
Ecturedas a QFT-Interactinghory
_
(Section 2 .

3-arxis : 2412 .

08690)
-Canonicalquantization(not always very convenient)

The quantum graviton field can be written as an infinite superposition of place wares

wrighted by polarization tensors in the helicity basis and by the annihilation/creation operators :

(X)

hpr(x)=I Jeop Jorx -
pr
expo + x -ip) , w =N = 1

-> Commutation relations : [a , ,] = 0 = [at , at] , [arx] = 2W( G&*(p-5)
-> (Free) Vacuum : aX(0) = 0

.

- One-graviton state : 1PXatx10%

↓soes with selfteractions : gange invasioner
, unitarity ,

Faddeev - Popor fields, ....
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Faddeer-Popfields (BRST quantization more convenient)

Total (bare) action : $[8 ,
1

, 41 = Se[21 + Sgg [Mih] + Sp[eMih],

where Sen [21= /* FR,
Sgg[Tin] = - JaEr , Fu = Orhip-on

and Sep is determined by looking how the the youge-fixing transforms under diff:
S'p[8,,h] = (d in e

where e is called #P field ,
while Ep anti-FP field , they are anti-commuting

(the construction can be generalized to gene backgrounds gpr)
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Note that :·
= Sp[8 ,

Mih] = -Jde (eve
- de Donder youge fixing : Fr = Orhip-Oh = [Elond@P +&B04)-EM& &]hap

=> S[fit ,
h] = Saice[@Steen + 04tpey-quESen]

- Expension around Minkowski :

SFp[M , h] = Jaix eMzem + Olahie)

· PropagatorofFP feds :E;eractions : only enbie vertex thea
~ un



↳
FileofPurbativerenormalizability:
-

5) = Jaihprive her + 0 (a h3)

- Generic self-interaction:
-2 =hm

,
M2 3.

- Mose dimension of the eouplings : An = [am2] = [m] = 2- m10.

=> FR is Perturbativelynon-normalizable !

- superficial deque of divergence : 8 (E) = 4 -E-VnAm = 4-E + ZUnIAm
=> JCE) increases with the # of ventees (and of loops () .

- L-loop integral : Sakn E- E m ....k (4-2I+ 2x

= 42
+ 2

un
-( um(most divergent case

L-loop I-propagators V-settices (-1 + y = 1)
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ne-loopivergeone GR ,

no matter)
--

Loop computations in GR one very hard .

However
,
thanks to symmetry and power-countingi

I
arguments we can determine the tensor structure of loop UV divergences .

- 1-

he full tedious calculation is only needed to find the exact numerical coefficients-

· Let us consider one-loop diagrams with 2 external graviton legs and either gravitors
or FP fields as internal propagators.

- tadpole (mm) : ppSt-2 , pStk-K Sakk
= power-low divergences ; unormalize M&R and MBA.

- bubble (nom) : both power-law

and logarithmicdivergence ppppSa EnEnppppSc
↳ highen-derivativecounter terms : R2

, RuvRMY , RuyrRing
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But

,
these terms one contained in the original bore L

Similar UV divergences affect one-loop i-graviton vertices.
For example :

·
umDam & ~

·

Hensonstructureheretofeffectiveaction
Range RPe

+ esnERi + es GR] ;

es
, ..., e constants

; E= = simple pole divergence in dimensional neg.

We now show that only to molependent terms ,
out of the six

,
contribute.
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-> UpTRY ,

XR a total decivative-> we neglect boundary terms.

(actually they are proportional : UNTRY = ENTR = EGR (FIN=0)
- Third and fourth terms are also proportional :

RMIgrol = O =D Rungo RNet = E RugeRYVer

- Using the Gauss-Bommet identity solid in D = 4 :

CFg[Ruge River-4RRE + R2] = tot
.
decivative (SeePereeeciso

a

=> FgRmpRMr = Es [4RmRM-R21 + tot . derivative

= the two independent termsore : R2
, RurRi



Is
=[21 =E (dFg[aR2 + b RuRN]

where a = e- es- ,
b = 2 + 4(2+ =)

· The exact numerical eofficients a ,
b were computed for the first time

b G't Hooft and M . Veltman in 1974 in Feynman-de Danden garge :

a =-to ,
b =-

· Although we neglected the boundary terms
, it is worth mentioning that they are

important for the unormalization of the theory ,

Indeed , the Gouss-Bommet term appears with coefficient -It
(Actually both Gouss-Bonnet and GR hore important physical implications a

they contribute to the conformal anomaly when gravity iscoupled to matter (
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#loop-fmetenessof_PER: fieldredefinition

-

We now show that the 1-loop divergence above can be absorbed by a

field redefinition of gr (in pore GR with no matter couplings).

