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Goal of this talk

Look ahead to see how we might reach the precision 
needs of current and future e+e- colliders

 - low and high energy  

Technology for underlying amplitude computations is 
the same independent of the collider

Different phase spaces can have a big effect on 
practical applications for precision phenomenology

Let’s look at a few state-of-the art examples as 
motivation for discussion

other talks this week: 
Rocco, Pozzoli, Dave
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Figure 4: Di!erential distribution with respect to ωav for the Belle-like scenario. The blue, orange,
and green curves in the upper panel correspond to LO-, NLO-, and NNLO-precise distributions,
respectively. The size of NNLO photonic and non-photonic corrections are presented in the lower
panel with respect to the NLO distribution, with varying enhancing factors for the latter.
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FIG. 3. The R32 as a function of the top-quark pair invariant
mass in the hard-jet phase space, through LO (green), NLO
(blue), and NNLO (red) QCD. The top panel shows abso-
lute predictions, while the bottom panel shows ratios relative
to the central NLO QCD prediction. The solid lines show
the central predictions and the colored bands the envelope of
seven-point scale variations.

negative, reaching about →7% in the lowest bin. This
behavior indicates some perturbative instability. Addi-
tionally, close to the tt̄ threshold, Coulomb e!ects, which
are of sub-leading color nature [50], become important,
which might limit the validity of the two-loop finite re-
mainder leading color approximation.

IV. CONCLUSIONS

We presented predictions for cross sections for the pro-
duction of top-quark pair in association with a recon-
structed jet through NNLO QCD at the 13 TeV LHC.
The impact of higher-order corrections to di!erential ob-
servables relevant for LHC phenomenology suggests that
NNLO QCD corrections are essential to achieve sub-10%
theoretical precision. Besides the nominal impact, we
studied estimates of theoretical uncertainties arising from
missing higher orders due to scale variation and a TNP-
based approach. We found the expected substantial re-
duction in the remaining uncertainty (to about ±10%),
consistent across both methods, when including second-
order corrections. Also, we studied the impact of missing
sub-leading color contributions arising from terms in the
two-loop finite remainder, which add another 3→ 4% un-
certainty to the absolute NNLO QCD predictions at high
transverse momentum or invariant mass. Finally, we in-

vestigated ratios to inclusive top-quark pair production
cross sections and found strong sensitivity to higher-order
corrections and possibly sub-leading color e!ects at low
invariant mass.

The present work represents only the starting point of
a detailed investigation of the second-order QCD correc-
tions to the top-quark pair plus jet process. A crucial
next step is to study the mass dependence in the ω ob-
servable at this order in perturbation theory. Also the
impact of the sub-leading color terms needs to be un-
derstood more rigorously. A possibility might be o!ered
in the high energy limit, where the top-quarks are quasi
massless, where a comparison with (massified [51–53])
massless two-loop five-parton amplitudes [54–56] could
be performed, as these are known in full color. A fur-
ther future extension is the inclusion of top-quark decays
within the NWA. Finally, tt̄j NNLO QCD cross sections
could be viewed as input for an N3LO QCD inclusive
cross section computation within a slicing scheme, simi-
lar to recent achievements in color singlet production [57–
60].
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FIG. 3. Spin-orbit (left-hand panel) and spin-squared (right-hand panel) contributions to the binding energy, for an equal-mass
BBH, as a function of the (quasi-circular) velocity v = (M ω̇)2/3, for the (calibrated) SEOBNRv5 with (a6,dSO) and (uncalibrated)
SEOB-PM Hamiltonians at di!erent PM orders. The vertical line represents the merger of the NR configuration (the one at the
lowest velocity among those used), with the number of GW cycles (top axis) referring to the same simulation. The shaded
regions are estimates of the NR uncertainty [170]. The lower panel shows the absolute value of the fractional di!erence. The
feature in the lower-right panel around v → 0.4 is due to a zero-crossing.

of these functions in Cython [171], and this leads to an
e!cient numerical evaluation within pySEOBNR [156].

Comparing SEOB-PM and NR binding energies
during the inspiral – In EOB models one has access
to the binary’s dynamics, which enables testing their ac-
curacy by comparing (gauge-invariant) dynamical quan-
tities such as the binding energy [118, 170, 172–174] and
periastron advance [175, 176]. As SEOBNR-PM’s essential
new feature is its PM-informed SEOB-PM Hamiltonian,
the binding energy is a particularly relevant quantity to
compare with NR data. Previous comparisons in the non-
spinning case [118, 165] have focused on the binding en-
ergy computed for circular orbits (i.e., ignoring radiation-
reaction e”ects), although Ref. [165] investigated the ef-
fect of neglecting dissipation (see Fig. 6 therein). We
instead compute the (dimensionless) binding energy by
evaluating E = (HEOB →M)/µ along the inspiraling dy-
namics, and compare with NR–binding-energy data from
Ref. [170]. Fig. 2 shows the EOB and NR non-spinning
binding energies as a function of the (quasi-circular) ve-
locity parameter v = (M ω̇)1/3, for SEOBNRv5 with a6 and
SEOB-PM for circular orbits and along an inspiral. We
stress that for the former, a 5PN-unknown parameter
(a6) in the A-potential has been calibrated against 18
non-spinning simulations (see below). Both models show
excellent agreement with NR during most of the inspiral,
with errors within the NR uncertainty (represented by
the gray region) until around 1 GW cycle before merger.
The (uncalibrated) SEOB-PM maintains agreement within
NR error up to slightly higher velocities for higher mass
ratios, and it has much better agreement than when com-
puted on circular orbits [118, 165].

