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Introduction
• The study of the supercharge -cohomology in supersymmetric field 

theories dates back to Witten's seminal paper: Constraints on 
supersymmetry breaking


• Witten argued:    BPS states    -cohomology classes 


• The Witten index is nothing but the Euler characteristic of the                   
-cohomology, and Witten argued that it is independent of couplings. 


• However, how the -cohomology itself depends on the couplings remains 
an open question.
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https://www.sciencedirect.com/science/article/pii/0550321382900712
https://www.sciencedirect.com/science/article/pii/0550321382900712


Introduction
• This question is particularly important in holography.


• So far, computations of -cohomology can only be carried out at weak 
coupling, while under holography, the dual semi-classical gravity resides 
in the strong coupling region.


• If the coupling dependence of the -cohomology can be controlled, we 
can learn a lot about the physics in the gravity dual.
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Introduction
• The Witten index counts the difference in the number between the 

bosonic and fermionic BPS states. 


• It matches the Bekenstein-Hawking entropy of supersymmetric black 
holes: .


• The -cohomology carries more information, much more beyond just the 
number of BPS states.


• One can “follow” a -cohomology class as the rank  varies. (Roughly 
speaking, the rank  characterizes the number of d.o.f in the dual QFT.)

S = A
4GN

= log(# BPS states)

Q

Q N
N



Introduction
• Under holography, the bulk Newton’s constant is related to  as


 


• In the weak coupling limit   ( ), the bulk Hilbert space is a 
Fock space consisting of multi-particle states (multiple particle creation 
operators acting on the AdS vacuum state).


• Holography:              single-trace single-particle state


                multi-trace multi-particle state

N

GN ∼ 1
Nα , α > 0

GN → 0 N → ∞

Tr (⋯) ↔

Tr (⋯)Tr (⋯)Tr (⋯) ↔



Introduction
• Holography predicts that, when  increases (  decreases), there are 

quantum relations among different multi-particle states.


• This is because, in the dual gauge theory, such relations are trace 
relations. 


• For example, in an  gauge theory, two adjoint scalars  and  must 
satisfy .


• Therefore, there are “fewer” states in the interacting gravity than in the free 
gravity.

GN N

SU(2) X Y
Tr (X2Y2) = 1

2 Tr (X2)Tr (Y2)



Introduction
• However, this contradicts our intuition from semi-classical gravity.


• In any interacting gravity theory, there exist black holes, which are 
believed to be the objects with maximal entropy. 


• The number of microstates of black holes should be much larger than the 
number of multi-particle states. 


• To resolve this puzzle, let us focus on supersymmetric black holes, whose 
microstates are BPS states. Many of their properties are captured by the 

-cohomology.Q



Introduction

• For BPS states, we have the old 
mechanism that multi-particle BPS states 
can disappear by the quantum relations 
dual to trace relations.


• There is a new mechanism (called the 
fortuity mechanism) that non-BPS states 
become BPS when the gravitational 
interaction becomes strong (  
decreases).

N

N
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Introduction
• The fortuity mechanism can be easily understood by -cohomology. 


• -cohomology classes fall into two categories:


Let  be a formal multi-trace operator (an operator in the  theory).


- Monotone classes:   without using any trace relation. 

                   Hence,  represents a cohomology class at any .


- Fortuitous classes: 

                     only represents a cohomology class at .

Q

Q
𝒪 N = ∞

Q𝒪 = 0
𝒪 N

Q𝒪 = (a trace relation at N ≤ Nc)
𝒪 N ≤ Nc



Introduction

• The fortuitous classes are responsible for the black hole entropy. In fact, 
we can show that, at fixed energy , 


  


• In other words, a typical black hole microstate must be fortuitous.


• Therefore, we hope that the study of fortuitous states can reveal 
interesting and important microscopic physics of black holes.

E = EBPS(charges, spins)

# fortuitous ≫ # monotone
exponentially



Introduction

• Maybe, the question we most like to know the answer is:


What is a (typical) black hole microstate?


• In semi-classical gravity, a black hole solution describes an emsemble of 
microstates. But, in a UV complete theory of gravity (for example, string 
theory), one should be able to describe a single typical black hole 
microstate.