At one-loop we have : 5 19] = Se [21 + T [2]

We can find a field redefinition:-> gir (2 ,
4

, b) = % + Aguo (ab)

such that
, pertontatively in a and b

,
we have :

Se[2] + Ti[2] = Se[g + All + O(rib , ab) = Sen [g] + 0 (aibab)

where O(02, bab) are expected to contribute at higher ennature/loop orders.

The field variation Agur(a ,b) can be found by imposing :

& [2+11] = $122 + ASn[f] +... = d[d] + T [g] +...



(
#DASe[I] = Ti[2]

Note that : AS [f] = Jdk Fent A
= Ja Ef (RM-fR Age o

Making theInsetz : Afur = AgurR + BRyv we get :

Ase[C] = Jag Ze (RY-1gmR) (ASpuR + BRyu)

=-Sahe En[- (A + EB/R2 + BRyRY]

AS [11 =T [2] () A= (2+ b)
,
B =

- E2b

=
= fur+ (GR

- 7Rm)



&
· In the presence of a mor-vanishing comological constant 10 , por ER is still

1-loop renormalizable because the UV divergence can beabsorbed by a logarithmic
unormalization of the metric field and of the Newton's constant off-shell :

S[g]+]=2-309(dFy A R(8)

#loopvergenesand couptingto matter

If matter easplings are switheed on =D Gr + matter is 1-loop non-renormalizable !
Because the 2-loop divergence is no longer proportional to the field equations.
Indeed

,
we have :

[8] = EJdE [R + bRuvRY],Sm =-FIRM-EgR-T

if we make the metric redefinition door ,
we would generate terms like RTM , RT ·



Eloop/divergence(PER) (e
Similar concellations in pure fr doT occur at higher loops .

In fact,
pureER is perturbatively mon-normalizable starting from 2 loops.

Some 2-loop divergeness can still be obsorted by metric-field redefinitions,
but not all of them .

In the end
,
the gong invariat 2-loop divergence is :

Tr [21=d Ray R <Ri* (Goroff-Sagnotti 1987



(3
-MontumGR as a non-renomalizable effcre-fedtheory/EFT) (Donoghue 1994)

Ser+ [I] = SaiT (R-2A) + an R2 + @ RuvRY + 132R3

+ &42 RupR9t <RPM +...] matter)

· a are dimensionless and their renoumdized value can be determined up to errorsa
where E is the characteristic energy scale of the physical process.

·When the couplings to matter one present ,
the EFT entoff can be lowered (Aur < Mp).

· The EFT of GR can make reliable quantum-gravitational predictions for EAwEMp.
· In the EFT of GR the only DoFs are the #2 helicity granitors
· The higher enrature teems do not introduce new DOFs : they do not modify the
propagator ,

but only the ventees.
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BBeyondthe EFT ofR

estion : Is there new physics at some energy scale ECMp that
cannot be described by the EFT of ER ?S Namely ,

does the EFT of GR need to be replaced by a new theory,
on even a new framework , starting from some energy scale E<Mp ?

Several Quantum Gravity approaches have been proposed since the late 70's;
some of which are still very popular.

& Our aim
is to remain within the framework of perturbative QFT and find aItheory that is consistent with renormalizability and unitary (and that is also predictive)

= This necessarily leads us to Higher-Derivative Theories of (Quantum) Gravity.



#TRE2 .
2 : @radraticGravity=_Part I (Section 2 . 4- arXiv : 2412 .

08690)(15
Question : Is there any strictly renormalizable QFT of gravity ?

Answer : Yes
, In D = 4 there is a"unique" strictly renounaizable QFT of gravity :

MadraticGravity (QG)

Action : contains all possible operators 0 of moss dimensions up
to four [O

* 114 :

Sas [8] =Sa di 0 (g)

What are these operators ? Oh = [A ,
R

,
RC

, RyRP , RapoRMY , boundaries]

[A] = 2
,
[R] = 2

, [R21 = 4, .