We also extract di”erent spin contributions to the
binding energy by combining results from NR simula-

tions for various equal-mass spin combinations [170, 177]:
ESO = →

1

6
E(→0.6, 0)+ 8

3
E(0.3, 0)→2E(0, 0)→ 1

2
E(0.6, 0)+

O(S3) and ES2 = 3

2
E(→0.6, 0) → 2E(0, 0) + 3

2
E(0.6, 0) →

E(0.6,→0.6) +O(S3), where E(ε1,ε2) denotes the bind-
ing energy in a simulation with dimensionless spins εi.
In Fig. 3 we illustrate the spin-orbit and spin-squared
contributions for an equal-mass BBH to the binding en-
ergy for the (uncalibrated) SEOB-PM at di”erent PM or-
ders, as compared with NR and with the (calibrated)
SEOBNRv5 with (a6, dSO). Despite not being calibrated
to NR, SEOB-PM shows excellent agreement with the NR
results, with a clear convergence toward the NR predic-
tion, as more PM corrections are included. Its accuracy is
somewhat better than SEOBNRv5, despite the latter model
using a Hamiltonian calibrated in the non-spinning (a6)
and spin-orbit coupling (dSO) sector (see below).

Calibration to numerical-relativity waveforms –
As discussed, the accuracy of EOB inspiral-merger-
ringdown waveforms can be enhanced through calibra-
tion to NR simulations. For the inspiral-plunge stage,
this is generally achieved by introducing in the Hamilto-
nian high-order (still unknown) PN terms, whose coef-
ficients are tuned to NR, and fitting the time of merger
(i.e., the (2,2)-mode’s peak time) to NR. In the SEOBNRv5
model [93], which was built integrating PN results in
the Hamiltonian, three calibration parameters were em-
ployed: (#tNR, a6, dSO). The parameter #tNR is defined
by t

22

peak
= tISCO +#tNR (see also Eq. (2)), where tISCO

is the time at which r = rISCO, with rISCO the radius
of the Kerr innermost stable circular orbit (ISCO) [178]
with the mass and spin of the remnant BH, as given by
NR fitting formula [179, 180]. The parameter a6 is a
5PN correction to the A-potential and dSO is a 4.5PN cor-

2405.19181

Ligo BH merger

2511.11431
tt event

Belle 2

2512.22929

https://arxiv.org/abs/2405.19181
https://www.ligo.caltech.edu/image/ligo20160211d
https://arxiv.org/abs/2511.11431
https://cds.cern.ch/record/2842591
https://www.belle2.de/en/belle-2-experiment/belle-ii-detector
https://arxiv.org/abs/2512.22929


perturbative precision

multiplicity

lo
op

s

2

3

4

3 4 5 6

current frontier

better measure of complexity 
would be number of scales

internal massive propagators: complex 
underlying integral geometries lead to rapid 
growth in complexity (elliptic, K3, Calabi Yau)

A → dω

<latexit sha1_base64="WSJaX3mV4yeE0CvK+FeMdZGIYXE=">AAACHXicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoMuqG5cV7AOaUG4m03bo5MHMRCkhS7/DD3Crn+BO3Ipf4G84abOwrQcuHM65l3vv8WLOpLKsb6O0srq2vlHerGxt7+zumfsHbRklgtAWiXgkuh5IyllIW4opTruxoBB4nHa88U3udx6okCwK79Ukpm4Aw5ANGAGlpb557ASgRgR4epVhR7DhSIEQ0SP2HcmGAfTNqlWzpsDLxC5IFRVo9s0fx49IEtBQEQ5S9mwrVm4KQjHCaVZxEkljIGMY0p6mIQRUuun0kQyfasXHg0joChWeqn8nUgiknASe7szPloteLv7n9RI1uHRTFsaJoiGZLRokHKsI56lgnwlKFJ9oAkQwfSsmIxBAlM5ubovUT42on1V0MvZiDsukfV6z67X6Xb3auC4yKqMjdILOkI0uUAPdoiZqIYKe0At6RW/Gs/FufBifs9aSUcwcojkYX7/uuKLm</latexit>

combining multi-loop multi-scale amplitudes 
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e+e- → jets 

e+e- → 4 jets @ NNLO 

e+e- → 2 jets @ N3LO 
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FIG. 1. Fixed-order predictions for the four-jet rate com-
pared to data from the ALEPH experiment [100] (black) at
→
s = 91.2 GeV. Predictions are shown at LO (green), NLO

(blue) and NNLO (red). In the inserted frame, we zoom in
the ycut ↑ [10→3

, 10→1] region and use a logarithmic scale
on the y-axis. Colored bands represent theory uncertainties
obtained by varying the renormalization scale. The ratio to
NLO-accurate predictions is shown in the middle frame. In
the bottom frame, NNLO results without the two-loop finite
remainder (dashed black line) are compared with the com-
plete NNLO predictions (red), both normalized to NLO re-
sults (blue).

set ycut = 10→1 as the upper bound of the figures pre-
sented in the following. On the other hand, as ycut → 0,
the small jet resolution parameter leads to less inclusive
clustering, thereby enhancing the sensitivity to soft and
collinear emissions. In any fixed-order calculation, this
manifests as the onset of large logarithmic contributions
scaling as ωn

s lnm(ycut) with m ↑ 2n, which must be re-
summed to all orders in ωs to restore predictive power.
Moreover, other e!ects like quark masses and hadroniza-
tion also become important in this region. There is no
sharply defined value of ycut at which fixed-order cal-
culations cease to be valid. Nevertheless, we identify a
“perturbative” region, 10→3 ↭ ycut ↭ 10→1, within which
fixed-order predictions are expected to provide a reliable
description of QCD dynamics and to be systematically
improvable through the inclusion of higher-order correc-
tions.

