
Encture3.1:lossesofreal and non-local highe-derivationtheories ofgravity
--

---

· fR as a QFT is unitary ,
but perturbatively non-renormalizable.

· Quadratic Gravity is perturbatively renormalizable ,
but (apparently) not unitary.

· How to reconcile perturbative renormalizability and unitarity in or QFT of gravity ?-

· We have learned that higher-order derivatives are unavoidable for a fundamental
&

QFT description of the gravitational interaction.

= Is there any HD theory of gravity that isbothunitary and renormalizable?
-

- Is there any HD theory of quarrity that is-ghost-f?
- Do we need to give up one of the "guiding principles" 1) ,

2)
, 3) ,
4) for a

fundamental QFT description of gravity ?



k
#rm-upclosesofscalar models
1

-> Make a quite generalclassification of HD models allowed by the Lagrangian formalism
- Then

, investigate if any of these models can serve our purpose

· General bare Laynangian : L = 1 F(z)p - V(p)

· Kinetic operator : F (2) ison entirefunction of (mpal)

· Propagator : G(-pt)=P2

· Nexerstrasstheorem : if F(z) is an entire function , we can factorize it as

I
m? are real or complex zeroes of F(z) :J

where i is the multiplicity of the j-th zero ;
j#= er()(z-ml ↑ ↓ counts the # of zende (0 on = 0)

i
Z((z) is another entire function of
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~(2) (A-mi)· In ourease

,
z = 1 : F(x)) = e

S

· Im momentum space z= -p2 : F (-P2) = eV(P2)17 ( +m2)
J

· Momentum-space propagator : G(p2) = ieU(P2)
Someremarks :

- If NCD and U(z) = 0 =D Local HD Kinetic operator

- if N = 0 and/or ((z) + 0 = non-local (i . e.-polynomial) HD Kinetic operators-

r(t)
- In particular , if r(t) + 0 = b => fr In

, fu news
z= 0

=> infinite-order derivatives
-

rEP2)
- Simee UC-P2) is an entire function of pr ,

e does not introduce additional poles.



Coxification:SealHD models &
~(2) (A -mz) G(p2) = iU(P2)F(m) = e

j = 1

(i) Ordinary two-derivative Kinetic operator : N = 1
, 2 = 1

,
w(x) = 0

= F(x) = z -m
= E(p2)=m

(ii) Four-derivative Kinetic operator : N = 2
, 1

= 22 = 1
,
V(A) = 0

=> F(x) = ( -mi)(x - mz) =
G(P=(P2+m2)=mmm]

(iii) IN-derivative Kinetic operator (only real zeroes) : N
, I= - . =

n
= 1

,
U(n) = 0

F(A)= ( - mi) ,
Exp =im =-ij=1

where miER Vi ,
-ic;

is the residue at p= -m XJ
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Can we avoid ghosts for some value of N ? Namely ,

can we have ejoi ? NO !

Multiply by p2 both sides of the propagator and take the limit IP2-0 :

lim p2imic
= limPfi)mic(p21-DE (p2-DA

#D O=j = e+:

t-like !=Aleast one of the components must beghos

(ii) Six-derivative Kinetic operator /Complex-conjugate zeroes) : N = 3
, %

=+= 43 = 1
,
U(x) = 0

F(x) = (x - mz)(z + iM)(z - iMt)
,
G(p)
=2) ( iM2) (p2-iM2)

= G -mz) (2 + M4)

=2)<42+ Ma



&
- In thisease we have 3 poles : 21 real pole pr-m,a complex-conjugate part p2 =z iM2

f(p) = ( -i)mini-m]
=-minz-muz]
=- [m2-iM2)-im)ment I

=[m=in m2] &
L = 1 +i

-behavior : G(- P2) Up
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- Ire-levelunitority : Let's cheek the sign of the imaginary part of if (pt) :

ImLIGEP4] =M Immu + ini-im]
= Im[m]=G(p + m2) = 0

The additional complex-conjugate pole conce= the positivity constrat is satisfied.

- One can show that
, using alternative contour deformatio in the complex-energy plane,-

the optical theorem and so unitarity can be preserved at any loop ordere.