• This is a question people also ask in the fuzzball program.



Introduction
• In the fuzzball program, many smooth and horizonless supergravity solutions 

are constructed. They are very close to black hole solutions outside the event 
horizon. [A nice review: Bena-Martinec-Mathur-Warner’24]


• This led people to wonder if the black hole microstates can already be 
captured in the low-energy supergravity without using the UV string theory.


• However, the entropy given by quantizing and counting the smooth and 
horizonless solutions is much smaller than the black hole entropy. Therefore, 
they are not typical.


• The -cohomology and fortuity give a different perspective, explaining why 
smooth and horizonless solutions cannot be typical black hole microstates.

Q

https://arxiv.org/abs/2204.13113


Introduction
• Smooth and horizonless geometries 

have a “smooth”  limit — They 
can be viewed as coherent states of 
gravitons, and disassemble into non-
interacting gravitons as  
( ).


• OTOH, the duals of fortuitous states 
have non-perturbative quantum 
corrections (finite  effects).

GN → 0

GN → 0
ℓP/ℓAdS → 0

N

N

E

EBPS

N

E

Nc

EBPS



Introduction
• Conjecture [CC-Lin'24]: 


- Monotone classes  Microstates of horizonless geometries 

- Fortuitous classes  Typical microstates of black holes   


• Evidence/checks:  

- (Generalized) Lin-Lunin-Maldacen geometries  monotone classes in 
 SYM


- Lunin-Mathur/superstrata geometries  monotone classes in D1-D5 CFT

↔

↔

⊂
𝒩 = 4

⊂

https://arxiv.org/abs/2402.10129


Introduction
• Let me give a partial summary of the studies of fortuity in various theories:

<latexit sha1_base64="ruJSk92EZMcIkR1e4gv2o5hDEO4=">AAAB/nicbVDJSgNBEO2JWxy3qHjy0hgET2FG3C7BoBcvSkSzSGYIPZ1O0qRnobtGDEPEXxHBgyJe/QPvXsS/sbMcNPqg4PFeFVX1vEhwBZb1ZaQmJqemZ9Kz5tz8wuJSZnmlrMJYUlaioQhl1SOKCR6wEnAQrBpJRnxPsIrXOe77lWsmFQ+DS+hGzPVJK+BNTgloqZ5ZSxxKBD7r5XduHWA3kFxcnfbqmayVswbAf4k9ItnDdzMfPXyaxXrmw2mENPZZAFQQpWq2FYGbEAmcCtYznVixiNAOabGapgHxmXKTwfk9vKmVBm6GUlcAeKD+nEiIr1TX93SnT6Ctxr2++J9Xi6F54CY8iGJgAR0uasYCQ4j7WeAGl4yC6GpCqOT6VkzbRBIKOjFTh2CPv/yXlLdz9l5u99zOFo7QEGm0jjbQFrLRPiqgE1REJURRgu7RE3o27oxH48V4HbamjNHMKvoF4+0bShaYuA==</latexit>

N = 4 SYM
<latexit sha1_base64="U2g665KGSUoTYrE6F81i0EWNVaM=">AAAB7nicbZDLSgMxFIbP1Futt6pLRYJFcFHKTMXLRii6cSUt2Au0Q8mkmTY0kxmSjFCGLn0ANy4Ucesj9Dnc+Qy+hGnrQlt/CHz8/znknONFnClt259WamFxaXklvZpZW9/Y3Mpu79RUGEtCqyTkoWx4WFHOBK1qpjltRJLiwOO07vWvx3n9nkrFQnGnBxF1A9wVzGcEa2PVby+L+Vb+pJ3N2QV7IjQPzg/kSvujytfDwajczn60OiGJAyo04VippmNH2k2w1IxwOsy0YkUjTPq4S5sGBQ6ocpPJuEN0ZJwO8kNpntBo4v7uSHCg1CDwTGWAdU/NZmPzv6wZa//CTZiIYk0FmX7kxxzpEI13Rx0mKdF8YAATycysiPSwxESbC2XMEZzZleehViw4Z4XTipMrXcFUadiDQzgGB86hBDdQhioQ6MMjPMOLFVlP1qv1Ni1NWT89u/BH1vs3gFCSFg==</latexit>

