next-to-Leading Order truncation

Master Formula:

aYrp ny o 1)(P k)
ONLO = Z[ (a'LipS)nﬁ_2 en ' Z Z ( Sl¢z> ﬁ(l) 4+ Z 1

n, S8 Y"  hel | ¢ell, FI™

19



NLO calculation

Next-to-Leading Order truncation

Master Formula:

aYrp

: € i b 1 o {1)(P9 k])
ONLO = Z[ (dLips), .- ] Z 2 HSi i ﬁé '+ Z
J=1

¢
n, 9 7" hel | gell, FI'7 \ i=1 3

Truncate this (YFS FF, eikonal products, betas):

1
WO = J (@PS)| |- 101" (1 + ¥y + ) + 2ke ('/% Lo (/”’ii” - EaYvﬂw> ) + [ (dPS)y | Mg |
Q
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NLO calculation

Next-to-Leading Order truncation

Master Formula:

aYrp ny 1)(P k)
ONLO = Z[ (dLipS)ny+2en' 2 Z (H ) ﬁ(l)_l_z 1

n, °< V" hel | ¢e[l, F]'r \ i=1

Truncate this (YFS FF, eikonal products, betas):

1
WO = J (@PS)| |- 101" (1 + ¥y + ) + 2ke ('/% Lo (/”’ii” - EaYvﬂw>) + [ (dPS)y | Mg |
Q

Exactly equivalent to a subtraction scheme: S§ = JS = aYy | M, , |
@)



Form Factor decomposition of the amplitude

Next-to-Leading Order

IR Uv
(1) a_1 4 virtual | €t
One loop: Py’ = ap- | az YFS;; |
€IR Cuv Cuv

i<j
IR pole cancels exactly with the virtual YFS form factor pole and has expected
structure from known IR operators

UV pole cancels with renormalisation S. Catani, S. Dittmaier, Z. Trocsanyi [0011222]

Real emission: For iy, ,Bl(l) is known up to @(e?) (needed for higher-order calculations)
T. Dave, P. Petit Rosas, W. Torres Bobadilla, J.P. [2604.16251]

20


https://arxiv.org/abs/hep-ph/0011222

NLO, CMD scenario

cosf ~ £ My
600 o [pb]: 105 T o [pbl: 105 o [pb]:
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cosf ~ £ Mgy
B m=1073 — BabaYaga NLO lrad <,,, <m—1rad [0¢] < 0.15rad E,m=1073 — BabaYaga NLO lrad <,,, <m—1rad |0¢| < 0.15rad E,,=10"° — BabaYaga NLO Irad <,, <7 —1lrad |6¢] < 0.15rad
— Euy=10" e e —smiTo P >0.45 xV5/2 ¢} <0.25rad — Eu=10" e e —miw P >0.45 xV5/2 €] <0.25rad —— Eyn=10"1 e e ot pe >0.45x V5 /2 €| < 0.25rad
—— Epin =107 Vs =0.7GeV —_— =10 V5 =0.7GeV —_— . =10 V5 =0.7GeV

As Emin goes to O, the predictions converge to NLO: perfect agreement with BabaYaga

This is the result of the truncation of the resummed results (Up to 1 photon).
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NLO resummed CMD scenario

cosf ~ £

Mgy
600 o [pbl: 105 o [pb]: o [pbl:
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cosf ~ 13 My
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hese are not right yet: Emin dependency which hints at a problem in the soft limit.

Few percents discrepancy between 2 orders of magnitude for Emin. ”



Radiative Return



Radiative Return

KLOE-LA



Radiative return

LO Test - KLOE Large Angle

0+ Ad
(o [pbl: ‘ 0.08 (o [pbl:
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25



Results from LO + resummation

L O Resummation Test -

KLOE Large Angle

Ad
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These are notright yet:

Few percents discrepancy between 2 orders of magnitude

- dependency which hints at a
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oroblem in the soft limit.
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Radiative return

LO Test - KLOE Small Angle
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Results from LO + resummation

LO Resummation Test - KLOE Small Angle
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Conclusion

summary

- YFS Form Factor calculation is understood: checked against known results in the literature.

- Eikonal approximation works at the level of the amplitude, for multi-photon events.

- Truncation of resummation to LO (radiative return) and NLO (scan mode) acecuracy is working.

- Preliminary resummed results are encouraging.

Outlook

- Convergence with respect to £, . - needs to be understood for NLO scan mode, LO radiative
return: need to perform more tests on the soft limit.

- NLO exact (truncation) for radiative return, using YFS as a subtraction scheme.
- NLO resummed for radiative return, using helicity amplitudes already obtained.

- MC comparisons with BabaYaga@NLOPS, Sherpa YFS, KKMC to test the resummation.



Thank you!