- For references on UV behavior and unitarity of 6-derivative AFTs with
--

complex-conjugate poles ,
cheek papers by the following authors :

[Asoney , Shapiro ,
Modesto

,
Rockwal

,
Anselmi

,
Pira

,
Briseese

, Caleagni , Giacchini, ...]
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Gasification: non-local HD models

· Motivation : avaidguests (ghost-fee models) ,
while keeping a good UV behavior

· This may happen infinite-derivative models with N =1
, Mc= 1

,
U(4) +0 :

F(x) = et()(7-my
,
E(42) =

mp2+m2) =xie
V(pt

p2+ m2
-ameremarks :

· Only 1 pole at pe=-m =D Im[i8(p4] = ite-U(m2) & (p2 + m2) =0

· The entire function UCP2) is dimensionless
, therefore it most depend on -pY/,

whereImass/energy-scaleofnew physics ·

· In the regime /PY2/1 : we must require ((PT) = 0 to recover the

low-energy local physics.

· In the regime /PYK1 : we want e-r(-P4) to give UV suppression in the propagator
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Someinteresting -functionalfromfer(< /(2)

· Monomial : ((/) = - &/2/2 ,
m even

=> F(x) = ef*** ( -m2)
,
E(ph)=

=> the UV behavior ismon-local all the way up to infinite energy

TReferences : see papers by Krasnikov (1987)
,
Mazumdar

,
Biswas

,
Koshelv

,
Modesto

, Caleagini,
Briseese

,
Tokara

,
1

.
B .,

.
. &

· Non-polymial : v (=/2) = E[T(0 , 2(x))) + Ve + log(g(x))]
where T(0 , 9(H) =) Ite & (7) is a polymial in zE g(z)

Ve = Euler-Mascheroni constant
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The most common choice for gla is : g(x) = (51/p2m ,

m even

&It (0 , (2)m) + = + log(PY]
=> F(P) = (p2+ mz) e

#behavior : since for zx1 we have T(0) =-DO
= F(-p2) O Constant) x p2(
=> E(p2+ 1 im even

=> the UV behavior is not non-toed all the way up to infinite energy,-

but after a mon-local regime we have again or local (polynomial) behavior

[References : see papers by Kuzmim (1989) ,
Tamboulis (1997) ,

Modesto
, Caleagmi , Rachwal ,IBrisees ,

Giacchini, ...



classesoftheories offarity (
·

Wenow want towitdon andogagginsforthgranitationalintereatina
General action. The most general action for or metric

, torsion-free and parity-invariant-
theory of gravity is

= Sa FTR + Runer Dr Rar + 0 (R)]
,

where Dive is a generie (either local or mon-local) differential operator,

O(R) accounts for higher-encature terms.



(
One can manipulate the "guadratic-eurvature" part and obtain :

5) = SlicFITERRE(R + REARN + RugrE)RMer + O()]
where F(x) = 1

,
2 ,

3 are generic (local or monlocal differential operators).

Remarks :
-

· We assume that F(z) are entrefunctions -

· If Fi are constants
,

we know that
, using the Gauss-Bonnet identity ,

we can

newrite Rug River in terms of RpvRY and R2
·
Con we do something similar if Fitconst?

· The Goss-Bornet identity does not hold for Fit const . But
,
the following

identify does hold :

E RuverE(t) River= Fg[4RmEla)RM-RECAIR + O(2)] + tot
.
derivative
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In other words

,
the information about E(1) can be partly moved to O(R)

and partly to tot
. derivatives

· Proof :

Using the following properties:

(i) Since F3(7) is an entire function ,
we can write : E3(4)= AM

,
NO on N=

(ii) [V ,
]-0(2) : commutation of covariant derivatives is proportional to a enrature tensor

(iii)a Ruvjpo = 0 <D VaRuner + VRappr + UpRrayo = O

(iv) UnRinge = -FoRvg + NgRvo

we can show :

M = 0 : Rug Go River = Raver RieT = GRuRM-R2 + tot . decivative

Stouss-Bonnet identity)



(
M21 : Range &M RMOU = Rango I TTM-1 purer

=- Runpr # GM-1 River + tot
. derivative

(ii) = - Rungo TM-1
> RNew + O(3) + tot

.
derivative

ciil = + ( & Rappo + UnRospr)7m-s Ed per +...