N = 2, 3
<latexit sha1_base64="yk883fObAuudj4Y/54D3BlHI35Q="></latexit>

N = 1 relevant deformation from N SYM
<latexit sha1_base64="3+PwabCJKt571ibeVDfhMWUSFQw=">AAAB6nicbZC7SgNBFIbPxltcb1FLm8EgWIXdFIlNMGhjJRHNBZIlzE5mkyGzs8vMrBCWPIKNhSKW+i72NuLbOLkUmvjDwMf/n8Occ/yYM6Ud59vKrKyurW9kN+2t7Z3dvdz+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vBykjfvqVQsEnd6FFMvxH3BAkawNtbtdaXYzeWdgjMVWgZ3DvnzD7sSv33ZtW7us9OLSBJSoQnHSrVdJ9ZeiqVmhNOx3UkUjTEZ4j5tGxQ4pMpLp6OO0YlxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhNzP+ydqKDMy9lIk40FWT2UZBwpCM02Rv1mKRE85EBTCQzsyIywBITba5jmyO4iysvQ6NYcEuF0o2br17ATFk4gmM4BRfKUIUrqEEdCPThAZ7g2eLWo/Vivc5KM9a85xD+yHr/AfzokJ4=</latexit>

N = 2

<latexit sha1_base64="zS8oU/Sw9qzOCiCU/EqyNhZEoM8=">AAACFXicbVDLSgMxFM3UV62vUZduQotQUcuMi+pyrBsRlApOW+iUkklTGybzIMkIZRg/QgR/xY0LRdwK7vo3po9FbT0QOPece7m5x40YFdIwBlpmYXFpeSW7mltb39jc0rd3aiKMOSY2DlnIGy4ShNGA2JJKRhoRJ8h3Gam73sXQrz8QLmgY3Ml+RFo+ug9ol2IkldTWjxKH+9BOizcHbc+R1CdiSkmOvfRxVJ9Xrq7Ttl4wSsYIcJ6YE1Kw8s7h88DqV9v6j9MJceyTQGKGhGiaRiRbCeKSYkbSnBMLEiHsoXvSVDRAan0rGV2Vwn2ldGA35OoFEo7U6YkE+UL0fVd1+kj2xKw3FP/zmrHsnrUSGkSxJAEeL+rGDMoQDiOCHcoJlqyvCMKcqr9C3EMcYamCzKkQzNmT50ntpGSWS+Vbs2BVwBhZsAfyoAhMcAoscAmqwAYYPIFX8A4+tBftTfvUvsatGW0yswv+QPv+BSBSoSo=</latexit>

U(N)k →U(N)→k ABJM
<latexit sha1_base64="3wUwaqVXe4ubmZ8enLri3s6eSJg=">AAAB7nicbZDLSgMxFIbP1Futt6pLRYJFcFHKTMHLRii6cSUt2Au0Q8mkmTY0kxmSjFCGLn0ANy4Ucesj9Dnc+Qy+hOlloa0/BD7+/xxyzvEizpS27S8rtbS8srqWXs9sbG5t72R392oqjCWhVRLyUDY8rChnglY105w2Iklx4HFa9/o347z+QKViobjXg4i6Ae4K5jOCtbHqd1dOvpUvtrM5u2BPhBbBmUGudDiqfD8ejcrt7GerE5I4oEITjpVqOnak3QRLzQinw0wrVjTCpI+7tGlQ4IAqN5mMO0QnxukgP5TmCY0m7u+OBAdKDQLPVAZY99R8Njb/y5qx9i/dhIko1lSQ6Ud+zJEO0Xh31GGSEs0HBjCRzMyKSA9LTLS5UMYcwZlfeRFqxYJzXjirOLnSNUyVhgM4hlNw4AJKcAtlqAKBPjzBC7xakfVsvVnv09KUNevZhz+yPn4AfUSSFA==</latexit>