=>AndRo mulled by mo officent (M) ,
while RRu RugRr

by
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More explicitly we have :

Sae[21 = Jdg[(R - 2A) + bekh + b2 RuvR* + baRuverRiver (body)
Recall that using the Gouss-Bornet identity in D= 4 we can eliminate RungoRiver
up to boundary terms :

FGB = Fg [RprgoRYe-4RuRM+ R2] = tot .
derivative

Furthermore
,

we can choose to work in a basis of ennature-squared invorient

different from (R2 , RRM)·

It is useful to work with the basis (R2 , Cargo ener) where

Gurgo is the Weyl tenson ,
which is equal to the trate-free part of Rupe :

Guys = Rawgr + 1(furRue-guyRvo + furKar-furRyr) + -(fuegr-gurr) R
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Its square equals : Guer eM = Rug RMer-2RRY + 1R

Therefore ,
we have two equations for 4 enmotive invariants and we can

always choose to work with two independent of them :

Fg Rurgo River = Fel4RuRY-R2 + EB] =D FgRuvRin = FgttturgreM+ ER2-EEB]

= Classical action of I
(up to boundaries
a.led= JdTEIR-2A + goR2- purgremt

[x] = [] = [Y/Mpl = - 1
,
[Col = 0 = [22]

·

(The convention for the numerical eofficients and their signs has been chosen for (convenience as we will see in a moment
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Fieldequations

Enr= (Ryv- EgpuR + A gpr) + ( + 22)(guIR-EnErR + RRyu-EquR
=)

- es (B Ru + EqurDR-VgTuRI-VyRip + 2RmPRew-EquuRprRew) =Tyr .

· Bianchi identity and conservation law : ERV = 0
, UnTM = 0.

· Fourth-order derivatives : R 009 = VTR - 00009
-

· Additional DOFs : 12 graviton + ...?

· New physics below the Planet-energy scale : EXMp ? Questions ?
· Why is sar strictly normalizable ? &
· What is the physical meaning of 20 and az ?
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#Actionexpansion
--

Again ,
we asome 1-0 and expand around Minkowski :

gr = Mo + 2 hm = Sae[M+ zh] = S[M ,
h] + Bones [4

,h]

Kinetie term & [M ,
h] = Jdi hukowhoo

,-

where New = E(mem + yn - y()(1 - 22x) - M4 M92(E2 - -(2 +2))4
+ (Mmegr + Meweg) (E - =(20 + e2)4)
- E(m4+ you+ my gv09 + mug485+ Murgmg9)(E - ent)
+- er) ONDOp

Interactionterms : S3MhIn000h0h
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Propagator.

Using the spim-projector formalism and going to momentum space we have :

Ke = -[primer (1+p2)-2per(c]
Like im ER

, it isa investible . We need to add a geny-fixing term :

Sgg[M , h] =- Sa FYME ,
F = Orhi-Oph
Y = Mr (1+ (4) + warg

In principle ,
we can work with more gorge parameters (d1P12 ,2) and then

choose their values based on what is most convenient for us.

Since we are only intersted in the propagator components that survive after
contractions with a conserved source (ppTM = 0) ,

we car forget about the
gange-fixing terms in what follows
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In the end

,
the propagator components we are interested inae given by

=ber(p) =-inzm-)II
where Mo=m

Remarks :

- hth-order derivatives in the Kinetic term =D Gazue(p)
-> Using partial fraction decomposition,mil = En ,

we can write :

Gara(p) = - Ti-+ -new
p2= mz

= GEMupr(p) +-p2+ M
2
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- In addition to the #2 mosleu granitar we have damdespire a
- While the monive spim-o has the "ordinary sign" ,

the massive spir-2 has the
37"Wrong (mimus) sign and for this reason it is called host

- The total # of DOFs Is:1 + 5 = S

-

we mustrequirtoavoid tachyon
-
The GR propagator is recovered in the limits :

Co-DO , 22 - DO D (PDD ,( = Earpuge(P)- GENMgr(p) .



eturbative(strict) renormalizability- (original paper : K .
Stelle

, PRD 197
./3

-

· Power counting: Recall the formula for the superficial deegre of divergence :

-

J

5(8)= 4 - EF-[ViAi 9 Im Quadratic Gravity the UV behavior is

I [F] = 0
, Di = 0 5

controlled byadimensionless field hux :

V Kinetie trum Ch0h
,
eahoth

=4
⑤ the interaction terms in the UV are governed

UV divergences do Not get worse by Dimensionless couplingsCo
, e2

-

= strictenormalizability !--

· Explicit loop integral power counting :

Si k ... k -(4)
-I +Y)

= k4
un

F- propagators
X-vertices
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·Tensorstructureofdiverge/counterterms

Question : Do the contentees have the some tensor structure as those
contained in the starting bore Lagrangian ? YES !

