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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Why Study Toda Theory?

● Liouville is 𝐴1 Toda: 2d CFT with Virasoro symmetry

– interacting scalar field theory with exponential potential
● 𝐴𝑛−1 Toda enhances the chiral algebra with conserved

holomorphic currents of spins 2, 3, . . . , 𝑁

– Generalizes Liouville to a theory of an (𝑛 − 1)-component scalar
field with exponential interactions determined by the 𝐴𝑛−1 roots

● General structure: a tower of higher-spin currents strongly
suggesting a bulk description with higher-spin gauge fields
(beyond pure Einstein gravity).
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Why Study Toda Theory?

● Higher-spin black holes in AdS3: explicit classical solutions and
thermodynamics in Chern–Simons higher-spin gravity exist
[Gutperle-Kraus, 2011].

→ These constructions realize sectors of theories with 𝑊𝑛 symmetry
(aka Minimal Model Holography), but do not recover the full
spectrum nor provide a complete bulk dual of Toda.
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Why Study Toda Theory?

Given a specific CFT that admits a well defined large-𝑁
expansion, factorization, and reasonable OPE data, what bulk
theory does it define?

⇒ What kinds of objects appear in the bulk dual if these were the only
criteria?

⇒ Need a concrete construction if these questions are to be
well-posed.
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Toda Action and Correlators

𝑆𝑇 = ∫ 𝑑2𝑥
√
𝑔 ( 1

4𝜋
⟨𝜕𝜙, 𝜕𝜙⟩ + 𝑅

4𝜋
⟨𝑄, 𝜙⟩ + 𝜇

𝑁

∑
𝑖=1

𝑒𝑏⟨𝑒𝑖 ,𝜙⟩)

● 𝑒𝑖 are the simple roots of 𝐴𝑁−1; ⟨⋅, ⋅⟩ is the inner product on root
space.

● 𝜙 is an 𝑁-component field: 𝜙 = ∑𝑖 𝜙𝑖 𝑓𝑖 , with { 𝑓𝑖} orthonormal⇒
kinetic term diagonal/normalized.
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Toda Action and Correlators

The 𝐴𝑁 Toda correlators admit a Coulomb gas representation

⟨V⟩ ∝ ∫ D𝑋𝑛 𝑒−𝑆𝑟𝑒𝑑(𝑋) (Vertex Operators)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

𝑒2⟨𝛼,𝜙⟩

(Screening Insertions)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
( ∫ 𝑑2𝑥

√
𝑔 𝑒⋯)

𝑤𝑎

with a reduced free action

𝑆red = ∫ 𝑑2𝑥
√
𝑔 [ 1

4𝜋

𝑛

∑
𝑎=1

𝜕𝜇𝑋𝑎𝜕
𝜇𝑋𝑎] .
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Toda Action and Correlators

Structural takeaways

● Free part: 𝑆red is Gaussian, local, and (after the redefinitions) has
a vector-model-like structure.

● Insertions: heavy operator insertions (screening-charge-type
objects) are nonlocal and couple different 𝑋𝑎’s.
● Key obstacle: the insertions break the 𝑂(𝑁) invariance one

would exploit in standard collective-field holography.
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Vector Models in the Bilocal Language

● Free 𝑂(𝑁) model:

𝑆 = 1
2 ∫

𝑑2𝑥
√
𝑔

𝑁

∑
𝐼=1

𝜕𝜇Φ𝐼 𝜕
𝜇Φ𝐼 .

● The singlet sector is described by the bilocal 𝑂(𝑁) invariant

𝐺(𝑥1, 𝑥2) =
1
𝑁𝑟

𝑁

∑
𝐼=1

Φ𝐼(𝑥1)Φ𝐼(𝑥2),

with a nontrivial Jacobian from DΦ→ D𝐺
● Fluctuations of 𝐺 encode the tower of singlet primaries [Jevicki-Sakita,

1980; de Mello Koch-Jevicki-Suzuki-Yoon, 2011]

● Allows for a direct bulk reconstruction (through the embedding
space formalism) of bulk higher spin fields [Aharony–Chester–Urbach, 2021].
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Vector Models in the Bilocal Language

Goal
Rewrite the free-field sector and the nonlocal insertions of Toda using
order-𝑁 singlets that can survive the symmetry breaking of 𝑂(𝑁)
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Vector Models in the Bilocal Language

● Define 𝑂(𝑁−2) and 𝑂(𝑁−1) singlets

𝐺𝑁−2
𝐼 (𝑥1, 𝑥2) =

1
(𝑁 − 2)𝑟 ∑

𝑎≠𝐼,𝐼+1
Φ𝑎(𝑥1)Φ𝑎(𝑥2)

𝐺𝑁−1
𝐼 (𝑥1, 𝑥2) =

1
(𝑁 − 1)𝑟

(Φ𝐼+1(𝑥1)Φ𝐼+1(𝑥2)+(𝑁−2)𝑟𝐺𝑁−2
𝐼 (𝑥1, 𝑥2))

● Image of this map is an 𝑁-dimensional submanifold inside a
2𝑁-dimensional field space.
● The Jacobian will enforce the embedding via 𝑁 independent

functional relations (selecting the physical submanifold).
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

The Construction
● Express the path integral in terms of these bilocal fields

– Free action

𝑆 = 1
2 ∫

𝑑2𝑥
√
𝑔

𝑁

∑
𝐼=1
[∇𝑥1⋅∇𝑥2((𝑁−1)𝑟𝐺𝑁−1

𝐼 −(𝑁−2)𝑟𝐺𝑁−2
𝐼 )]

𝑥1=𝑥2

– The partition function becomes

𝑍 = ∫ D𝐺𝑁−1D𝐺𝑁−2 𝐽[𝐺𝑁−1, 𝐺𝑁−2] 𝑒−𝑆[𝐺
𝑁−1

,𝐺
𝑁−2]

where 𝐽 is defined by inserting two delta-functionals per 𝐼 (one for
𝐺𝑁−2 and one constraining Φ𝐼+1Φ𝐼+1).