In Fig. 1, we present fixed-order predictions from LO
to NNLO for the four-jet rate and compare them to
data from the ALEPH experiment [100] at

↓
s = 91.2

GeV, where the most accurate data is available. We ob-

serve remarkable convergence in the perturbative region,
with the NNLO correction being particularly small in the
range 3 · 10→3 ↭ ycut ↭ 5 · 10→2, corresponding to a neg-
ative 2% – 5% of the full NNLO results. Nevertheless,
the shape of the NNLO prediction agrees better with
the shape of the data in the perturbative region. More-
over, the theory uncertainties exhibit a significant reduc-
tion in size, moving from ±15% at NLO to ±(3%↔ 5%)
at NNLO. We note that the conventional scale variation
procedure without symmetrization yields, in the pertur-
bative region, an asymmetric theoretical uncertainty of
(+0%,↔(3 ↔ 5)%), due to µr =

↓
s being close to the

maximum of the scale dependence at NNLO, and hence
resulting in potentially underestimated uncertainties. We
observe that the residual theory uncertainties at NNLO
are smaller than the experimental ones for LEP data,
which are dominated by systematic errors. More accu-
rate data, either obtained by reanalyzing existing mea-
surements or collected at future electron-positron collid-
ers, will then enable further high-precision tests of QCD.
As we move to smaller ycut values, NNLO corrections

grow in size and are negative, leading to a visible devia-
tion from the NLO prediction. In particular, the four-jet
rate peak reduces and moves to a higher value of ycut.
This brings the NNLO result closer to the experimental
data everywhere, especially to the left end of the per-
turbative region, where the agreement is excellent and
significantly improved with respect to the previous or-
der. For ycut ↭ 10→3, we observe that, while the NNLO
predictions still lie closer to the data, they clearly fail to
reproduce the measurements, and signs of perturbative
breakdown are evident. Specifically, the size of the theory
uncertainties dramatically increases, they no longer over-
lap with the NLO scale variation band, and predictions
become unphysical as the NNLO curve turns negative.
As explained above, all-order resummation is required
in this region. Nevertheless, it is evident that capturing
the logarithmically-enhanced terms present in the NNLO
correction alone significantly improves the theory predic-
tion.
In the bottom frame of Fig. 1, we investigate the nu-

merical impact of the two-loop finite remainder in the
LCA. In the perturbative region, particularly around
ycut ↗ 10→2, we observe that by omitting the two-loop fi-
nite remainder the NNLO correction essentially vanishes.
Here, the two-loop finite remainder then represents the
entirety of the NNLO correction, and amounts to a nega-
tive contribution of 2% – 5% at the level of the complete
NNLO prediction. This pattern is di!erent from what ob-
served in hadronic processes, where the two-loop finite re-
mainder typically represents a smaller contribution to the
NNLO correction. Nevertheless its overall impact is simi-
lar to what is seen in hadronic processes [72–75]. Assum-
ing that subleading-color contributions to the two-loop fi-
nite remainder are suppressed by a factor of 1/N2

c ↗ 0.1,
we can safely estimate that the uncertainty associated
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Figure 1: Representative Feynman diagrams (before interference with an appropriate tree-level diagram) for each type of radiative correction to the process
e
+

e
→
↑ 2 jets at O(ω3

s
). From left to right: dε(3)

5 , dε(3)
4 , dε(3)

3 , and dε(3)
2 .

the double-real-virtual contribution dε(3)
4 by two real emissions

at one loop, the real-double-virtual contribution dε(3)
3 by one

real emission at two loops and finally the triple-virtual contribu-
tion dε(3)

2 by the three-loop correction. Examples of Feynman
diagrams contributing to different types of N3LO corrections
are shown in Figure 1.

The individual contributions contain explicit IR singularities
due to loop corrections (dε(3)

2 ), implicit singularities arising
when the external momenta approach soft and collinear limits
(dε(3)

5 ), or a mixture of both (dε(3)
3 and dε(3)

4 ). These diver-
gences cancel when virtual and real corrections are combined
in physical predictions [92, 96], but each individual term is nu-
merically integrable over the associated phase space only after
introducing dedicated subtraction terms. We denote by dε(3)

n,finite
the individual contributions after subtraction, free from any
type of IR singularity. The definition of dε(k)

n,finite up to NNLO
in the context of antenna subtraction was described in [45, 78].
At N3LO, we write schematically

dε(3)
5,finite = dε(3)

5 → dε(3)
5,S 1
→ dε(3)

5,S 2
→ dε(3)

5,S 3
, (1)

dε(3)
4,finite = dε(3)

4 → dε(3)
4,V1
→ dε(3)

4,V1S 1
→ dε(3)

4,V1S 2
, (2)

dε(3)
3,finite = dε(3)

3 → dε(3)
3,V2
→ dε(3)

3,V2S 1
, (3)

dε(3)
2,finite = dε(3)

2 → dε(3)
2,V3
, (4)

where dε(3)
n,VϑS m

represents a counterterm targeting the divergent
behavior of m unresolved partons as well as the explicit IR poles
in a ϑ-loop matrix element.

The following relations between the subtraction terms ensure
the cancellation of IR singularities across different phase-space
multiplicities:

dε(3)
4,V1

= →

∫

1
dε(3)

5,S 1
, (5)

dε(3)
3,V2

= →

∫

1
dε(3)

4,V1S 1
→

∫

2
dε(3)

5,S 2
, (6)

dε(3)
2,V3

= →

∫

1
dε(3)

3,V2S 1
→

∫

2
dε(3)

4,V1S 2
→

∫

3
dε(3)

5,S 3
, (7)

where
∫

m
indicates inclusive integration over the phase space of

m unresolved emissions. As a consequence of the relations (5)–
(7), the net contribution of the subtraction terms vanishes in the
sum of (1)–(4), restoring the correct physical result

5∑

n=2

∫

n

dε(3)
n,finite =

5∑

n=2

∫

n

dε(3)
n
, (8)

with the crucial difference that each term in the sum on the left-
hand side is individually well-defined and computable with nu-
merical techniques.