(ii) =- Rayer + Nut
> Rudyr) [M-1 RNYT + -- -

(iv) =
- [& (-VoRup + VpRuo)-Up)-ErRug +FeRvrITGM2 parew ..

(ii) = - (VrRuy-VyRpo) LR-1 F Ringr

- (eRvr-FrRup)]GM-1 Y River +...

=-2)VyRio-VoRup) [m-2uRNet +...



(5
=> 2 (vgRvo-ErRvg)[Md (*TR = -EURve) + ---

=- 2 [FgRvo LM-1 FeRvry VoRvy GM-2 yepVe

~ FrEvy LB-1 repro - VpRuw A-2 wRre] + -- .

(ii)&REEEER = 4 RprEARY-RAmR + O(R) + tot
- denivetuves

=> E'Roya Fs(t) Rio = Eg[GRpvEs(n)RY - REIziR + O(3)] + totderr
.

#

Furthermore
, using the simplesolentity (no proof is really needed for this) :

Cuvya Es (2) eprgo = Rpopo Es(a) Rier-2RprEs(a)RMV + &RE(4) R

we can write the action as follows :



#die[R+ &RF(z)R- EeuyEyeier +
Oc]

(where boundary terms are neglected).

Propagator---

· We can compute the propagator for any Fo(x)
,
E(x)

· Since gu
= Mur + Rhyr =D) at order 0(4) the term OC)(

does not contribute because ~0 (h).

· The Kinetic term is :

$12 [M
, h] = J di hor Kier her

where the Kinetic operator reads
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A new = E(memo + Mnoy)(E2-E(t)4) - MM-M9W(E-E(EC) +Eti)(4

+ (mm gen + Merr&V) (E - -(2F() +E(x))()
- E (Mu+ ou+ mmrgv@9 + muyg*g+

+ Murgm(9)(E- E(x)#)

+(Fo(-E() 0M88900

Going to momentum space and using the spim-projector formalism ,
we get :

#My =
-

* [pRINE (HEFPH2)-2PLOSIN (1 + K
= Fo(P)p2)]

The Kinetic operator is not inventible
,

so we need to introduce a gauge
fixing.

The latter can be either loca or monlocal in order to match the some
-

derivative order ofKiver .
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Since we are only intersted in the part of the propagator that survives

after contraction with a conserved source
,

we can forget about the golge-fixing
im what follows.

The relevant propagator components are :

~taltpturtotpet]I Gurga (p2)
-

· Note that
,
it is again the same spir structure as in GR and Quadratic Gravity.

· If Fo and E are constants
,

we nearer the Quadratic Gravity case.

· Depending on the functional form of FotP4) and ECP2) we can have

different UV behaviors and different # of gravitational DOFs.
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·Ibehavior : ifFo O

,
E O we have :

Ginge(p)Eph) Frips
· EofILOFs : it depends on the # of gonge-invariant poles :

p2= 0 - we expect to always have the moder spim-2 graviton

1 + k2E(P2p2 = 0 -D additional massive spin-2 polesE
1 + k2 Fo(42)42 = 0 -D additional massive spin-o poles

Let usmow make or desifecationofLocal and non-local HD theories of garity



exification: local HD theories ofgavity ↳0

- Einstein's GR : Fo = E = 0 & O(r) = 0
.

- Quadrie Gravity : Fo = Co
,
E = es & O(R) = 0

.

- Six-derivative gravity : The action contains all operators of mas dimension up to 6 :

# (A) = %0 + to t , E(x) = fr + f
,
If] = [fil = -2

E O(23) = Gall endic encature contractions with no carariant decivatives]

=> St2]=TR + 10R- If Cure ever

+ 1 t RAR-1f Guoye I enver
+2R3 + qRRwRN +... ]
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- Thepolequationsare : 1+

< (f"- fr p2)p2 = 0
,
i = 0

,
2

.

=> we have two mesive spim-0 poles and two massive spim-2 poles.