N = 1, 2

<latexit sha1_base64="6q6b8ZnwNM/bl6CbYwmI/VCgBJ4=">AAACFHicbVDLSgMxFM34rPVVdekmtAgtxTLjorqsdSMupIJ9QGcYMmmmDZN5kGSEMoz/IIi/4saFIm5duOvfmD4EbT0QOPece7m5x4kYFVLXR9rS8srq2npmI7u5tb2zm9vbb4kw5pg0cchC3nGQIIwGpCmpZKQTcYJ8h5G2412M/fYd4YKGwa0cRsTyUT+gLsVIKsnOlROT+7CZFq9LtmdK6hPxoxglOzn20vtJfV6/Su1cQa/oE8BFYsxIoZY3y4+j2rBh577MXohjnwQSMyRE19AjaSWIS4oZSbNmLEiEsIf6pKtogNR2K5kclcIjpfSgG3L1Agkn6u+JBPlCDH1HdfpIDsS8Nxb/87qxdM+shAZRLEmAp4vcmEEZwnFCsEc5wZINFUGYU/VXiAeIIyxVjlkVgjF/8iJpnVSMaqV6YxRqdTBFBhyCPCgCA5yCGrgEDdAEGDyAZ/AK3rQn7UV71z6mrUvabOYA/IH2+Q1JQaC2</latexit>

U(N)k →U(1)→k ABJ
<latexit sha1_base64="MDxEhQuBhLbsJx6t9k2iQrwtLKs=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmClY3xaIbV1LRXqAdSibNtKGZzJBkhDL0Edy4UMSlvot7N+LbmF4W2vpD4OP/zyHnHD/mTGnH+bYyS8srq2vZdXtjc2t7J7e7V1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7gc5417KhWLxJ0extQLcU+wgBGsjXV7XS52cnmn4EyEFsGdQf78wy7Hb192tZP7bHcjkoRUaMKxUi3XibWXYqkZ4XRktxNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWdj87+slejgzEuZiBNNBZl+FCQc6QiN90ZdJinRfGgAE8nMrIj0scREm+vY5gju/MqLUC8W3FLh5MbNVy5gqiwcwCEcgwunUIErqEINCPTgAZ7g2eLWo/VivU5LM9asZx/+yHr/AfyWkJ0=</latexit>

N = 2
<latexit sha1_base64="jxlMOBvpF6JiXlQRFbLzWHVUnP8="></latexit>

D1-D5 CFT/deformed SymN (T 4)
<latexit sha1_base64="+DK9S/9xkoxEb7sEq13LtnOvEA0=">AAAB8nicbVDLSgNBEJyNrxhfUY+KDAbBQwi7ER8XIejFkyRgHrBZwuxkkgyZ3VlmeoWw5OgnePGgiFc/IN/hzW/wJ5wkHjSxoKGo6qar248E12Dbn1ZqYXFpeSW9mllb39jcym7v1LSMFWVVKoVUDZ9oJnjIqsBBsEakGAl8wep+/3rs1++Z0lyGdzCImBeQbsg7nBIwknt76eSb+aKpk1Y2ZxfsCfA8cX5IrrQ/qnw9HIzKrexHsy1pHLAQqCBau44dgZcQBZwKNsw0Y80iQvuky1xDQxIw7SWTyEN8ZJQ27khlKgQ8UX9PJCTQehD4pjMg0NOz3lj8z3Nj6Fx4CQ+jGFhIp4s6scAg8fh+3OaKURADQwhV3GTFtEcUoWC+lDFPcGZPnie1YsE5K5xWnFzpCk2RRnvoEB0jB52jErpBZVRFFEn0iJ7RiwXWk/VqvU1bU9bPzC76A+v9G3c6kyM=</latexit>