The subtraction terms dε(3)
5,S 1

, dε(3)
5,S 2

, dε(3)
4,V1

, dε(3)
4,V1S 1

and
dε(3)

3,V2
are analogous to those required for an NNLO cal-

culation of three-jet production in electron-positron annihila-
tion [81, 107]. The subtraction terms dε(3)

5,S 3
, dε(3)

4,V1S 2
, dε(3)

3,V2S 1

and dε(3)
2,V3

specifically target N3LO infrared singularities and
have been constructed for the first time for the present calcula-
tion.

The subtraction terms are built from antenna functions with
the following notation: X

ϑ
n

is a n-parton ϑ-loop antenna func-
tion intended to subtract the singular behavior of n → 2 unre-
solved partons between a pair of hard radiators at ϑ loops. X is
a placeholder for a particular partonic configuration [78]. The
quark-antiquark antenna functions relevant for our process are
obtained from color-ordered matrix elements for the decay of a
photon to n partons [77, 91], denoted by M

ϑ
n,ϖ↓ . The integrated

counterpart of an antenna function, Xϑ
n
, is obtained by analytic

integration over the inclusive phase space of the n → 2 unre-
solved emissions. All the N3LO final-state antenna functions
were recently integrated in [39, 40, 91].

The infrared limits appearing at N3LO cannot in general be
addressed by a combination of NLO and NNLO ingredients,
and three new types antenna functions must be defined: five-
parton tree-level

X
0
5 = N5

M
0
5,ϖ↓

M
0
2,ϖ↓
, (9)

four-parton one-loop

X
1
4 = N4

M
1
4,ϖ↓

M
0
2,ϖ↓
→ X

0
4

M
1
2,ϖ↓

M
0
2,ϖ↓
, (10)

and three-parton two-loop

X
2
3 = N3

M
2
3,ϖ↓

M
0
2,ϖ↓
→ X

1
3

M
1
2,ϖ↓

M
0
2,ϖ↓
→ X

0
3

M
2
2,ϖ↓

M
0
2,ϖ↓
, (11)

where Ni indicates a numerical symmetry factor and the two-
body decay matrix element M

0
2,ϖ↓ is a normalization factor. In

the case of the loop antenna functions X
1
4 and X

2
3 , we remove

the singular behavior that can be captured by antenna functions

2
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Figure 2: The two-jet production rate up to N3LO, differential in the Durham
jet resolution parameter ycut. Error bars indicate the Monte Carlo error.

The necessary helicity amplitudes for e
+
e
→
↑ partons are avail-

able in NNLOJET as part of the calculation of three-jet pro-
duction at NNLO [73]. The five-parton tree-level amplitudes
used in our calculation were computed in [11, 62, 86], the four-
parton one-loop amplitudes in [12, 25, 84] and the three-parton
two-loop amplitudes in [69, 70]. Finally, the three-loop quark
form factor was computed in [8, 72, 95].

The numerical evaluation of these matrix elements in double-
unresolved configurations at one loop and single-unresolved
limits at two loops required careful treatment to achieve the nec-
essary accuracy. In double-unresolved limits of one-loop ma-
trix elements, we implemented a dynamical switch from double
to quadruple precision for floating point operations during the
evaluation of the X

1
4 antenna functions at phase-space points in

the unresolved regions. The switch is triggered when a two-
particle invariant is lower than a given threshold, si j/s < 10→5,
where s is the center-of-mass energy squared. The two-loop
quantities are expressed in terms of two-dimensional harmonic
polylogarithms [75]. These functions can be numerically eval-
uated using the library tdhpl [76], which uses a representation
optimized to reduce the number of arithmetic operations for
points in the bulk. For points with sqg/s < 10→6 or sq̄g/s < 10→6,
we substitute the amplitudes with their series expansions retain-
ing divergent, constant and linear terms in the small invariant,
obtained analytically using an algorithm [99] implemented in
PolyLogTools [58].

To validate our construction of the antenna subtraction terms
at N3LO, we verified that they cancel against the relevant matrix
elements in all single-, double- and triple-unresolved limits at
a satisfactory level for numerical integration with Monte Carlo
techniques. The complete analytic cancellation of the ω poles
of the virtual contributions is another check on the subtraction
terms.

4. Results

All our results are normalized by the respective Born-level
cross section ε0 for e

+
e
→
↑ qq̄. As a consequence, the elec-

troweak coupling drops out and our results are valid for both ϑ↓
and Z as the intermediate boson. We neglect the singlet con-
tribution which is numerically small, as observed for example
in [55, 67]. We set

↔
s = mZ = 91.2 GeV and ϖs(mZ) = 0.118.

However, for the observables we consider, the dependence on
the value of the energy scale only enters through the running of
the strong coupling. The renormalization scale is chosen to be
equal to the center-of-mass energy, µr =

↔
s, and theory uncer-

tainties are estimated by varying it within µr ↗ [
↔

s/2, 2
↔

s].
The first result of this Letter is the O(ϖ3

s
) correction to the

inclusive cross section for hadron production. For five light
quark flavors, we find

ε(3) = ε0

(ϖs

2ϱ

)3
(→105 ± 11) , (18)

where the error is due to Monte Carlo integration. This
value is in agreement with the analytic result [43] given by
↘ →102.14. We further compute the O(ϖ3

s
) correction to the

two-jet exclusive cross section at two different values of the
Durham [14, 20, 21, 30, 102] jet reconstruction parameter:

ε(3)
2 j

(ycut = 0.1) = ε0

(ϖs

2ϱ

)3
(→453 ± 31) , (19)

ε(3)
2 j

(ycut = 0.01) = ε0

(ϖs

2ϱ

)3
(→2584 ± 40) . (20)

We verified that both values are compatible with those obtained
as the difference between the inclusive cross section and the
three-jet production cross section at NNLO. The relative error is
smaller for (20) because it is less affected by large cancellations
occurring in more inclusive setups.