-behavior ofthepropagator : Guer(p)ps <
: =01

-behavior ofthevertices : Sales fo 2
00hm

-> In momentum
space : f. pS , g ,

p!

integral :-Obehaviorofmost divergent hloop-

Sick .....
k47- 65 + 6V - 24 + 6(4- I +V)

= q6 - 24
= K

k6 -m

un V-vertices
I-propagator

= The superficial degree of divergence decreases by increasing L.
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- To cheek the formula -(f) = 4 - EF - [Vm Am we first home to

M

canonically moralize the Kinetic term in the UV.

- The Kimite term in the UV behoves a ~  hoh

To comonically normalize it
,

we have to rescale :-
= noth

,
[h] = - 1

- After cmonical normalization the sectious in the UV schematically behave as

from ,
ms

The mose dimension of the interaction couplings is :

[f] = [F1-e[A] = - 2 + m = 1



(3
Therefore ,

since F = [hl = -1
, And1

=f (b) = 4 + E - VAm

For sufferently large Un &(6) becomes negative.

=> The six-derivative theory of gravity is super-renormalizable !

· (IN+4) -derivative theories of gravity :

Fo(A) = f + to L +... +f***, E = A++ *
If

.

" I = [f"] =
- 2N

O(E) = allS E higher-order curvature and covariant decivature contractions3up to N-th order
,

i

. e. up to operator of mess dimension 2N + 1



<
=> St2] =EJcFg R + 1R-Ef CurreI

+R(R - ECy(m) en
+ 0(R3) I

- Thepoteequationsore : 1 + 12) (ppm)p = 0
,
i = 0

, 2

-

= we have N+1 massive spim-0 poles and N+ 1 massive spim-2 poles.

-behavior ofthepropagator : Guer(p)pin <
i = 0

,
2

-behaviorofthees: f
(M g2t

-> In momentum
space : f* p2N+
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-Obehaviorofmost divergenth-loopintegral :

Sick- k2
+4

~ K
42- (N+4)+ (N + 4)V

= k4 -2N(I-V)
= k4 - 2N(-1)

um V-vertices
I-propagator

= The superficial degree of divergence decreases by increasing L.

= (IN + 2)-derivative theories of gravity can be super-renormalizable
· Remark : What about unitority in these super-renormalizable HD theories ?

Im some cases it is possible to replace the spim-two ghost-like real
mossive pole with complex-conjugate pairs of poles.

iThen , the validity of unitority is claimed by implementing alternative Idiagrammatic rules and contain deformation in the complex-energy plane
[see papers by : Anselmi

,
Pira

,
Modesto

, Caleagni ,
Briscese ,

...]
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Classification :non-local HD theories of gravity--

Recall the form of the propagator for generic Fo(PI) and E (P2) :

Gurge(p2) = -12 1↑Fup-EuFopt
Can we choose Fo(P2) and EGP2) in such a way that
the HD theory isghost-ful ?
Yes there exists an infinite clas of mon-polynomial F such that the tree-level
-1

propagator is ghost-free !

· Poles and DOFs : we only want the =2 massles graviton and at most an

additional (nan-ghost) massive spin-o -
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· We can achieve this by requiring :

1+ k2E(- pz)pz = eV2(42
-

1+ x 2 Fo (p2)p2 = (1 + 1) eWo

CED E(42) =E Fo(-P) =11+ P3m2) eto (42) - 7

k2 p2

where Ve(-P2) and To (-P2) areentire functions (no additional poles from evi(it)
· Action :

(4)=
e

, For e
[=DS =EditR + RIk-m)eVoJR-Cuver[Uyere
+O(p)]
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&emarks :

super-renormalizable- Also in this ease we car have
-
>even finitetheories

by suitably choosing the entire functions Wo(t) and U2(4)

- Im particular ,
this happens for entire functions that behave polynomially in the

deep UV like the ones we saw in the scalar-field analysis.

For example :

Vi(p) = ETT(0 , 8i(x))) + Ve + log(gi(z))] <
i = 0

.
2

,

where 8: (4) ~(h)*

I see papers by : Kozmim (1989)
,
Tomboutis (1997)

,
Modesto

,
Rockwal

,7
Caleagni ,

Kosheler
,
Kumar, ...
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Problems lat least ,

in my opinion)
-

· Both local and non-local HD theories analyzed in this before are characterized

by some violation of causality : either due tomon-locality or to the new type of
-

diagrammaties in local theories with complex-conjugate poles.