N = 1, 2, 3

<latexit sha1_base64="UIkhQK9hWqyoZKYBPZ0CWJFix3o=">AAACA3icbVDLSgNBEJz1GeMr6k1FBoPgKewKPo5BL54kAZMISQizk97s4OzsMtMrhiXgxV/x4kERD178CW9+gz/hJPHgq6ChqOqmu8tPpDDouu/OxOTU9Mxsbi4/v7C4tFxYWa2bONUcajyWsb7wmQEpFNRQoISLRAOLfAkN//Jk6DeuQBsRq3PsJ9COWE+JQHCGVuoU1s9aRkTUc1sI15hRpro0FL0Q9KBTKLoldwT6l3hfpFjefKl+3G69VDqFt1Y35mkECrlkxjQ9N8F2xjQKLmGQb6UGEsYvWQ+alioWgWlnox8GdMcqXRrE2pZCOlK/T2QsMqYf+bYzYhia395Q/M9rphgctTOhkhRB8fGiIJUUYzoMhHaFBo6ybwnjWthbKQ+ZZhxtbHkbgvf75b+kvlfyDkr7Va9YPiZj5MgG2Sa7xCOHpExOSYXUCCc35I48kEfn1rl3npznceuE8zWzRn7Aef0EASia2A==</latexit>

N → 10 and higher

Theories Explicit fortuitous classes Ref

1

2

3

4

5

SUSY SYK 6

Matrix quantum mechanics All N Yiming’s talk
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BPS states

• Consider a complex supercharge:


 ,    


• The BPS states :           


• Standard Hodge theory argument:


BPS states    -cohomology classes

{Q, Q†} = H − EBPS ≡ Δ Q2 = 0 = Q†2 ⇔ Δ = 0

|Ψ⟩ H |Ψ⟩ = EBPS |Ψ⟩ ⇔ Q |Ψ⟩ = 0 = Q† |Ψ⟩

⟷ Q { |Ψ⟩ Q |Ψ⟩ = 0}
{ |Ψ⟩ |Ψ⟩ = Q |Ψ′￼⟩}



BPS operators in  SYM𝒩 = 4

• State/operator correspondence:    


•  SYM has 16 supercharges and 16 conformal supercharges


• Pick one supercharge  and one conformal supercharge 


•  for  SYM

O ↔ |O⟩

𝒩 = 4

Q ≡ Q4
− S = Q†

EBPS = J1 + J2 + q1 + q2 + q3 𝒩 = 4



BPS operators in  SYM𝒩 = 4
• Consider  SYM with  gauge group.


• All operators are  invariant composites of fundamental fields with 
covariant derivatives.


• Fundamental fields and derivatives (letters):


 matrix:     


𝒩 = 4 U(N)

U(N)

N × N Φ[IJ] , ΨIα , ΨI·α , Aμ , Dμ = ∂μ − iAμ

SU(4)R : I = 1,⋯,4 , SO(1,3) : μ = 0,⋯,3, SU(2) × SU(2) : α, ·α = ±



BPS letters
• BPS letters ( ):


- Fields:    


- Derivatives:                                     


• BPS superfield (a generating function) with auxiliary variables :   
commuting,  anti-commuting variables [Grant-Grassi-Kim-Minwalla’08, CC-Yin’13]


   


• It satisfies .

Δ = 0

ϕi ≡ Φ4i , ψi ≡ − iΨi+ , λ ·α ≡ Ψ4·α , f ≡ Fμν(σμν)++

D ·α ≡ (σμ)+ ·αDμ (i = 1,2,3)

(z+, z−, θ1, θ2, θ3) z±

θi

Ψ(z+, z−, θ1, θ2, θ3) = − i
∞

∑
n=0

(z ·αD ·α)n

n!
z

·βλ ·β

n + 1
+ 2θiϕi + ϵijkθiθjψk + 4θ1θ2θ3 f

Ψ(zα, θi) |zα=0,θi=0 = 0

https://arxiv.org/abs/0803.4183
https://arxiv.org/abs/1305.6314


-action in free SYMQ

• At the free point , any gauge invariant made out of  is 
a BPS operator, because  .


• For example:

gYM = 0 (τ = i∞) Ψ
QΨ = 0

Tr[ψ1ϕ1] Tr[λ+D1D2 f ] = Tr[∂θ2
∂θ3

Ψ∂θ1
Ψ] Tr[∂z+Ψ∂z+∂z−∂θ1

∂θ2
∂θ3

Ψ]
zα=θi=0



-action at tree-levelQ

• At the tree-level (classical), the -action becomes


 


and satisfies the Leibniz rule:   .


• The tree-level cohomology differs from the free cohomology.


• For example,  is -closed but  is not.