As the first example of a differential distribution, we com-
pute the two-jet production rate up to O(ϖ3

s
) differentially in the

resolution parameter ycut of the Durham algorithm, shown in
Figure 2. We also verified that we can reproduce the result of
the indirect calculation presented in Figure 2 of [82] after ac-
counting for a different value of ϖs.

As a second example, we consider the bin-integrated dis-
tribution of the energy of the more energetic jet in exclusive
two-jet events (in the four-momentum recombination scheme),
which was calculated at NNLO in [6] using the JADE [9] al-
gorithm. We recovered the NNLO results and we computed
for the first time the O(ϖ3

s
) correction shown in Figure 3 for

the Durham algorithm with ycut = 0.1 and ycut = 0.01. For
ycut = 0.1, we observe very good perturbative convergence
with percent-level N3LO corrections lying within the theoret-
ical uncertainty of the previous order across the entire consid-
ered range. On the other hand, for ycut = 0.01, the NLO and
NNLO corrections quickly vanish as the energy increases and,
accordingly, the N3LO correction becomes comparatively large
because the nominal perturbative accuracy in the tail of the dis-
tribution is lower. Indeed, a highly energetic jet must recoil
against multiple partonic emissions, which are more likely to

4

compact two-loop leading colour amplitudes

fast stable evaluation with (analytically 
continued) pentagon functions
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RV and RR small in this case but 
dominate computation time 
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example amplitude toolchain
tensor integral input

Feynman diagrams
Projectors [in 4D Tancredi, Peraro]

Unitarity cuts tensor reduction to master integrals
integration-by-parts identities [Tkachov, Chetykin] [Laporta]

solve over finite fields e.g. FiniteFlow, FireFly, FIRE, Kira
optimized systems (Blade, NeatIBP etc.)

master integral expansions
identity function basis via differential equations for master integrals

canonical ‘ε’ -factorized form (Henn)

analytic reconstruction
extract rational coefficients through multiple finite field evaluations 

(in parallel) [Thiele interpolation]
optimize with linear relations, partial fractioning etc.

Successful program at 2 loops: pp→3j, pp→3γ, pp→γγj, 
pp→ γjj, pp→ W+2j, pp→ Wbb, pp→ Hbb, pp→ Wγγ

these cases have massless propagators…

A = C.I
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finite remainder



pp → H+2 jets 
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gluon-Higgs-boson interaction in the HTL and its origin in the Standard Model (SM) from
top-quark loops is shown in fig. 1.

Figure 1: In the heavy-top limit the top-quark loops (left) are replaced by an e!ective
interaction vertex (right).

At leading order in the HTL the e!ective couplings Le! between the Higgs-field and the
gluon field-strength tensor (Ga

µω = ωµGa
ω → ωωGa

µ + gsfabcGb
µGc

ω) as part of the Lagrangian
read [29–31],

L = LQCD + Le! , Le! = → C

4v
H Ga,µωGa,µω , (2.1)

with the standard QCD Lagrangian LQCD. v is the vacuum expectation value of the Higgs
field and C is the Wilson coe"cient of the e!ective operator Le! . Matched to the SM, the
Wilson coe"cient C is given as a series in εs [73–78].1 Currently, it is known up to four-loop
order [79, 80]. Similar e!ective interaction terms with more than two gluon field-strength
tensors are suppressed by inverse powers of the top mass. In this paper we neglect such
terms and consider only the leading e!ective interaction terms in the HTL as spelled out in
eq. (2.1). This heavy top-quark approximation is valid if the energy of the produced gluons
lies below top-quark mass [81, 82], which was demonstrated in refs. [25, 32].

Secondly, we adopt the leading-color (LC) approximation (LCA), which keeps the lead-
ing terms in the large number of colors Nc limit, with the ratio of Nc to the number of light
flavors Nf fixed. Unlike the LCA in QCD where only planar diagrams contribute, Higgs
amplitudes in the HTL include contributions from non-planar diagrams. An example of
such a leading-color non-planar contribution is shown in fig. 2. Nevertheless, the computa-
tion in the LCA is simplified because only diagrams with a strict ordering of the colored
external states contribute.

Figure 2: The leading-color four-gluon scattering with a Higgs boson includes planar (left)
and non-planar (right) two-loop diagrams.

1
This disregards electroweak e!ects as we do here.

– 5 –

leading colour, heavy top quark limit

numerical unitarity method over finite 
fields (Caravel), IBPs with surface 

term decomposition (syzygy) 

analytic reconstruction possible 
using optimized ansatz in terms of 

spinor helciity variables and 
multivariate partial fractioning

see also pp → bbH Hartanto, Poncelet 2603.29480

Vector space Univ. slices Biv. slices Random Total

B→→
4g

60 → 171 85 → 85 20k ↑ 55k
B+→

4g
55 → 138 62 → 62 25k ↑ 45k

B++

4g
79 → 66 53 → 53 2k ↑ 12.5k

B→
2q2g

55 → 109 69 → 69 10k ↑ 22.5k
B+

2q2g
50 → 79 40 → 40 5k ↑ 12.5k

B4q 50 → 79 49 → 49 3k ↑ 10k

Table 2: Number of points collected for reconstruction across each of the vector spaces,
including a breakdown of the main sources.