Imprinciple or violation of micro-causality can be fine , if really confined to
very short time scales and somehow unobservable · But this is still not fully clear?- 1

· In principle , resummation of radiative corrections car violate theguest-funess condition :

the dressed propagator may not respect the tree-level ghost-free structure [Shapiro (2015)

I
⑨ The most serious problem (in my opinion) is the blackofuniqueness !

#hopediatera
-D



ICTURE3 .
2: @MaticGravityart (Section 2 .

3- arXiv : 2412 .

0869030

L.B
. artis : 2504

.
05900 C

&

⑳ We moticed that requiring super-unormalizability as or "guiding principle "opens
up an infinite class of local HD theories of gravity : (N+2)-derivative theories.

Giving up the locality of the bare Lagrangian is even worse in this respectS &

because the closs of possibilities is even wider · on infinite type of
entire functions Vo(t) and & (a) may work.

=> This means that if we start with one of these theories
,
and one day we managei to falsify it ,

then we can simply choose another theory in this infinitedass !
without changing the starting guiding principles.

=D This is not good because we would have no way to make predictions &I mor to understand which QFT can physically describe quantum-gravitational]
features beyond the EFT of ER.
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· Are there reasonable guiding principles that lead to a more unique theory ?

Theanswer is : Yes !
-

·Ifweconsiderthestainguidin prciplesintroducedthestleaI

granity that

- is local

- respects the symmetries of ER (diff. and parity inversouce(

- respects the geometric structure of ER (metric compatibility and zero torsion(

- is strictlyenormalizable
=D this unique theory isradiatic Gravity !
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· What about unitarity ?
Im the 2nd Lecture we said that the ghost-like component of a four-derivative
propagator can violate unitarity .

But
, actually ,

this isalways true !

Unitarity is the statement of conservation of mer products under time- evolution.

This can be true even when ghost-like "mimus" signs are present.

· Recall that the optical theorem tells as that :

i [ < bl ++ (a) - <bITla] = Zin < /T+ m><MIT la>

Unitority can be still respected if one of the following two assumptions are made :

i (i) alternative diagrammatic rules are introduced (Fakeanapproach) Ior (ii) the positive - norm Hilbert space is replaced by an indefinite-normvector space
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Citeanapproach[See papers by Anselmi

,
Pivo

, Caleagmi, ... 1

The idea is to introduce new diagrammatic rules and new prescriptions to
shift ghost-like poles and deform contoons in the complex - energy plane
in ordertounder the ghostar poly-virtual particle (nerez appearing on-shell)

At tree-level this means that the ghost-like component of the propagator
has to be prescribed in a different way :

-- - (i)- =-]
with 2-00+

This means that pols are not simply

thithe
a

spe
ia

pain of complex- conjugate poles :
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=D) The full four-derivative propagator is :

Exp2 = (i[Fie - Emiticis)] ,
exot

,
got

If we compute the imaginary part of the corresponding amplitude we get

Im[ig(p4] = Mb(p2) + 0 = n j(pz) = 0

= the fakeon ghost does met contribute to the imaginary part !

=D consequently , if we make a compatible projection in the rector space :

H -1 E <I =D 1 = Zim>m -1 = In Im>m
, En YO

·

IM)It Im> eTt
() 7

where It is the physical Hilbert space according to the Fakeon approach,W

in which no on-shell ghost is present ,
then we can ensure that the optical theorem

is satisfied , namely LAS = RHS·
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We have just shown a tree-level example for a scalar field.

However
,
the whole construction has been generalized to all loop orders

in perturbation and to the ease of Quadratic Gravity.

[see papers by Anselmi and Pivo I

Remarks:

· The use of "and hoe" new diagrammatics is very useful to save unitarity &

However
,
this scocdute makes the whole approach to deviate from the standardI

· Im and of the non-auditicities that itI formalism of local QFT.

the pentrlative renormalizability of the theory isintmyopimianbecauseofthere me dignementsis

not automatically guaranteed in both momentum and position space.

·
In
my opinion ,

the Fakeon approach is an hyid between QFT and S-matrix approaches.