Q

Q(Ψ) = Ψ2

Q(AB) = Q(A)B + (−1)|A|AQ(B)

Tr (ϕ1ϕ2{ϕ1, ϕ2}) Q Tr (ϕ1ϕ2 f )



Monotone and fortuitous classes
• Monotone classes:       multitraces





- At , they are dual to BPS multi-graviton states. [CC-Yin’13]


• First fortuitous classes:  in SU(2) theory  ( )



- SU(2) and SU(3): multiple infinite towers of fortuitous classes 

[CC-Lin ’22, Choi-Kim-Lee-Park ’22, Choi -Kim-Lee -Park ’22, ’23]

Om1
⋯Omn

Om = ∂p1
z+∂p2

z−∂s1
θ1

∂s2
θ2

∂s3
θ3

Tr[(∂z+Ψ)k1(∂z−Ψ)k2(∂θ1
Ψ)n1(∂θ2

Ψ)n2(∂θ3
Ψ)n3

symmetrize

]
zα=0=θi

N = ∞

∂i1⋯in ≡ ∂θi1
⋯∂θin

O = ϵi1i2i3ϵj1j2 j3ϵl1l2l3ϵm1m2m3
ϵk1l1m1Tr(∂i1Ψ∂k2k3Ψ)Tr(∂ j1Ψ∂l2l3Ψ)Tr(∂i2i3Ψ∂ j2 j3Ψ∂m2m3Ψ)

2 3

https://arxiv.org/abs/1305.6314
https://arxiv.org/abs/2209.06728
https://arxiv.org/abs/2209.12696
https://arxiv.org/abs/2304.10155
https://arxiv.org/abs/2312.16443


Non-renormalization conjectures

• Weak conjecture: There is no (codimension one) phase boundary. Phase transition 
can only occur at discrete points, usually free points.


• Strong conjecture: The -cohomology is tree-level (classically) exact.  ([Kinney-

Maldacena-Minwalla-Raju’05, Grant-Grassi-Kim-Minwalla’08, …] for  SYM)


                      ,  so the BPS spectrum is 1-loop exact. 

Q
𝒩 = 4

{Qtree, Q†
tree} = Δ1−loop

https://arxiv.org/abs/hep-th/0510251
https://arxiv.org/abs/hep-th/0510251
https://arxiv.org/abs/0803.4183


S-duality test
• Let us test the conjectures using the S-duality.


• The  SYM theory enjoys the S-duality, 
which maps the theory with gauge group  
and complexified gauge coupling 





to the theory with gauge group  (the 
Langlands dual of ) and complexified 
gauge coupling .

𝒩 = 4
G

τ =
θ

2π
+

4πi
g2

YM
LG

G
−1/τ



Free  theory
τ = 0

LG



Free  theory
τ = i∞

G



S-duality test

• The dual pair with gauge groups  and  does not give any 
non-trivial checks because the classical -cohomology depends only on 
the Lie algebra of the gauge group. 


• To perform nontrivial checks, we consider the gauge groups  
and .


• Smallest nontrivial :  and .

SU(N) PSU(N)
Q

SO(2N + 1)
USp(2N)

N SO(7) USp(6)



Search for differences
• Focusing on the BMN sector (letters with ), Gadde-Lee-Raj-Tomar found 

the first fortuitous (non-Coulomb-branch) class in the  theory with charges 
, which has no S-dual in the  theory in 

the BMN sector.


• However, the BMN sector is not a complete charge sector. They did not search 
outside the BMN sector.

J1 = J2
SO(7)

(J1, J2, q1, q2, q3) = ( 1
2 , 1

2 , 5
2 , 5

2 , 5
2 ) USp(6)


∂1Ψ = X, ∂2Ψ = Y , ∂3Ψ = Z
∂12Ψ = ψ3, ∂23Ψ = ψ1, ∂31Ψ = ψ2

https://arxiv.org/abs/2506.13887


Violation of S-duality
• Up to , the  and  

classical cohomology aggee up to two additional classes in : [Chang-
Lin’25]

L = 3J1 + 3J2 + 2q1 + 2q2 + 2q3 = 18 USp(6) SO(7)
SO(7)

BMN chiral ring

OBMN Oi
CR, i = 1,⋯,85

https://arxiv.org/abs/2510.24008
https://arxiv.org/abs/2510.24008


Chiral ring sector
• Due to the 85 vs. 84, the classical chiral ring is not S-duality invariant.