As explained in section 4.2, some poles are also omitted if the associated dimension is too
high. After the basis change, we require a single bivariate slice to determine the multivariate
partial fraction decomposition, as presented in section 4.3. This bivariate reconstruction
requires

(
deg(Bimp

)+3
)
→
(
deg(Bimp

)+3
)

points to be sampled. The final source consists
of a few thousand random samples.

The total number of collected points exceeds the sum of the main contributions listed
above for two reasons. First, it includes additional points required at intermediate stages of
the reconstruction, for example to determine the vector-space dimensions and least common
denominators, verify symmetries, and lift rational functions and matrices to Q. While
lifting the rational functions typically required only a couple of finite-field values, lifting
the matrices for the most complex remainders required up to eight 32-bit primes. Second,
for the gluon vector spaces, some points were collected in early stages of the computation
that were ultimately not needed in the final reconstruction strategy.

Let us comment on the number of finite-field samples required for the analytic recon-
struction of the B±

2q2g
vector spaces in this work compared to the corresponding require-

ments in ref. [38], which is based on a substantially di!erent methodology. While a direct
comparison is not meaningful due to these methodological di!erences, we estimate that our
approach requires approximately two orders of magnitude fewer samples. In making this
estimate, we take into account that each sample quoted in ref. [38] includes a univariate
reconstruction, while in our work a sample refers to fully numerical external kinematics.

5.1 Analytic structure

We now discuss the analytic structure of the two-loop finite remainders that we have calcu-
lated in this work. We remind the reader that in the heavy-top EFT non-planar diagrams
contribute in LCA. The properties of non-planar Feynman integrals [40, 90], which have
notably richer analytic structure than their planar counterparts [67, 89], are therefore im-
printed on the analytic structure of the finite remainders. New higher-degree polynomials
appear as denominators in the di!erential equations satisfied by the former, and conse-
quently in the d log integration kernels (letters). In particular, a new (permutation orbit
of) quartic polynomials !

(i)

5
that define a variety on which the related integrals showcase

– 28 –

SciPost Physics Submission

A(2),N
2
c

0→ b̄bg gH
A(2),Nc nf

0→ b̄bg gH
A(2),N

2
c

0→ b̄bq̄qH

x1 = 1 256/251 166/161 145/140

linear
relations 187/183 157/153 118/114

denominator
matching 187/0 157/0 118/0

univariate
partial

fraction in x5

53/52 50/49 41/38

factor
matching 53/0 50/0 41/0

number of
sample points 157798 122037 60482

required
prime fields 3 2 3

evaluation
time per point 2050s 190s 841s

Table 2: Maximum polynomial degree in the numerator and denominator
(degnum/degden) for the three most complicated bare partial amplitudes for different
stages of rational coefficient optimisation. The number of sample points (together
with the required number of prime fields) and evaluation time per sample point are
also presented. As described in the text, we take into account all the independent
helicity configurations simultaneously. The evaluation time per point is measured on
Intel(R) Xeon(R) Gold 6342 CPU @2.80GHz.
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special functions with massive particles

massive internal propagators 
lead quickly to elliptic Feynman 

integrals (or worse) even (nested) square roots 
can cause trouble for the 

numerical evaluations

what is a basis for the function space?
numerical evaluation not clear

dI = M(ω, x).I
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dI = ωM(x).I
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dI =
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k=0

ωGM (G)(x).I
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M(x) =
∑

w

dlog(w)
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leads to MPLs ⇒ good numerical performance

can be acheived in general without elliptic/other objects
further rotation to ε factorised form can be done



Runge-Kutta methods (e.g. 
ODEINT Boost Library)

Baur, Duhr 2606.02744

Bulirsch-Stoer shows 
promising performance 
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numerical integration
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Czakon, Harlander, Klappert, Niggetiedt 2105.04436

when MPLs are not possible…

generalized series expansions
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AMFlow
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pp→ ttj

(a) Family PBA. (b) Family PBB . (c) Family PBC .

(d) Family HTA. (e) Family HTB . (f) Family HTC .

Figure 2: Integral families relevant for the leading-colour two-loop gg → tt̄g amplitude. The
hexagon-triangle (HT) families, in the second row, can be reduced to pentagon-box (PB) families,
in the first row, except for 4 master integrals of HTB which can instead be expressed as products
of one-loop integrals. Four more families, PB→

A, PB→
B , HT

→
A and HT

→
B , are obtained by exchanging

1 ↑ 2 and 3 ↑ 5 in PBA, PBB , HTA and HTB , respectively.

where monj denotes monomials of special functions F and square roots
↓
S, and we recall that ωd

is the set of scalar invariants defined in eq. (2.3). The finite remainder is obtained by subtracting
the IR and remaining UV poles from the mass-renormalised amplitude as prescribed in eqs. (2.7)
and (2.8). To this end, we first express the UV and IR subtraction terms in the same set of
special functions as the two-loop amplitude. The subtraction terms are then Laurent expanded in
ε through the same order as the bare amplitude. The finite remainder of the contracted amplitude,∑

pol. T
†
i R

(L), is given by

∑

pol.

T †
i R

(L)
=

4↑2L∑

s=0

∑

j

εs rij,s
(
ωd
)
monj

(
F,

↓

S
)
+O

(
ε5↑2L

)
. (3.17)

We recall that the finite remainder admits the same colour and spin-basis decomposition as the
bare amplitude as specified in eqs. (2.5) and (3.4). We can further derive the helicity-dependent
finite remainder R(L) in terms of special functions following eq. (3.15), as

R(L)
(1

+
t̄ , 2

+
t ,3

h3
g , 4h4

g , 5h5
g ;n1, n2)

=

32∑

i,j=1

∑

k

4↑2L∑

s=0

T++h3h4h5
i (n1, n2)

(
!