·

(
= For these reasons

,
in my opinion , if we want to be as conservative

a cossible and do not deviate from the framework of local QFT↓ &Ithe approach (ii) is the only way to quantize Quadratic Gravity IIl 1)

compatibly with all form guiding principles.

(ii) Indefinite-normqueentization [See papers by Solvio , Strumia ,
Holdom

, Donoghue ,IMenezes
,
L

.
B
., --w

· At least pertuntatively ,
we do not change anything about the LHS of the

optied theorem , namely ,
we keep the some Feymmon preseription :

E(p) = -i[Fie Fie] = Im[i2(4]= [O(P2) --(p2+m2)]

· Although the Las of the optical theorem can be negative &

unitarity would be still satisfied if also the RAS could be negative
in such a way to compensate the negative sign of LHS and lead to LHS = RHS.
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·Thiscanbeachievedbyworkingadtorectorare
1 = [ On (m> < m I Om < O for states containing an odd # of ghosts

Om > O otherwise

=D 1- particle ghost states must havenegative morm.
-

=> This ensures that the optical theorem ,
and so unitarity ,

are satisfied :

St 1S = 1

Note that
, if the rector space has indefinite - mor states ,

then the psevoo-unitarity
equation shown at the end of the 2nd lecture becomes equivalent to unitarity : St1S = 1.

[ Unitority does not say anything about the sign of the moun of the starte. IIndeed ,
we can have or unitary quantitation even if negative-norm states are present.
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Arestion: Does the presence of negative - morm states imply the existence of observable

negative probalities 3.
· If the answer were yes , then the theory would be pathological !

· Actually ,
works in the last decade home been supporting the

·

physical consistency of for-derivative theories ,
and so Quadratic Gravity.

[see papers by Salvio
,
Holdom , Donoghue ,

Menezes
,

Torok
,
1

. B
., ...]

· I will not comment on these works
,

mor on myrecent ones (arXiv : 2605 . 29047,
2606

. 18349
&

i
I just want to say that the symptotic dynamics of ghost fields is

Ihighly mon-trivial and that most likely no particle interpretation can be

assigned to ghosts asymptotically.



Finalcomments (my personal view on the topic , see also L .
B

.,
artic : 2504

. 05900)
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Sae[f] = ESTEIR-2A) + &R2- Gogrem

· QuadraticGravity is the most conservative QFT of grarity-

· It is a unique strictly renormalizable QFT
, compatible with the

-

guiding principles that crowed to be very successful for the formulation
of the SM of particle physics

· If 2071
,

221 =D Mo= Mp ,
mc= M

= newpiesin the sub-Planetian regime !

· Infact,themoviespiknaltheroesonSea
160109D Mo-1023 Fell

,
QG can explain <MB omysotropies
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· Therefore ,

without evenasking for it , just requiring consistency with the
foor guiding principles 1) ,

21
,
3)

,
4) within the perturbative QFT framework

we ended
up explaining new physics beyond Einstein's GR.

· Future satellite missions aim to observe primordial gravitational wores.

The relevant physical quantity to be measured is the tenson-to-seala ratio
--

which in Quadratic Gravity ,
at leadingoder in the slow-roll expension ,

is

-=2 m2
<

Ne = 60 - # of e-folds

Therefore ,
a future measurement ofa will also constrai My (i.e. (2).

· Actually , from high-energy physics arguments ,
we may expect :

My z Mo = 3 x 1032m <3 .
3x10-3

Current constraint on e is O (10).
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Future satellite missions (like LiteBird planned to be launched in 2032) will
crobe values of order O(10-3) , exactly the reasonable order of magnitudeI

&

We expect in Quadratic Gravity ,

· This is very exciting because we can strongly Constrain Quadratic Geority
--

even observationally ,
and not just theoretically ,

in the mean future.

· We don't know whether Quadratic Gravity and the paradigm of strict
renormalizability are the end of the story . But , certainly we car say
thatthhistoryand Nature are suggesting that we cannot proceed without them.

· In
my opinion ,

it looks very likely that Quadratic Gravity can describea

AFTlayerof reality that includes also new physi beyond E inte e

regime.

· All these interesting theoretical and phenomenological features of Quadratia Gravity
are the main reasons that motivate me to investigate this unique gravitational
QFT further !