• What’s special about the 1 out of the 85 chiral ring elements?


• The chiral ring is generated by the  chiral superfields  and , 
whose bottom components are  and .


• The superpotential gives the relations :


 .

𝒩 = 1 Φi Wα
ϕi = ∂θi

Ψ λα = ∂zαΨ

∂W/∂(Φi, Wα) = 0

[ϕi, ϕj] = [ϕi, λα] = {λα, λβ} = 0



Chiral ring sector
• The chiral ring is  invarinat polynomail ring:   





 is the gauge group, and  is the Lie algebra of .


• A common lore: .


• A naive argument: Since the ,  are mutually commuting, we can put 
them into the Cartan subalgebra  using the gauge symmetry. The residual 
gauge symmetry is the Weyl group . [Kinney-Maldacena-Minwalla-Raju’05]

Gℂ

ℂ[𝔤3|2
ℂ /(commutators)]Gℂ

G 𝔤 G

ℂ[𝔤3|2
ℂ /(commutators)]Gℂ ≅ ℂ[𝔥3|2

ℂ ]W𝔤

ϕi λα
𝔥

W𝔤

?

https://arxiv.org/abs/hep-th/0510251


.


•   is the chiral ring of the IR theory on the Coulomb branch.


• With only bosonic elements (replacing  by ), this isomorphism was rigorously 
proven.  [Vaccarino’07 for , Chen-Chau’21 for , Song-Xia-Xu’22 for ]


• However, this isomorphism cannot be true, because if it is true, the chiral ring 
would be S-duality invariant due to  and .


• In general, the abelianization map   has a 
nontrivial kernel. 


• The 1 (out of the 85) resides in this kernel, i.e.,   in a good basis.

ℂ[𝔤3|2
ℂ /(commutators)]Gℂ ≅ ℂ[𝔥3|2

ℂ ]W𝔤

ℂ[𝔥3|2
ℂ ]W𝔤

𝔤3|2
ℂ 𝔤n

ℂ
𝔰𝔲 𝔰𝔭 𝔰𝔬

𝔥 ≅ 𝔥L W𝔤 ≅ W𝔤L

ℂ[𝔤3|2
ℂ /(commutators)]Gℂ → ℂ[𝔥3|2

ℂ ]W𝔤

O85
CR |cartan = 0

?

https://arxiv.org/abs/math/0602660
https://arxiv.org/abs/2102.01849
https://arxiv.org/abs/2207.03147


Some comments
• In the  example, the non-Coulomb element is responsible for the 

quantum correction to the cohomology. Is this a general relation?


• Coulomb vs. non-Coulomb can be defined for the full cohomology (not 
just in the chiral ring). All known fortuitous operators are non-Coulomb.


• Bulk picture of a non-Coulomb operator: the dual bulk field is screened by 
the D3-branes,

SO(7)



Outline

• A brief introduction to -cohomology and fortuity


• How does the -cohomology depend on the couplings?


• Quantum corrections to -cohomology from OPE and normal 
ordering 

• Conclusion

Q

Q

Q



Quantum correction
• Quickly after our work, two groups of people (Choi-Lee and Buzik-Kulp) 

found the 1-loop corrected , which exactly lifts the pair of tree-level      
-cohomology classes in . 





• They use very different methods:


- Choi-Lee: the generalized Konishi anomaly


- Buzik-Klup: holomorphic twist theory of the  SYM

Q
Q SO(7)

Q1−loopOBMN = O85
CR

𝒩 = 4

https://arxiv.org/pdf/2511.09519
https://arxiv.org/abs/2512.07771


Quantum correction

• However, both approaches have some weak points:


- Generalized Konishi anomaly: It is not a systematic approach, not very 
clear whether it captures all the quantum corrections.


- Holomorphic twist theory: The relation between the perturbative 
expansions in the twisted and untwisted (physical) theories is not clear. 