↑1
)
ij

εs rjk,s
(
ωd
)
monk

(
F,

↓

S
)
+O

(
ε5↑2L

)
,

(3.18)

=

∑

i

4↑2L∑

s=0

εs r̂h3h4h5
i,s ({p}, n1, n2) moni

(
F,

↓

S
)
+O

(
ε5↑2L

)
, (3.19)
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1 2 3 4

master integral coe!cients
of mass-renormalised amplitude

(full ω dependence)
404/393 398/389 411/402 421/411

special function coe!cients
of finite remainder

314/303 305/296 321/312 326/317

linear relations 291/280 287/278 299/293 304/299

denominator matching #1 291/0 287/0 299/0 304/0
partial fraction decomposition

in x5123
44/40 55/51 57/54 58/54

denominator matching #2 44/0 54/0 54/0 56/0

number of sample points
(1 prime field)

137076 89624 161482 179838

Table 1: Maximum total numerator/denominator polynomial degrees of the rational coe!cients
appearing in the most complicated 0 → t̄tggg partial mass-renormalised amplitudes and finite re-
mainders (N2

c -components, see eq. (2.8)). The first row refers to the four components of the massive
spinor decomposition in eq. (3.5). The degree data for the finite remainders are shown at di"erent
stages of the optimisation strategy of refs. [49, 54]. All the independent helicity configurations are
evaluated simultaneously, εh ↑ {+++,++↓,+↓+}, and s34 = 1. The last row gives the number
of sample points required to complete the functional reconstruction in a prime field.

Gold 6342 CPU @ 2.80GHz ) and the evaluation of all sample points needed to complete the func-
tional reconstruction of the two-loop leading colour amplitudes for both 0 → t̄tggg and 0 → t̄tq̄qg
took around four months with O(8) multicore machines (with 48–64 threads used on each machine,
requiring ↔ 200 GB of RAM). Thanks to the univariate partial fraction decomposition performed
to optimise the reconstruction, the resulting analytic expressions are by construction simplified and
can be directly implemented in a C++ library, as discussed in section 5.

4 A full set of special functions and their numerical evaluation

Basis of functions and di!erential equations

In this section, we extend the representation of master integrals in terms of special functions con-
structed in ref. [85] to all crossings of the external momenta relevant to the cross section. Our
guiding principle is to write the required terms of the Laurent expansion of the MIs around ω = 0
as polynomials in a set of algebraically independent special functions to resolve all redundancies,
enabling simplification and analytic cancellation of UV/IR poles in the amplitudes. The presence of
elliptic functions in a subset of the MIs [83] prevents us from following the established procedure [34–
37, 40], that relies on canonical DEs for the MIs [80]. While canonical DEs are now available also
for the MIs involving elliptic functions [84], the numerical evaluation of their solution remains an
open problem. Therefore, we continue with the hybrid approach proposed in ref. [85]. By working
with algebraic, non-canonical DEs, this method isolates the terms of the MIs’ ω-expansion that do
not satisfy canonical DEs into few (potentially related) functions that only contribute to the finite
part of the two-loop amplitude, while treating the remaining terms with the established algorithm
to obtain algebraically independent functions.
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since the overall performance is satisfactory, we have not tried to optimise the choice of the
initial points w.r.t. the endpoint of the integration. In practice, double precision is su!cient
for about 10 digits precision at most phase-space points. If required, the integrals can be
evaluated with quadruple or even higher precision. The limiting factor is the precision of the
initial values, which are currently provided with 60 digits.

The performance of the numerical integration is illustrated in table 4.

float type
boundary

requested
|!Q|

achieved
|!Q|

maximal
|!fi/fi|

number
of steps

number
of calls

call
time time

double

ωd01
10→10 8.2→ 10→10 1.4→ 10→6 17 716 0.77 ms 0.56 s

double

ωd02
10→10 8.2→ 10→10 1.4→ 10→6 28 1184 0.73 ms 0.89 s

dd_real

ωd01
10→10 7.7→ 10→11 1.3→ 10→6 16 709 9.3 ms 6.7 s

dd_real

ωd02
10→10 7.7→ 10→11 1.3→ 10→6 27 1166 9.3 ms 11 s

dd_real

ωd01
10→20 3.8→ 10→21 1.2→ 10→16 42 3002 9.0 ms 27 s

dd_real

ωd02
10→20 3.8→ 10→21 1.2→ 10→16 68 4873 9.0 ms 44 s

Table 4: Performance benchmarks for the numerical integration of DEs on SUSE Linux Enterprise
15, Intel(R) Core(TM) i9-10980XE CPU @ 3.00GHz, software compiled with g++-13 -O2. The
numbers are averages over 100 points corresponding to unweighted Born events in the gg ↑ tt̄g
channel. Achieved |!Q| and maximal |!fi/fi| have been determined by comparing the results
obtained starting from two di"erent points ωd01 and ωd02. The floating-point types used are either
the standard double or dd_real from the QD library [121]. Number of calls and call time refer to
calls to the function that evaluates the connection matrix. The achieved |!Q| in the first two rows
is dominated by a single point that only has 7.0→ 10→8 precision.