– The Jacobian organizes schematically as

𝐽 ∝
𝑁

∏
𝐼=1
∣det𝐷 𝐼 ∣

1
2−𝑉 ∣detT ∣

−𝑉
,

so that
𝑍 = ∫ D𝐺𝑁−1D𝐺𝑁−2 𝑒−𝑆eff .
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𝑍 = ∫ D𝐺𝑁−1D𝐺𝑁−2 𝑒−𝑆eff .
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

The Construction

● Express the path integral in terms of these bilocal fields

– Understand the heavy operators (Δ ∼ 𝑁) in this bilocal language
– Control over Toda correlators (e.g. through probabilistic

techniques) suggests that the partition function is tractable
– We compute only microscopic (flavor-resolved) correlators
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The Construction

● Express the path integral in terms of these bilocal fields
● Perturb around the large-𝑁 saddle

– The classical saddle gives nonzero bilocal VEVs
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with 𝐺0(𝑥, 𝑦) = − log ∣𝑥 − 𝑦∣.
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

The Construction

● Express the path integral in terms of these bilocal fields
● Perturb around the large-𝑁 saddle
● Ensure the existence of a well-defined large-𝑁 expansion

– Derive a sensible hierarchy in the effective action such that

VeV > propagator > higher vertices.

– Ensure vanishing of loop corrections - cancellations are non-trivial,
but they occur sector by sector

⟨𝜂𝛼
𝐼 𝜂

𝛽

𝐼 ⟩
3-pt
1-loop + ⟨𝜂

𝛼
𝐼 𝜂

𝛽

𝐼 ⟩
4-pt
1-loop + ⟨𝜂

𝛼
𝐼 𝜂

𝛽

𝐼 ⟩
𝑐𝑡
1-loop = 0
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

The Construction

● Express the path integral in terms of these bilocal fields
● Perturb around the large-𝑁 saddle
● Ensure the existence of a well-defined large-𝑁 expansion
● The rewriting yields an effective description as

𝑁 flavors of 𝑂(𝑁−1) singlets ⊕ 𝑁 flavors of 𝑂(𝑁−2) singlets,

● Armed with large-𝑁 singlets, we map the theory to a conformal
basis and employ the embedding space formalism
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Toda Theory The 𝑂(𝑁 − 1) ⊗𝑂(𝑁 − 2) Theory

Path Ahead

Consistency check: diagrammatics and OPE control

● All loop diagrams in the bilocal theory vanish. ✓
● Reproduce the correlators of the Toda theory.

Bulk reconstruction

● Identify emergent bulk fields from the bilocal variables. ✓
● Explore whether the bilocal diagrams admit an interpretation in

terms of bulk Witten diagrams.

Role of heavy insertions

● Interpret screening charges as sources or deformations in the bulk.

–– Higher spin conical defects sourced by bilocal fields? Extended
objects in the bulk arising from the nonlocal nature of the insertions?

● Use Toda CFT control to probe bulk physics.
● Study the spectrum and thermodynamics of the bulk.
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Mechanism in 𝑑 = 2: AdS3 × 𝑆1 from bilocal kinematics

● A bilocal depends on two boundary points:

(𝑥𝜇1 , 𝑥
𝜇

2 ) ∈ (R
2)2 ⇒ 4 real dof.

● Repackage as center + relative data:

𝑥 = 1
2(𝑥1 + 𝑥2) (2 dof), 𝑟 = 𝑥1 − 𝑥2 (2 dof).

In 𝑑 = 2, 𝑟 has a magnitude and a direction.
● Bulk interpretation:

∣𝑟 ∣ ↔ 𝑧 (AdS radial size of the dipole)
arg(𝑟) ↔ 𝜃 ∈ 𝑆1 (spin/polarization frame).

● So the unconstrained bilocal phase space naturally organizes like
AdS3 × 𝑆1.
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Mechanism in 𝑑 = 2: AdS3 × 𝑆1 from bilocal kinematics

● Reconstruction is explicit in momentum space: take the double
Fourier transform 𝜂(𝑘1, 𝑘2), change variables

𝑝 = 𝑘1 + 𝑘2, 𝑘rel = 𝑘1 − 𝑘2,

and reinterpret the result as a bulk field 𝐻̃(𝑝, 𝑝𝑧 , 𝜃); inverse
Fourier transform gives 𝐻(𝑥, 𝑧, 𝜃) [de Mello Koch–Jevicki–Suzuki–Yoon, 2011].

● Aharony et al. describe the same map in a
conformal/embedding-space basis (same content, different
organization) [Aharony–Chester–Urbach, 2021].
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