Quantum correction

• Find a new way of computing the quantum correction. That is systematic, 
non-perturbative, and in the physical theory.


• Idea: Operators are composites of fundamental fields. 


• They are well-defined classically, but quantum mechanically, there are 
coincident point singularities (OPE singularities) between fundamental 
fields.


• Point splitting regularization: subtracting off the OPE singularities



Chiral OPE of BPS operators
• Let us introduce the complex coordinates:








• We have , , ,      ( )


• We can constrain the OPE between BPS operators  to take the form





• Taking  while fixing , all non-BPS terms ( ) vanish.

z ·α = (xμσμ)− ·α = (x0 + x3, x1 − ix2) , z̄ ·α = (xμσμ)+ ·α = (x1 + ix2, x0 − x3)
−(x0)2 + (x1)2 + (x2)2 + (x3)2 = z ·αz̄ ·α ≡ |z |2

Δ(z ·α) = 0 Δ(z̄ ·α) = − 2 Δ( |z |2 ) = − 2 Δ = H − EBPS

𝒪1, 𝒪2

𝒪1(z, z̄)𝒪2(0) ∼ ∑
Δ≥0

∞

∑̃
ℓ=1

ℓ̃−Δ

∑
ℓ=0

z ·α1
⋯z ·αℓ

z̄ ·β1
⋯z̄ ·βℓ̃

|z |2ℓ̃−Δ
𝒪Δ, ·α1⋯ ·αℓ

·β1⋯
·βℓ̃
(0)

z̄ → 0 z Δ > 0
(“ ”: ignoring regular terms)∼



Chiral OPE of ’sΨ
• The BPS superfield can be viewed as covariantly translating operators 

from the origin to : 


,    (“  ”: adjoint action)


•  transforms under the gauge group at .


• The OPE between ’s can be constrained by the charges


(z, z̄)
Ψ(θ, z) = ez ·αD ·α ⋅ Ψ(θ,0) = e−i ∫z

0 A ·αdz ·α ⋅ ez ·α∂ ·αΨ(θ,0) ⋅

Ψa1
(θ1, z1)⋯Ψan

(θn, zn) z = 0

Ψ

Ψa(θ, z)Ψa(θ′￼,0) ∼ κfabcδ3(θ − θ′￼)
z̄ ·α

|z |2

∂Ψc

∂z ·α
(θ,0)

: adjoint indexa

WIP with Kangning Liu, Botao Li and Eunwoo Lee



Normal ordering
• We can define the normal ordered operators (regularized operators) by 

subtracting off the OPE singularities. For example:


 


• The -action on a single  is more properly defined as


   


•  does not obey the Leibniz rule when acting on 

: Ψa(θ′￼, z)Ψb(θ,0) : ≡ Ψa(θ′￼, z)Ψb(θ,0) − κfabcδ3(θ − θ′￼)
z̄ ·α

|z |2

∂Ψc

∂z ·α
(θ,0)

Q Ψ

QΨa = 1
2 fabc : ΨbΨc :

Q : ΨaΨb :



-action on compositesQ

≡ QC : Ψa(θ′￼, z′￼)Ψb(θ, z) :



This is still a bit subtle …



-action on compositesQ
• In summary:  


•  is the classical -action, satisfying the Leibniz rule. The quantum 
correction  agrees with the results of Choi-Lee and Buzik-Kulp.


• Future directions:


- We can further compute the -action on composits of more ’s, for 
example,  .


- Chiral OPE between monotone and fortuitous operators.

Q : ΨaΨb : = Qc : ΨaΨb : + Qq : ΨaΨb :

Qc Q
Qq

Q Ψ
Q : Ψa : ΨbΨc ::



Concluding remarks

• There are quantum corrections to the -cohomology in the  SYM 
with  gauge group.


• It is still unclear whether there are similar loop corrections in theories with 
other gauge groups. 


• The weak conjecture can still be correct, i.e., there is no “wall”.


• -cohomology is a powerful tool, and the study of fortuity has taught us 
interesting lessons about black holes. More in the later talks today!

Q 𝒩 = 4
SO(2N + 1)

Q



Thank you