Before closing this section, let us comment of the recent publication [122], which contains a
reappraisal of the numerical solution of DEs for high multiplicity problems. The authors take two
two-loop integral families from the leading colour gg ↑ tt̄g amplitude as one of their examples.
They achieve a similar performance to ours, if we restrict our system to the same integral set.
Although the Bulirsch-Stoer algorithm from Boost is used in both cases, there are important
di"erences between our approach and the approach presented in ref. [122]. In particular, a linear
system of DEs is integrated one variable at a time along a complex curve in ref. [122] just as in
ref. [120]. Furthermore, the integration curve for each variable is chosen so that the square roots
remain on the same branch, which is achieved by factorising the arguments of the square roots
into irreducible polynomials. The publication provides a strategy to optimise the length of the
integration curve made of multiple segments. Error control is based on the standard error checker,
and the authors discuss how to estimate the total error after integration along all of the segments.
While integration along one smooth curve, as we do, has a certain elegance to it, there is one
potential advantage to integrating in each variable separately. Indeed, the connection matrix can
be precomputed as a function of just one single variable with the remaining variables replaced by
their numerical values. The evaluation time of the connection matrix is then vastly reduced and
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2404.12325

2511.11424

2412.13876

2511.11431

analytic reconstruction

stable enough BUT rational coefficients 
are extremely complicated

quadruple precision often neccesary for the 
coefficients - basis functions much quicker

Channel Functions [s] Coe!cents [s] Assembly [s] total [s]

gg → t̄tg 2.69 30.90 1.58 35.17

q̄g → t̄tq̄ 2.16 9.40 0.18 11.74

qg → t̄tq 2.50 9.62 0.21 12.33

qq̄ → t̄tg 2.12 9.30 0.18 11.60

Table 6: Evaluation times in seconds for the di"erent channels including a break down into di"erent
stages. The numbers have been obtained with on Ubuntu 22.04, with a 12th Gen Intel(R) Core(TM)
i5-1240P processor, and compilation with gcc-11 -O2. The di"erence in timing for the special
functions in comparison with table 4 is due to the evaluation for two boundary points and a
di"erent CPU. A substantial variance with respect to the used CPU and compilation options has
been observed and should be kept in mind when comparing to these numbers, implying that they
are for indicative purposes only.

matrix element level. If the test on the numerical precision of the special functions is successful,
we evaluate the 3484 special function monomials (mk(ωf) in eq. (3.21), including ε2 and ε3)—not
required for the accuracy test in eq. (4.9)—and combine them with the rational coe!cients to obtain
the helicity amplitudes. The µR-depending parts are restored using the equation in section B for
µ→
R = µR/mt and the squared matrix elements are assembled by performing the colour and helicity

sums. After restoring the overall mt rescaling of the amplitudes, the results for the hard functions
in eq. (2.20) are returned.

The code uses higher floating-point precision through the QD package [121]. In particular, the
evaluation of the rational functions proved numerically challenging, to the extent that evaluation
using standard double floating-point numbers is not su!ciently stable to yield meaningful values of
the squared two-loop hard functions. For that reason, the default is to use the dd_real type for the
rational coe!cients and double for the special functions. A checked evaluation of the amplitude
using a rescaling test is also provided.

The package has been tested to reproduce the number in table 5 (this test can be repeated using
the validate program provided) and has been used to successfully evaluate about 90k physical top-
quark pair plus jet phase-space points at the 13 TeV LHC. The average evaluation times broken
down into coe!cients, special functions, and assembly, are shown in table 6. Most of the time
is spent evaluating the rational functions and their permutations: about 30 seconds for the gg
channel and 10 seconds for the qg and qq̄ channels. The evaluation of the special functions for two
boundary points and the assembly takes about 3–4 seconds in total. The test can be repeated using
the performance program.

The numerical stability of the hard function has been tested on a set of phase-space points
by using the implemented scaling test and a comparisons between evaluations using dd_real and
qd_real floating-point types for the rational coe!cients. For the scaling test, all momenta, the
top-quark mass and the renormalisation scale have been multiplied by a factor f (here f = 10) and
the resulting amplitude multiplied with the expected energy scaling (f2). The number of agreeing
digits between the original and scaled amplitude is shown in fig. 1 for both floating point types.
Additionally, the numerical stability has been gauged by comparing the results for dd_real and
qd_real floating-point types directly. The good agreement between the scaling test for dd_real

and the comparison to the more stable qd_real evaluations for unstable phase space points (i.e.
below approximately 5 correct digits) indicates the reliability of the scaling test and error control
on the special functions as outlined in section section 4. To achieve 5-digit accuracy on the two-loop
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is leading colour enough?

SB, Becchetti, Brancaccio, Czakon, 
Hartanto, Poncelet, Zoia

dσ computed using STRIPPER IR subtraction

physical projectors, NeatIBP system

https://arxiv.org/abs/2404.12325
https://arxiv.org/abs/2511.11424
https://arxiv.org/abs/2412.13876
https://arxiv.org/abs/2511.11431


pp→ ttW

NNLO total cross sections using 
approximate 2-loop amplitudes

• soft boson limit
• massification [Penin][Moch, Mitov][Becher, Melnikov]

[Engel,Gnendiger,Signer,Ulrich][Wang et a.]

NEW! Leading colour ampltudes

challenging amplitude computation 
and numerical evaluation 

Becchetti, Canko, Chen, Chestnov, 
Delto, Ditsch,Kallweit,Peraro, Pozzoli, 

Savoini, Tancredi, Zoia, Grazzini

Grazzini, Top XS WG, 29/05/26

analytic reconstruction not possible

200K points, interpolation 
grid, integrals via AMFlow



outlook

NLO solved? e.g. analytic 1L 2→4 for pp→γγ @ Ν3LO [Czakon et al. 2604.12613]

Simulations are non-trivial:

• can we share/interface to MC in a way useable to experiments? 
• full mass effects come at considerable cost - CPU and human hours! 
• fixed order will never be enough for all phase space region

mass effects particularly relevant for low 
energy QED computations multi-loop computations with full mass 

dependence are developing fast
are we at the limit of analytic workflow with 

reconstruction over finite fields? 

• approximations can be much more efficient for event 
generation - can we guarentee reliable results when using them? 