In D = 4
, operators of mose dimension higher than four need to be multiplied

bycouplings ofnegative moss dimension
--

For example : Sa a R3
,
[a] = -2 < O·

Con loop contributions from
Indeed, schematically theUIdeGravitygeneratesuchV dege

?

1

#M+M +Cop +ecoptemph
Moreover ,

therentices are schematically proportional to : NMp , Mpp2 , top" , ep".

Therefore , any UV-divergenceNOT be proportional tocouplings withmegative mess dimension.
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The "only" possible countesterms are :

& X 1
,
R

,
R2

, Per ener 3
Note that the renormalization procedure also generates boundary terms :

( FGB
,
IR &However, these do not feed back into thennormalization of the other terms,

this they can be safelymeglected for our purposes.

· Mettercouplings : Quadratic Gravity coupled to the Standard Model of particle
physics gives rise to a strictly nenormalizable QFT of
gravity + matter iff the following mon-minimal coupling is added to

the Lagrangian :

SISIHER , [S] = 0
·

· Finite# ofParameters: [SM parameters + A
, G ,

2012 , 5 3



↳
-vadraticGravity_ensus EFT of R (see also L .

B
.,
artic : 2504

. 05900)

EFT of GR up to order O(R2) : Quadrate Gravity :

Sert =(dxe[R + asR2+ a2 RuRi]] j Saf = EJdFTR+-C
=JdFzR+ (as+RCre
-

Why do they describe different QFTs ? ↑

· Different perturbative UV expansions : Seft governed by (dide : Saaby(
· Perturbative renormalizability : NO YES !

j

· Different meanings of the quadratic-enwature coefficients:fre"E nenormalized parameters.

· [huv] = 1 in the EFT of GR ; [hpr] = 0 in the UV in Quadratic Gravity
· Different # of DOFs :

Seft-12 mossless gravitonESaf--#2 messless graviton ,
massive spim-o , massive spim-2
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Inm-2mosiveghestand the unitorityPle
-

Quadratic - gravity propagator:Caper(p)=-
=> iGenMupr + 1Psew

P2+ mz

Becauseof the"mimus"sign frontof
-

j
More generally ,

in QFT a ghost is a field whose Kinetic term has theIopposite sign to that of ordinary fields.
Consequently, the propagator will also have an opposite sign.

(doTgetconfused withFaddevPopor ghosts ,
those are different thingsa
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· Ghost-like "mimus" signe should worry us !

They "may" lead to classical instabilities andidationofunitarity-

· Recall the positivity constraint obtained from the optical theorem :

~calMlay=z(a)(1)(I
· The simplest tree-levelamplitude is the propagators itself :

file = (i) fil Gaspupa Ev= i Gagpur 29W. E= polarization tensor

· Positivity constraint : Im [** i Gaerupo(p)ger]0 ???
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Salar4 terivativetoymodel

To understand the implications of theghost-like "minus" we now consider
&

a scalar toy model that minic the pole structure of the spim-2 sector of Q8

· Lagrangian : L = 1PA(1 - -)p -V(P)

· Propagator : E(p) = 1-i)m+ m2T
= (i) [ * - mz]

· Feynman prescription : G(p) = (:) [Fite] ,ot

· Imaginary part of the amplitude : Im [iG(p)]= [o(p2)-o(p2+m2)]

= it can be negative =D the optical theorem ,
and so unitarityCan be violated !

-



(so
· Indeed

, given the assumptions made so far and the results obtained unitarity is vidated :

CIMT T+
T ED Sts +1

· However
,

we can still introduce apeodo-unitarity - equation :

i [ <bIT+> - <bITlax] = Im < b/T + (m)<ml+ 10)

where on = I+ 1 for ordinary states
-1 wherever the LHS is negative for an elastic process.

#B: Without additional essumptions , pseudo-unitarity #D unitarity !!!
· Diatribl :

werelievedperturbative normalizability, apparent, she-

How to solve this puzzle ?


