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Motivation & main result

Near-extremal black holes develop a long near-horizon AdS2 region.

In the T → 0 limit, tensor would-be zero modes become important and spoil naive
semiclassics.

Euclidean path integral

Z = Z0

∫
[Dh][Dϕ]e−

1
2
h∗ ∆L h− 1

2
ϕ∗ ∆M ϕ,

Z ∼ Z0 T
3/2 =⇒ δS =

3

2
logT + const.

Main result: universality (D ≥ 4, ϕ+ Aa, axially symmetric)

near-extremal configuration → zero modes → lifted eigenvalues → 3
2 logT
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Near-horizon geometry & tensor zero modes

Near-horizon extremal metric in D dimensions

ds2 =g1(θn)

[
(y2 − 1) dτ 2 +

dy2

y2 − 1

]
+ gmm(θn) dθ

2
m

+ gij(θn)(dφi + i ki (y − 1) dτ) (dφj + i kj (y − 1) dτ) ,

(1)

Tensor zero modes at T = 0

h(n)µνdx
µdxν = Cn g1(θm)e

inτ

(
y − 1

y + 1

) |n|
2
(
−dτ 2 +

dy2

(y2 − 1)2
+ 2i

n

|n|
dτdy

y2 − 1

)
, (2)

The only dependence on the explicit background is through g1(θn).

Key point: these are large diffeomorphisms

h(n)µν = Lξ(n) ḡµν ,

Higher-dimensional avatars of Schwarzian reparameterization modes.
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Small T lifts the spectrum ⇒ determinant ⇒ 3
2 logT

Small-T deformation (Empirical/structural Ansatz)

Turn on a mild near-extremal deformation of the background

g = ḡ + δg , Φ = Φ̄ + δΦ,

Lifted eigenvalues (universal nT behavior)

Λ(n) = Λ̃ n T (n ≥ 3), Λ(2) = Λ̃2 T .

The lifted eigenvalues are independent of the matter sector (Lemma of cancellation in the Lichnerowicz
operator).

One-loop determinant from lifted modes

δZ =
(
det∆L

)−1/2
= (Λ̃2T )−1

∏
n≥3

(Λ̃ n T )−1.

δ logZ =
3

2
logT + const ⇒ δS =

3

2
logT + const.

Explicit calculation in D = 4, 5, 6. The prescription works for D ≥ 7.
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Appendix

The Empirical Ansatz:
δgµν = T (δg1 + δg2)µν , (3)

δg1µνdx
µdxν =

[
y
(
1− y2

)
δgττ (θn)

]
dτ2

+ 2
[
y(1 + y) δg

(1)
τ i (θn)− i kj y δgij(θn)

]
dτ dφi

+
[ y δg (1)

yy (θ)

1− y2

]
dy2 + y δgmm(θ) dθ

2
m + y δgij(θ) dφidφj ,

(4)

δg2µνdx
µdxν =

[
2 i ki (1− y)

(
y δg

(21)
τ i (θn) + δg

(22)
τ i (θn)

)
− (1− y) δg

(2)
yy (θn)

]
dτ2

+ 2
[
y δg

(21)
τ i (θn) + δg

(22)
τ i (θn)

]
dτ dφi

+
[ δg

(2)
yy (θn)

(1− y)(1 + y)2

]
dy2 ,

(5)
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Appendix

Term1a : h∗αβ δ(12g
αµgβν□)hµν Term1b : h∗αβ δ(−1

4g
αβgµν□)hµν

Term2 : h∗αβ δ(Rαµβν)hµν

Term3a : h∗αβ δ(Rαµgβν)hµν Term3b : h∗αβ δ(−Rαβgµν)hµν

Term4a : h∗αβ δ(−1
2Rg

αµgβν)hµν Term4b : h∗αβ δ(14Rg
αβgµν)hµν

Term5a : h∗αβ δ(12V gαµgβν)hµν Term5b : h∗αβ δ(−1
4V gαβgµν)hµν

Term6a : h∗αβ δ(12 CIJF
I
ρσF

Jρσgαµgβν)hµν Term6b : h∗αβ δ(−1
4 CIJF

I
ρσF

Jρσgαβgµν)hµν

Term7 : h∗αβ δ(−2 CIJF IαµF Jβν)hµν

Term8a : h∗αβ δ(−4 CIJF IαγF Jµ
γg

βν)hµν Term8b : h∗αβ δ(2 CIJF IαγF Jβ
γg

µν)hµν

Term9a : h∗αβ δ(14 fAB∂ρϕ
A∂ρϕB gαµgβν)hµν Term9b : h∗αβ δ(− fAB

8 ∂ρϕ
A∂ρϕB gαβgµν)hµν

Term10a : h∗αβ δ(− fAB∂
αϕA∂µϕB gβν)hµν Term10b : h∗αβ δ(12 fAB∂

αϕA∂βϕB gµν)hµν
(6)
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